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PARAM ETERS ESTIMATES FOR LINEAR STOCHASTIC  
EQUATION W ITH CONTROL

Su m m ary . The strong consistency of m axim um  likelihood estim ates of unknown 
param eter of a continuous tim e linear stochastic equation, is shown in this paper. 
The situation was considered, when the controled and uncontrolled processes have 
been observed. The unknown param eter appears in the linear transform ations of 
the sta te  and the control. The param eter estim ates are used, to define the adaptive 
control.

E S T Y M A C JA  P A R A M E T R Ó W  D L A  JE D N O W Y M IA R O W E G O  
R Ó W N A N IA  ZE S T E R O W A N IE M

S treszczen ie . W  pracy wykazano silną zgodność estym atora największego praw
dopodobieństwa dla współczynników jednowymiarowego liniowego równania stocha
stycznego ze sterowaniem. Rozważamy sytuację, gdy obserwacji podlega proces ste
rowany i pewien proces nie sterowany. Estymowanymi param etram i są liniowa trans
form acja stanu oraz sterowania. Uzyskane wyniki zastosowano do zadania sterowania 
adaptacyjnego.

1. In troduction

There exist many papers about the param eter estim ates and adaptive control in linear 
continuous differential equations, see [l]-[3], also [5]-[7] and [11]. The assumptions, which 
are done in those papers are different from this, which we made. For example in papers [5] 
and [7] unknown param eters occur in linear transform ations of the sta te  and some specified 
asym ptotic behavior of determ inant is required. In our paper we succeeded to omit this 
assum ption in one-dimensional case. Some results in the case, when unknown param eters 
apper in the linear sta te  and control transform ation, were obtained also in paper [6], but
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the system  taken under consideration had particular form and in one-dimensional case it 
reduces to  less general in relation to  this th a t we consider.

On the o ther hand, a restriction on the control, in papers [l]-[3], [8] and [11], makes
it impossible for us, to use these results to consider a cost functional.

In this paper we consider the stochastic system  of differential equations:

dxt =  (axt -f but)dt + dW tw , x 0 = 0, (1)

dyt = ax tdt +  dW{2\  y0 = 0,

where x 0, yt , y0, yt , u t € R  and W  =  (W W ’/ 2'), t > 0 is a W ienner process. It is 
assumed, th a t th e  unknown param eters a €  ( a 1, a 2), b 6  (/?i,/?2) and a i ,  /3i > 0.
A t any tim e t >  0 based on the m easurem ents x s, ys, 0 <  s < t we hope to  estim ate
the unknown param eters a and b and to  design the adaptive control w ith the purpose of
minimizing the cost functional:

C  =  lim \ C „  ,2)

where
t

Ct = J { q x 2s + r u 2s )ds, (3)
0

and q > 0, r  > 0.

2. P aram eter estim ates and adaptive control law

In this section we first define the param eter estim ates a(t)  for a and b(t) for b and 
then define the adaptive control ut on the basis of the observations (x 3, y 3), 0 < s < t and 
the estim ates a(t) and b(t) obtained as well.

The likelihood function is obtained from the m utual absolute continuity of the proba
bility m easure of the process (x t , y t), t > 0 and the W iener m easure for W (i), t > 0 (see
[7]) as

Lt( a, b) = exp /
.0

where zt =
x t a 0
yt a 0

J (A z , -f B u „ d z ,) — -  j | |Az„ +  B u s\\2ds (4)

, B  = and {•, •) is the standard  inner product in

R 2. T he m axim um  likelihood estim ates a(t)  of a and 6(f) of b are obtained by maximizing 
L t(a,b). To maximizing Lt(a ,b ) it is necessary (and in fact sufficient) that:

d ln L t ( a , 6 ) _ o d \ n L t{a,b) p
db da (5)
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then t t t t  t t
f  x sd xs f  u2ds + f  x sdys f  u2ds — f  u sdxs /  x su sds
0 0 0 0 0 0 /£-,a(t) =         ^  , (6)

2 f  x]ds f  u2sds — f  x susc 
o o  \o

t t t t t t
2 J u sdxs f  x jds  + f  x sdxs f  x„usds — /  x sdys f  x susds

7/ ,\ 0 0 0 0 0 0 /'7\
v / — , / , \  2 ’ ( ')

2 /  x 2ds J  u^ds — ( f  x 3u 3d s j

Because
dxt =  (axt +  but)dt +  d W ^ \  

dyt =  axtdt +  dW'/2*, 

by rewriting (6) and (7), we obtain:

f  x 3dW J1) J  u2sds +  /  x sd W ^  J u2sds -  f  u ,dW s(1) f  x susds
~ / « \  0  0  0  0  0  0  / o \a( t )  — a —    ;   ^ -----------------------, (8)

2 j  x 2ds J  u2sds — f  x 3u,ds  
o o  \ o

2 f  u sd W ^  J x 2ds — J x , d W ^  f  x 3usds -  f  x sd W ^  J x 3u3ds
L / j \  i, 0  0  0  0  0  0b ( t ) - b =    ;   - j  . (9)

2 /  x 2ds f  u]ds — /  x su sds
o o  \o J

We now proceed to  define the adaptive control. It is well known (see, for example, [4]), 

th a t the feedback control «, =  k x t , where k = —r~1bp, and p =  , makes the
cost functional (2) minimal and equal to  C  =  p.

Howewer, this optim al control can not be used here since a and b, and hence p are
unknown. It is natu ra l to replace (see [5], [7]) a and b by their estim ates a(t) and b(t).

Define pt and kt as follows

"• -  — m ■ (1C”
kt = —r~1b(t)pt. (11)

We now proceed to define the adaptive control. Take any k0 ^  0 as the initial value 
for the adaptive feedback gain. The tim e axis is partitioned by stopping times rn, n =  
0 ,1 ,2 , . . .  and the adaptive control is defined to be

u _  i  krnx t if t belongs to some [rn, r n+1)
1 kTn_lx t if t belongs to some [t„, r„+i)
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The stopping tim es are given as follows:

ro =  0 (13)

t „  =  max | inf j i  : J  x 2sds >  n j  , inf | i  : J  u2ds  >  n j  j  .

3. S trong con sistency  o f param eter estim ates and 
op tim ality  o f adaptive control

We first prove a lemma.

L em m a 1. For any n, rn is finite a. s.

P roof. Assume th a t for a set A C ft w ith P(A ) >  0, and for n £ N ,  for every w S A 
holds:

rn(u>) =  oo,

then by definition of r„ , we have:

OO OO

J  x 2s(u)ds  <  0 or J  u2(uj)ds <  0.
o o

CO

If f  u2s(uj)ds < 0 then by definition of the adaptive control we have, th a t |fctauJ  > 
o

min{|fcTl | , . . . ,  \kTn 1} >  0 , for k = 1 , 2 , . . . , «  (the feedback gain takes only finite numbers 
of values: kTa, kn , . . . ,  kTn), so

OO

J  x](u>)ds < 0. (14)
o

A contradiction will be established. Ito ’s formula implies tha t:

t A T n  t A r n

zJATn -  Xq =  2 J  (axs +  bus)xsdsd  +  2 J  x ,d W s +  t A r„. (15)
o o

The first integral in (15) can be bounded by using the Schwarz inequality and the bound
edness on kt, t > 0 and the second integral is a square integrable m artingale by the 
definition of stopping tim es. Letting i —t oo it follows, th a t for cu £  { rn =  oo} we have 
lim ^oo x f (w )  =  oo. However this contradicts the assum ption (14)..
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T h e o re m  1. Under the adaptive control defined by (12) and (13) the family o f  max
imum likelihood estimates a(t) is strongly consistent, that is

Pa ¡.(lim a(f) =  a) =  1.’ U-+00

P ro o f . To verify this Theorem  the following result [10] is im portant.

L e m m a  2. I f  (W t,F t), t >  0 is a Wiener process on the probability space (Q ,F , P ) 
and the process (ft)  is Ft -adapted for  t >  0, such that:

and

I
J  f ] d s  <  oo a.s for  0 <  t <  oo, 
o

oo
J  f^d s  =  oo a.s,

=  inf { t : / .then the process (zs, Gs), where z ,  = f  f tdW t, G, = Fr, and ts — inf  ̂ t : f  fj jdu  >  s is
t

f  l, iw,
a Wiener process and lim ^oo ^  =  0 a.s.

f

Because /  x]ds f  u]ds — I f  x ,u sds I >  0, then from (8), we have 
o o  \o

|a(t) — a | <
f x , d W W

f  x*ds 
0

+

J x ,d W W

f  x]ds 
0

+
f U 'd W M

f  u2sds 
0

/  x ,u ,d s  
o

I  x]ds  
0

(16)

It follows from condition, th a t a €  (0 1 , 02)1 b €  where a j ,/? i >  0 and (10)-(13),
tha t t

f  x su sds 
0

t
f  hsx 2ds 
0

f x 2sds
0

f x 2sds
0

<  sup |A;,| =  c <  00 ,
0 < s< o o

where C2 >  0. Using the inequality (17) to inequality (16), we have:

(17)
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From (18) and Lem ma 2 we obtain:

lim alt)  = a a.s.1-+0O '

This com pletes the proof.,

Similary, as Theorem  1, we can show the next Theorem  about the estim ate for b.

T h e o r e m  2. Under the adaptive control defined by (12) and (13) the family of max
imum  likelihood estimates b(t) is strongly consistent, that is

Pa,b{ lim h(t) = b) =  1.’ i-tco

Theorem s 1 and 2 have established the convergence of a (i)  to a and b(t) to b as t —¥ oo, 
so

lim =  k, (19)
kt

where k =  —r~ 1bp, p =  —— and kt is given by kt = kTn if t belongs to  some
[rn, r „ +i). In the  paper [7] the following theorem , was proved:

T h e o r e m  3. I f  lim ^oo kt —  k then control police ut = ktx t is optimal for
system (1) with cost functional (2) i.e limt-^» ^  =  p.

From Theorem s 1, 2 and 3, we obtain the next m ain theorem  of our paper.

T h e o r e m  4. The control police given by (12) and (13) is optimal fo r  system (1) with 
cost funcional (2) i.e lim ^oo = p.
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Streszczenie

W pracy rozważamy jednowymiarowy liniowy układ sterowania stochastycznego na 
nieskończonym przedziale czasowym z kwadratowym funkcjonałem kosztów. Rozpatru
jem y adaptacyjne zadanie sterowania optymalnego. Polega ono na znalezieniu sterowania 
minimalizującego wartość funkcjonału kosztów, przy założeniu że współczynniki rozpa
trywanego równania są nieznane. Rozwiązanie tego zadania podzielono na dwie części. 
Częścią pierwszą jest identyfikacja obiektu sterowania na podstawie obserwacji realiza
cji. Identyfikację przeprowadza się m etodą największej wiarygodności. Dodatkowo dla

mailto:olek@zeus.polsl.gliwice.pl
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uzyskania silnej zgodności estymatorów założono, że dysponujemy dodatkową informacją 
w postaci obserwacji procesu niesterowanego. Częścią drugą jest konstrukcja optym al
nej strategii sterowania. Strategię tę  konstruujem y w oparciu o uzyskaną wcześniej ocenę 
największego prawdopodobieństwa, zastępując prawdziwe wartości param etrów  ich oce
nami. W ykazano, że tak  skonstruowane oceny są silnie zgodne, a  strategia sterowania jest 
optym alna.


