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AFFINE CONNECTIONS ON MANIFOLDS WITH
CERTAIN (f,g) - STRUCTURE

Summary. The subject of the paper is the determination of the affine connec-
tions compatible with the (/, ¢~-structures defined by a tensor field / of type (1,1),
having the property f3*+ f* =0, s A 1, and by a Riemannian structure g which
satisfies an additional condition.

KONEKSJE AFINICZNE NA ROZMAITOSCIACH Z PEWNA
(f.9) - STRUKTURA

Streszczenie. W pracy wyznaczono koneksje afiniczne zgodne z (/, gj-strukturg
zdefiniowang polem tensorowym / typu (I,1), majacym wiasnos¢ f 3 +f“ = 0,s ~ 1,
i strukturg g Riemanna spetniajacg pewne dodatkowe warunki.

1. Introduction

In this paper we study the (/, ~-structures determined by a tensor field / of type (1,1)
so that f3s+ /s —0, where s is a natural number, s~ 1and g is a Riemannian structure
satisfying the condition g(f’X, f'Y) = —g(f2X,Y) for every X, Y.

The case of the (/, g)-structures with f2 +f = 0 was studied by R. Miron and
Gh. Atanasiu in [1].

2. (/, ™-structures

Let M be a Riemannian manifold with the Riemannian metric g, C (M) the affin modul
of the affine connections on M, X(M) the algebra of all differentiable funcitons on M and
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Tp(M) the *r(M)-module of the tensor fields of type (r, p).
All the objects are of class C°°.

Definition 1. We call f-structure on M, a non-null field of tensors f 6 of
rank g, so that
f3s+f= 0.

If we put
/= -pf m=p°+/ 1)

I denoting the identity operator (1) then we have
fl =ir=r, Pm=mP=0, f°l =1f° =-I. )
Thus the operators | and m are complementary projection operators on m, because
12—1, m2—m, Im=ml=20, I+ m= 1l (3)

The Riemannian structure g can be considered a 7j°(M)-valued diferential /-form, i.e.,
g :T{M) — > g(X) = gx, where gx (Y) = g{X,Y) for every X,Y £ Tf(M). If
/| € TpM), then '/ is the transpose of /, '/ :7j°(M) —y ‘f(z) =zof.

Definition 2. We call by (f,g)-structure on M, a couple made up of a f -structure
and a Riemannian structure g so that

‘P ogofe=gom. 4

Theorem 1. Let M be a paracompact differential manifold with a f-structure. Then,
there is a (/, g) -structure.

Proof. In truth, if g is a Riemannian metric fixed on M, then
g(X, =i (g{f’X, f’Y)+g(fZX,f2)) (%)

verifies the condition (4)
Thus we can state.

Proposition 1. For a (f,g)-structure on M and I, m defined by the relations (1) we
have

g°P =-P °g,  gl°tP =-P°g~", ®)

gom —‘mo g, g~[olm =m og~l. ()]



Affine connections on manifolds. 193

Definition 3. The applications of A, A' : T/(M) — >T/(M) we call Obata operators
associated to f they are defined by

Alu>) - -(w —wm — mw + Zmwm —f ’wf3) (8)
Alw) = w—A(w). ©)

We also consider the Obata operators B associated to g:
B(u) = i(u -g~lo‘uog), B'(u) ="(u+g~‘0'uog). (10)

Proposition 2. For a (f,g)-structure on M andfor A, A' and B,B" defined by (8)
and (10) we have:

1. Aand A! are complementary projections on T/(M);
2. BandB' commute pairwise with A and A';

3. Ao B and Al o B' are projections on T{(M);

f. Ker A'fi Ker B' = Im(A 0B).

In truth, by simple calculation, we obtain the result 1. The affirmation 2 is true, because,
taking into account the relations (6) we have

{AoB-BoA)(u) =
- [(mOg~loiuog —g~{oIm O‘uog) + (g~lo'tiojom - g~lotuotmog)
—3(m0g~'0{fudgom —g~lo‘m otu0*m 0g)
+{f3°g~lo'uogo f’- tf30‘uo fsog)]”0, Vub T,(M).
Thus from AoB = BoAwe obtain
AoB'=B'0A, A'oB'=bh'oA"
The above mentioned relations give us the possibility to formulate [4]:
Proposition 3. The system of tensonal equations
A'(u)=a, B*(u) = b, (12)
has a solutionu € T/{M), if and only if
A(a) =0, B(b) =0, A'(b) =B\a). (12)

If the conditions (12) are fullfiled, then the general solutionof the system (11) is u —
a+ A(b) + AoB(w), w€ T/(M).
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3. (/, £r)-afRne connections

In the text below \c/> will be an affine connection fixed on M and every tensor field
u€ may be considered as a field of 7A(M)-valued differential /-forms. So, if V is
an affine connection on M, then we shall denote by D and D the associated connections,
acting on the 7~(M)-valued differential /-forms and respectively on the differential /-forms
g :TO(M) —>72{M):

Dxu = Vxw - uVx, Dxg = ‘Vxg - gV'x,VX eTo(M) (13)

where
CVxg)(Y,Z)= Xg(Y,Z) - g(VxY,Z),VX,Y,Z €T(M) (14)

Definition 4. An affine connection V on M is called (f,g)-affine connection if
Dxf =0, Dxg=0, VGTO(M). (15)
Of course, for every (f,g)-affine connection, we have:

Dxl =v*/ —IVx =0, Dxm=V m —mVx =0, (16)
Dxfk=Vxfk~fhvx =0, k natural number, VX € TO(M), an

We see that D and D commute with the operators A, A', B, B1 We take V x :\9x +VX,
where Vxy = V(X, Y)and V € 77(M) for every X, Y € Tf(M) and we find such a tensor
field V that the conditions (15) are satisfied.

V will be an (/, p')-affine connection if and only if the field V verifies the system

Vxof —f oVx = —Dx f, ‘Vx°g+g°Vx = Dxg- (18)
This system is equivalent with the system

A'(Vx) = '"-(-nbxn-~ibxn +iDxl)) (19)

B\Vx) = \g-I1°bx9- (20)

Applying the proposition 3, it becomes evident that the system (19) has solution and the
general solution is

= N{—FDxn ~2m{°x )+ (Vx i)m) +

+{A0B){Wx), WeTj(M).

Then we obtain
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Theorem 2. There are (/, g)-affine connections: one of them is
VX =v* +VX (22)

o
where V is an arbitrary affine connection fixed on M and Vx is given by (21), W being
an arbitrary tensor field.

IfVis the Levi-Civita connection of g, then we have Dxg = 0 and theorem 2 becomes

Theorem 3. For every (f,g)-structure, the following affine connection
Vx=Vx (-/"o{Dx f’)- 2*mo(Dx 0 + (Dx 0 om) (23)

where \9 is the Levi-Civita cinnection of g, has the following characteristic:
Cc

1. V is dependent uniquely on f and g:

2. \C/ is an (f,g)-affine connection.
Theorem 4. The set of all the (f,g)-affine connections is given by
Vx =Vx + (AoB){Wx), WeT){M) (24)
where V is an (f,g)-affine connecton, in particular V —\(}

Observing that (24) can be considered as a transformation of (/,g)-affine connections,
we have:

Theorem 5. The set of the transformations of [f, g)-affine connections with the mul-
tiplication of the applications is an abelian group, denoted G{f,g), isomorphic to the
additive group of tensors W £ T)(M), which have the characteristic

Wx 6 Im(AoB)= Ker A'0 Ker B', X € TO(M).
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Streszczenie

Praca omawia wtasnosci koneksji afinicznych z (/, g)-strukturg. Dowiedziono nastepu-
jacych wiasnosci.
Twierdzenie. Zbiér wszystkich koneksji (/, g)-afinicznych mozna opisa¢ jako:
V* = Vx + (A0OB)(Wx), W €T (M),
gdzie V jest koneksja (/,e)-afiniczng, w szczegdlnosci V :\;.

Twierdzenie. Zbior przeksztatcen koneksji (/, p)-afinicznych z mnozeniem przeksztat-
cen jest grupg abelowg izomorficzng z pewng addytywng grupg tensoréw.



