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ON PERIODIC DISTRIBUTIONS AND THE DIRICHLET 
PROBLEM ON THE UNIT DISC

Sum m ary. A short description of the theory of periodic distributions is pre
sented together with its applications to the Dirichlet problem for the Laplace equa
tion on the unit disc with distributional data.

D Y ST R Y B U C JE  OKRESOW E I PROBLEM  DIRICHLETA DLA KOLA 
JED N O STK O W EG O

Streszczenie. W pracy została zwięźle przedstawiona teoria dystrybucji okre
sowych oraz rozwiązanie problemu Dirichleta dla równania Laplace’a na kole jed
nostkowym z dystrybucyjnymi warunkami brzegowymi.

1 .  Let P  denote the set of complex 2:r-periodic smooth functions defined on R. Sim- 
ilary the symbol L \r denotes the space of 27r-periodic locally square integrable functions 
on R. As usual, we shall denote by

1 } ___
>) ■■= ^  J vKOtH*)*

— 7T

the inner product of tp and if> in L\^. The symbol ||y>|| =  (<p, p ) i  will mean the norm of ip 
in L \^. The space L\„ is complete under the norm || ■ ||.

We s ta rt w ith presenting of certain poperties of the operator M  :=  —^7+ 1 . Integration 
by parts shows th a t for every p  and ^  in P  we have

( M W )  =  (v>,M ki? j , ¿ =  0 ,1 ,2 , . . . , (1)

(2)
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If we take P  as the  domain of M  then M  is a sym m etric bounded from below linear 
operator in L \ , One can show tha t

( M k<p, ipj ^  (^Mk+iipt <p) for y> € P  andfc =  0 , l , 2 , ----  (3)

P u t :=  (M k<p,tl>) for <p, i/> € P . Taking ||y>|U i* is easily seen tha t

IM I =  IM Io <  IM Ii ^  IM U  <  ••• f o r ^ e P .  (4)

It is known th a t these norms axe com patible ([4], p .14) in the  following sense: if a 
sequence {y?„} of elements tpv belonging to  P  converges to  zero with respect to  the norm 
|| ■ ||m and is a Cauchy sequence in the norm  || • ||n (m ^  n) then it is also converges to
zero in th e  norm  || • ||n ([2], p .13). Since the norms || • ||*, k  =  0 ,1 ,2 , . . .  axe compatible
and the  relations (4) hold, therefore the complection P* of P  under the norm || • ||fc may 
be regarded as a  subspace of L]n ([2], p .18). It is easy to  check th a t y> is in P* if and 
only if th e  d istributional derivative Daip €  L]n for a  = 0 , . . .  ,k .  The norm || • | | t  and the 
bilinear form (•,•)* can be extended by continuity on Pk and Pjt x Pk respectively, such 
th a t

(V’ .V’)* =  ('l>,'P)k for y>, V €  Pt, (5)

(v*. V»)jfc < (¥>>¥>)*+■1 for V € Pi+1, (6)
(<p,ip)k — [ M kp>,rf) for ip e  P  and i f  6  Pk- (7)

The vector space P* under the bilineax form (•,•)* is a H ilbert space. The vector 
space P  will be equipped w ith the projective topology generated by th e  norms || ■ ||*, 
k = 0 ,1 ,2 , . . .  (countably H ilbert space, [3], p .57). The dual space of P  will be denoted 

by P '.

D efinition  1. A linear continuous form  defined on P  is said to be a periodic distri

bution.

Each periodic distribution  A can be extended by continuity on some space Pk. This 
extension of A may be regarded as an element of P-k, where P _i is the dual space of Pk- 
A function if belonging to  L]w is identified with the linear form (if, •).

It is known th a t the functions ev(t) =  e'vt, v €  Z  constitu te an orthonorm al complete
system  in L \v . Now we shall construct orthonorm al systems in the spaces Pk, k  =  1 ,2 ,__
In order to  we pu t evk(t) =  (v 2 +  l ) _ i  e„(f).
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T heorem  1. The functions evk, v 6 Z  constitute an orthonormal complete system in
Pk, k =  0 ,1 , . . . .

Proof. From (7) it follows that functions evk constitute an orthonormal system in 
Pk with respect to the bilinear form (•, •)*. It remains to prove that the system { e vk} is 
complete in Pk- 

Let ip £  Pk, then
V = (vbe») e” in L \ f

v $ Z

The series 52 (<p, e t,*) evk may be regarded as the Fourier series of under the orthonormal
vG z

system {evk}. We know that \(y>, e vk)k\2 ^  IMIit- In yiew °f completness of Pk with
v E Z

respect to the norm 11 • 11 fc we infer that there exists i f  in Pk such that ip =  52 (t , evk)k e-vk
v £ Z

in Pk- Because of (7) we have

(¥>, evk)k =  +  l)  2 (<?, ev) ■ (8)

Hence we get ip =  52 (<£, ev ) e„ in Pk- Since the norms || • || and || • ||* are compatible
t /6  Z

therefore ip =  y? in Pk- Thus the proof of theorem is finished,.

Because 52 \ ( T j evk)k\2 ^  IM Il, therefore by (8) we have
v £  Z

^ 2  ( v 2 +  l)*  |c„|2 <  00, Cv : = ( i p , e v) .  (9)
v £Z

Note th a t k
fp =  ^   ̂ cv = ^   ̂ 4" 1̂  cv evk.

v £ Z  v £ Z

k
By virtue of the completness of Pk and (9), we infer tha t the series 52 (v +  I ) 2 cv evk

v £ Z
converges to a function ip belonging to Pk, therefore p  is in Pk- 

We have proved the fact which can be stated as a separate

Theorem  2. A function ip belonging to L\^ is in Pk i f  and only i f  (9) holds.,

Now we describe the  Fourier expansions of linear continuous forms belonging to the 

dual space P-k of Pk.

T heorem  3. A linear form  A belonging to P ' is in P-k i f  and only if

£  <  ° ° ’ c ” =  A(e^  <10) «ez [v2 +  1)
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P ro o f . Let A 6 P-k  then  there exists a function ip in Pk such tha t

A(y>) =  (ip,'P)k for each y? 6 Pk . (11)

The function ip has the following Fourier representation

0  =  £  Cvk evk, Cvk = (ip, evk)k . (12)

Moreover, we have

IIA|IL =  IIV€ =  £ M 2- (is)
vGZ

In view of (8) we obtain

M f )  =  ( £  cvk evk, ip j =  £  cvk (u2 +  l)  2 (e„, y?).
\v ez  /  k vez

Taking y? =  in the previous equality we get

A(eM) =  (/¿2 +  l ) 2 c ^ .  (14)

Finally we have

AM  =  £  A(ev) (ev, ¥>), e  Pk. (15)
v £ Z

The num bers A(e„), v £  Z  are called the Fourier coefficients of A. From (13) and (14) it 
follows the  following equality

M = £ - ^ ,  Cv = A(ev). (16)
v E Z  (*> + l)

Therefore (10) holds.
It rem ains to prove th a t (10) implies the existence of a function ip belonging to  Pk 

such th a t (11) holds. It is easy to check th a t the function has the required properties..

2 .  An application of the theory of periodic distributions can be made to  the Dirichlet
problem  on the un it disc. The Dirichlet problem for a d istributional d a ta  one can formulate
as follows:

A periodic distribution  A 6 P ' is given and it is required to find a harmonic function  
u (r ,t)  under polar variables defined on the unit disc such that (r, •) —1 A as r  — 1 with 
respect to a suitable topology.

T h e o re m  4. For each periodic distribution A in P -k there exists a harmonic function  
u in the open unit disc U such that its polar representation has the following property:

u (r ,-)  -> A, when r -> 1 under the topology a (P -k,P k) ([1],p.338).
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P ro o f . Let A G P_k and Cv =  A(e„), v €  Z. We know that

H A ||k . «  E  7 ^ 3 -
VSZ (^2 + l)

From this it follows th a t lim sup |C„|1«T ^  1. Therefore the series £  Cvz ^  converges
|v|-+c© V$Z

almost uniformly in the open unit disc U. The complex function

GO OO

v ( s ,y) = g{z) =  Y1 ° v  +  Y ,  C-v A Y  > Z = x + iy
v=0 V=1

of real argum ents x  and y  is a  harmonic function in U. Moreover, the series £  Cv r^l eivt
v£Z

converges uniformly with respect to t € R for 0 ^  r  <  1. P u t u (r ,t)  := £  Cv r |vl eivt.
v £ Z

The function u (•, ■) may be regarded as the polar representation of the harmonic function 
v(-, ■). It is easy to  see th a t u (r, •) e  P  for 0 <  r  < 1. From this it follows tha t the 
following equality

“ ( v )  =  M * £ - ^ e ‘ (17)
vgZ (u2 + l)

holds. We have to  prove th a t

Ar(ip) :=  (u(r, •),<?) -¥ A(ip) as r —)• 1 and <p €  Pk.

/  C  rhl \
In view of (17) we infer th a t (u(r , ■), ip) =  I M k —   ¡r ev, ip ). P u t

V v6z ( v 2 +  1) )

C  rl"! C  rhl
A  : = E  T T T T V , =  E  e for 0 ^  r  < 1.

VE Z A  + f) <J€Z ( v 2 + l ) 2

In view of (8) we have \ r(ip) =  (u(r,-),y>) =  By (16) we obtain

IIA rllk . =  HlMlJ =  < H A U L ' (18)
vez (v2 +  1)

Because of (18) and the linear density of {ev} in Pk ([1], p.150) what is left is to  show
th a t Ar (e^) —>• A(eM) when r —>■ 1 for y  G Z. In fact,

M O  =  ( £  Cv r ^  e , , ^ )  =  »>' C„ -»  C , =  A(e„).
W  z  )

The proof is now com plete..
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3 . Exam ple. Let 6(<p) := <p(0)- Let i / jgPj  and c„ = (<p, e„), v €  Z , then by (9) we 
have ]T |cv| <  oo. This implies th a t the Fourier series of <p converges uniformly to  <p,

vEZ
therefore <p is continuous. From this it follows th a t the symbol 5(ip) is meaningful for ip 
in P.

Note th a t Cv = S(ev) = 1 for v € Z. From this and theorem s 2 and 3 it follows that 
S((p) = ( ip ,p ) i, where V’ =  E  The function

vEZ

u ( r , i)  =  X;rM  eivt = Pr(t)
vEZ

(Poisson kernel) is the polar representation of the solution of the  Dirichlet problem on 
the un it disc corresponding to  the boundary d a ta  S.

By Theorem  4 we obtain the following

Theorem  5. Pr(-) S as r —> 1 under the topology <r(P-1, Pi)-a

Rem ark. A nother sim ilar approach to the theory of periodic distributions was pre
sented in [5], p .260.
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Streszczenie

W pracy została zwięźle przedstawiona teoria dystrybucji okresowych. P  oznacza 
przestrzeń wektorową zespolonych funkcji gładkich 27r-okresowych, wyposażoną w topo
logię projektyw ną wyznaczoną przez przeliczalną rodzinę zgodnych norm hilbertowskich 
|| • ||jf =  ( M k-, •), M  — — j p  +  1. P' oznacza przestrzeń sprzężoną do przestrzeni P. Ele
m enty przestrzeni P'  nazywamy dystrybucjam i okresowymi. Symbolem Pk, k  =  0 ,1 , . . .  
oznaczamy uzupełnienie przestrzeni P  względem normy || ■ ||*. P_* oznacza przestrzeń 
sprzężoną do przestrzeni Pk- W pracy zostało udowodnione, że element A należący do P' 
jest elementem przestrzeni Pk, k  €  Z  wtedy i tylko wtedy, gdy Y  (u2 +  l ) fc |C„|2 <  oo,v6 Z
gdzie Cv są współczynnikami Fouriera elementu A.

W drugiej części pracy został rozwiązany problem Dirichleta dla równania Laplace’a 
na kołe jednostkowym  z dystrybucyjnymi warunkami brzegowymi.


