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ON SYMMETRIC IDENTITIES IN GROUP VARIETIES

S u m m a ry . Let F  be a free group generated by x , y .  An identity of the form 
w ( x ,y )  = w(y, x )  is called symmetric. A variety defined by sym m etric identities 
is called symm etrically defined. We give several examples of sym m etrically defined 
varieties.

S Y M E T R Y C Z N E  T O Ż S A M O Ś C I W  R O Z M A IT O Ś C IA C H  G R U P

S tre sz c z e n ie . Niech F oznacza grupę wolną rangi dwa generowaną przez x ,y .  
Tożsamość o postaci w ( x , y) — w(y,  z) nazywamy tożsamością sym etryczną. Rozm a­
itość grup określoną przez tożsamości symetryczne nazywamy sym etrycznie zadaną. 
W pracy podajem y przykłady symetrycznie zadanych rozmaitości.

CH M ETPH H ECK H E TO>KAECTBR B M H O rO O BPA 3H H X  r P Y I in

Pe3K>Me. IlycTi» F  c B o S o ^ H a n  r p y n n a  c ^ B y M H  c b o B o ^ h m m h  o 6 p a 3 y i o m M H  

x, y .  B a T o i i  p o 6 o T e  m m  3 a r o iM a e M C H  T o s i g e c T B a M H  B H f la  w (x ,y )  =  w ( y , x ), 
K O T O p b ie  M M  H a 3 M B a e M  CH M M eTpM M BCK H M M  T O H if le C T B a M H . M i I O r O c 6 p a 3 H i I  K O - 

T o p u e  H M e iO T  6 a 3 H C  H 3  C H M M eT pH U C C K H X  T O * f le C T B  H a 3 b I B a iO T C H  C M M M B T p H - 

V e C K H M H . B p o B o T e  M M  f l a e M  H eCK O JIK O  n p H M e p O B  C H M e T p H M e C K H X  M H O rO O - 

6pa3H .

We note first th a t symmetric identities are in a close connection w ith fixed points of 
the autom orphism  a  interchanging generators in the corresponding 2-generator relatively 
free group, and w ith so called symmetric words. A word w (x ,y )  is called sym m etric [lj 
for a group G  if for any g ,h  €  G, w(g,h)  =  w(h,g).  The variety of all abelian groups 
is defined by a sym m etric identity, many im portant semigroup identities are sym m etric 
identities. There are other reasons to study the symmetric identities.

We use in the tex t com m utator notation [x, y] =  z _1y_1z;/.
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Q u e s t io n  1. Which varieties can be defined by symmetric identities?

E x a m p le  1. The Burnside variety of exp n =  2k is defined by the identity 
(xy-1 )* =  (yx-1 )*, and for n =  2fc +  1, by (xy-1)*x =  (yx-1 )*y.

T h e o r e m  1. The center-by-Burnside variety is defined by the symmetric identity (xy)" =

{ y x ) n -

Proof. The Burnside variety of exponent n is defined by the identity [xn. y] = 1. We apply 
the  autom orphism  which maps x —> yx,y  —* y, and get the identity [(yx)n,y] =  1 which 
can be w ritten  as (yx)- "y -1 (yx)"y =  1 or (yx)-n (xy)" =  1 which gives us the required 
sym m etric identity  (xy)n =  (yx)n. □

T h e o r e m  2. I f  an identity v (x ,y )  — 1 can be written as w (x ,y )  = w (y ,x ) ,  then the 
identities [u,x] =  1 and  [u,y] =  1 are equivalent.

Proof. Since v =  u;-1 w" implies vc = u-1, we get (by applying <x) th a t the identity 
[t>, y] =  1 ia equivalent to  [v",x] =  1 which is [u-1 ,x] =  1 and is equivalent (by conjugation) 
to  [u,x] =  1 as required. Cl

R e m a rk  1. The identity [x ,y2] =  1 is equivalent to (zy)2 =  (yx)2 and to [x ,y -1] =
[y, x - 1].

Each identity  of the form [u, v°] =  1 is equivalent to the symm etric identity v v ” =  vav. 
T he simplest example is xy =  yx.

Q u e s t io n  2. Which varieties are defined by an identity vva = vc v?

E x a m p le  2. The variety o f  2-Engel groups, usually defined by the commutator identity  
[[x,y],x] =  1, is defined by the symmetric identity x y 2x  =  y x 2y o f  the type vv° = v”v for  
v =  xy.

Proof. If we apply the automorphism which maps x —* yx, y —> y, and use th e  equality 
[[j/a;, y], yx] =  [xy, yx], then we get tha t the identity [[x, y],x] =  1 is equivalent to  [xy,yx] =
1. which is xy2x =  yx2y.D

In [3] there are given two semigroup identities defining the  variety of 3-Engel groups, 
one of which is not symmetric. We show that 3-Engel variety can be defined by one 
sym m etric identity.

E x a m p le  3 . The variety o f  3-Engel groups ([[[y, x], x],x] =  1) is defined by the symmetric  
identity o f  the type vv°  =  vav fo r  v =  xyx-2 .
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Proof. We conjugate [[[y, x], x],x] by x _1 and get [[y ,x ,x]r ‘ ,x]] which (by equality 
[a,x]x ' =  [x_1,a]) is [[x_1, [y, x]],x], We apply now the autom orphism , defined by 
x  —+ y x y ~ 2, y  —♦ y and note that:

[y,x] -+ y x - ^ y x y - 2)
[x_1, [y,x]] -> x y x ~ 2yx y~ 2 
[[x_1,[y ,x ]],x ] -*■ [xyx~2, y x y - 2}yxy^

So th e  initial identity  is equivalent to the identity \xyx~2 , y x y ~ 2] — 1, as required. □

E x a m p le  4 . The variety where each 2-generated group is metabelian is defined by the 
symmetric identity  [x-1 ,y][y-1 ,a:] =  [j/—1, x][x_1,y] which is of the type vv° — vav for  

v =

Proof. Accordingly to  [2], the variety is defined by [[x, y], [x_1y]] =  1. We apply the 
autum orphism , which maps x —* yx_1 and y —* y, then the initial identity is equivalent to 
[[2 /z ~ \v ] ,[z jr\2 /]]  =  1, which is [[x " \y ], [y~\x]] -  1, or [®_1,y][y~l ,x] =  [y ~ \ x][x_1,y] 
as required. □

T h e o r e m  3. I f  G is a finite relatively free group, then it has a symmetric identity con­
nected to each element g € G.

Proof. For any g €  G, if g =  ga it gives a symmetric identity. If g Y  ga , we consider 
w =  g~lg° ■ If |uj| =  2k, then since in-1 =  w" we have the identity w k =  (wk)IT. If 
|to| — 2k +-1, then similarly gaw k = (gaw kY  as required. □
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Streszczenie

Niech F  będzie grupą wolną generowaną przez x  i y i niech n  będzie automorfizmern 
grupy F  zadanym  przez perm utację tworzących. Każdą tożsamość postaci iv (x ,y )  = 
w(y, x)  nazywamy sym etryczną tożsamością, a rozmaitość grup zadaną przez sym etryczne 
tożsamości - rozmaitością symetrycznie zadaną. Zauważmy, że każda tożsamość o postaci 
V17v  =  vva jest również symetryczną tożsamością. Zatem można postawić dwa pytania: 
P y ta n ie  1. Jakie rozmaitości są symetrycznie zadane?
P y ta n ie  2. Jakie rozmaitości są zadane przez symetryczne tożsamości postaci vav = w " ?  

W pracy podajem y przykłady rozmaitości, które posiadają symetryczne tożsamości:
1. Rozmaitość grup abelowych jest zadana przez tożsamość xy — yx;
2. Rozm aitość Burnside’a, która jest zadana przez tożsamość x n =  1 jest również za­
dana przez tożsamość symetryczną: dla n = 2k ( ry -1)* =  (yx~l )h, a dla n =  2k +  1 - 
( z y - y *  =  (yx~'l )ky )
3. Rozm aitość 2-engelowych grup jest zadana przez tożsamość vva =  vav dla v =  xy;
4. Rozm aitość 3-engelowych grup jest zadana przez tożsamość w ” = v"v dla v = x y x ~2;
5. Rozm aitość grup w których każda dwugenerowana podgrupa jest metabelowa, posiada 
sym etryczną tożsamość w °  =  v (rv, gdzie v = [x, j/-1];
6. C entralne rozszerzenie rozmaitości Burnside’a jest zdefiniowane przez tożsamość 
(xy )n =  (y x ) n.


