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Jolanta LIPINSKA

THE CATEGORY OF PSEUDOGROUPS

Summary. In this paper we propose to define a notion of a category
of pseudogroups.

We show a covariant functor from this category to the category of
topological spaces and a contravariant functor from this category to
the category of generalised inverse semigroups which were introduced
in [2].

For a given pseudogroup we define the set of its local
diffeomorphisms and a subpseudogroup induced to an open set. We also
introduce the notion of a pseudogroup closed with respect to the set of
its diffeomorphisms. We show two examples:
the set of all homeomorphisms of a given topological space is a pseudo-
gruop closed with respect to the set of its diffeomorphisms while the
set which consists of identities on all opensets of a given topologi-
cal space is not.

We adopt the following notations. For any function ¢ we denote the
domain of gbyD . If f is afunction, then f ~ stands forthe inverse
relation and gof ®stands for the function defined on the set f_l(D ) being
the inverse image of DG given by f, i.e. f_l %) ) is the set of all®xof D,
such that fix) e Dg.IfS is a set, then id|§stands for the identity
function defined on S.

If X is a topological space, then by X andu(X) we denote the set of
all points and the family of all open sets of X, respectively.

If r is a non-empty set of functions then we denote U D by T,

fer

{f ; feD by F \ u{a} by u(D, (r,u(d) by X, and {T”; 0*r°cTA Ur’

is a function A U(T”) * is a function} by <T>.

The following deinition of a pseudogroup was introduced in [1],

Definition 1. A non-empty set [ of functions which domains are non-empty,
will be called a pseudogroup of functions if it satisfies the following

conditions:
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1) A (f(OD )n D * 0 =» gofer),
f.ger g

2 A (fl6 rj,
fer

3) a Ur"s n.
res<r>
It was found in [1] that if F is a pseudogroup of functions then Xj, is
a topological space and r is Ehresmann’spseudogroup of transformations on
the topological space X\.. Itis obvious that Ehresmann’s pseudogroup also

satisfies the axioms of Definition 1.

Definition 2. We say that the triple (f, Tj, M) is a morphism of the

category of pseudogroups (we also write f F —> and say that f is
smooth) iff f 1is a bijection from Tj onto and the condition

A f "»aofer.

aer2

is satisfied.

We say that (F, T , r?) isdiffeomorphism (we write f - Tj — >r?) iff

f:T —>r2 and F-1:r2 » FN

Proposition 1. If (f, P, ) is a morphism of the category of pseudo-

groups then (f,X ,X ) is a morphism of the category of topological space.

1 2
Proof: Let 0 * VeutXj, )- Then there exists a e such that DN =
V.
It follows that id]ver2, ~ so F id]vef e ™™ and

f_loid|Vof = f_l1cfoid|f_1(Y) = id|Dfoid|f_1(V) = id|f_1(V).
Therefore f 1is continous.

Hence we have the covariant functor from the category of pseudogroups to
the category of topological spaces. We will show the contravariant functor
from the category of pseudogroups to the category of generalised inverse
semigroups. The notion of a generalised inverse semigroup was introduced in
[2], 1t was found in [3] that if F 1is Ehresmann’s pseudogroup then (T, ey)

is a generalised inverse semigroup, where o ((g,f)) = g°f for (g,F) e D"
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D°_|_ = {(g,He F x F; f(Df)n Dg ~0} Therefore for any object of the

category of pseudogroups we have the object of the category of generalised

inverse semigroups. With any morphism F PN of the category of

pseudogroups we can assign thetriple M, ). (F .°))where
2 1

-1
<M = f «a«f for ae P™-

Proposition 2. If (f,r ,r2> is a morphism of the category of pseudogroups
then ($(P), (T ,o ), (1,0 )) is a morphism of the category of generalised
inverse semigroups. 2 !

Proof. Letec,/3 e F,, anda(D )nD,, * 0O . Then
i>(HP°a) = f 226 o30id|r2oacf & ' o id [FO)°aF =
-~ °0°fof-loa»f = &(F)(p)os(F) (@)-

The proof now follows by a direct verification.

If £ is the identityfunction then i>(f) isalsothe identity function.
The domain and the range change themselves, the order of composition changes

too:

$(F2°Fj) = i'tff) O $(F,) because

fcifgOf"Ha) = = fl1°f21°asf2°fl =

fr1°(f“loaof2)ofi = i(F ).i(F ).

Hence we have the contravariant functor from the category of pseudogroups to
the category of generalised inverse semigroups.

Let 0*U€cj(D where T is a pseudogroup. Then the set
{f 6F D-cUA fOj-)c U} we denote by rJU and call asubpseudogroup
induced to anopen set. The set {f; f : T|U - r|v AU,V ew(D} we denote
by Diff (F). We say that a pseudogroup is closed with respect to the set of
its local diffeomorphisms if Diff (F) c F.

Example 1. Let F be the set of all homeomorphisms of a given topological

space. From Proposition 1 it follows that Diff (F) c F.

Example 2. Let X be a topological space and ¥ a homeomorphism X onto
X but not identity. Let F be the set {id]U; U e toCX)>. It is obvious that
F is a pseudogroup, ¥ e Diff (D but fi f.
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KATEGORIA PSEUDOGRUP

Streszczenie

W artykule tym proponujemy pojecie kategorii pseudogrup. Przyjmujemy
definicje pseudogrupy tak, jak to byto podane w [1], i jest ona rdéwnowazna
definicji Ehresmanna. Definiujemy morfizmy tej kategorii jako funkcje T,
ktére sa bijekcjami i1 spedniajg nastepujacy warunek: dla kazdego a, ktére
nalezy do pseudogrupy P, ztozenie f "Saof nalezy do Podajemy
funktor kowariantny z tej kategorii do kategorii przestrzeni topologicznych
i funktor kontrawariantny z tej kategorii do kategorii uogélnionych péigrup
inwersyjnych, ktére byty wprowadzone w [2]. Dla danej pseudogrupy definiujemy
zbior jej dyfeomorfizméw i podpseudogrupe indukowana do zbioru otwartego.
Wprowadzamy pojecie pseudogrupy zamknietej ze wzgledu na zbidér swoich
defeomorfizméw. Podajemy dwa przykdady: zbidr wszystkich homeomorfizméw danej
przestrzeni topologicznej jest pseudogrupg zamknieta ze wzgledu na zbioér
swoich dyfeomorfizméw, a zbidér identycznosci na wszystkich otwartych zbiorach

danej przestrzeni topologicznej nie jest.
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KATEropwa ncEEmorpynn

Pe3iOMe. B pa6oTe BBeneHO noHHTHe KaTeropHH nceenorpynn. npnuHMaeTca
onpegejieHMe nceBgorpynnbi, Xxax 3to 6biJio cae-nano b [1], 3to onpenejieHHe
3KBMBaJieHTHO onpeAejiennio SpecMana. MopiM3My 3Tofi xaTeropHM onpeaeneHU
xax BueKTHBHbie npeo6pa30BaHHG f, KOTopbie oBjianaiolT CJienyiomHM cbohctbom:
Adia Bcex a, KoTopue npnnannexaT nceBAorpynne Vz cjioxnoe npeo5pa30BaHne
f ©° a* f npHHannexMT nceBnorpynne T1. Yxa3aH KCBapHaHTHufl syHXTop
nepeBonsmuM 3Ty xaTeropwio b xaTeropHio TonoJiornMeckHX npocTpaHCTB H xoHTpa-
BapnanTHbifi syHKTop nepeBonsiDHii b XxaTeropmo o0606weHHt>ix HHBepcHux nojiy-
rpynn." BBeneHO noHsrrne noanceBnorpynnbi HHnyuHpoeaHHofi b otxputom Mnoxec-
TBe M noHSTue neeBaorpynnbi 3aMKHyTOM no OTHoaeHHio k MuoxecTBy cboux
HH$$eoMop5W3MOB. TlpettCTaBJieHbi nea nprmepa.



