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ON GROUPS OF FINITE NORMAL RANK

Summary. In the article the definition of a normal rank of a group is intro-
duced. A theorem on a normal rank of the nonabelian metabelian p-group with
some restrictions is proved.

O GRUPACH SKONCZONJ NORMALNEJ RANGI

Streszczenie. W pracy wprowadza sie definicje normalnej rangi grupy oraz do-
wodzi si¢ twierdzenia o skonczono$ci normalnej rangi dla nieabelowej metabelowej
p-grupy.

A number of authors studied the groups in which finiteness conditions were laid on
some systems of their subgroups [lj. Earlier the author investigated the groups of fi-
nite IF-rank [2], where T was some system of nonabelian finitely generated subgroups of
a group.

In this article an investigation of the groups of finite normal rank is begun.

Definition 1. We shall say that a group G has finite normal rankr, ifr is a minimal

number with the property that for any finite set of elements gi,gi,mmgnofa group G there
are the elements h\,h2,...)hm of G such that m < r and

<" PliP2i e>9n N h\, [12] ool >

In the case when there is no such a number r, the normal rank of agroup G isconsidered
to be infinite.

We shall use the notation rn(G) for the normal rank of a group G.
The principal result of this article is the theorem.
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Theorem 1. Let G be a nonabelian p-group, where p is a prime number. Let A be
a normal subgroup of G which is an elementary abelian p-group. The quotient group G/A
is isomorphic to the quasicyclic p-group. If the subgroup A can be generated as a normal
subgroup by n elements, i.e.
A =< ai,a2, ..,an>G,

then the normal rank of a group G is finite and rn(G) ~ n + 1.

This result was announced in [3] earlier.
We shall need the following lemma to prove the theorem.

Lemma 1. The normal rank of the wreath product of a group of prime order p and
quasicyclic p-group is equal to 2.

Proof. Let A be the basis of the wreath product W, W =< a > wrP, where P is
a quasicyclic p-group. We shall prove at first that for any 6i, 62, ..., bn from A there is such
an element 6 G A, for which

< bub2,....bn>G=< b>G.

Since P = USi < 9i >, lihl = P\ then W = USi(< a > wr < gi >), and the elements
..., bn are contained in a subgroup V =< a > wr < g, > for some number i. The
upper central series of the subgroup V is

E=20< <..< < Zp <V,

where Zp. is the basis of the wreath product V, factors Zk+i/Zk,k = 0,1, ...,p' — 1 have
the orders p, the factor V/Zpt is cyclic group of order, p* [4],

The subgroups Bk =< bk ><9,>k = 1,2,...,n are normal in the group V, therefore
the intersections Bkf\Zj,j = 1,2,...,p' are nontrivial. Since the factors Zk+i/Zk,k =
0,1, ...,p" —1 are cyclic of prime order p then the equalities Bk f| Zj = Zj,j = 0,1,..., f*
are valid, where tk < p'. From this it follows that Bk — Ztk, therefore for any I,m < n
one of the subgroups is embeded in another. Consequently the subgroups Bk,k =
1,2,...,n form the series of embeded subgroups

Bk < BR < .. < Bkn = B,

where B =< bl1,b2 ....bn >9. Therefore B =< b ><Bi>, where b = bk,,. The equality
follows

< 61,62,...A >G=<b>° .

Now we shall prove that for any Ci,c2,...,cr G W, the subgroup C =< ci,C2,...,.cr >G
can be generated as a G-subgroup by no more than 2 elements. It is sufficient to consider
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the case C\ ~ A, where Ci =< ci,C.,...,cr >. Since C\A/A ~ C\/Cif) A, the subgroup
Ci is finite and the quotient group C\A/A is cyclic, then we can choose the elements
di, ¢2, d, such that

C =< tfi, ¢21eel <Ns-iid, >G

and di GA,i=1,2,s—1,d, 0 A. As we proved, there is an element d G A for which
< di, ¢2,...,da i >G=<d >G,

therefore C =< d,d3 >G. Consequently the normal rank of the wreath product IT is no
more than 2.

For proving the equality rn(W) = 2 we numerate the elements of the subgroup P as
hi,h2,... and assume that ahi = a,. According to the structure of the subgroup W the
subgroup Aq =< aia~l,i,j = 1,2,... > is normal in W and the quotient group W/Ao is
isomorphic to the direct product of a group of the prime order p and a quasicyclic p-group.
Since the normal rank of the quotient group W/AOQ is equal to 2 and rn(W/Ao) < rn(kk),
where rn(W) < 2, then we have the equality rn(W) = 2. Lemma is proved.,

Proof of the theorem. At first we shall prove that for any finite set of elements
&,s2, tkof A there are such elements cj, G, ..., ct of A that t < n and

< isz2,..., bk>G=< ¢i, G, .., ¢(>G.

We shall prove this statement by the induction on the number / of elements aj, a2, ..., &,
where
A =< di,a2, .., 01>G.

If/ = 1then A =< a: >a, therefore the group G is isomorphic to some quotient group
of the wreath product of a group of prime order p and a quasicyclic p-group. From the
proof of the lemma it follows that there is an element s € A for which

< bu b2,...,.bk >G=< b>° .
Let our statement be valid for /= n —1. Let | = n and
B =<3s1,62, bk>GAi =< ai,a2 ..,an_1 >G.

If the subgroup B is contained in Ai then according to the inductive assumption there
exist such elements C{,c2, ¢ t,t < n that B =< Ci,c2...,Ct >G . Let nowB ~ Ak.
The quotient group G/Ai is isomorphic to some quotient group of the wreathproduct of
a group of prime order p and a quasicyclic p-group. From this fact and the isomorphism

BAl/ALl - B/Bf]Ai
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it follows by the lemma that there is an element b € B for which
B/B"MA, =< {(Bp)Ai) >G.

Consequently for every i =1,2,..., k, there are such integers n1,n2,..., nr_and elements
gi,g2, mm (Jn of G that the equalities

b, = (bn")g'(br*)s*...{b,"<y'-hi,
are valid where hi € Bf\A\. Since the element b belongs to the subgroup B then
B =< b,hi,..., hlc >G,

therefore
B =< 6>G< huh2,...,hk>G. (1)

According to the inductive assumption and the inclusion
< huh2,...,hk >G< Ai
there are such elements d\, d2, d mofA, that m <n —1and
< hi,h2,...,hk>G=< du d2,....dm >G.

From this equality and (1) it follows that B ~< b,di,....,dm >G,m < n —1. Our
statement is proved.

Let now B —< bub2)...,bk >G, where even if one of the elements 6,,i = 1,2, ...,k
does not belong to the subgroup A. Since the subgroup D generated by the elements
bi,b2,...,bk is finite then the intersection L)f] A is finite too. Therefore there are the

elements ci,C:, < n, for which
< Df]A >G=< Clc2,...,Cj >G.

Since the quotient group G/A is locally cyclic and .DA/A ~ D/Df]A, there is such an
element cJ+i of D that
< D >G=< cl,c2....clcj+tl >G.

Consequently the equality B =< ci,c2,...,cJ+i >G is valid where j + 1 < n+ 1 The
theorem is proved..
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Abstract

In the article the definition of a normal rank of a group is introduced.

Definition. We shall say that a group G has finite normal rank r ifr is a minimal
number with the property thatfor any finite set of elements g\,g2, mmgn of a group G there
are the elements h\,h2,...,hm of G such that m <r and

<91,92,—,gn>°=< huh2,-,hm>° .

In the case when there is no such a number r, the normal rank of a group G is considered
to be infinite.

The principal result of this article is the theorem.



20 0. Y. Dashkova

Theorem. Let G be a nonabelian p-group where p is a prime number. Let A be a nor-
mal subgroup of G which is an elementary abelian p-group. Quotient group G/A is isomor-
phic to the quasicyclic p-group. If the subgroup A can be generated as a normal subgroup
by n elements, i.e.

A =< alta2,...,an >°,
then the normal rank of a group G is finite and rn(G) » n + 1.
The following lemma plays an important role in the proof of the theorem.

Lemma. The normal rank of a wreath product of a group of prime order p and a qua-
sicyclic p-group is equal to 2.



