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ON THE GEOMETRICAL METRICS OF LOBACHEVSKY’S
PLANE IN KLEIN’S MODEL

Summary In this paper we found all the geometrical metrics gf

Lgbachegsky’s plane in Klein’s model, 1i.e. in the set p* = {(x,y) eR
X +y <1} where Lobachevsky’s straight lines are the non-empty
intersections of the set P* and the Euclidean straight lines.
The group G of transformations of the set P*. determining the
congruence relationfor segments, acts transitively on the set L* of
all Lobachevsky’s straight lines. This fact enables first of all to
find the geometrical metrics on some distinguished line 1 (Theorem 2)
and then the formula (1) in the proof of the theorem 1 determines the
geometrical metrics on the set P*. In the corollary we give the form
of an arbitrary geometrical metric on the set P*.

INTRODUCTION

The plane Lobachevsky’s geometry 1is an axiomatic theory based on the
axioms of the absolute geometry and on the axiom which is the negation of
Euclid’s axiom on parallel (comp. [1])-

The primitive notions of this theory are: a non-empty set P whose
elements are said to be a points, a family L of the subsets of P whose
elements are called a straight lines and two relations of which the _first is
ternary relation for points, .i.e. the betweenness relation, the second is a
binary relation for segments, 1i.e. the congruence relation. The segment 1is
the secondary notion which has the definition in the absolute geometry.

One of the models Lobachevsky’s plane is the Klein’s model which we determine
below (comp. [2]). Let us define in 2-dimensional Cartesian plane R a set P*

of points as follows:

P* = {(X,y) e R2 : x2 + y2 < 1 }

2
Let be a set of straight lines in R such that for each A 6
*

the intersection An P* is non-empty. Then the family L of straight lines
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in P* is defined in the following way: 1 e L* if and only if there exists
A e _/\_ such that 1 = A n P*. The betweenness relation for points of the
set P* coincides with that one for points in the Euclidean case.

To determine the congruence relation for segments we define a group of trans-
formations of the set P*. Let us denote by Hgq the set all the orthogonal
mappings of the plane R”™ which preserve the point (0,0), and by we

denote a one-parameter family of mappings determined as follows:

r~r
, s XV 1-y  y+y )
(X'y) = ~bn*-- Tiy]

where y e R and Iyl < 1.
Let G be the group generated by Hgq u Hj- It is easy to verify that:

@) If geG then g(P*)c P* and g(L*)c L*. Moreover G is transitive

on the sets P* and L*.

() ITf g e G then it preserves the betweenness relation, 1i.e. if A lies

between Band C then g(A) lies between g(B) and g(0).-

An ordered pair (A,B) of different points A and B is said to be a segment.
The symbol s we will be understood as the congruence relation for segments
determined as follows: (A,B) = (C,D) if and olnyif there exists g e G
such that g(A) = C and g(B) =D.

Now we can define the concept of a geometrical metric on P*.

Definition 1. A geometrical metric on P* is said to be every function

f: P* x P* > P, ®) satisfying the following conditions:

1° f(@,B) = 0 *=> A=B,

2° if (A,B) = (C,D) thenf(A,B) = TF(C,D),

3° if A lies between B and C then f(A,B)+f(A,C)=F(B, C) for allA,B,C,DeP*.
It is easy to showthat (A,B) s (B,A). Then from 2° we have ¥(A,B) = f(B,A).
Moreover in the absolute geometry we can prove that every function

f:P x P - > [0, ® satisfying conditions 2° and 3°, for all A,B,C,D e P, yields

a topological metric on P (comp. [3])-
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To determine all the geometrical metrics on p* let us distinguish some

straight line 1 e L* as follows:

1= (xy) eP* : x=0, ye (-1,1}-

By Gq we denote the isotropy group of 1, i.e.

Ga = {g e G :g() = 1}

It is evident that Ggq is the group genereted by u {sn,s">, where s®

and Sy are the symetries with respect to the straight lines y = 0 and x=0

respectively.
Definition 2. A geometrical metric on 1 issaid to be everyfunction
f:1 x 1- > [0.to) satisfying conditions 1° - 3°the definition 1forallA,B,

C,D e 1. (of course, the congruence relation for segments is defined by Gq).

Theorem 1. Every geometrical metric on the straight line 1 is the

restriction to 1Ixl1 exactly a one geometr.ical metric on P*.
Proof. Let F be a geometrical metric on 1 and A,B an arbitrary distinct
points of P*. By 1Ag we denote the straight line passing through A and B.

Designating as g the element of G such that = (this follows

form (@)) we put
Fg (A,B) = F(g(A).g(B))-
Note that if h e G and h(IAB) = 1 then _Fh (A,B) = Fg (A,B).

Indeed, we can write h = kg where Kk = hg

Now we have the following equalities:
Fh (A,B) = F(h(A),h(B)) = F(k(g(A)),k(g(B)))-

Since k 6 Gg and F is the geometrical metric on 1 then we get
F = F(k(g(A)),k(g(B)) = F(g(A),g(B)),

of which follows that F,h(A,B) =F (A,B).
[¢]
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This fact permits us to determine a function f: P* x P* —» [0,00) as follows:
A, B = F(@(A),g(B)) @
where g is anarbitrary element of G such that = 1-

It is easyto verify that f is thegeometrical metric on P* and F =f]
(the restriction of f to 1 x 1).

Now if fj isa geometrical metric onP* which is not equal to f then
there is a pair (A,B) ofpoints A and B such that f~tA.B) * T(A,B).

By 2° we have
T, (R.B) = T (@().9(B)) and T(A, B) = T(g(A).9(B))

1Ag) = 1- Since @A) 9(B)) e 1 x 1 mu» 1lil]ixI™ |JIxl
which completes the proof.
Now the line 1 we shall identify with the interval (-1,1).
The function (0,y) — >y establishes a one-to-one correspondence between the
points (0,y) of the line 1 and the points y of the interval (-1,1). We shall
prove, taking into account the above identification, the following

Theorem 2. Every geometrical metric f on 1 has the form

d-yi)(l+y2)

1 (2)
n (1-y2)(l+ya)

where ¢ is a positive real number. Conversely, for an arbitrary positive
real number <c¢ the function given by (2) is a geometrical metric on 1.
Proof. Form 2° we have

fy.,+r y,+y
F{yl’y2) = F(l+yy*” TAV[

(©)

for an arbitrary real number y such that |y|l< 1 and for all y?,y, e (-1,1).

If we substitute y = -y into formula (3) we obtain,
y->Y,
(©)

Moreover from 2° we have, too

f(yr y2) = f(sx i), sx(y2)) = f(-y.-y2). ®&
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From this fact and (4) we get the equality

f 2yl 1 27yl
P AN 0 7R

of which we conclude that

“yvV =T ©®

The function given by (6) .satisfies condition 2° because the

function
y2_yl s f: - - R
=== 1 satisfies this condition as well. By 1 we obtain
,lyly2i
£(0,0) = O. (@)
From 3°, taking into account the formula (6), we get the following implica-
tion
-l <»<t<y2<1_ f(o.~L] , (18_1) . f(, '£-£). (8)
X-y
It is easy to verify that tge mapping (X,Yy) —-e>l_xy~ naps the set
[(-1,1) x (-1,1)] x [(X,¥) e R :x > y} onto the open interval (0,1).
Therefore,

if the premise of the implication

(8) issatisfied
numbers uand v

then the real
introduced by the formulas
t_yv Y,- t
u= +j and vV = — = 9
-1y I-ty2 ®

belong to the interval

(0,1) and satisfy the equality

u+v y2Tyl

(10)
1+uv 1-yly2*
Conversely, if wu,v € (0,1) then there exist the real numbers t-y» an<® Y2
satistylng equalities (9), (10) and the premise of the implication (8).
Let us also put
gy = 1(0.x), x e (0,1). an

Now the conclusion of the implication (8) can be

(7), as a functional equation for the function g

written, taking into account
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g(u) +g(v) =g Y*3) (€)

for all u,v [O0,1).
To solve the equation (12) let us note that the function tanh x (hyperbolic
tangent) is invertible and it maps the interval [0,00) onto the interval

[0,1). Moreover it satisfies the equation

tanh x + tanh

tanh {x+y) = 1 + fanh x tanh v

Putting k = g-tanh then the equation (12) is equivalent to the equation
k(x+y) = k(x) +k(y) for all x,y e (©O,90).

The function k is positive then the solutions of this equation have the form
k(x) = ax, a >0 (comp. [4D-

From this we find

y s a . 1+x
a =2 Foc"
Finally, by (6) and (11), we get

» (i-yi)d-y2)

Ftyl,y2) 2 In (I-y2)(1+yi) a®

It is easy to show that the function given by (13) 1is a geometrical metric
on 1.

Corollary. Every geometrical metric r on P* has the form

. _ R 1+ m(p,d)
r {p, = In R
Ca =21
where
a) a>0 and m(p,q) =v 1 -
@ - pm2
Gn 2 2 2 2 2 2
P =P1 +P2 " q =9qgl +q9g2 * if P = tplp2} and g = iql’gq2J”

(iii) pg = p N + p2g2.

Proof. From Theorem 1 follows that it suffices to find an element g e G
such that g(p) = (0,0) and g(q) = (0,s(p.q)) then the formula (1) in the
proof of this theorem determines the metric r as follows: r(p,q)=F(a(p).a(q))
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where f is the geometrical metric on 1 given by (13) (the points g(p)
and g(q) we identify with the real numbers 0 and s(p,q) respectively).

It can be shown (we omit the calculations) that s(p,q) is one of the numbers
m(p,q) or -m(p,q)- Now putting in (13) y =0 and y2 = rn(p-q) we obtain

required thesis.
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METRYKI GEOMETRYCZNE W MODELU KLEINA
PLASKIEJ GEOMETRII tOBACZEWSKIEGO

Streszczenie

W pracy zostaty wyznaczone wszystkie metryki geometryczne ptaszczyzny
tobaczewskiego w modelu Kleina, tzn. w zbiorze P* = {(x,y)e R2 :x2 + y2 < 1},
gdzie proste tobaczewskiego sa niepusta czescia wspolng zbioru P* i prostych
euklidesowych. Grupa G przeksztatcen zbioru P*. okre$lajaca przystawanie
odcinkéw, dziata tranzytywnie na zbiorze L* wszystkich prostych tobaczew-
skiego. Ten fakt pozwala nam najpierw wyznaczy¢ metryki geometryczne na
pewnej wyroéznionej prostej 1 (twierdzenie 2) a potem poprzez wzor (@)
znajdujacy sie w dowodzie twierdzenia 1 rozszerzy¢ je na zbioér P*.  We

wniosku po twierdzeniu 2 jest podana posta¢ dowolnej metryki geometrycznej

w zbiorze P*.
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Pe3K3Me: B pa6oTe onpenelieHbi see reoMeTpnHecKne MeTpuKn Ha iuiockocth
Jioda'ieBCKoro b MoneiiH KjiefiHa, t.e. b MHoxecTBe

P*= {(X,y) e R2: x2 + y2< 1},

rjie npHMbie JlodaHeBCKoro onpenejreHbi KaK HenycTwe nepeceneHua <MHo»:ecTBa
P ¢ eBKJiMnoBWMH npsMbiMM. Ppynna G npeo6pa30BaHHH MHOxecTBa P ,onpeneji-
Hiomaa KOHrpy3HTHocTb oTpeakKOB, TpaH3HTHBHO HeficTByeT Ha mho*6ctbo Bcex
npaMbix ngdaneBCKoro. 3to no3Boai«eT HaM cHasaJia onpeneJiMXb reoMeTpnMecKne
MeTpHKH Ha HeKOTopofi BbijiejieHHOH npHMou 1 (TeopeMa 2), a noTOM nepe3
sopMyaiy (1), KOTopaa Haxoi”ixcH b HOKa3aTejibCTse TeopeMU 1 pacnocTpaHMTb
3TH MexpHKH Ha MHO*ecTBo P . B npenJioxeHVMH nocjie xeopeMbi 2 onpenejieH bhu
npOH3BOJIbHOH reOMeTpMHeCKOH MeTpHKH B MHOXeCTBe P .



