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ON SYMMETRIC IDENTITIES IN GROUP VARIETIES

Summary. Let F be a free group generated by x,y. An identity of the form
w(x,y) = w(y, x) is called symmetric. A variety defined by symmetric identities
is called symmetrically defined. We give several examples of symmetrically defined
varieties.

SYMETRYCZNE TOZSAMOSCIW ROZMAITOSCIACH GRUP

Streszczenie. Niech F oznacza grupe wolng rangi dwa generowang przez X,y.
Tozsamos$¢ o postaci w(x,y) —w(y, z) nazywamy tozsamos$cig symetryczng. Rozma-
itos¢ grup okreslong przez tozsamosci symetryczne nazywamy symetrycznie zadana.
W pracy podajemy przyktady symetrycznie zadanych rozmaitosci.

CHMETPHHECKHE TO>KAECTBR B MHOrOOBPA3HHX rPY lin

Pe3K>Me. llycTi» F cBoSorHan rpynna C"ByMH cboBorhmmh o6pa3yiom M H
X, ¥. B aToii po6oTe mm 3arciMaeMCH TosigecTBaMH BHfla W(X,y) = W(y,X),
KOTOpbie MM Ha3MBaeM CHMMeTpMMBCKHMM TOHifleCTBaMH. MilOrOc6pa3Hil KO-
Topue HMeiOT 6a3HC H3 CHMMeTpHUCCKHX TO*fleCTB Ha3bIBaiOTCH CMMMBTpH-
VeCKHMH. B poBoTe MM flaeM HeCKOJIKO npHMepOB CHMeTpHMeCKHX MHOroo-

6pa3H.

We note first that symmetric identities are in a close connection with fixed points of
the automorphism a interchanging generators in the corresponding 2-generator relatively
free group, and with so called symmetric words. A word w(x,y) is called symmetric [lj
for a group G if for any g,h € G, w(g,h) = w(h,g). The variety of all abelian groups
is defined by a symmetric identity, many important semigroup identities are symmetric
identities. There are other reasons to study the symmetric identities.

We use in the text commutator notation [x,y] = z_1y_1z;/.
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Question 1. Which varieties can be defined by symmetric identities?

Example 1. The Burnside variety of expn = 2k is defined by the identity
(xy-1)* = (yx-1)*, and for n = 2fc+ 1, by (xy-1)*x = (yx-1)*y.

Theorem 1. The center-by-Burnside variety is defined by the symmetric identity (xy)" =

{yx)n-

Proof. The Burnside variety of exponent n is defined by the identity [xn.y] = 1. We apply
the automorphism which maps x —yx,y —*y, and get the identity [(yx)n,y] = 1which
can be written as (yx)-"y-1(yx)"y = 1lor (yx)-n(xy)" = 1 which gives us the required
symmetric identity (xy)n= (yx)n. O

Theorem 2. If an identity v(x,y) — 1 can be written as w(x,y) = w(y,x), then the
identities [u,x] = 1 and [u,y] = 1 are equivalent.

Proof. Since v = u;-1w" implies vc = u-1, we get (by applying <) that the identity
[ y] = liaequivalentto [v",x] = 1whichis [u-1,x] = 1and is equivalent (by conjugation)
to [u,x] = 1 as required. d

Remark 1. The identity [x,y2] = 1 is equivalent to (zy)2 = (yx)2 and to [x,y-1] =
[va']]'

Each identity of the form [u,v°] = 1is equivalent to the symmetric identity vv” = vav.
The simplest example is Xy = yx.

Question 2. Which varieties are defined by an identity vva = vcv?

Example 2. The variety of 2-Engel groups, usually defined by the commutator identity
[[x,y].x] = 1, is defined by the symmetric identity xy2x = yx2y of the type vv°® = v”v for
vV = Xy.

Proof. If we apply the automorphism which maps x —*yx, y —>y, and use the equality
[[i’a;, y1. yx] = [xy, yx], then we get that the identity [[x, y],x] = 1isequivalent to [xy,yx] =
1. which is xy2x = yx2y.D

In [3] there are given two semigroup identities defining the variety of 3-Engel groups,

one of which is not symmetric. We show that 3-Engel variety can be defined by one
symmetric identity.

Example 3. The variety of 3-Engel groups ([[[y, x], x],x] = 1) is defined by the symmetric
identity of the type vv° = vav for v = xyx-2.
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Proof. We conjugate [[[y, x], x],x] by x_1 and get [[y,x,x]r “,x]] which (by equality
[a,x]x ' = [x_1,a]) is [[x_1, [y, x]1].x], We apply now the automorphism, defined by
X —+yxy~2,y —y and note that:

[y x] -+ yx-"yxy-2)

[x_1, [y x]] -> xyx~2yxy~2

[([x_1,[y.x]].x] = [xyx~2,yxy - Zyxy"
So the initial identity is equivalent to the identity \xyx~2,yxy~2] — 1, as required. O

Example 4. The variety where each 2-generated group is metabelian is defined by the
symmetric identity [x-1,y][y-1,a] = [i/-& x][x_1,y] which is of the type vv°® — vav for
vV =

Proof. Accordingly to [2], the variety is defined by [[x,y], [x_1y]] = 1. We apply the
autumorphism, which maps x —*yx_1 and y —*y, then the initial identity is equivalent to

[[2/z~\v],[zjr\2/]] = 1, which is [[x"\y], [y~\x]] - 1, or [® 1, y][y~I,x] = [y~\ x][x_1,y]
as required. O

Theorem 3. If G is afinite relatively free group, then it has a symmetric identity con-
nected to each element g € G.

Proof. For any g € G, if g = ga it gives a symmetric identity. If g Y ga, we consider
w = g~lg°mlIf |ujj = 2k, then since in-1 = w" we have the identity wk = (wk)IT If
[to] —2k +-1, then similarly gawk = (gawkY as required. O
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Streszczenie

Niech F bedzie grupg wolng generowang przez x iy iniech n bedzie automorfizmern
grupy F zadanym przez permutacje tworzacych. Kazda tozsamos$¢ postaci iv(x,y) =
w(y, X) nazywamy symetryczng tozsamoscia, a rozmaito$¢ grup zadang przez symetryczne
tozsamosci - rozmaitoscig symetrycznie zadang. Zauwazmy, ze kazda tozsamos$¢ o postaci
VI = vvajest rdwniez symetryczng tozsamoscig. Zatem mozna postawi¢ dwa pytania:
Pytanie 1. Jakie rozmaitosci sg symetrycznie zadane?

Pytanie 2. Jakie rozmaitoSci sa zadane przez symetryczne tozsamosci postaci vav = w"?

W pracy podajemy przyktady rozmaitosci, ktére posiadajg symetryczne tozsamosci:
1. Rozmaitoségrup abelowych jest zadana przez tozsamos$¢ xy — yx;

2. Rozmaito$¢ Burnside’a, ktora jest zadana przez tozsamo$¢ xn=1 jest réwniez za-
dana przez tozsamos$é symetryczng: dla n = 2k (ry-1)* = (yx~l)h,a dlan = 2k + 1 -
(zy-y* = (yx="ky)

3. Rozmaito$¢ 2-engelowych grup jest zadana przez tozsamo$¢ vva= vav dla v = xy;

4. Rozmaito$¢ 3-engelowych grup jest zadana przez tozsamo$¢ w "= v'v dla v = xyx~2;
5. Rozmaito$¢ grup w ktérych kazda dwugenerowana podgrupa jest metabelowa, posiada
symetryczng tozsamos$¢ w° = v(wv, gdzie v = [x, j/-1];

6. Centralne rozszerzenie rozmaito$ci Burnside’a jest zdefiniowane przez tozsamosc
(xy)n= (yx)n.



