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THE SYMMETRY OF TRANSFORMATIONS OF THE MAXWELL
AND TWO-TERMINAL CAPACITANCE MATRICES

Summary. The paper presents the symmetry property of the transformations of
the Maxwell matrix and “two-terminal” matrix describing the capacitance parameters
of the planar multiconductor interconnects in a VLSI structures. This symmetry of
transformations plays a crucial role in the minimization of errors occurring in the
Maxwell matrix which can be computed from measurements, performed by the direct
measurement of elements of the “two-terminal” matrix in the multiconductor struc-
tures, using active separation.

SYMETRIA PRZEKSZTALCEN MACIERZY MAXWELLA
| POJEMNOSCIOWEJ MACIERZY DWOJINIKOWE]

Streszczenie. W pracy przedstawiono zwigzki pomiedzy przeksztatceniem macie-
rzy Maxwella i macierzy pojemnosciowej dwojnikowej, opisujacych pojemnosciowe
parametry sprzezonych wielolinii potagczen w planarnych strukturach VLSI. Zwiazki
te charakteryzuja sie symetria. Symetria przeksztatcenn macierzy gra podstawowsg role
w minimalizacji btedu wyznaczenia macierzy Maxwella z pomiaréw pojemnosciowe;j
macierzy dwojnikowej, metodg pomiaru z aktywng separacja.

1. Assumptions

Let us consider the system of multiconductor planar transmission lines of n conductors
plus ground conductor with cross-section presented in Fig. 1.

The equivalent “two-terminal” capacitance network for n signal conductors plus ground
(reference) conductor is presented in Fig. 2.. These “two-terminal” capacitances Ty form
a “two-terminal” matrix T=[T§\nx,,. The ground conductor is denoted as #0.
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Let Qi, Qi,..., Qnbe the charge per unit length on the conductors with VIt V2 ..., V,, the
corresponding potentials. The vectors Q and V are related by Maxwell matrix C=[C,y]nx, defi-

ned as follows:

Q=Cv, (1)
where:
Q<=[QuQi, »QA - isavectorof PUL charges on the «-conductor transmission line,

symbolldenotes transposition,
Vi=[Vi, V2 ..., V,] - isthevectorof line potentials with respect to the reference.

Fig. L The cross-section of «-conductor geometry with reference
Rys. 1. Przekroj planarnej wielolinii transmisyjnej z przewodem ziemi

The diagonal elements of the matrix C are called coefficients of capacitance and the off-
diagonal elements are called the coefficients of electrostatic induction. The matrix C has the
following properties [1]:

Cj =Cj, Uj=1.2,..%«
C,>0 [=1,2,...«
Cy <0 i*j 2

cCY>0 =12,

The goal is determination of Maxwell matrix using the results of measurements of “two-
terminal” capacitances for discussed structure.
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Analyzing the potential differences between conductors and using “two-terminal” capaci-
tance matrix T=[7y],,X,,, one finds [2]:

Ty=-C,j for/*j,

r.-_t:ic, 3)

These “two-terminal” capacitances, Tj, also called circuit capacitances have interpretation pre-
sented in Fig. 2.

Fig. 2. Capacitance equivalent circuit for n conductors with reference
Rys. 2. Dwojnikowy schemat zastepczy wielolinii transmisyjnej
z przewodem ziemi

To simplify the notation we will use the following vector definitions(symmetry of matrix C
forces the symmetry of matrix T ) - thanks to thesymmetry,there are (n2- n)/2 +n = «(«+1)/2
elements of matrices C and T to consider instead total n2 elements:

C*=[CIL Cn, O3, Cl4... Cl,,, C2, CZ3 Cm,... Cl,,, C33, C34 C3],... C),, C4 .. C,J]

=[Ci, C2,C3,... Cv] (4)

and
rm r rji rrt rrt

Fs s A w3 114, Tin 12 53 Roa— o §33 Hay a5, B B4 - Tl
= [7}, T2 K,... Tn], )

Vectors C and 7'have N=n(n+I)/2 entries.

Using relation (3) and symmetry that 7/=7};, one may write:
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r,=(a,-i)c,+*#2 X (6)

k=\

for i,j= 1,2,..., n, and/ <j,

where
1 for /=j
0 for /*j,
Cik for i<k
Atk .
Cu for i>k.

Using the definitions (4) and (5) it is possible to write (6) in the form:
T-DC )
where the dimension of matrix D is NxN.

The equation (7) represents the transformation mapping the //-dimensional vector C into
the iV-dimensional vector T, and the properties of the transformation matrix D has been
precisely presented above.

2. Theorem

If the transformation matrix D (different from unity matrix - Egs. (2) and (3)) maps the N-
dimensional vector C into the//-dimensional vector T accordingly with relation

T=DC,

where vectors T, C and matrix D have properties presented in the assumptions, than the
inverse matrix G=D -1 ofthe matrix D is equal to itselfi.e.:

G=D"=D. (8)

3. Proof

Basing on definitions of the vectors T and C, transformation (8) described by Eq. (7), can
be rewritten in a form:
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T=DC= (9)

D.,

where
Dr - r-th row ofthe matrix D, and index is changing accordingly to the
indexes of elements in vectors Tand C (N=n(n+1)/2).

We assume also, that columns of the matrix D are indexed in the same manner, than we
have:

o 'Q|

A A2

A As
A.
d2
dm

D [, vxv > (10)

An
As

A
A

1

- W, An.

where
ij=1,2,3,...n,and iij,
r,s=1,2, 3, ..W.

Evidently, the indexing of elements of matHx D has a form:
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11,12,13,14,...1/7,22,23,24,...2n,33,34,...3/7,44,.. »«
1
12
13
14

1«
22
23
24
liv.vV
2n
33
34

3«
44 (12)

»»

Using relation (6) and (10) one may write;
Di =1... Ay# e0e<5 /2 "' -/ i+ J (12)
where
-1 fori* j, andis placed in ij - th row and ij - th column
of the matrix D (Eq. (11)),

"GUT g for/=j, andis placed in ij - th row and ij - th column
of the matrix D,
1 fori =j, and is placed in ij - th row and ki - th column
of the matrix D,
Jju 0 for/* j, andis placed in ij - th row and kI - th column
of the matrix D,
dots ... - mean 0’s inserted in all remaining columns in considered D,j row.

In (12) all numbers in the indexes ij,kl fulfill the conditions: i <j and k <I. The dependence

between the vectors T and C in a non-evident form, can be expressed as follows:
fori ™ j
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for/=j <n
i i (14)
Tv=T"*"+Alk=ich+zC it
fOI’7 :j =
(15)
t=i 4=1
Resolving (14) and (15) for 7=1, 2, 3,... n we have:
fori=1
Tu=tc,,,
k=\
for/ =2
T22=+C i2++ C 2t,
fori=3
r, = ic» + Z ¢ » . (16)
J=1 *=4
for/ =4
T«=tcki+x C Ak
=1 =5
for: =+

T,,=ZC"?
4*i

Let we consider the product Z)7'of right-side multiplication ofthe matrix D by the vector T.
Basing on the definition of vector Tand Eq. (12) we have:

DUT - [<5,, .. j .. 5, B.. .44 .. 55..Sh..]T= .
4=1

Dn T = [...¢§22.12 "o *M22.22 'MN22.23 «"N22.24 +meN22,23 "N22,2n oo = + 2

4=1 4=3
= [wm"33,13 733,23 733.33 — 733,34 N33.35 n33,3» = Z M3 + T1A3* >

4=1 r=4

N4 4N = [ome N414 N44.24 N44.34 NA4 44 eee N44.45 N44 4n  eee = Z + Z nN44 1 0 7?)
4=1 4=5

DmT —[m n\n mm’'min me'nnin  “mdn — IN~Z Mrom
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For all remaining ij we have (Eq. (13)):
D, T =-Tij. (18)

Equations (17) and (18) in a matrix notation have a form:

*
-T12
I
Z N+ Z A
=1 =3

DT-

Z Aj+ZAj*
k=\

k=4

19
ZN4+ZN (19)

Z N
The sums of T,j in Eq. (19) can be expressed by Cv from Egs. (13), (14), (15), and (16):
2X +ZMt -+ cH+ZQ +Z(-clt)-c,,,
M *=2 i-1 =2 i-2

(Ne2 +¢72* - Tn +T2+ 7' - -CR+]TC*2+]TC2*+Z ("C2) - C2>
== *=3

*=1 k=3
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Zh+T M=1,Ta+T,+2X =Z(-C)+Z6+ZG+Z(-Q)=CB

=4 I5r=4

ZN+ZM=Z N HZKEZ(-CN)AZCRHZ et +Z( o) =Cl

Ir=5 Ar=l

X =z N +T,=z (-CJ+z ¢~ =C.

t=1 34 Jt=1

As aresult we have:
DT =C. (20)

Matrix D is non-singular, through mutualsubtraction of therows and column we find,
that determinant of the matrix D equals to 1or-1, depending of value n.

From (7) and (20) results:
DT =D~'T =GT,
where

G = D~' - inverse matrix of D,

and finally we have
G=[G jvx\=D, (21)

because all elements of vector T are positive.

This completes the proof of the theorem.

4. Application

The absolute error ACr in calculation of the r-th coordinate Cr of the vector C from mea-

surements of coordinates ofthe vector T (Fig. 2) has the form [3, 4]:
ACr=Z fo M (22)
A
where

|A7;| - absolute error at measurement of the x-th element of the vector T,

Gr, - element ofthe matrix G (Eqg. (21)),
and r=1,2,..., N.
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The relative error for coordinates of vector C has the form:

Ano=f oy (23>
From (20) and (21) one finds:
Cr=GrT (24)

where
Gr - r-th row ofthe matrix G.

Using definition

STiJ -~ - =S, (25)

where symbol S denotes relative errorof measurementsof the all elements of “two-terminal”
matrix T (usual case), from (22), (23),(24), and (25) we have

: 6 -K m >
© W [P

From (12) we can observe, that row Dr (Eqg. (10)) of the matrix D has either one column
equals to -1 with all remaining columns equal 0, or few columns with all elements equal 1
with all remaining columns equal 0. Consequently basing on the theorem we can write for

vector T(Eq. (5)):
tID jr. *\G,\T,

"\d,t\ =1\g j\ =1, 27)
forallr=1 2, 3,... N.

From (26) and (27) we finally get an important dependency:
& ~"¢, =&

forallr=1, 2 (i,j=1,2,...,n, and i <j),

what means, that accuracy of determining the Maxwell matrix is equal to the accuracy of
measurement of the elements in the “two-terminal” matrix, when the method of measure-
ments with active separation [5, 3] is used, without additional error propagation.
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5. Conclusion

The symmetry of transformations of the Maxwell matrix and the “two-terminal” capaci-
tance matrix plays a crucial role in the minimization of errors occurring in the computed
Maxwell matrix from measurements performed by the direct measurement of elements of the
“two-terminal” matrix using active separation of the network capacitors, except the measured
element of “two-terminal” matrix. The symmetry of transformations assures the same accura-
cy in computing the elements of Maxwell matrix as the accuracy of direct measurement of
capacitance.
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Omoéwienie

W pracy sformutowano twierdzenie i przedstawiono dowdd o symetrii przeksztatcenia
macierzy Maxwella i pojemnosciowej macierzy dwojnikowej, opisujagcych parametry pojem-
nosciowe wielolinii transmisyjnych, realizujgcych potgczenia w planarnych strukturach
VLSI. Przeksztatcenie macierzy jest symetryczne, co wyraza sie tym, ze macierz przeksztat-
cenia macierzy dwdéjnikowej w macierz Maxwella jest réwna jej macierzy odwrotnej. Kon-
sekwencja tej wiasciwosci przeksztatcenia jest to, ze obliczenie macierzy Maxwella na pod-
stawie zrealizowanych pomiaréw pojemnosci, wystepujagcych w macierzy dwodjnikowej, jest
obarczone tylko btedem réwnym bledowi pomiaru pojemnosci reprezentujagcych elementy
macierzy dwojnikowej. Zastosowana metoda aktywnej separacji [5] przy pomiarach bezpos-
rednich pojemnosci, wystepujacych w macierzy dwojnikowej tacznie z przedstawionymi
wiasciwosciami przeksztatcenia, pozwala znalez¢é elementy macierzy Maxwella z minimal-
nym btedem réwnym biedowi pomiaru elementdw macierzy dwdjnikowej [3], bez propagacji
btedu pomiarowego, czego nie mozna unikna¢ przy pomiarach posrednich [4], a co w kon-
sekwencji wymaga ekstremalnie doktadnych pomiaréw i bardzo kosztownych stanowisk po-
miarowych niezbednych przy pomiarach posrednich.



