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AFFINE CONNECTIONS ON MANIFOLDS WITH 
CERTAIN ( f , g )  -  STRUCTURE

Sum m ary. The subject of the paper is the determ ination of the affine connec
tions com patible with the ( / ,  ¿^-structures defined by a tensor field /  of type (1,1), 
having the property f 3‘ +  f ‘ = 0, s ^  1, and by a Riem annian structure g which 
satisfies an additional condition.

K O N EK SJE A FIN IC ZN E N A  ROZM AITOŚCIACH Z P E W N Ą  
( f ,g )  -  ST R U K T U R Ą

Streszczenie. W  pracy wyznaczono koneksje afiniczne zgodne z ( / ,  g j-strukturą 
zdefiniowaną polem tensorowym /  typu (l , l), m ającym  własność f 3’ + f ‘ =  0, s ^  1, 
i s truk tu rą  g  R iem anna spełniającą pewne dodatkowe warunki.

1. In troduction

In this paper we study the ( / ,  ̂ -s tru c tu re s  determ ined by a tensor field /  of type (1,1) 
so th a t f 3s +  / s — 0, where s is a natural num ber, s ^  1 and g is a  Riem annian structure 
satisfying the condition g ( f ’X ,  f ' Y )  = —g ( f 2’X , Y )  for every X ,  Y .

The case of the ( / ,  g)-structures with f 2 + f  =  0 was studied by R. Miron and 
Gh. A tanasiu in [1].

2. ( /, ^ -stru ctu res

Let M  be a Riem annian manifold with the Riemannian m etric g, C ( M ) the affin modul 
of the affine connections on M , X ( M )  the algebra of all differentiable funcitons on M  and
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T p (M )  the ^ r(M )-m odule of the tensor fields of type (r, p).
All the objects are of class C°°.

D efinition  1. We call f-structure on M , a non-null field o f  tensors f  6 of
rank q, so that

f 3s + f =  0.

If we put
/ =  - p f  m  =  p °  +  / ,  (1)

I  denoting the identity  operator (1) then we have

f l  = i r  = r ,  P m  = m P =  0, f ° l  = l f °  = - l .  (2)

Thus the operators I and m  are complementary projection operators on m , because

I2 — I, m 2 — m, Im =  m l =  0 , I +  m =  I .  (3 )

The R iem annian structure g can be considered a 7j°(M )-valued diferential /-form, i.e., 
g : T^{M )  — > g (X )  = gx , where gx (Y )  = g { X ,Y )  for every X , Y  £ T f(M ) .  If
/  € T p M ) ,  then  ' /  is the transpose of / ,  ' /  : 7j°(M ) — y ‘f ( z )  = z o f .

D efinition  2. We call by (f ,g)-structure on M , a couple made up of a f  -structure 
and a Riemannian structure g so that

‘P  o g o  f e = g o m .  (4)

T heorem  1. Let M  be a paracompact differential manifold with a f-structure. Then, 
there is a ( / ,  g) -structure.

Proof. In tru th , if g is a R iem annian m etric fixed on M ,  then

g (X ,  =  i  ( g { f ’X ,  f ’Y ) +  g ( f 2’X , f 2’ )) (5)

verifies the  condition (4)
Thus we can state.

Proposition  1. For a (f , g)-structure on M  and I, m  defined by the relations (1) we 
have

g ° P  = - P  °g, g~l ° tP  = - P ° g ~ ‘, (6)

g o m  — ‘m o  g, g~[ o lm  = m  o g~l. (7)
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D efinition 3. The applications of A, A' : T / (M )  — > T /(M )  we call Obata operators 
associated to f  they are defined by

A(u>) - - ( w  — w m  — m w  +  Zmwm — f ’w f 3) (8)

A'(w)  =  w — A(w).  (9)

We also consider the O bata operators B  associated to g:

B (u)  =  i ( u  - g ~ l o ‘u o g ) ,  B'(u) = ^ (u  +  g~‘ o 'u  o g). (10)

P roposition  2. For a (f,g)-structure on M  and for  A, A' and B , B ' defined by (8)
and (10) we have:

1. A  and A! are complementary projections on T /(M );

2. B  and B '  commute pairwise with A and A ';

3. A  o B  and A! o B' are projections on T{(M );

f .  Ker A '  fi Ker B ' = Im(A  o B).

In tru th , by simple calculation, we obtain the result 1. The affirmation 2  is true, because, 
taking into account the relations (6) we have

{ A o B - B o A ) ( u )  =

-  [(m 0 g~l o iu o g — g~{ o lm  0 ‘u o g) + (g~l o ' t i o j o m  -  g~1 o tu o tm o g )

—3(m  0 g~' 0 {u 0 g o m  — g~l o ‘m  o tu 0 *m 0 g)

+ { f 3 ° g ~ l o ' u o  g o  f ’ -  tf 3 o ‘u o  ‘f s o g)] ^ 0 ,  Vu 6 T,‘(M ).

Thus from A o B  = B o A w e  obtain

A  o B ' = B ' o A, A ' o B '  = b'o A'.

The above m entioned relations give us the possibility to  form ulate [4]:

P roposition  3. The system of tensonal equations

A '(u ) =  a, B ‘(u) =  b, (11)

has a solution u €  T /{M ) ,  i f  and only if

A(a) = 0, B(b) =  0, A'(b) =  B \ a ). (12)

If the conditions (12) are fullfiled, then the general solution of the system (11) is u —
a +  A(b) +  A  o B(w ),  w €  T /(M ) .
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3. ( / , £r)-afRne connections

o
In the tex t below V  will be an affine connection fixed on M  and every tensor field 

u € may be considered as a field of 7^(M )-valued differential /-forms. So, if V  is
an affine connection on M ,  then we shall denote by D and D the associated connections, 
acting on the 7^(M )-valued differential /-forms and respectively on the differential /-forms 
g : T0'(M ) — > 7?{M ):

D x u  =  Vxw -  u V  x ,  D xg  = ‘V x g  -  g V 'x ,V X  e T o ( M )  (13)

where
C V x g ) (Y ,  Z ) =  X g (Y ,  Z )  -  g ( V x Y , Z),  V X ,  Y, Z  € T ‘(M )  (14)

D efinition  4. A n  affine connection V  on M  is called (f ,g)-a ffine connection if

Dx f  = 0, Dx g =  0, V G T0'(M ). (15)

O f course, fo r  every (f ,g)-a ffine connection, we have:

Dxl = V*/ — IV x =  0, Dxm =  V^m — mVx =  0, (16)

D x f k = V x f k ~  f hV x  = 0 ,  k natural number, V X  €  T0'(M ), (17)
0

We see th a t D and D com m ute with the operators A, A', B , B 1. We take V x  = V x  + Vx,  
where V xy  =  V ( X ,  Y ) and V  €  7^(M ) for every X,  Y  €  T f ( M)  and we find such a tensor 
field V  th a t the conditions (15) are satisfied.

V will be an ( / ,  p')-affine connection if and only if the field V  verifies the system

Vx o f  — f  o V x  = — Dx f ,  ‘Vx °  g +  g ° V x  =  Dxg- (18)

This system  is equivalent w ith the system

A ’(Vx)  =  ' - ( - n b x n - ^ i b x n  + i D x l ) )  (19)

B \ V x )  = \ g - l ° b x 9 -  (20)

Applying the proposition 3, it becomes evident that the system (19) has solution and the 
general solution is

= ~\ {~f °̂Dx n  ~ 2‘m{° x l) + (Vx i)m) +

+ { A o B ) { W x ), W e T j ( M ) .

Then we obtain
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T h e o re m  2. There are ( / ,  g)-affine connections: one o f  them is

V x = v *  +VX (22)
o

where V  is an arbitrary affine connection fixed on M  and Vx  is given by (21), W  being 
an arbitrary tensor field.

°  . . .  . 0 
If V is th e  Levi-Civita connection of g , then we have D x g  =  0 and theorem  2 becomes

T h e o re m  3. For every (f,g)-structure, the following affine connection

V x = V x  ( - / '  o {D x f ’ ) -  2*m o (D x  0  +  ( D x  0  o m ) (23)

0where V  is the Levi-Civita cinnection o f  g, has the following characteristic:
C

1. V  is dependent uniquely on f  and g:
C

2. V is an (f ,g )-a ffine  connection.

T h e o re m  4. The set of all the ( f  ,g)-affine connections is given by

V x  = V x  + ( A o B) { Wx ), W e T ) { M )  (24)

c
where V  is an ( f ,g)-a ffine  connecton, in particular V  — V-

Observing th a t (24) can be considered as a transform ation of (/,g)-affine connections, 
we have:

T h e o re m  5. The set of the transformations of [ f , g)-affine connections with the mul
tiplication o f  the applications is an abelian group, denoted G{ f , g) ,  isomorphic to the 
additive group o f  tensors W  £ T )(M ) ,  which have the characteristic

Wx 6 Im(A o B ) =  Ker A' 0 Ker B', X  € T0'(M).
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Streszczen ie

Praca omawia własności koneksji afinicznych z ( / ,  g )-strukturą. Dowiedziono następu
jących własności.

T w ierdzenie. Zbiór wszystkich koneksji ( / ,  g)-afinicznych można opisać jako:

V *  =  V x  +  ( A o B ) ( W x ), W € T ‘( M) ,

C

gdzie V  jest koneksją (/,ę)-afin iczną, w szczególności V  = V .

T w ierdzenie. Zbiór przekształceń koneksji ( / ,  p)-afinicznych z mnożeniem przekształ
ceń jest g rupą abelową izomorficzną z pewną addytyw ną grupą tensorów.


