
ZESZYTY NAUKOWE POLITECHNIKI ŚLĄSKIEJ 

Seria: MATEMATYKA-FIZYKA z. 82

1997 

Nr kol. 1360

Aleksander Michał NAWRAT

A NEW  VERSION OF GRONWALL-BELLMAN LEMMA 
A N D  ITS APPLICATIONS TO DIFFERENTIAL  
EQUATIONS W ITH DELAY

S u m m a ry . In this paper we fix our attention on differential equations with delay. 
We prove some theorems and a lemma, which modifiy the Gronwall-Bellman Lemma 
well known for ordinary differential equations theory. We also prove some integral 
inequalities, which may find a practical application. We apply Lebesgue measure, 
which simplifies the proofs. We also use classical Gronwall-Bellman Lemma, which is 
a  starting  point for this paper. The main result of this paper may find an application 
to  research of stability of differential equations with delay.

P E W N A  N O W A  W E R S J A  L E M A T U  G R O N W A L L A -B E L L M A N A  I J E J  
Z A S T O S O W A N IE  D O  R Ó W N A Ń  R Ó Ż N IC Z K O W Y C H  Z O P Ó Ź N IO N Y M  
A R G U M E N T E M

S tre sz c z e n ie . W  pracy skoncentrowaliśmy się na badaniu równań różniczko
wych z opóźnionym argumentem. W tym  celu udowodniliśmy trzy  twierdzenia i le
m at, który jest pewną modyfikacją dobrze znanego z równań różniczkowych lematu 
Gronwalla-Bellmana. Udowodniono też kilka nierówności całkowych, które mogą 
znaleźć praktyczne zastosowania. Ze względów praktycznych zastosowaliśmy miary 
Lebesgue’a, które znacznie uprościły poniższe dowody. Użyty został również kla
syczny lem at Gronwalla-Bellmana, który byl punktem  wyjścia dla powstania tej 
pracy. Główne rezultaty  tej pracy to twierdzenia, które mogą mieć zastosowanie do 
badania stabilności równań różniczkowych z opóźnionym argumentem .
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1. In trodu ction

From historical ground some differential equations w ith delay can be found in papers 
of L. Euler, bu t system atic research of these equations began in XX century. In tha t 
tim e parts  of applied m athem atics, like control theory, used very often these equations. 
In years 1950-1970 these equations becam more im portant in the different research areas 
like applied physics, some technical aspects or even in economy and biology.

We s ta r t w ith some definitions, which characterize the differential equations w ith delay.

D e f in it io n  1. Differential equation with deviation is the differential equation in which 
the unknown function  appears with different value o f arguments.

For example:
¿(f) =  / ( f , x ( t ) , x [ t - r ( t ) ] ) ,  (1)

¿ (f) = /(< , x(f), x{t -  Ti), x(f -  t 2)), (2)

x (i) = f ( t ,  x (t), ¿(f), x[t -  r (t)] , x[t -  r ( f )]). (3)

D e f in it io n  2. Differential equation with deviation we call differential equation with 
delay, i f  the highest degree o f a derivative o f the unknown function  appears by the same 
argument and this argument is not higher then the other arguments from  unknown function  
and is derivates which comes to the equation.

For exam ple th a t can be equations like 1, 2, 3 but w ith added condition on the delay 
function like this:

r(f )  ^  0, Ti > 0 A r 2 >  0, t ^  0.

For a  simple ordinary differential equation with delay of the form:

¿(f) =  / ( f ,* ( f ) ,z [ f  — n ( f ) ] , . . . , z [ f  — r m(t)]), (4)

prim ary initial-value problem is based on determ ining a continuous solution x(t)  of equa
tion (4) for f >  t 0, w ith the condition, th a t x (t)  — ip(t) on initial set E to, set from point 
to and from value f — tv, (i =  1, . .  ., m ), which are smaller than  f0 for f ^  f0, where ip(t) 
is given continuous function called the  initial function.

We denote by x ^ ( t)  the solution of the equation (4) with a given initial function ¡¿¡(f). 
Now we introduce some basic definitions concerning ordinary differential equations with 
delay of the form (4).

D e f in it io n  3. The solution xv(f) o f the equation (4) is said to be stable, i f  fo r  every 
e > 0 there exists S(e) > 0 , such that from  inequality ||<p(f) — V’iOII ^  ^(£) on the initial 
set it follows the inequality ||x v(f) -  xq,(t)\\ ^  6 f or 1 ^  where ip(t) is an arbitrary 
continuous initial function.
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D e fin it io n  4. The solution x v (t) o f the equation (4) is said to be asymptotically sta
ble, if:
(1) it is stable,
(2) f o r  each to ^  0 there is a Si > 0 such that every  so lution Xq,(t), which satisfies  

||<¿>(i) — <  $i> will also sa t is fy

hm [x,,(f) — xq,(t)] =  0 ,

where tp(t) is an arbitrary continuous initial function.

N o tic e  1 . By changing variables: y(t) = x (t)  — x v (t) we can convert research of 
stability o f an optional solution x v o f the equation (4) to research o f stability o f the trivial 
solution y (t)  =  0 .

From this reason we consider only stability of the trivial solution.
F irst we use the classical Gronwall-Bellman Lemma which is the starting point for 

this paper.

L e m m a  1. (G ro n w a ll-B e llm a n  [2]) Let some constant C  £  5R be given, and let u, 
v, and v (t)  ^  0 fo r  t £  / ,  be continuous functions define on interval I. I f  fo r a certain 
t0 £ I  and fo r  any t £  I , t ^  t0, holds:

t
u(t) ^  C  + J  u(s)v(s)ds,

to

then fo r  any t £  I  holds:

u(t) ^  C  exp < / v(s)ds

The proof of this Lemma can be found in works [1] and [2]. Now we prove some mod
ernizations of this Lemma, Lemma 2 and Theorems 1 and 2, which are some modifications 
from well known theorems from ordinary differential equations. This Theorems can have 
applications in research of stability in the sense of first Lapunov m ethod also well known 
from ordinary differential equations.
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2. M ain  result

Now we prove some m odernization of the well known Gronwall-Bellman Lemma.

L e m m a  2 . Let some constans C , Sft be given and some continuous functions u, v, 
and v (t)  0 fo r  t 6  [A, B] define on [A, B\. Besides let u ( t) be non-negative function  
equal zero outside o f [A, B). Let fo r  a measurable set E  C [A, B ] the following condition 
will be satisfied:

m '){E ) <  N m (E ),

where 7 (E ) is set o f those t £  [A, B ], fo r  which t — r ( t )  €  E  and m (E ) is a Lebesgue 
measure on set E .

I f  fo r  a certain t0 £  [A, B] and fo r  any t £  [A, B], t  > t0 the following condition holds:

t
u ( t) ^  C  +  J  u (s ~  r(s))v (s)d s ,

to

then fo r  any t £  [A, 5 ]  it follows:

P ro o f . We note th a t the above assum ption imply the following inequality:

B B
J  u(s — r(s))d s  ^  N  J  u(s)ds.
A A

S uffic iency . We build upper Lebesgue grand to tal for both integral:

s  -  ^2 yk+ im ek, 
k 

s '  = Y ,y* + i m 4>
k

where

ek — is the set of those t £ [A, B], for which yk ^  u(t — r (f ))  < yk+k,

e'k — is th e  set of those t £  [A, B], for which yk ^  u(t) <  yk+i.

It is easy to  prove that:

e* C 7 (4 )-

In th a t case:
m ek <  ^  Nme'k,
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and
S  <  N S '.

Limiting transition  finish proof of sufficency.
N ec ess ity . Let for some E  C [A ,B \.

m 'i(E ) > N m E .

We define u(t) by:

f ( x )  =  (  1 t E E  
Jy ’ \  0 t (¿E

Therefore:
B B

J u(s — r(s))d s — m 'y(E) > N m E  = N  j  u(s)ds.
A A

So our inequality is proved..

This earlier proof Lemma 2 we use in the proof of the next Theorem.

T h e o re m  1. Let function u (t), continuous and positive fo r  any t, t G [A,B] satisfy 
an inequality:

t
u(t)  <  u(t) +  J  u(s -  r(s))v (s)d s , (5)

t

where v(t) is continuous function in interval [A ,B ] and v(t)  ^  0 fo r  this t €  [A,B], Let 
fo r  a measurable set E  C [A, B] the following condition is satisfied:

m j( E )  ^  N m (E )

where ~f{E) is set o f this t 6 [A, B], fo r  which t — r ( t)  6  E  and m E  Lebesgue measure 
from  set E .

Then fo r  this A  ^  ¿o ^  t ij B  is fulfilled this estimation:

u (t0)exp  j — N  j  u (s )d s j <  u(t) ^  u (i0)exp  jlV  ^ w ( s ) d s | .  (6)

P ro o f . From the inequality (5) for t ^  t, we have:

i

u(t)  ^  u(t) +  J  u(s -  r(s))v (s)d s.
t

Hence on the ground from Lemma 2 we obtain:

u(t)  <  u(t) +  exp < J  v(s)ds  1 . (7)
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Similiarly, from the  inequality (5) for t ^ t ,  we have:

t
u (t)  ^  u (t)  +  J  u(s  — r(s))v (s)d s  ^  u(t) + N  J  tu (s)v(s)d s  =

u ( t) +  /  tu (s )N v (s )d s  u(<) exp A u(s)< isj = u ( i ) e x p |A r J  v(s)ds ] 

u(t)  ^  u (i)exp  < N  j  v(s)ds  1 ,

Hence

we obtain

u ( i ) e x p |— N  j  u ( s )h s | ^  u(i).

Now we change t —> t and t —> f and hence

u (i)ex p  j — J  u ( s )d s | ^ u ( t). (8)

S ubstitu ting  I  =  to in the inequalities (7) and (8) we obtain estim ation (6 ). The proof 
of the Theorem  1 is com plete..

To prove the  next Theorem  we need the following Definition:

D e f in it io n  5. Let function  f ( t )  : [to,oo) —> C, then number defined by:

«[/] = l™ |” lnl/Wli
we will call as index from  expotetial increase or characteristic exponent.

T h e o r e m  2. Consider linear homogeneous system:

¿(f) =  A{t) ■ x ( t -  r ( t) ) ,  (9)

where A (t) is continuous square m atrix grade n in interval [A, oo). Let fo r  a measurable 
set E  C [A, B] the following condition be satisfied:

Si N m (E ),

where ~t(E) is set o f this t € [A, B], fo r  which t — r ( t)  €  E  and m E  Lebesgue measure 
from  set E . I f  m atrix A (t) is bounded, that means if:

P W IK  c < 00,
then every non-vanishing real or complex solution x  = x ( t) , (A <  to SJ t <  oo) systems 
(9) have finite characteristic exponent.
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P ro o f . Let x  = c o l[x i,. ..  , x n] be non-vanishing solution of the linear homogeneous 
systems (9), and t0 and t be points from interval (A, oo). From equation (9) we have:

I

c(<) =  x ( t0) + J  A (s)x (s  -  r(s))ds,

hence

ll*W < ll*(to)|| + /  ||A (a)|M |z(3-r(s))|H <fa|.
<0

Hence on the ground from Theorem  1 we obtain:

||x(<o)||exp i - N  J  ||A (s)|| ■ d s \  <  ||a:(t)|| s$ ||s ( f0)|| ■ exp j A  j  ||A (s)|| • ds j .
Taking this fact into consideration:

we obtain

exp  ̂ —N  j  ||A (s)|| • ds
fo

N O II
N M I I .

=  «[*(<)]»

exp I n  f  l|A (s)|| • ds

where

—A  i t  k[x(<)] St A,

A =  Hm y  f  \\A (s)\\-d s ,
f—>00 I J

Since m atrix  A (t)  is bounded from assumption, th a t all characteristic exponent non-va
nishing solution a:(i) of the linear homogeneous system (9) lie in interval [—A, A] include 
in interval [—C, C], This completes the proof of Theorem 2.m

T h e o re m  3. The fundam ental solution system o f the homogeneous linear differential 
equation:

x{t) = A {t) ■ x{t -  r ( t) ) , (10)

is normal i f  and only i f  is incomprassible.
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P ro o f .
N e c e ss ity . We assum e that the system  is incom pressible and we show that it is normal. 
Hip. A ssum e that it is othervise, that m eans that exists fundam ental solution system:

such that:

<  E x , (11)

where m  m m  m

=  =  Y , 'i* • ° »  £  v‘ =  Y , v* =  «,
3=1 r=l 3=1 3=1

but a a that are characteristic exponents from non-vanishing solutions from differential 
equation (10) and i/a, rja, (s =  1 , . . .  , m) ,  that are numbers o f linear indepedent solutions 
with characteristic exponent a ,  included correspondingly in fundam ental system s Y( t )  
and X( t ) .  We will dispose the solutions from Y (t) and X( t )  in the sequence of increase 

their characteristic exponents.3
Let N a =  r/* (s  =  1 , . . .  , m)  be a maximal number of linear indepedent solutions

jfc=i
which have characteristic exponent a a. We follow the new symbol:

K  =  ¿ 1/3 , (s =
k=l

T h e o r e m  A  [4]. The number N a is equal to dimension o f the linear subspace M ,, that 
means:

N„ =  dim  M a, (s — 1 , . . . ,  m ).

T h e o r e m  B  [4], Let be the fundam ental system  X ( t )  incompressible, r)s (s =  1 , . . . ,  m )  
be the number o f solutions with characteristic exponent a s, and N a be maximal number of 
linear indepedent solutions with characteristic exponent a s, that holds this equality:

m  + m  + ■■■ + r)s = N „  (s =  l , . . . , m ) .

T he proofs o f these Theorems can be found in every course book for Ordinary Differ
ential Equations.

On the ground of Theorem  A and B we obtain:

N[ ^ N u N ^ N 2, . . . ,  A C i  ^  N m. u  AT; =  N m =  n,

where

= N'a -  N'a_ l ,t]a = N a -  N - u  (s =  1, • • • ,m ; f f0 =  N 0 =  0 ) .
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Hence, we obtain

m—1
E y =  £ " » • « »  =  £ W  -  K - i )  ■ -  £  ^ ( « .+ 1  -  « .)  ^

3=1 3 = 1 3=1

m —1 m

> Nma m -  £  N , • ( a J+1 -  a ,)  =  £  77, ■ q , =  E * .
3=1 3=1

This is contradiction with inequality (11). On the ground of this, when the system 
X ( t )  is incompressible th a t is normal.

Sufficency . We assume th a t the system X (f) is normal and we show th a t it is incom
pressible.

Hip. Assume, th a t it is otherwise, tha t means th a t exists linear combination

V =  £ c , * (0 (t), (cp ±  0) ,  ( 12)
1 = 1

such th a t
M  <  m a x /s[ i^ (i)]  =  k[x(p)(<)], (13)

X

We consider system  of solution:

y  =  { ^ » (io , • • •, * (p+1)( i) , . . . .  * (n)(i)}

System Y  is fundam ental. Let

£  a, • x w (f) +  ap ■ y(t) =  0, £  |a;| £  0, (14)
1»  ¡ = 1

On the  ground of linear indepedence of solutions x ^ ( t )  we have ap ^  0. Substituting in 
equation (14) the equation (12) we obtain

£ ( a ;  +  apc ,) i (,)(i) +  apCpa:(p)(i) +  £  a,x(,)(i) =  0.
t < P  t < P

From this we obtain, th a t avcv — 0 what is impossible, because cv yf 0 and ap ^  0. T hat 
follows th a t our system Y  is fundamental.

On the ground of (13) we obtain, th a t Ey <  E *  and tha t is contradiction, th a t system
X  is normal. Then every normal system is incompressible. This completes the proof of
Theorem  3.,

The main results this paper are Theorems 1, 2 and 3, which may found application to 
research of the stability  of the differential equations with delay.
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Streszczen ie

W  pracy skoncentrowaliśmy się na badaniu równań różniczkowych z opóźnionym ar
gum entem . W  tym  celu udowodniliśmy trzy twierdzenia i lem at, który jest pewną modyfi
kacją dobrze znanego z równań różniczkowych lem atu Gronwalla-Bellmana. Udowodniono 
też kilka nierówności całkowych, które mogą znaleźć praktyczne zastosowania. Ze wzglę
dów praktycznych zastosowaliśmy m iary Lebesgue’a, które znacznie uprościły poniższe 
dowody. U żyty został również klasyczny lem at Gronwalla-Bellmana, który był punktem  
wyjścia dla pow stania tej pracy.

Główne rezu ltaty  tej pracy to  twierdzenia, które mogą mieć zastosowanie do badania 
stabilności równań różniczkowych z opóźnionym argumentem .
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L e m a t 2. Niech będą dane pewne stałe m , N  £  R  i pewne ciągłe i określone funkcje 
na [A ,B], u, v , przy czym v(t) > 0 dla t £  [A ,B ] . Niech ponadto u(t) będzie funkcją 
nieujemną równą zeru poza [A ,B], Niech dla dowolnego zbioru mierzalnego E  C [A. B\ 
będzie spełniony warunek:

m~t(E) ^  N m (E ),

gdzie 7 (E ) zbiór tych t £ [A, B], dla których t -  r ( t)  £ E  i m E  miara Lebesgue’a zbioru 
E . Jeżeli dla pewnego ustalonego t0 £  [A, B], t >  t0 spełniona jest nierówność:

t
u(t) ^  C + J  u(s  — r (s ))v (s )d s ,

«0

wówczas dla t £  [A, i?] spełniona jest taka nierówność:

u(t) ^  C exp { * / n (s)c is | .

T w ie rd z e n ie  1 . Niech funkcja u (t), ciągła i dodatnia dla dowolnych wartości t , t  £ 
[A, B] spełnia nierówność:

l
u(t) < u(t) +  J  u(s — T(s))v(s)ds,

gdzie v (t)  je s t funkcją ciągłą w przedziale [A, B] i v(t)  ^  0 dla t £ [A ,B \. Niech dla
dowolnego zbioru mierzalnego E  C [A, B] będzie spełniony warunek:

m ”/(E )  Si N m (E ),

gdzie 7 (E ) zbiór tych t £ [A, B], dla których t — r (E )  £ E  i m E  miara Lebesgue’a zbioru
E . Wówczas dla A  to t £. B  ma miejsce oszacowanie:

u (t0) e x p i ^ - N  J  u (s)c(s | ^  u(t) ^  u(f0)exp  j w  J u(.s)<is j  .

T w ie rd z e n ie  2 . Rozważmy układ jednorodny:

x (t)  = A(i) • x(t -  t(<)),

gdzie A{t) oznacza macierz kwadratową stopnia n, ciągłą w przedziale [A, 00). Niech dla 
dowolnego zbioru mierzalnego E  £ [A, B] będzie spełniony warunek:

m i( E )  ^  N m (E ),
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gdzie 7 (E ) zbiór tych t €  [A, B], dla których t — t (E )  S E  i rnE miara Lebesgue’a zbioru 
E . Jeżeli macierz A { t) je s t ograniczona, tzn. jeżeli

P ( i ) I K  C  <  oo,

to każde rzeczywiste lub zespolone rozwiązanie niezerowe x = x(t) , (A  < t0 ^  t < 00) 
układu ma skończony wykładnik charakterystyczny.

T w ie rd z e n ie  3. Fundamentalny układ rozwiązań liniowego równania różniczkowego 
jednorodnego:

x (t)  — A (t) ■ x (t — r ( t)) , 

je s t norm alny wtedy i tylko wtedy, gdy jest on nieściśliwy.
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AFFINE CONNECTIONS ON MANIFOLDS W ITH  
CERTAIN ( f , g )  -  STRUCTURE

S u m m a ry . The subject of the paper is the determ ination of the affine connec
tions com patible with the ( / ,  g)-structures defined by a tensor field /  of type (1,1), 
having the property f 3‘ +  /*  =  0 , s ^  1, and by a Riem annian structure g which 
satisfies an additional condition.

K O N E K S J E  A F IN IC Z N E  N A  R O Z M A IT O Ś C IA C H  Z P E W N Ą  
( f , g )  -  S T R U K T U R Ą

S tre sz c z e n ie . W  pracy wyznaczono koneksje afiniczne zgodne z ( / ,  </)-strukturą 
zdefiniowaną polem tensorowym /  typu (l, l), m ającym  własność f 3s + f ‘ = 0 , s ^  1, 
i struk tu rą  g R iem anna spełniającą pewne dodatkowe warunki.

1. In troduction

In this paper we study the ( / ,  g j-structures determ ined by a tensor field /  of type (1,1) 
so th a t f 3s ■+- f  — 0, where s is a natural num ber, s ^  1 and g is a Riem annian structure 
satisfying the condition g ( f ’X ,  f * Y )  =  —g ( f 2sX , Y ) for every X ,  Y.

The case of the ( / ,  g j-structures with f 2 + f  = 0 was studied by R. Miron and 
Gh. A tanasiu in [1].

2. (/, g)-structures

Let M  be a Riem annian manifold with the Riemannian m etric g, C ( M ) the affin modul 
of the affine connections on M ,  !F(M ) the algebra of all differentiable funcitons on M  and


