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EXPONENTIAL FUNCTION FITTING TO TL GROWTH
DATA AND SIMILAR APPLICATIONS

Summary. This work brings about a very effective and fast algorithm for fitting
exponential function y(x) = at+a2meayT to results of measurements. This function
may be applied to a number of cases where one quantity depends exponentially on
another. Particular examples are a build up of a thermoluminescence signal with an
absorbed dose of ionizing radiation or an activity of a single decaying radioisotope.
Estimators of the three parameters are obtained by the least square method assum-
ing the normal probability distribution of measurement errors while the high effec-
tiveness and speed of the algorithm is secured by the reduction to a one-dimension
(or one free parameter) problem without the loss of accuracy or generality.

DOPASOWANIE FUNKCJI WYKLADNICZEJ DO WZROSTU TL |
PODOBNE ZASTOSOWANIA

Streszczenie. W pracy przedstawiono bardzo efektywny iszybki algorytm dopa-

sowania krzywej wyktadniczej y(x) = ai+ aj-e“3* do wynikdéw eksperymentalnych.
Funkcja moze byé wykorzystana w wielu przypadkach, gdy jedna wielko$¢ zalezy
wyktadniczo od drugiej. Szczegbélnymi przyktadami sg wzrost termoluminescencji z
dawka pochtonietg promieniowania jonizujacego lub zanik aktywnos$ci pojedynczego
radioizotopu.
Estymatory trzech parametrow otrzymywane sa metoda najmniejszych kwadratéw
przy zatozeniu normalnego rozktadu biedéw pomiarowych, a wysokag skutecznos$é
i szybko$¢ algorytmu zapewnia redukcja problemu do jednego wymiaru (jednego
swobodnego parametru) bez utraty doktadnos$ci lub ogdlnosci.
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1. Introduction

The presented work contributes to the series of papers (Rendel, 1985; Berger, Hunter,
1986; Franklin, 1986; Berger et ah, 1987; Bluszcz, 1988; Griin, McDonald, 1989; Brumby,
1992a) regarding the problem of fitting the saturating exponent function to a growth of
thermoluminescence (TL) with an absorbed dose of ionizing radiation in the TL dating
method. This also concerns other similar dating methods, such as OSL (optically stimu-
lated luminescence) or ESR (electron spin resonance). The same algorithm may be also
applied to other problems where an exponential function is fitted to results of measure-
ments.

Unlike the other proposed algorithms this one takes advantage of the transformation of
an independent variable, rather than a dependent one, thus accelerating the computation
procedure but not disturbing the correct value of the x2 (Sum-of-Squares) function.

It should be also emphesized that the weighing values, or errors, may be arbitrary
set to follow any assumptions made about the dependence of errors on measured signal
values so a, so called (Berger et ah, 1987) quasi-likelihood method may implement the pre-
sented algorithm as well. The problem of choosing the global minimum of the x2 function
among multiple local minima is also significantly simplified with this approach because a
one-dimensional space of one free parameter can be easily searched in a reasonable range
for all local minima.

2. Fitting saturated exponent to data points

The procedure described below applies to a case when the relation between the mea-
sured signal (for example: TL, OSL or ESR) and the absorbed dose is given by a saturated
exponential function (rewritten here in a form more suitable for the above mentioned pur-
pose):

y(x) = a] - a2 ee-"“31, (1)

where: y — the measured signal (TL, for example); x — independent variable (e.g., the
absorbed dose); aj, a2, <13 — adjustable parameters (for TL measurements: Oi — signal
saturation level specific to the dated material; aj —a2 — initial signal level dependent
on its age; 03-03 — the initial TL growth rate). In a case when the function describes a
saturated exponential growth ais a2 and a3 are positive and Oj > a2.

x is assumed to be an independent variable and known without error. Signal intensity

y is a dependent variable, measured with a known error which, generally, may depend on
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an x value or follow an arbitrary assumption. It is only assumed that the error assigned
to each y value obeys a normal distribution.

Then, the best fit (in view of a maximum-likelihood method) of the function (1) to
the set of experimental data x;, y-, i = 1,... ,n, may be defined as one minimizing the
Sum-of-Squares function:

X=£ @)
i=i a,
where: at,... ,an are errors assigned to j/j’s.
Parameters values must satisfy the set of differential equations:
£ -
da- - 0 <>
t, °

It is possible to reduce the number of equations by subsequent substitutions, leaving
only one ”free” parameter a3 and two others dependent on it and data point values.
Calculating the three partial derivatives one can obtain the equivalent set of equations

—2 *(a> mSxyax + aj *C *SXax + «2 " ~xaxx) ~ 0 (6)
—2 *(SVax ~ C mSax + a2’Saxx) = 0 (7
-2 *(S,- C mSw+ a2+5«) = 0, (8)
where:
wx =
sw = X>
Sy = X> oy>
1=1
n
Sax = ¢ 1Vi*e-"3l
1=1
Sxax = x> . EX, *e~
]
Oyax = +Wi m\vi e
1=1

Bxyax — X>, *X, ®yi

i=1
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. -2-a3-r,
Saxx — N )Vei

Sxaxx = "2 Wi S{i .e-2 a3-Xi

i=1
Last two equations in the set (7 k. 8) are linear in ai and a2 giving:

Ay ’ Aaxx Sax ' Ayax

a> = o of i T ©)
Sw *Syax Ay « Aar
= A e (10)

This is equivalent to the transformation of the independent variable made in the
following way. Having set the parameter <3 value one can transform x’s into i’s:

U = e-“31 (11)
The (9) and (10) formulae may be alternatively derived from a linear model
y = ai-a2t (12)

The x2 may be treated now as a function of one parameter only (namely a3) and
minimization is much simpler. However, instead of minimizing the x2 function one can

put back (9) and (10) into (s-8) and solve the numerically simpler problem of finding the
root of the equation:

Q"2 . 2
— 2e(fl2*sxyar T W “Uj *Sxax ffl2 *Axaxx) = o (13)

The left side of (s) is a function of only one parameter a3 (while ai and a2z are given
by (9) and (10)) and excluding the trivial case a2 = 0 one can transform the problem into
finding the zero of the function:

n°3) —sSxyax + < SXax + 02 Sxaxx (14)

The zero of the function (14) can be numerically found to an arbitrary preset accuracy
with an aid of a simple algorithm (a Newton’s algorithm for example). After the parameter
a3 is found, the other two (i.e., aj and a2) are calculated according to (9) and (10). These
values define the minimum of the x2 function and are the estimators of parameters of the
function (1) fitting experimental data.



Exponential function fitting to TL growth data 139

3. Assessment of variances and covariances of param-
eters

Variancesof parameters estimators can be foundthrough a curvaturematrix ()Bev-
ington, Robinson, 1992) a and itsinverse error matrix e.The curvature matrix a is
symmetrical and defined as follows:

1 d2x2 y

2 da,da, ")

The inverse matrix e (called the error or covariance matrix) contains estimator’s vari-
ances as diagonal elements and their covariances as off-diagonal elements.
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Streszczenie

Praca jest uzupetnieniem szeregu artukutéw (Rendel, 1985; Berger, Hunter, 1986;
Franklin, 1986; Berger et al., 1987; Bluszcz, 1988; Griin, McDonald, 1989; Brumby, 1992a)
dotyczacych zagadnienia dopasowania funkcji wyktadniczej y{x) = cq + a2 *e=31 do
pomiaréw wzrostu termoluminescencji (TL) z dawka pochtonietg promieniowania jonizu-
jacego w metodzie datowania TL. Dotyczy to réwniez innych podobnych metod takich,
jak OSL (optycznie stymulowana luminescencja) lub EPR (elektronowy rezonans para-
magnetyczny). Te samg funkcje mozna wykorzysta¢ i w innych przypadkach wyktadniczej
zalezno$ci miedzy mierzonymi wielko$ciami, na przyktad przy pomiarach zaniku aktyw-
nosci preparatu promieniotwo6rczego w obecnosci tta.

W pracy przedstawiono bardzo efektywny i szybki algorytm dopasowania takiej krzy-
wej wykitadniczej do wynikéw eksperymentalnych.
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Estymatory trzech parametréw otrzymywane sg metoda najmniejszych kwadratow,
przy zatozeniu normalnego rozktadu btedéw pomiarowych, a wysoka skuteczno$¢ i szyb-
kos¢ algorytmu zapewnia redukcja problemu do jednego wymiaru (jednego swobodnego
parametru) bez utraty doktadnos$ci lub ogdlnosci.

Algorytm wykorzystuje transformacje zmiennej niezaleznej, a nie zmiennej zaleznej,
jak wiele dotagd proponowanych, co daje przyspieszenie obliczeh bez znieksztatcenia wia-
Sciwej wartosci funkcji x2 (sumy kwadratow).

Nalezy podkresli¢, ze wartosci wag lub btedéw moga by¢ arbitralnie dobierane tak, by
odpowiada¢ dowolnej hipotezie o zaleznosci btedéw od warto$ci mierzonej. W ten spos6b
proponowany algorytm moze by¢ rowniez wykorzystany przez tzw. metode ,,quasi-likelihood”,
proponowang w (Berger et al., 1987) Wykorzystanie algorytmu upraszcza tez w znaczny
spos6b rozwigzanie problemu wielokrotnych miniméw lokalnych. Jednowymiarowga prze-
strzen jednego swobodnego parametru mozna tatwo przeszuka¢ w rozsadnym zakresie na

obecnos$¢ lokalnych minimoéw.



