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An Experimental M ultichannel P u lse  Code 
M odulation System  of Toll Quality

By L. A. M EA CH A M  an d  E . P E T E R S O N

Pulse Code M odulation offers a ttrac tiv e  possibilities for multiplex telephony 
via such m edia as the microwave radio relay. T he various problems involved 
in its  use have been explored in term s of a 96-channel system  designed to meet 
the transmission requirem ents commonly imposed upon commercial toll circuits. 
Tw enty-four of the 96 channels have been fully equipped in an experimental 
model of the system . Coding and decoding devices are described, along with 
other circuit details. T he coder is based upon a  new electron beam  tube, and 
is characterized by speed and sim plicity as well as accuracy of coding. These 
qualities are m atched in the decoder, which employs pulse excitation of a  simple 
reactive network.

I .  I n t r o d u c t io n

IN  T H E  developm ent of system s for transm itting  telephonic speech, much 
effort has been directed toward m inimizing the effects of noise picked up in 

the transm ission medium. T he system  described in th is paper represents one 
m ethod which has been successful in elim inating com pletely such effects under 
appropriate and practical conditions. In  th is m ethod, known as Pulse Code 
M odulation1'2'3 (PC M ), telephone waves are represented by sequences of 
on-off constant-am plitude pulses.

Perfect reception of such pulses dem ands sim ply recognition of w hether any  
pulse exists or not. Recognition can be carried ou t effectively in the  presence 
of noise and interference am ounting to  a substan tia l fraction of the pulse 
am plitude. In  contrast, telephonic waves carry  inform ation by  subtle am pli­
tude variations in the course of time. High quality  telephone reception 
accordingly dem ands a much lower ratio  of noise and interference— lower by 
as much as 50 decibels.

T he m agnitude of this figure exhibits one good reason for exploring the 
possibilities of P C M . Another potent reason, which is of particular impor­
tance in m ulti-link transm ission, is th a t, with pulses involving ju st two standard 
values, regeneration can be used a t repeater points and a t  the receiver to  wipe 
out transm ission im pairm ents. The regeneration process consists of the pro-

1 A. H . Reeves, U. S. P a ten t 2,272,070.
2 “ Telephony by Pulse Code M odulation” , W. M . Goodall, Bell System Technical 

Journal, Ju ly , 1947.
3 “ Pulse Code M odulation” , H. S. Black and J. O. Edson; presented June 11, 1947 a t 

the  M ontreal Summer M eeting of the American Institu te  of Electrical Engineers, and  to 
be published in the A . I. E . E. Transactions.
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duction of a  properly formed standard  pulse, free of noise, to correspond with 
each received pulse, even though the la tte r m ay  be considerably misformed. 
T he sole proviso here is th a t  before regeneration the level of noise and distortion 
in each link be kep t below the com paratively large threshold value a t  which a 
m ark cannot be distinguished from  a space. If this holds good throughout 
the transm ission p a th  then literally the received pulses can be m ade as good as 
new. In  con trast it is impossible fully to  repair or to  regenerate signals not 
involving standard  values of am plitude and  of time. W ith such signals dis­
to rtion  and noise in each span contribute to the to ta l which therefore increases 
w ith the system length.

T o sum  up, conversion of speech to a  code of pulses and spaces perm its tele­
phony to  assume certain  new and  desirable properties; ability  to work w ith 
small signal-to-noise ratios, and ability to  regenerate any  num ber of tim es w ith 
no degradation of quality . These advantages do no t accrue w ithout certain  
penalties. Conversion of speech waves to  pulse form  and back to  speech 
involves a  certain  degree of apparatu s complexity a t  the term inals. This 
com plexity is not decreased by  the need to  handle pulses a t  high speeds, of the 
order of a  million per second. H ere radar and television circuit techniques 
are helpful. A nother characteristic is th a t a  greater band  w idth is occupied 
in the transm ission m edium . This arises through the operation of two factors, 
of which one is the use of double sideband in pulse transm ission (as against 
single sideband in  carrier telephony), and  the  second involves the  num ber of 
pulses used in the code. T he relatively wide band required can best be accom­
m odated in  the microwave region and it happens th a t the properties of on-off 
pulse transm ission can be used there to  particular advantage.

T he P C M  system  to be described was set up to evaluate experimentally 
the problem s involved in providing m ultichannel facilities of toll system 
quality. I t  was designed to  accom m odate 96 channels. For experim ental 
studies of such th ings as crosstalk and  m ethods of multiplexing channels, a 
fraction of the to ta l num ber of channels is sufficient and only 24 of the 96 were 
built. These are arranged as two groups of 12 channels each. T he channels 
of a group are assembled on a  tim e division basis. Assembly of the groups is 
carried ou t on a  frequency division basis, each group am plitude-m odulating 
its own carrier. In  a p lanned a lternative arrangem ent the group pulses m ay 
be narrowed and interlaced to  p u t all 96 channels in  tim e division on a  single 
carrier, b u t th is alternative will no t be explored here.

The assignm ent of 12 channels per group fits in well w ith  the present arrange­
m ent of carrier telephone circuits used in th e  Bell System  p lant, such as T ypes 
J ,  K , and LA  Use of tim e division for a  group of th is size involves pulses w ith

4 “ A Twelve-Channel C arrier Telephone System for Open-Wirc Lines,”  B. W . Kendall 
and  H . A. Afiel, Bell System Technical Journal, Jan u ary , 1939. “ Coaxial Systems in the 
U nited S tates,”  M . E . Strieby, Signals, January -F ebruary , 1947.
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repetition rates up to  672 kilocycles, and  pulse durations as short as a  quarter 
microsecond. These pulses, obtainable from  more or less standard  types of 
vacuum  tube circuits, can be d istributed  from point to point in the equipm ent 
w ithout too m uch difficulty. A m plitude m odulators and  dem odulators a t  two 
neighboring carriers— 65 and 66.5 megacycles— then serve to bring the PC M  
signals into the interm ediate frequency range for transm ission to and from  the 
microwave equipm ent.

The speech quality  of the overall system  in respect to such factors as band 
w idth, volume range, noise, distortion, and crosstalk more than  m eets the 
requirem ents generally imposed upon such systems.

Figure 1 is a  front view photograph of the experim ental apparatu s setup with 
covers removed from one bay  to  show typical construction. T he two end bays 
contain interm ediate frequency m odulators and dem odulators required for the 
two groups. In  addition voice frequency term inating sets and jacks are 
m ounted here, together with testing equipm ent. The center bay  and the one 
to  the righ t of it are identical; each includes ap p ara tu s  for handling a  group of 
twelve message channels. T ransm itting  equipm ent is m ounted in the upper 
half, and receiving equipm ent in the lower half of each bay. The rem aining 
bay, second from the left, holds all the tim ing  equipm ent needed to  furnish 
control pulses for operating eight of the message bays, a to ta l of 96 channels. 
Included are circuits for synchronizing the receiver. Individual regulated 
power supplies are m ounted near their loads on the several bays.

Figure 2 is a rear view of the sam e equipm ent. Cables in the four horizontal 
ducts shown carry  control pulses from the tim ing bay  to  th e  12-channel group 
bays. These ducts are large enough in cross-section to  handle all the  cables 
required  for a complete 96-channel terminal.

I I .  F u n c t io n a l  P r o b l e m s  I n v o l v e d

T he broad problems brought together in building th is system  m ay be con­
sidered under the four classes following:

1. T he pulse code m odulation problem ; to  convert signal waves to  pulse p a t ­
terns.

2. The multiplex problem ; to  aggregate channels in to  groups and  groups into 
a supergroup.

3. T h e  transm ission problem ; to fit the system  into the m inim um  required 
band  w idth, and  to  remove the effects of transm ission im pairm ents.

4. T h e  pulse code dem odulation problem ; to convert pulse p a tte rn s  back 
to  the original signal waves.

T hese are to  be discussed from a functional standpoin t to  provide background 
for discussion of the specific equipm ent.
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Fig. 1. F ron t view of experimental PC M  term inal equipm ent, w ith covers removed 
from a 12-channel group bay.

Pulse Code Modulation

Sam pling. A basic premise of pulse m odulation system s is th a t the infor­
m ation content of a wave can be conveyed by samples taken a t  sufficiently 
frequent, equally spaced tim e intervals. T he interval should be no greater 
than  half the period of the highest frequency speech com ponent to  be repro­
duced or, otherwise expressed, the sam pling ra te  should be n o t less th an  twice 
the frequency' of the highest speech com ponent present. This provision insures
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Fig. 2. R ear view. Cables in the horizontal ducts carry tim ing pulses leftward from 
the  synchronizing bay.

th a t sidebands produced by sam pling do not overlap to  introduce distortion, 
as illustrated in Fig. 3. F or a speech band  extending up to 3403 cycles, a 
reasonable sam pling ra te  is eight kilocycles.

Samples m ay be in term itten tly -transm itted  portions of the signal wave, of 
appreciable duration , or they  m ay be essentially instantaneous am plitudes.
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T o afford tim e for coding, the instantaneous sam ples m ay be m aintained a t  
constan t value for an appropriate  in terval— a process here referred to  as 
“ holding.”

Quantization. T he fundam ental operation of P C M  is the conversion of a 
signal sam ple into a code com bination of on-off pulses. In  any practical 
system  a continuous range of signal values cannot be reproduced since only a 
finite num ber of com binations can be m ade available. E ach com bination 
stands for a  specific value, of course, so th a t we w ind up  by  representing a  con­
tinuous range of am plitudes by a finite num ber of discrete steps. T his process 
is spoken of as quantization, a  quantum  being the difference between two 
adjacent discrete values. Graphically th is m eans th a t a  stra igh t line repre­
senting the  relation between inpu t and o u tp u t sam ples in  a  linear continuous
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Fig. 3. Spectrum  of a  sampled audio band, illustrating separation of components when 
th e  sampling frequency is a t  least twice the  top audio frequency.

system  is here replaced by a  flight of steps as in  Fig. 4a. T he m idpoints of the 
treads fall on the stra igh t line, and the height of the  step is the quantum .

M anifestly  the greatest error inherent in quantization  am ounts to  half a  step. 
Hence the  quality  of reproduction m ay be m easured b y  the size of th a t in ter­
val, which depends upon the to ta l num ber of steps in the am plitude range 
covered. W ith n  pulses assigned to represent an am plitude range, the maxi­
m um  num ber of discrete steps is 2 ", and the size of each step is proportional to 
2-n  tim es the am plitude range.

T his error shows up as a  noiselike form  of distortion, affecting background 
noise in the absence of speech, and accom panying speech as well. T he dis­
tortion  actually  consists of a m ultiplicity of harm onics and  high order m odu­
lation products between signal com ponents an d  the sam pling frequency scat­
tered fairly evenly over the audio spectrum . I f  the audio signal is a  simple 
sine wave, these m any products m ay be identified individually; b u t for speech 
or other complex signals they  merge into an  essentially fla t band  of noise th a t 
sounds m uch like therm al noise. Since the level of th is distortion is fixed by  
the quantum  size, an  adequate num ber of steps m ust be provided for the  lowest
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am plitude sounds it is necessary to  transm it. Considering th a t consonant 
levels m ay be of the order of 30 decibels below vowels, and  th a t weak talkers 
m ay be of the  order of 30 decibels down from  loud talkers, it is clear th a t am pli­
tudes as far below m axim um  as 60 decibels require a t  least a  few steps.

O rdinarily th is  would involve a large num ber of pulses for transm ission, 
w ith a consequent increased com plexity of term inal apparatus, and an in-

Fig. 4. Relation between inpu t and quantized ou tpu t, w ith quantization uniform in 
(a) and tapered in (b).

creased frequency band  per channel. A more practical solution is to  employ 
tapered steps ra th e r than  uniform  ones. In  th is way a  given num ber of steps 
can be assigned in greater proportion to  the low am plitudes th an  to  the  highs, 
as shown in Fig. 4b. There results a  degree of step  subdivision sufficient to 
care adequately for the low-amplitude sounds including background noise. 
A small penalty  is paid  a t  the  upper end of the am plitude scale because of the 
proportionately smaller num ber of steps available there, bringing in  higher
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quantizing noise in th is range. How large the effect m ay be is determ ined by 
the degree of taper. To apportion  the noise a t  different levels, the d istribution  
of steps over the am plitude range can be varied.

Prelim inary studies of quantization, involving listening tests and  noise 
m easurem ents for various num bers of digits and various k inds of taper, led to 
the choice of a seven-digit code (128 steps) for the present system . T he taper 
employed reduces the sm allest steps 26 decibels below the average size and 
increases the largest ones about 6 decibels.

Coding. The coder is required to  set up a  pulse code com bination for each 
quantized signal value. A great m any codes are conceivable, b u t in practice 
a  simple one in which the pulses correspond to digits of the binary num ber 
system  allows greatest sim plicity a t  the receiver.

While coders m ay take a  wide varie ty  of forms, they  can be arranged in 
three categories according to  the way in which they  evaluate speech am plitudes. 
In  the first category an am plitude is m easured by counting out, w ith a b inary 
counter for example, the num ber of un its contained in it  one by one until the 
residue am ounts to less than  a  unit. In  the second, the am plitude is m easured 
by  comparison w ith one digit value afte r another, proceeding from  the m ost 
significant digit to the least, and subtracting  the digit value in  question each 
tim e th a t  value is found to  be smaller than  the  am plitude (or its  residue from 
the previous subtraction). In  the th ird , am plitude is m easured in to to  by 
comparison with a set of scaled values. M odulators disclosed by Reeves1 

and by  Black and Edson3 are of the first category. T h a t described by  Goodall2 

belongs to the second, and the one described in the present paper is in the  th ird  
category. Generally speaking the num ber of operations and  the tim e required 
for coding decrease in  going from the first to  the  third. R apid  coding is obvi­
ously desirable since it allows more channels to  be handled in tim e division by 
common equipment.

M ulti fle x

Channels m ay be multiplexed by  arranging them  in tim e sequence, or by 
arranging them  along the frequency scale. These m ethods are known as tim e 
division and as frequency division, respectively. T he first is accomplished 
by gating, or switching, a t  precisely fixed times. One way of doing this im ­
presses a more or less rectangular pulse on one of the  grids of a gate tube, so 
th a t a  signal wave m ay be transm itted  during the gating pulse. T he second 
m ethod here refers to  the use of am plitude m odulators, each supplied w ith an 
appropriate carrier, which translate  the signals to  their assigned positions on 
the frequency scale. To avoid crosstalk in a tim e-division system , operations 
in group equipm ent common to a num ber of channels m ust proceed w ithout 
memory of the am plitudes of preceding channels, requiring build up and decay 
tim es to be held w ithin lim its. This implies a sufficiently wide pass band
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together w ith phase linearity. For the same purpose in a frequency-division. 
system , filters are used to  select and  to  combine channels. To avoid crosstalk 
the filters m ust be sufficiently selective, and am plitude non-linearity m ust be 
held w ithin limits.

In  the present system , the pulse code is delivered by the coder as on-ofT 
pulses in tim e sequence. I t  is therefore natural to organize the pulses of the 
different channels so th a t they appear in sequence, thus forming a tim e-division 
multiplex. M ost types of coder require an appreciable length of tim e, after 
delivering the pulses of one channel, to prepare for coding the next. This 
preparation tim e m ay be afforded conveniently, w ithout introducing gaps in 
the pulse train  between assignm ents of consecutive channels, by  providing two 
coders, which take turns a t  the channels in each time-division group.

As the num ber of channels increases, evidently the tim e interval which can 
be assigned to  each channel m ust be reduced since all of them  m ust be fitted 
into one period of an 8-kilocycle wave. Similarly the allowable duration of a 
code or digit pulse becomes shorter as the num ber of tim e-division channels 
in a group is increased. Then too, pulses tend to become more difficult to 
generate and transm it as their duration decreases. For these reasons it is 
desirable, and eventually it becomes necessary, to  restrict the num ber of chan­
nels included within a time-division group. Frequency division m ay then be 
used to  aggregate several time-division groups.

For our purposes groups of 12 channels are multiplexed by  tim e division. 
W ith seven digits per channel, each group has a  capacity of 672,000 pulses per 
second. To combine eight of the groups for a 96-channel system  we again have 
a choice between frequency division and tim e division. The equipm ent of 
Fig. 1 is laid out to  accom modate either procedure. In  the first case each 
group is assigned a  carrier for am plitude m odulation, as used in actual tests 
to  be described. F or the second case the pulse durations would be cut down 
by a  factor of eight, and the pulses from the different groups interlaced. Here 
the supergroup would have a capacity of 5,376,OCO pulses per second.

In  carrying out coding operations, and in multiplexing on a  time-division 
basis, various control pulses are required which differ in  repetition frequency, 
in tim e of occurrence, and in duration. These m ay be generated from a stable 
base frequency oscillator through the use of harm onics or, alternatively, of 
sub-harmonics. In  a time-division system which requires a variety of flat- 
topped waves for switching operations, the use of sub-harmonics fits naturally. 
Frequency step-down circuits of the m ultivibrator type produce waves either 
approxim ating the desired form s directly, or requiring only simple circuits for 
reshaping. In  contrast harm onic generation requires filters for com ponent 
wave selection, more and more elaborate in structure as the  order of the w anted 
harm onic goes up. Then, afte r selection, the harm onic has to  be amplified 
and lim ited or otherwise shaped for switching purposes. Generally speaking



we need less apparatus and  less space if we use m ultiv ibrator step-downs. 
A nother advantage is th a t  noise in the base frequency supply produces propor­
tionately less phase jit te r  w ith sub-harmonics. W hile m ultiv ibrators do not 
have high inherent stability , they are capable of g reat precision when suitably 
controlled. For these reasons frequency step-downs are used to  generate all 
the tim ing waves of the system.

Tim ing and gating operations require accurate tim e alignm ent of pulses, 
which m ay be accom plished by suitably delaying one set w ith respect to  the 
other. For th is purpose use is m ade of delay networks or cables, or delay 
m ultivibrators. Pulse durations m ay be varied through the use of interference 
effects between given pulses and  their delayed replicas. Additional tim ing 
and  gating  wave form s are required for regeneration and for assembly in time- 
division multiplex. All such control pulses are economically generated a t  a 
single com mon poin t ra th e r than  by  a  num ber of local generators, and can then 
be supplied to  the message equipm ent by  common power amplifiers v ia  shielded 
cable.

Transmission

In  th is  section we are to  consider the general factors entering in to  satisfactory 
reception of on-off pulses including such lim itations as those on band width 
and noise. These are to  be viewed while keeping in m ind the procedures 
available for pulse regeneration.

If  we s ta r t  w ith a  rectangular pulse like one of those generated a t  the  trans­
m itter, the corresponding frequency spectrum  exhibits lobes extending indefi­
nitely on the frequency scale, w ith progressively decreasing am plitudes as 
indicated in Fig. 5a. W hen such a  pulse is passed through , a  linear phase 
filter5 which discrim inates against frequencies beyond the first lobe, the re­
sulting pulse is practically  of the sinusoidal form  shown in Fig. 5b. Reducing 
the high-frequency response to  the extent prescribed rounds the corners of the  
transm itted  pulse, its duration a t  half value rem aining equal to  th a t of the 
original inpu t pulse. In  practice, transm ission characteristics depart from 
phase linearity  and low frequency cutoffs exist. B oth effects introduce irreg­
ularities into the pulse response. W hile actual pulses therefore differ slightly 
in detail from  the idealized p icture given above, th a t p icture will be retained 
for simplicity in discussion.

The band  w idth needed for good pulse transm ission can be minimized by 
m aking pulses as wide as possible. B u t since a  specified num ber of pulses have 
to  be p u t into a given tim e interval (84 pulses in -g-innr sec-) we m ust lim it our 
broadening a t  a value where th e  presence or absence of a  pulse m ay be clearly

5 A suitable filter is one w ith a Gaussian characteristic, the  loss in decibels varying as 
t h e ^ u a r e  of frequency and having a value of 1 neper (8.68 decibels) a t  a frequency equal

10 B E L L  S Y S T E M  T E C H N I C A L  J O U R N A L
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determ ined in the presence of noise and interference. This spaces the sinus­
oidal pulses so th a t  they  overlap a t  their half-value points as illustrated in 
F ig. 5c. T here it  will be observed th a t  no m a tte r how m any  pulses occur in 
succession, the m axim um  am plitude of the pulse train  is no different from tha t 
of a  single pulse. T he spectra of all such pulse trains have a common envelope, 
shown dashed in Fig. 5c.

(c)
Fig. 5. Pulse forms and  their associated am plitude spectra for: a, rectangular pulse; 

b, single lobe of a sinusoidally varying pulse; c, succession of pulses, each like th a t in (b).

F urther, the band  needed to  transm it any sequence of such pulses is the 
same as th a t needed for a  single pulse. This can readily be shown by  using 
the fam iliar relation between transien t build-up tim e and band width. M ore­
over, this conclusion is consistent w ith statistical analysis of all possible pulse 
com binations, which yields a  spectrum  of the form  of Fig. 5b.

T he relation between pulse duration and band  w idth here described gives 
close to the optim um  ratio  of signal to  noise and interference for the system 
considered. Narrowing the band would increase build-up and decay times, 
leading to  reduced pulse am plitude and to  increased pulse overlap. Thus,



although the narrower band would adm it less extraneous noise, m argins over 
noise and  interference would be reduced. W idening the band, on the other 
hand, would allow pulses to  build up  and  decay faster, b u t would no t increase 
the pulse height. T hus the same signal would result, b u t the widened band 
would pass increased noise, and again the m argins ■would be reduced. The 
optim um  band w idth represents the m ost useful com prom ise in efforls to re­
duce noise and interference and  to  increase signal.

T he filter characteristic we have been discussing is th a t of the entire link 
taking in all selectivity  inserted between the practically rectangular pulses 
originally generated a t  the transm itter and the pulses delivered to  the P C M  
receiver. Filters a t  bo th  transm itting  and receiving term inals of the link are 
included, the greater p a r t of the overall selectivity being located a t the receiver. 
W ith  about 1.5 microsecond available per pulse a t  half am plitude, filters spaced
1.5 megacycle ap a rt accom m odate the double sideband and keep the inter­
ference between groups w ithin tolerable lim its.

To establish the presence of pulses we can set up  an am plitude threshold equal 
to  half the norm al pulse am plitude, and test to  see if th a t threshold is exceeded 
a t a  tim e near the center of the assigned pulse position. Selecting the threshold 
a t  half am plitude provides equal m argin against the possibility of noise and 
interference bringing the full pulse am plitude, or m ark , below threshold and 
bringing the nominal space above threshold. T esting a t  the pulse position 
m idpoint maximizes this margin.

The am plitude threshold is set up  by slicing a th in  section horizontally out 
of the pulse a t  its half-am plitude level by m eans of an am plitude discrim inator. 
Evidently, th is procedure restores the flat top  of the pulse. To complete re­
generation by restoring the pulse epoch to a  standard  value the sliced pulses 
are gated a t  the m idpoints of their proper intervals w ith narrow  pulses supplied 
by the tim ing equipm ent. B y these two pulse regenerating processes— slicing 
and gating— noise and interference are m ade im poten t to  produce errors until 
they  a tta in  a  substantial fraction of the pulse am plitude. W ith  the effects 
of noise and distortion thus eliminated, the only noise inherent in the system 
is th a t of quantization. In  long system s having m any repeater points, re­
generation has to  be practiced a t spans short enough to  perm it cleaning out 
noise and distortion before it piles up  above threshold. T hus in this system  
transm ission im pairm ents have to  be considered only for the span between 
regeneration points; w ith their effects limited below threshold they are not 
carried over from  one span to the next.

W here P C M  groups are multiplexed by frequency division, am plitude non- 
linearity of the system  m ust be kep t w ithin lim its. Otherwise interm odulation 
products m ay fall w ithin transm ission bands, adding to interference. Over­
lapping of neighboring filter bands also m ust be kep t within bounds to  reduce 
direct crosstalk between the pulse trains. W ith pulses arranged exclusively
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in time-division multiplex, however, am plitude non-linearity of itself is not a 
factor. In  this case the lim itation comes on the departure from a suitable 
attenuation  characteristic and  from  constant delay with respect to  frequency. 
D istortion from these sources m ay increase the pulse duration so th a t excessive 
overlap of adjacent pulses will leave less m argin available for interference and 
noise.

Pulse Code Demodulation

A t the receiver, the regenerated code pulses are operated upon to recreate 
as closely as possible the original signal by operations com plem entary to  those 
a t  the transm itter. Unfortunately, however, no process a t  the receiver can 
undo the effects of quantization which remain as noise, so th a t the quanta m ust 
obviously be m ade small enough from the beginning to perm it satisfactory 
speech quality.

In  each time-division group alternately working decoders m ay be used, in 
the same way as the two coders a t the transm itter. R outing is effected by 
suitably tim ed gates. Conversion of a pulse code to am plitude m ay be ac­
complished by  causing each pulse of a code combination to contribute an  am pli­
tude corresponding to  the b inary digit it represents, and then sum m ing the 
contributions. W hen tapered steps are employed, due consideration m ust be 
given to overall linearity, discussed subsequently. T he resulting o u tp u t is a 
pulse-amplitude-modulated signal, which is then distributed to the channels of 
the group by an electronic com m utator. Reconstruction of the signal from 
these d istributed pulses is accomplished by  simple filtering, which serves to 
remove com ponents extraneous to speech introduced by the sam pling procedure 
and tied up with the sampling rate.

Production of the necessary tim ing pulses a t  the receiving end proceeds in 
much the same m anner as a t the transm itter except for one thing. T h a t is, 
instead of being initiated by a  local oscillator, the receiver tim ing m ust be linked 
to  the input pulses so th a t they m ay be properly routed. This involves the 
problem of synchronizing or, to borrow a term  from television, framing. Use 
of this term  is based upon the sim ilarity of the sequence of PC M  digits within 
a  single sam pling period to the complete ordered array  of television picture 
elements. Preferably fram ing should be done w ith a m inim um  of tim e interval 
and of band width.

One m ethod of synchronizing pulse system s employs a  m arker pulse which 
serves to  initiate a tim ing sequence for each fram e a t  the receiver. H ere the 
m arker pulse m ust differ sufficiently from the other pulses to  perm it its rapid 
and certain identification. This is ordinarily done by m aking the m arker 
several tim es as long as any  message pulse. In  PC M , however, where digit 
pulses are run together in m any code combinations, the m arker would have 
to  be very long to  be clearly distinguishable, thereby cutting  into channel ca-
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pacity. This inefficiency can be avoided by deriving the pulsing ra te  from  the 
pulse train  through the use of a  narrow band  filter. Fram ing m ay then be 
effected by using in each fram e just one digit pulse, which is given a distinctive 
repetition rate. W ith this method, a  certain am ount of tim e is required to 
establish synchronism when the system  is started  up. In  the system  to be 
described the fram ing tim e is less th an  one-ten th  second— a tolerable value.

I I I .  E x p e r i m e n t a l  S y s te m

In  the light of the foregoing discussion, th e  block diagram  of the experim ental 
system  shown in Fig. 6 is believed to  be largely self-explanatory. I t  will be 
noted  th a t  for m icrowave transm ission the  m odulated  interm ediate-fre- 
quency signals are sim ply transla ted  in  frequency to  th e  4000-megacycle 
band. T he shaping filters and  group selection filters shown have approxi­
m ately  G aussian characteristics, in accord w ith transm ission considerations 
no ted  earlier. T he band  w idths shown for these filters app ly  betw een poin ts 
one neper down from  the  m idband  loss. B and  w id ths given for the  am p li­
fiers, on the o ther hand , refer to the ir regions of essentially flat response.

Overall m easurem ents are facilita ted  an d  the  am oun t of experim ental 
ap p ara tu s  m inim ized by looping the radio  p a th  th rough a  non-regenerative 
m icrowave repeater 21 miles aw ay in  N ew  Y ork. B o th  ends of the 24 
channels are th u s m ade available a t  M u rra y  H ill, N ew  Jersey, the  location 
of the ap p a ra tu s  p ic tu red  in Fig. 1. W ith  th is arrangem ent, and  using 
conventional 4-wire voice frequency te rm inating  sets, 24 people are able to  
engage in 12 sim ultaneous conversations th rough the system .

P C M  Transmiller. T he tran sm ittin g  equ ipm ent for an  ind iv idual 12- 
channel group is shown schem atically in Fig. 7. E ach  audio in p u t0 is passed 
th rough a 3400-cycle low-pass filter and  th rough a  lim iter which chops off 
the  positive an d  negative peaks of an y  signal exceeding a prescribed m axi­
m um  am plitude. T h is lim it is chosen to  penalize the loudest ta lkers to  the 
degree custom ary in toll system  practice. T he inpu ts  then  en ter a  “ Col­
lector” circuit, which assembles sam ples of th e  channels in  tim e division 
m ultiplex on a com mon lead. A lthough i t  functions electronically under 
control of pulses from  the  tim ing  bay, the  circuit so resem bles a  m echanical 
com m utator th a t  th is  analogy has  been used in the  schem atic. T he period 
of ro ta tion  of the “ con tac t a rm ” is 125 microseconds (8  kilocycles), an d  a 
conducting p a th  is form ed to  the com mon m ultiplex lead from  each channel 
circuit in tu rn  for of th is period, or 10 yk  m icroseconds. I t  should be

6 In  telephone terminology, these 4. wire inputs are norm ally a t  the —13 decibel level 
point; i.e., 13 decibels below the transm itting  level a t  the  toll test board. S trap  connec­
tions are provided, as in the  W estern E lectric A-2 channel bank, for adapting  the system 
to  inpu ts 3 decibels smaller. Similarly the  final 4-wire ou tpu ts are delivered a t  the  + 4  
(or + 7 )  decibel point. The norm al gain through a link is thus 17 decibels bu t can be 
set as m uch as 6 decibels greater.
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no ted  th a t  th e  channel sam ples th u s  collected are n o t “held” a t  th is stage;
i.e., each sam ple does n o t rem ain constan t in  po ten tia l during  its  assigned 
in terval, b u t ra th e r  changes to  follow the  w ave form  of th e  audio  signal in  
the  corresponding channel.

T he m ultiplex signal is supplied to  an  in stan taneous com pressor, which 
em ploys silicon rectifier elem ents to  give an  in p u t-o u tp u t characteristic  of 
th e  general form  ind icated  w ith in  its  block (Fig. 7). T o  understand  the 
purpose of th is device, we m u st recall the  discussion of quan tizing  noise 
given earlier. T here i t  was found desirable to  provide a  tapered  d istribu tion  
of step  heigh ts in  the  staircase-like quan tiz ing  characteristic, th u s devoting 
a  considerable num ber of sm all steps to  the trea tm e n t of background noise 
and  low-level signals. A lthough coders h av e  been devised which inheren tly  
deal w ith  signal am plitudes in th is  graded m anner, i t  h as  been found m ore 
practicable in  the  p resen t system  to  app ly  am plitude com pression to  the 
sam ples before coding, an d  to  divide th is  com pressed am plitude range in to  
uniform  steps in  the  coder. T he resu lt is a  tapered  step  d istribu tion  w ith  
respect to  the  original uncom pressed scale of am plitudes, details of the  d is­
tribu tion  being determ ined by  the  shape of the com pression characteristic.

I t  m ay  be well to  no te here th a t  th is m ethod  can be used in reverse a t  the 
receiver, w ith  the  decoding perform ed on an  equal-step  basis, and  th e  re­
su ltan t sam ples passed th rough a  com plem entary  instan taneous expandor. 
If  the  com pression and  expansion are tru ly  com plem entary , the  overall 
characteristic rela ting  am plitudes of in p u t and  o.utput sam ples will be linear 
except for the  tapered  a rray  of quan tizing  steps (Fig. 4b).

Incidentally , no added b and  w id th  in  the  transm ission p a th  of th is system  
is required to  accom m odate the  instan taneous com pandor action.

A fter com pression, the m ultiplex signal is delivered a t  low im pedance to 
the  inpu ts of tw o coders. In  Fig. 7 the sw itch analogy is called upon again 
to  illu stra te  the  rou ting  of a lte rn a te  sam ples to  the “ odd” an d  “ even” coders, 
and  concurrently  the  storage of these sam ples on “holding capac ito rs” to  
keep them  unchanged during the coding operation . H ere the  sw itches 
ro ta te  a t  48,000 revolutions per second, each one closing six tim es in a  com ­
p le te  8-kilocycle fram e. T h e  con tac t segm ent is d raw n as a sh o rt a rc  to 
indicate a  brief closure, ac tua lly  lasting  ab o u t 5 m icroseconds an d  occurring 
while the  sw itch of th e  collector is in  con tac t w ith  a  single segm ent. W hen 
the  circuit is thus com pleted from  a  p articu la r channel to  the holding ca­
pacitor, the voltage on the la tte r  very  rap id ly  assum es and  then  follows, 
for the  rem ainder of the  5-microsecond in terval, th e  po ten tia l of the  com ­
pressed version of the  channel signal. W hen the  circuit opens, the  la te s t 
s ta te  of charge, w hich is essentially an  “ in stan taneous” sam ple, is left on  the 
capacitor, and  is th u s held for abou t 16 microseconds— until the nex t closure. 
These sam pling operations occur a lternate ly  in the two coders.
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B y a process to  be considered la ter, each coder produces a  7-digit PC M  
code represen tation  of its  se t of samples. T he two coders deliver the ir code 
groups a lte rna te ly  on a  com mon o u tp u t lead during  the final 10 m icro­
seconds of each 16-microsecond holding in terval m entioned above. In ­
dividual pulses last abou t 1.5 microsecond, although as delivered from  the 
coders they  are som ew hat irregular in tim ing and  waveform . I t  will be 
no ted  th a t  the in te rval a llo tted  to  the code group from  each channel is ju s t
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Fig. 8. W aveforms of the  pulse regenerator.

r ir  of the 125-microsecond fram e period an d  th a t  a  continuous tra in  of 
code groups is thereby  produced.

T he com m on o u tp u t circuit of the  coders goes to  a  pulse regenerator which 
standard izes the  pulses in height by  slicing, an d  in tim e by  gating, as illus­
tra ted  in Fig. 8 . T he peaks of the  coder o u tp u t pulses (line A) are lined up  
in tim e w ith  the gate  control pulses (line B) supplied from  the  tim ing gear. 
T he la tte r  have a  co n s tan t repetition  frequency of 672 kilocycles an d  a 
uniform  pulse length  of 0.4 m icrosecond. Accordingly, the sliced and  gated  
P C M  pulses (line C) are also 0.4 m icrosecond long, an d  require lengthening 
to  fill the ir a llo tted  1.5-microsecond in tervals. T h is is accom plished b y  a
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circuit in  the pulse regenerator which first doubles the length of each pulse 
by  adding thereto  its  own delayed reflection ob ta ined  from  a  short-circuited  
delay cable, and  then slightly less th a n  doubles it again  by  a sim ilar process 
using a longer cable. A final slicing, to  elim inate am plitude irregularities 
acquired in the lengthening process, yields square pulses as shown in line D , 
w ith ad jacen t pulses m erged in to  a  single longer pulse. T his is the final 
o u tp u t signal delivered to  the interm ediate-frequency m odulator. Passage 
of the m odulator o u tp u t through a  shaping filter results in rounded pulses 
(line E ) su itable for transm ission over the  radio relay p a th .

In  th is regenerating ap p a ra tu s , provision is also m ade for in troducing  a  
“ fram ing control pulse,”  supplied from  the  tim ing bay  an d  norm ally  applied  
only to Group 1, although an y  o ther group m ay be used if desired. T his 
pulse is abou t 1.5 microsecond long, an d  occurs once in each 8-kilocycle 
fram e, b u t has opposite po la rity  in  successive fram es. I t  is tim ed to  syn­
chronize w ith the first d ig it of the C hannel 1 code an d  is large enough in 
am plitude to  override the pulse or space p u t  o u t by  the  coder in  th a t  position. 
Hence in the final P C M  o u tp u t from  G roup 1, pulse 1 of Channel 1 is al­
te rna te ly  presen t and  absen t regardless of the  audio signal. T his arrange­
m ent, used in au tom atic  “ fram ing” of the  receiving tim ing gear as described 
in the following section, thus borrow s the  least significant d ig it from  one 
channel of the system , leaving th a t  channel usable, b u t w ith 6-d ig it instead  
of 7-digit quality . A 4-kilocycle tone of very low am plitude which i t  in tro ­
duces in th a t  single channel is m ade inaudible by  the low-pass filter in the 
final audio ou tpu t.

Synchronization. T he connection of a tran sm ittin g  channel to  its  proper 
receiving circuit in  the  tim e-division p a r t of the system  requires th e  two 
term inals to  be synchronized: tim ing  operations a t  th e  receiver m ust follow 
closely those a t  the transm itte r. In  a b road and general w ay th is tim ing 
m a tte r  am ounts to  getting  a local clock to keep th e  sam e tim e as a  d is tan t 
s tandard  clock. H ere the criterion of good tim ekeeping m ight be th o u g h t 
fussy b y  some standards; we cannot w ork w ith a  discrepancy as long as  a 
microsecond for the very  good reason th a t  incorrect rou ting  of pulses would 
then  result, associated w ith  in to lerably  large decoding errors. T hree p ro ­
visions are m ade to  take care of th is  s ituation . F irs t, the  fram ing is a u to ­
m atically  m onitored a t  all tim es. Second, if th e  system  is o u t of fram e— as 
i t  m ay be afte r transm ission has been tem porarily  in te rru p ted — th e  m onitor 
circuit h u n ts  for and  establishes synchronism . T h ird , w henever th e  system  
is no t properly  synchronized an d  fram ed, all message circu its are cu t off to 
avoid  resu lting  noise and  crosstalk.

F or the  purpose of th is description we can use a  m echanical analogy once 
m ore an d  p ic tu re all th e  tran sm ittin g  channels of a tim e-division group 
arranged in order around a circle (Fig. 9). T h is tim e, how ever, we le t each
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small division of the  circle constitu te  a  com m utator b a r which is ac tiv a ted  by 
the inform ation of a  p articu la r code digit. T h u s as the brush  is stepped  
around a t  a  uniform  ra te  it p u ts  d ig it inform ation on the line in proper se­
quence. In  each com plete revolution  there appears a  se t of on-ofï pulses 
constitu ting  one fram e. W ith  twelve channels in the group, an d  seven 
digits to each channel, one revolution  of the  brush arm  covers the  fram e of 
84 digit positions. T he revolution period is 125 m icroseconds. Roughly 
one and  a half microsecond is allo tted  to  each d ig it, and  th e  brush  steps 
672,CCO tim es a second. T h e  driv ing  force for stepping is supplied b y  a

H E A V Y  L IN E S - M E S S A G E  PATH 
D A SH ED  C IR C L E S - M E C H A N IC A L "  D R IV E

Fig. 9. Representation of the m ethod used for framing, in relation to a  single 12-channel 
timc-division group.

stable oscillator, its  frequency determ ined b y  a  q u a rtz  crysta l. One of the 
d ig it positions is taken  aw ay from  its  message du ties and  assigned for fram ing 
purposes, as described in the  last section.

Our clock now is a one-handed affair w ith the brush arm  for the  hand. 
I t s  scale has th e  custom ary  twelve m ain divisions, b u t each m ain division 
is divided in to  seven p arts , one for each digit. H our and m inu te m arkings 
refer to  channel and  digit, respectively.

A t the  receiving end we im agine a sim ilar clock s truc tu re  to  be provided. 
In p u t pulses go d irectly  to  the  clock h and  w hich is stepped  around  to  d is­
tr ib u te  pulses to  the  tw elve m essage channels, plus a  fram ing channel which 
takes up  b u t a  single d ig it space. H ere th e  clock has no independent driving 
source, since it m ust follow the  tran sm itte r. Accordingly, the  basic 672-
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kilocycle frequency is recovered from  th e  in p u t pulse tra in  by  m eans which 
include filtering in  a  narrow -band  cry sta l filter. T he filter band  is narrow  
enough to  select the  base frequency w ith  negligible m odulation  an d  noise. 
T h a t  is, sidebands produced by  pulse keying are a tte n u a te d  to  negligible 
proportions, as is the  background noise. I t  is th is  o u tp u t which serves to 
step  the  brush arm  around  th e  fram e a t  precisely the  tra n sm itte r  frequency.

W ith  the  tran sm itte r  frequency recovered, b o th  h an d s are s tep p ed  a round  
the ir dials a t  the sam e ra te . W hile th is is a  necessary condition for ru nn ing  
the receiver, i t  is n o t a  sufficient one since m ost likely th e  system  will n o t 
be fram ed. In  fac t th e  odds are 83 to  1 aga in st the  two clocks ind ica ting  
the  sam e tim e if connection to  the  receiver is in itia ted  a t  random  tim es. If  
we had  to  deal w ith  o rd inary  clocks, bo th  in  view, the  rese tting  procedure 
could be accom plished by  m oving one clock-hand to  agree w ith  th e  o ther 
a t  one fell swoop. B u t in the P C M  case rese tting  has  to  be done m ore d is­
cretely since only one dial position p er fram e is viewed in the  fram ing re ­
ceiver. Accordingly, an  orderly  procedure is se t up  for locating  th e  fram ing  
pulse which consists in exam ining d ig it positions one by  one un til th e  fram ing  
pulse is reached. A fter an y  one position is viewed long enough to  estab lish  
the absence of the  fram ing pulse, th e  receiving clock is se t back one d ig it 
position and  th e  nex t position viewed.

T h is resetting  or fram ing procedure is governed by  the  fram ing  receiver 
through its  control of a  sw itch which connects th e  recovered base frequency 
to the driv ing m echanism  of th e  clock. If  the channels are correctly  rou ted , 
so th a t  i t  is the fram ing pulse which is being viewed by  th e  fram ing receiver, 
th e  switch is left closed, an d  the 672-kilocycle w ave steps the  clockhand 
around the d ia l w ithou t in te rrup tion . B u t if the  system  is n o t correctly  
fram ed th e  fram ing receiver does n o t get its  d istinctive  pulses. In  th is 
case the  sw itch is opened every  little  while for the  duration  of a  single pulse 
in terval, stopping the local receiver clock during  th a t  in te rva l while the 
tran sm itte r clock advances one d ig it position. In  effect the  receiving clock- 
hand  is set back precisely one digit in te rva l w ith respect to  th e  s tan d ard . 
T hus the nex t digit pulse is b rough t into the fram ing receiver. If  again  the  
m onitored inpu t tu rns o u t to  be o ther th a n  the fram ing  pulse, th e  stopping  
process is b rought in to  p lay  once m ore; th is process is repeated  u n til the 
system  is fram ed.

As pointed ou t in the last section, the  fram ing pulse is a lte rn a te ly  absen t 
and  present in successive fram es, corresponding to  a 4-kilocycle ra te . T h is 
is readily  distinguishable from  an y  of the  m essage pulses, w hich in  practice 
are found to  have little  energy conten t a t  th is  frequency. T he fram ing  
receiver accordingly includes a  resonant circuit tu n e d  to  four kilocycles. 
In  the  hun ting  process, e ight fram e periods are allowed betw een successive 
in terrup tions of the  clock drive, to  give the  resonan t circuit sufficient tim e
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to build up above a threshold when the system  is first fram ed. W ith  th is 
tim e in terval th u s fixed, each clock position is m ain ta ined  for ab o u t one 
millisecond. H ence the tim e required to  fram e the receiver varies between 
one and  eighty-three milliseconds, depending upon the  epoch a t  which the 
system  connection is established.

P C M  Receiver. T he received P C M  signals of a  12-channel group are 
filtered from the frequency m ultiplex while in the intcrm ediate-frequency 
s ta te  an d  then detected  to  the original signal band, as ind icated  in Fig. 6 . 
T hey  consist of rounded pulses, nom inally  sinusoidal in shape, b u t m ore or 
less d isto rted  by transm ission defects an d  accom panied by  noise an d  in te r­
ference.

These signals are supplied as inpu t to  the P C M  receiver shown in Fig. 10. 
T hey  are first sliced in am plitude, the slice being taken  a t  approxim ately  
half the  average or noise-free pulse height. Code groups of seven pulses 
are then rou ted  a lte rn a te ly  to  two decoders, which handle even and  odd 
channels respectively. T he rou ting  function is represented in the drawing 
by  a tw o-segm ent com m uta to r ( / l)  ro ta ting  a t  48,000 revolutions per second. 
Before entering  the  ac tua l decoding circuit, the pulses are again sliced to 
secure very  g reat uniform ity , and are gated  w ith 0.4-microsecond, 672- 
kilocycle pulses from  the  receiver tim ing equipm ent. Im m ediately  afte r 
the arrival of the seventh  digit of each code group of these standard ized  
pulses, the decoding circuit produces a  voltage on its low-im pedance ou tpu t 
lead proportional to the quantized am plitude represented by  the code. As 
in the case of coding, details of the decoding process will be reserved for a 
la ter section of this paper.

T he decoded am plitudes are available only m om entarily ; therefore it is 
desirable to  sam ple each one a t  th e  proper tim e an d  store the resu lt as a 
charge on a  holding capacitor. T his sam pling process is represented by 
sw itch B  in  one decoder and  B ' in  the  o ther. H ere the  sw itch closures last 
only two microseconds, an d  values are held for abou t 19 microseconds.

T he nex t step  is to  assem ble the  six sam ples from  odd channels held 
successively by  one capacitor and  the  six from  even channels held b y  the 
other in to  a  single tim e-division m ultiplex. Switch C perform s th is  opera­
tion, ro ta ting  a t  48,000 revolutions per second, and  m aking con tac t a lte r­
nate ly  w ith  th e  o u tp u t circuits of the  odd and  even decoders.

T his 12-channel m ultiplex signal is passed th rough an  instan taneous 
expandor, the purpose of which has been noted  in an earlier section. To 
sim plify the  problem  of m aking the  in p u t-o u tp u t characteristic  of th is  cir­
cu it accurately  com plem entary to  th a t  of the com pressor, the  two devices are 
designed to  use identical silicon units. In  th e  expandor, however, the non­
linear device is em ployed in  the feedback p a th  of a  broadband  am plifier 
ra th e r  th a n  in  the d irect transm ission p a th , th u s giving th e  inverse character-



Fig. 10. PC M  receiver for a  12-channel group.
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istic. T o allow any  com pressor to be used w ith  an y  expandor, all the silicon 
elem ents are m atched to a  chosen s tandard  unit, using selection and 
resistance “padd ing” m ethods. B y such m eans, and  by use of sufficient 
loop gain in the feedback amplifier, very  sa tisfactory  overall linearity  of the 
system  has been a tta ined .

A t the o u tp u t of the expandor the waveform  of the m ultiplex signal is 
essentially the sam e as th a t  a t  the  in p u t of the  com pressor in the trans­
m ittin g  term inal. T he sam ples are d istribu ted  to the ir respective channel 
destinations by a d istribu to r D , resembling the collector described earlier. 
T he ro ta tion  ra te  is, 8CC0 revolutions per second, b u t the duration  of con tac t 
on any  one segm ent is only five microseconds instead of the possible full 
tw elfth of the 125-microsecond fram e period. T h is effective narrow ing of 
the con tac t segm ents is done to  allow the closure to  occur well w ith in  the 
in terval in which the  circuit is com pleted by  sw itch C from  the o u tp u t of a 
p articu lar decoder. E ach of the 12 segm ents of the d is tribu to r is p rovided 
w ith  a holding capacitor, which stores its  allo tted  sam ples for the full 125- 
microsecond fram e period. T he po ten tia l on any  one of these capacitors 
thus changes a t 125-microsecond in tervals from  one quantized  sam ple am pli­
tude to  the next derived from  the  sam e original speech wave.

This po ten tia l is of sufficient m agnitude to  require use of only a  simple 
single-stage triode am plifier for the o u tp u t of each channel. L engthening 
the  sam ples by holding, as described, helps to m ake th is  possible by  causing 
the am plifier to deliver useful pow er continuously instead of on a fractional 
tim e basis.

T he only d isadvantage of using lengthened pulses arises from  an effect, 
very sim ilar to  the “apertu re  effect” encountered in sound movies, which 
introduces a  curving slope across th e  audio gain-frequency characteristic  of 
the system . In  the presen t case the gain drops abou t three decibels as the 
frequency goes from  the lowest to  the h ighest value of in terest. T h is slope 
can be corrected by  a sim ple equalizing netw ork, as shown in Fig. 11. In  
the present system  the equalization is incorporated in the low-pass filter a t  
the in p u t of each audio channel. T h is is preferable to  equalizing a t  the 
ou tpu t, where pow er is a t  a prem ium .

T he ou tp u ts  from  the channel am plifiers are passed th rough 34C0-cycle 
low-pass filters, identical w ith  the  in p u t filters except for omission of the 
equalization, and  are delivered to  s tan d ard  voice-frequency circu its a t  the 
same levels6 as are provided by  a type  J ,  K , or L  carrier system .

IV. C o m p o n e n t  C i r c u i t s

M an y  of the  circuit techniques used in  th e  experim ental system  are con­
ventional, o thers''are m ore or less unfam iliar, and  still o thers are believed to  
be novel. In  the following some of the m ore im p o rta n t building blocks are
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described. These include sam pling circuits, the  in stan taneous com pressor, 
slicers, and  the P C M  coder an d  decoder.

Sam pling  Circuits. T he function of opening an d  closing a circu it a t  p re­
scribed in stan ts, represented  b y  ro ta tin g  sw itches in th e  block schem atics, 
is ac tua lly  perform ed7 by one or the o ther of the devices show n in Fig. 12, 
em ploying diodes and  triodes, respectively.

T he diode type (C ircuit a) is norm ally  biased “ open” by  rectified charges 
stored on the two large capacitors. W hile in th is  condition it p resen ts an 
extrem ely high series resistance betw een th e  low-im pedance in p u t an d  the 
load. B u t when a flat-topped pulse is im pressed upon th e  pulse transfo rm er, 
the aforesaid high im pedance changes to  a  low value (of th e  o rder of 100
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Fig. 11. Equalization for the  aperture effect.

ohm s), for the  d u ra tion  of the  pulse. T he upw ard-sloping tops of th e  pulses 
sketched in Fig. 12 represent pred istortion  to allow for transm ission th rough  
the pulse transform er, for the purpose of ob ta in ing  rectangu lar pulses a t  the 
tube itself.

In  the o ther v a rie ty  (C ircuit b) the p la te-cathode p a th s  of the  two triodes 
are connected d irectly  in parallel, conducting in opposite directions. T he 
grids are bo th  arranged to be biased below cut-ofl during  the “open” con­
dition of the sam pler by  grid rectification of pulses, an d  to  be driven strong ly  
positive by  a pulse when a low-resistance conducting  p a th  is required  be­
tween source and  load.

These two types have the ir respective advan tages. F or exam ple, the low 
capacitance to ground which the diode type  affords across its load m akes it

. 7 single exception is the case of switch A of Fig. 10. In  this case two gated slicer 
circuits are used, as described subsequently.
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preferable for use in the collector, where twelve sam plers are m ultipled to  a  
common load. On the o ther hand  the  triode type affords a d -c .p a th  (w ithout 
the series blocking capacitors th a t  are required  by  circuit a) betw een source 
and  load. In  cases where a holding capacitor is to  be charged to a succession 
of sam ple am plitudes which m ust be k ep t m utua lly  independent to avoid 
crosstalk, the d-c. p a th  is very  desirable for it avoids “m em ory” effects 
associated w ith passage of the charging curren ts through the blocking 
capacitors. A fu rther useful p roperty  of th e  triode circuit is its ab ility  to

sam ple signals of greater am plitude th an  th a t  of the control pulses. W ith  
the diode circuit, the  signal am plitude m ust be k ep t less th a n  half the pulse 
height.

Instantaneous Compressor. T he sim ple configuration of the  non-linear 
circuit used in the  com pressor and  in the  feedback p a th  of the expandor is 
shown in Fig. 13. Tw o selected silicon rectifiers are connected in parallel, 
b u t poled oppositely, w ith  a small padding  resistor (R x or i?2) in series w ith 
each. A parallel padding  resistor (R 3) of large value is also provided. T he 
d irect-curren t resistance of th is  com bination varies from  ab o u t 6000 ohms 
a t  zero signal to abou t 190 ohm s a t  the peak of a  full-load signal. In p u t is 
applied as a cu rren t th rough  the  rela tively  high resistor R/„ and  the voltage
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SO URC E OF 
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LO W -IM PED ANCE 
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(b)

CO N TRO L P U L S E  

Fig. 12. Diode and triode sam pling circuits.
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drop across the varisto r un it constitu tes the com pressed o u tp u t. A lthough 
the developm ent of th is com pressor has been a problem  of m an y  in teresting  
aspects, i t  m ust suffice here to  po in t o u t th a t  copper-oxide elem ents are 
unsuitable a t  the speeds involved because of excessive capacitance, th a t  
silicon is superior to  a t  least the presently  available types of germ anium

Fig. 13. Instantaneous compressor.

A M P L IT U D E  OP U N C O M P R E S S E D  S A M P L E S  
IN  D E C IB E L S  B E L O W  M A X IM U M

varisto r in  regard to freedom from  certa in  m em ory or hysteresis effects 
believed to  be therm al in origin, and th a t  a  sa tisfac to ry  yield of m atched  
silicon elem ents appears to be obta inab le by  the selection and  resistance 
padding m ethods em ployed. T em peratu re  contro l is used for the sake of 
constancy of the com pression characteristic . Aging has been found 
negligible over a  period of m any  m onths.

T he ac tua l com pression characteristic afforded by  these un its  is p lo tted
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in Fig. 14 in term s of com pressed signal am plitude vs. uncom pressed signal 
am plitude, bo th  in decibels.

Slicers. T he sheer circuit shown in Fig. 15 resembles a conventional 
single-trip m ultiv ib rato r in configuration, b u t functions som ew hat differ­
en tly  because of the choice of param eters. In  particu lar, capac ito r C  is 
m ade large enough so th a t  th e  p o ten tia l drop across i t  does n o t vary  app rec i­
ably  during norm al operation, an d  p la te  resistor I?i is given a sm all value 
such th a t the gain around th e  feedback p a th  of the circuit is approx im ate ly  
un ity  when bo th  triodes are in their active regions. G erm anium  varisto rs 
V R i  and V R 2 m ain ta in  desired bias conditions regardless of the num ber of 
pulses or spaces in th e  in p u t signal. U nlike th e  single-trip  m u ltiv ib rato r, 
which when tripped  rem ains so un til the  charge on C has had  tim e to  relax,

th is c ircu it tr ip s  whenever the  in p u t signal falls th rough a  narrow  po ten tia l 
range near the value E , and  tr ip s  back again when the in p u t rises th rough 
the sam e po ten tia l range. A square wave of constan t am plitude repre­
senting an  accurate th in  slice of th e  in p u t is th u s m ade available across 
resistor R 2. T he circuit is capable of high speed, slicing pulses as narrow  as 
0.1 microsecond.

T im e gating  m ay readily  be included am ong the functions of th is  circuit, 
through the  addition  of a triode hav ing  its p la te  and  cathode connected 
d irectly  to  the  p la te  and  cathode, respectively, of tube V \. T he grid of th is 
added triode is held norm ally a t  ground po ten tia l, and  is pulsed in the  nega­
tive direction b y  approxim ately  rectangular gating  pulses, hav ing  an  am pli­
tude of abou t 2E. T he to ta l cu rren t passing through the common cathode 
resistor R K is essentially  constan t, and  if e ither or bo th  of th e  paralleled  
tubes are conducting a t  a given in stan t th is cu rren t is carried by  one or 
shared by  bo th  of them . Hence the  tr ipp ing  action, involving transfer of
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the cathode curren t to  V i, canno t occur as long as the grid of either V i or the 
added tube is positive w ith  respect to  the  critical slicing po ten tia l. T ripp ing  
does occur w henever th is lim ita tion  is rem oved, and  th u s the desired gating  
and  slicing functions are perform ed concurrently.

- In  the  experim ental system  th is  circuit is used to  regenerate the  P C M  
pulses a t  the  com mon o u tp u t of the  two coders, an d  again a t  the  in p u t of 
each decoder to  slice th e  received pulses an d  to  so rt ou t code groups of odd 
and  even channels.

Coders. T he m ethod of b inary  coding used in th is  system  was originally 
suggested by  F. B. Llewellyn. I t  em ploys a  novel electron beam  tube. 
T his device, p ic tu red  in Fig. 16, carries ou t sim ultaneously  th e  tw o functions 
of quantizing and  of coding. T he tube  is abou t 10J inches long an d  
2 |  inches in  d iam eter. I t  has  the 128 com binations of th e  7-digit code 
laid o u t perm anen tly  as holes in  an  “ apertu re  p la te ,” an d  transla tes sam ple 
am plitudes from  the  form  of beam  deflections d irectly  in to  P C M  pulse sym ­
bols. F igure 17 shows one of these tubes in  its  socket on th e  rea r of a  coder 
panel, and  above i t  a  rectangular perm alloy shield which covers the  coding 
tube of the o ther coder serving the sam e 12-channel group.

As shown schem atically in  Fig. 18 the  coder includes, in addition  to  the 
coding tube, a sam pling and  holding circuit which sorts ou t the odd (or even) 
channels from  the in p u t m ultiplex signal, push-pull am plifiers for vertical 
an d  horizontal beam  deflections, an d  sim ple arrangem ents for blanking, 
focusing an d  centering. W ith in  the  tube  are shown, from  left to  righ t, a 
conventional electron gun, vertical and  horizontal deflection p la tes, a rec­
tangu lar “collector” for secondary electrons, ' a  “ quantizing  grid ,” the 
“apertu re  p la te” and  finally a  “pulse p la te .” F igure 19 shows the ta rge t 
end of the tube, as viewed from  a  p o in t near the  gun. “ D ig it holes” in the 
apertu re  p la te , laid  ou t in  accordance w ith th e  desired b inary  code, m ay  be 
seen behind stretched  parallel wires of the  quantizing  grid. One m ay count 
64 narrow  holes separated  by  equally  narrow  bars of m etal in th e  left-hand 
vertical column, 32 holes in  the  nex t column, 16 in  the  next, an d  so on for 
seven columns. T here are 129 grid wires uniform ly spaced an d  accurately  
aligned so as to  m ask th e  upper and  lower edges of every one of these holes 
w hen viewed from  the geom etric “p o in t of origin” of the  beam .

Stored audio sam ples from  the  sam pling and  holding circuit provide p o te n ­
tia l for the vertical deflection, w ith  zero a t  th e  center, positive am plitudes in 
the upper half, and  negative am plitudes in  th e  lower half of the ta rg e t area. 
A saw tooth sweep provides the horizontal deflection. T h e  beam  is blanked 
while deflection po ten tia ls are being changed to  move it upw ard or dow nw ard 
from  one sam ple am plitude to  th e  next. W hen first restored, th e  beam  
strikes in  th e  left-hand unperforated  region of the apertu re  p la te , and  is then  
sw ept linearly across from  left to right. E lectrons which pass th rough  the



Fig. 16. Coding tube. This new electron device transform s speech samples into pulse codes.
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Fig. 17. R ear view of p a r t of the  collector (bottom  panel), compressor, and two coders.

digit holes during  the sweep are caugh t by  the pulse p la te , form ing pulses 
which are am plified, gated  an d  lengthened in the  pulse regenerator to  con­
s titu te  the desired P C M  signals. R etrace of the sweep occurs while the
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beam  is blanked, an d  is sim ultaneous w ith the application  of the succeeding 
audio sample.

T he wires of the quantizing  grid are used to guide the beam  so th a t it can 
illum inate only the particu lar row of apertu res which correspond to the 
initial vertical deflection. W ithou t th is feature, erroneous codes would be 
produced when the beam  straddled  the edges of apertu res or crossed from 
one am plitude level in to  another, as a  resu lt of electrode m isalignm ent or 
possible slight d rift in po ten tia l of an  applied sam ple. T he guiding action 
(basically proposed by  W. A. M arrison  and  applied to  the P C M  coder a t the 
suggestion of G. H echt) is ob ta ined  by  m eans of feedback from  the quan­
tizing grid to the vertical deflection amplifier.

Q U A N T IZ IN G  - 
F E ED B A C K

-AUD IO  S A M P L E S  
FRO M  

C O M P R ES SO R

[- C O L LE C T O R
[-Q U A N T IZ IN G  

G R ID
A P E R T U R E  

P L A T E

P U L S E
P LA T E

 CO D IN G
T U B E

H O R IZ .
D E F L .
A M PL.

S W E E P

Fig. 18. Functional schem atic of the  coder.

T he feedback signal is ac tua lly  a  cu rren t taken  from  the positively  biased 
collector, which draw s to  it  secondary electrons from  the grid  wires. T he 
portion of the beam  curren t strik ing  the grid varies as a  cyclic function  of 
the vertical deflection. I t  follows th a t  for some spo t positions the value 

in the feedback loop is positive, for o thers negative; hence w ith  proper 
am plifier design there is a stab le  and  an  unstab le region associated w ith  each 
wire.

T he spo t can come to rest (vertically) only w ithin one of the  stable regions. 
In  order to locate i t  consistently  near the  center of such a region, and  thus 
gain equal m argins aga inst “hopping” upw ard or dow nw ard across a  wire, 
a “quantizing b ias” is in troduced  in to  the vertical deflection am plifier, along 
w ith the feedback an d  the signal sam ples. This bias is a curren t of opposite 
po larity  from  the unidirectional feedback current, an d  of m agnitude equal
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to  the average betw een the two values of feedback cu rren t which exist when 
the beam  falls (1) d irectly  on a  grid wire and  (2) m idw ay between two wires. 
One m ay regard th is bias as pressing the beam  upw ard against a wire, resisted 
b y  dow nw ard pressure associated w ith  the feedback curren t. T he la tte r

Fig. 19. In terio r of the coder tube, viewed from the gun end.

increases as the  beam  approaches the wire, arid equilibrium  is reached when 
the beam  is abou t half way between positions (1) an d  (2) m entioned above. 
T he feedback curren t is ac tua lly  in te rm itten t, tu rn ed  off an d  on b y  the 
b lanking pulse, and  careful analysis shows it  necessary to m ake the bias in te r­
m itten t also, w ith its wave fron ts synchronous w ith those of the feedback 
current. T his is readily  accom plished by  deriving the  b ias from  the  blanking 
signal itself.
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W ith this arrangem ent the beam , suddenly tu rned  on, m oves either 
upw ard or dow nw ard from  its  in itial “ unquan tized” position to  the nearest 
position of stab le equilibrium . Q uantization  is com pleted in less th a n  a 
microsecond. T hereafter, as the  beam  is sw ept horizontally  across the ta r ­
get area, i t  rem ains pressed upw ard  aga inst the  lower surface of its  guiding 
wire. Q uantization  is thus m ain ta ined  un til the end of the sweep, when 
blanking occurs. T he m argins against hopping across wires, while quan li-

Fig. 20. “ Television p ictu re” of the aperture p late of a  coder tube.

zation is in effect, are related  to  the am ount of loop gain in  the feedback p a th . 
In  the presen t system  feedback m easuring ab o u t 20 decibels is provided, and  
will counteract changes which, w ithout feedback, would m ove the  beam  two 
grid wires in either direction from  the in itial position.

This coding process, based on th e  electron beam  coding tube an d  m aking 
use of a  two-dim ensional perm anen t layout of the code, is more s tra ig h t­
forw ard th an  the various coding processes which depend upon counting or 
sequential com parison. Accordingly it leads to  higher speeds an d  greater 
circuit sim plicity.

F igure 20 illustrates the coding accuracy obtained. T his pho tog raph  of



36 B E L L  S Y S T E M  T E C U N 1 C A L  J O U R N A L

the screen of a te s t oscilloscope m ay be though t of as a  television p ic ture of 
the  ap e rtu re  p la te  of the coding-tube. To produce th e  p a tte rn  an audio­
frequency saw tooth  wave of full-load am plitude was applied  to  the sam pling 
and  holding circuit a t  the  inpu t of a  coder. T he resulting sam ple am pli­
tudes, quantized  b y  the coding tube and  falling in to  all th e  possible 128 steps 
of th e  quantizing  characteristic w ith  uniform  regularity , were used to  ener­
gize the  vertical deflection of the te st oscilloscope. A n o rd inary  synchro-

+ B  +B

Fig. 21. Shannon decoding circuit and waveforms.

nized sweep provided the  horizontal deflection. T he square P C M  pulses, 
delivered by  the coder v ia  th e  pulse regenerator, were applied to  the in tensity  
control.

T hus th e  code pulses corresponding to  each quan tized  am plitude were 
m ade to  appear as a  row of b lanks in a  horizontal trace  a t  the p roper relative 
height. This p a tte rn  is very useful in s tudy ing  coder perform ance.

Decoders. T he decoding m ethod is an  im pressively sim ple one originally 
proposed by C. E . Shannon. In  its basic form  it em ploys a  pulsed resistance- 
capacitor circuit as illu stra ted  in Fig. 21. U pon arrival of each pulse of the 
code, an  identical increm ent of charge is p laced upon the  capacitor of the
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device. The tim e constan t I = R C  is such th a t,  during any  single pulse 
in terval, w hatever charge is on th is capacitor decays precisely 50%  in am pli­
tude. I t  follows th a t  the charge rem aining a t  some chosen in s ta n t afte r 
the a rriv a l of a com plete code group consists of contribu tions of all its  pulses, 
weighted in a b inary  m anner. T h a t is, if we define the contribu tion  of a 
pulse in the final digit position as then con tribu tions of -g, xV> 
ifx  and  xxy, respectively, are m ade by  pulses in successively earlier posi­
tions. A ny value from  0 to  x f r ,  >n steps of y-l-g, m ay th u s be produced. 
Of course the digit holes in the apertu re  p la te  of the coder are laid ou t to 
m ake th is  straight-forw ard scheme workable. Since sam ples of low-level 
audio signals are  coded near the  center of the apertu re  p la te , the corre­
sponding decoded values lie in  th e  neighborhood of

T he basic Shannon decoder, then, com prises the resistance-capacitor cir­
cuit, m eans for supplying it  w ith  precisely controlled un its  of charge a t  
precisely determ ined tim es, and  a  sam pling and  holding circuit (repre­
sented by  switch B  o r B ' in Fig. 10) to  m easure an d  store the  decoded 
po ten tia l which is fleetingly presen t across the capacitor a t  a  regularly 
recurring in s tan t T , following the final pulse position. T he scheme 
employed to  in ject the  identical charges involves a  regulated  source of 
curren t and  a  gate  to  ad m it th is  cu rren t to the resistance-capacitor circuit 
under control of the  regenerated  P C M  pulses. Two successive slicing opera­
tions and careful gating , as described earlier, m ake these pulses m ore than  
adequately  uniform.

T he wave form  sketches of Fig. 21 show three typical decoding cycles. In  
the first, a  single pulse in d ig it position 7 produces a  decoded am plitude of 
i ;  in the second, a  pulse in  position 1 gives y j j ;  and in the th ird , pulses a t  
2, 5 and  7 provide a decoded value of -gx- I t  m ay  readily be verified th a t 
the provision of an idle channel in te rval betw een operations (following from  
the a lte rna te  use of two decoders) allows the residue of one decoding opera­
tion to decay to a negligible value (never larger th an  x k s  of a  single step  
height or “ q u an tu m ”) by the tim e of the next consecutive sam pling. 
E xperim entally, in terchannel crosstalk from  th is source is v irtua lly  non­
existent.

In  the foregoing it  has been em phasized th a t  precise tim ing is required  for 
th is basic Shannon decoder. A lthough the  necessary accuracy was actua lly  
obtained w ithou t g rea t difficulty in early  tests, a m odification has also been 
introduced which eases the  requirem ents to  a  very  m arked  ex ten t. T h is 
scheme, devised by  A. J. R ack, em ploys a dam ped resonan t circuit in con­
junction  w ith the  resistance-capacitance elem ents in a  m anner illu stra ted  
by Fig. 22. T he n a tu ra l frequency of the resonant circuit L , C2, R i  is m ade 
equal to  the  P C M  pulse rate , and  the tim e constan t of th e  dam ped oscillation 
( t= 2 R 2Ct) is m atched  to  th a t  of the  circuit R i, C 1. T h e  sam e charging
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Fig. 23. O utpu t of Shannon-Rack decoder for a signal giving 100% modulation.

B y th is  m odification, no t only the  tim es of application  of the charges b u t 
the tim e of sam pling is m ade m uch less critical. Of course th is  presum es 
th a t  the  sam pling circuit is designed to  com plete its  operation  near the  cen ter 
of a  level region. In  Fig. 22, the  voltage tran sien t due to  a  typ ical p a ir  of 
pulses is sketched, and  Fig. 23 shows an oscilloscope screen, on which the 
waveform s delivered by  the cathode follower of one of the  S hannon-R ack 
decoders of the  system  are superim posed for a  full set of 128 possible code 
com binations in sequence.

pulses pass th rough both sections of the circuit; hence by  proper choice of 
Ci and  Ca the  am plitudes of the  dam ped sine w ave and  the exponential m ay 
be proportioned so th a t  the  ra te  of change of the ir com bined po ten tia l 
becomes zero a t  successive p o in ts one pulse period ap a rt. In  fac t i t  has been 
found possible to  m ake bo th  the first and  the  second tim e derivatives of 
po ten tia l equal to  zero sim ultaneously a t  such points.

5/16

TO CATE
TO CATHODE 

FO LLO W ER
Fig. 22. Shannon-Rack decoder.
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V. P e r f o r m a n c e

In  general the behavior of the system  lias shown prom ise for toll p la n t 
application. Among o ther things the s tab ility  realized in the ad justm en ts 
of the coder and decoder, and  the apparen t absence of aging or o ther d rift 
in the com pressor and  expandor have been gratifying. A daily  check of the 
focus and  centering  in th e  coders an d  of the tim e constan ts in the decoders 
appears adequate to keep them  in optim um  ad justm en t. T he synchronizing

Fig. 24. O u tp u t of decoder (vertical) vs. inpu t to  coder (horizontal).

gear has been found equally  easy to  m ain ta in . On the  o ther side of the 
ledger, occasional breakdow ns have poin ted  up  the need for alarm  an d  au to ­
m atic  replacem ent facilities in an y  version of th e  system  which m ight be 
developed for com mercial service.

A few m easured characteristics are given in th is  section in addition  to  the 
compression and  audio gain-frequency characteristics already  shown (Figs. 
14 and 11, respectively).

Input-O utput Characteristics. T he diagonal trace in the  oscilloscope 
p a tte rn  of Fig. 24 shows the  relationship  betw een the inpu t of a  coder (hori­
zontal deflection) an d  the o u tp u t of the corresponding decoder (vertical). 
F or th is p a tte rn  a full-load audio signal was applied to  the in p u t of th e  odd
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coder only (w ithout passing th rough the  com pressor), and  the o u tp u t was 
taken directly  from  the com mon o u tp u t of the two decoders. T h u s the  six 
odd channels took tu rn s tran sm ittin g  the signal while the six even channels 
produced the  horizontal center-line. U niform  quantizing steps m ay  be seen 
along m ost of the  trace, b u t are obscured near the  ends b y  defocusing of the  
test oscilloscope.

A sim ilar p a tte rn , ob ta ined  w ith the com pressor an d  expandor included 
in the transm ission p a th , is shown in Fig. 25. H ere tapered  steps m ay be 
discerned, as well as a  sm all am o u n t of non-linearity  due to  residual im per-

Fig. 25. O u tpu t of expandor (vertical) vs. inpu t to compressor (horizontal).

fections in the com panding. T he effect of the channel peak choppers is n o t 
included in th is pa tte rn .

Two m easured overall in p u t-o u tp u t characteristics appear in F ig. 26, for 
the case of a  typ ical single channel an d  for five channels patched  in tandem  
through 17-decibel pads on a  4-wire basis. T h e  la tte r  sim ulates a  possible 
extrem e case of a  long circuit in which for some reason it  is desired to  decode 
to  audio a t  four junction  po in ts as well as a t  the final term inal. I t  should 
no t be confused w ith  a series of spans betw een which the P C M  pulses are 
amplified or regenerated w ithout decoding. In  the la tte r  case, of course, the  
overall audio characteristics are independent of the  num ber of spans.

A udio Noise. Q uantizing was found to  be the only significant source of 
noise in the received audio signals. Noise levels m easured in the  absence of 
speech are shown in Fig. 27. T he m easurem ents are given for various num -
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hers of channels from one to ten, connected in tandem  as described in the 
preceding paragraph. Two scales of ordinates are shown in th is  figure. On

(1 0 0 0 - C Y C LE  T O N E )

Fig. 26. In p u t-o u tp u t characteristics of PC M  channels.

Fig. 27. Noise m easurements on idle PC M  channels.

the left is a reference scale of weighted noise em ployed in the  W estern 
E lectric 2B Noise S et; on the right, a  scale which relates the  corresponding 
unw eighted root-m ean-square noise to  th e  nom inal m axim um  und isto rted



42 B E L L  S Y S T E M  T E C H N I C A L  J O U R N A L

single-frequency o u tp u t of the system  (taken  to  be 9 decibels above a milli­
w a tt a t  zero level). T his o u tp u t corresponds to  an  in p u t ju s t reaching the 
peak lim iters. T hus in a  single link th e  idle circuit noise is down a b o u t 68 

decibels from  the full-load sine wave. F or five links in tandem , the readings 
are a t  least 8 decibels below the accepted  lim it (29 decibels on th e  left-hand 
scale) for noise a t  the end of a  4000-mile circuit. Q uantizing noise is found 
to  increase approxim ately three decibels for each doubling of th e  num ber of 
links, as is generally the case w ith o ther form s of random  noise.

F or a single channel, or a sm all num ber of channels in tandem , the  idle 
circuit noise varies considerably w ith  the vertical centering of th e  coding 
tube. T h is m ay be understood by  noting th a t if the zero-signal operating  
po in t effectively rests near the  center of a  “ tre a d ” on the  quan tizing  s ta ir­
case, (Fig. 4) a sm all am oun t of pow er hum  or o the r d istu rbance m ay sim ply 
m ove it back and fo rth  on the  sam e tread , in which case quan tizing  noise is 
en tirely  absent. On the o ther hand , if the  operating  po in t is near a  “ riser” 
the  sm all d istu rbances m ay cause it, to  joggle from  one tread  to  another, 
p roducing noise. T he m easurem ents given in F ig. 27 were ob ta ined  w ith a 
very qu ie t in p u t circuit and  w ith  th e  centering  ad justed  for m axim um  noise. 
T he “ joggling” w as produced largely by  residual power hum .

A-B tests to com pare P C M  transm ission over a single link w ith  d irect 
transm ission over a noise-free circuit of the sam e audio band  were carried ou t 
using a wide range of ta lker volumes. In  such tests only a  few experienced 
observers were able to pick the P C M  p a th  consistently . W hen the P C M  
circuit included live tandem  links m ost observers could tell the  difference, 
b u t all judged the q uality  to be more th a n  sa tisfac to ry  for toll service.

Crosstalk. I t  has been pointed  o u t earlier in th is  paper th a t  in terchannel 
crosstalk in  a P C M  system  can occur only in the term inal equipm ent. 
Considerable care w as exercised, p articu la rly  in  the  design of th e  tim e- 
division p a r ts  of the system , to hold individual sources of crosstalk to  70 
decibels or better. As a result, m easurem ents using a single-frequency te st 
tone and  a  cu rren t analyzer have shown the  overall crosstalk  from  any one 
channel to  any  o ther to be down 66 decibels in the w orst cases.

Very severe tests have also been m ade in which a loud ta lker was connected 
to  ten  channels of a group sim ultaneously and  crosstalk in to  either of the 
two rem aining channels (one odd, one even) was listened to, and  m easured 
w ith the 2-B Noise Set. In  such tests  unintelligible crosstalk  could be de­
tected, which seemed to  consist of changes in the quality  of the  quantizing  
noise occurring a t  a syllabic rate . T he 2-B readings averaged ab o u t a  
decibel above th e  quan tizing  noise of a single idle channel w ith  occasional 
peaks reaching the  17-decibel p o in t on the reference scale.

In  tests  involving 24 ta lkers in 12 sim ultaneous conversations, crosstalk 
was practically  undetectab le.
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Radio Interference and Noise. T o ob ta in  experim ental confirm ation of 
the expected tolerance to  high interference levels in the radio p a th , the 
o u tp u t of an oscillator, tu n ab le  th rough  the  band  near 65 megacycles, was 
superim posed upon th e  received in term ediate-frequency signal a t  the in p u t 
to  the group selection filters. W ith  th is controllable interference tuned near 
the center of the G roup 1 filter, and  its  am plitude se t 6 decibels below the 
peak am plitude of the (noise-free) pulses, errors were so p lentiful th a t  the 
dem odulator did n o t rem ain synchronized. P roper fram ing was restored  
when the am plitude difference was increased to 7 decibels, b u t enough 
decoding errors rem ained to give intolerable audio noise. A t 8 decibels 
only  an  occasional crackle of noise was observed, and  a t  9 decibels reception 
was perfectly  norm al. S im ilar tests of G roup 2 gave the same results except, 
of course, th a t  synchronization  was n o t affected. T h e  fact th a t  noise-free 
transm ission w as n o t m ain ta ined  qu ite  up  to  the  ideal 6-decibel po in t is due 
principally  to  the  w id th  (0.4 microsecond) of th e  gate which is applied  to  the 
rounded P C M  pulses en tering  the receiving equipm ent. If  necessary the 
ideal could undoub ted ly  be approached m ore closely by reducing this 
w idth, thus adm itting  only the extrem e peaks and troughs of the signal.

T he effects of ac tu a l fluctuation  noise were stud ied  by sending the P C M  
pulses over the radio p a th  a t  reduced level. T h e  boundary  betw een good 
and  bad transm ission was n o t so sharp  as w ith  the  continuous-w ave in te r­
ference, as should be expected because of the random  n atu re  of the noise. 
Flawless reception occurred when the root-m ean-square signal a t  the peak 
of a pulse was g rea ter b y  18 decibels th an  the root-m ean-square noise, both 
m easurem ents being m ade a t  the o u tp u t of a  group selection filter.
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Electron Beam  Deflection Tube for P ulse Code M odulation

By R . W . SEA R S

I n t r o d u c t io n

T )U L S E  code transm ission system s1 in  w hich successive signal am plitude 
sam ples are tra n sm itte d  b y  pulse code groups require special m odulators. 

T he essential opera tional requ irem en ts of a pulse code m odu la to r a re : (1) 
to  quan tize  or m easure th e  signal am p litude sam ple to  the  n ea rest s tep  in 
the  d iscrete am plitude scale tran sm itte d  b y  th e  pulse code system , an d  (2) 
to  generate th e  group of on-off pulses identify ing the  step.

Several m ethods have been proposed2 •3 •4 in w hich q u an tiza tio n  an d  pulse 
form ation  were perform ed w ith  circuits em ploying conventional electron 
tubes. T h e  circuits involved sequential an d  com parison operations and 
w ere n o t easily  ad a p te d  to  a m ulti-channel tim e division system  because of 
lim ita tions in coding speeds an d  th e  com plexity  of the  equipm ent. A n 
electron beam  deflection tube h as been developed which, toge ther w ith  as­
sociated  beam  positioning an d  sweep circuits, perform s the  m odulation  
rap idly , m aking  possible th e  sequential m odula tion  of a  num ber of channels 
in tim e division m ultiplex.

T h e  electronic principles, design an d  characteristics of the  experim ental 
tube  are described in  the  p resen t paper.

C o n v e r s io n  f r o m  S ig n a l  I n p u t  t o  P u l s e  C o d e  O u t p u t

A n electrical in p u t vo ltage m ay  be converted  in to  an  o u tp u t code pulse 
group w ith  th e  electron beam  deflection tu b e  show n in Fig. la .  An ap e rtu re  
or code m asking p la te  is arranged  perpend icu lar to  th e  axis of th e  electron 
gun a t  the  focal po in t. T h e  coord inates of th e  ap e rtu re  p la te  are aligned 
w ith  th e  deflection axes of th e  X  an d  Y  deflector p la te  pairs. T h e  electron 
beam  strikes th e  o u tp u t p la te  w hen it  passes th rough  an  opening in the  
ap e rtu re  p la te .

A n inpu t vo ltage of ap p ro p ria te  value  applied  to  the V  deflector p la tes 
will deflect the  beam  to  p o in t “a” of th e  ap e rtu re  p la te  as ind icated  in Fig. 
la .  A linear sweep vo ltage app lied  to  the  X  deflection p la tes , w hile the

1 An Experim ental M ulti-C hannel Pulse Code M odulation System of Toll Quality, 
L. A. M eacham  and E . Peterson, this issue.

2 A. H . Reeves, U. S. Patent «2,272,070, Feb. 3, 1942.
3 H. S. Black and J. 0 .  Edson, paper presented June 11, 1947 a t  A. I. E. E . m eeting; 

M ontreal, Canada.
1 W. M . Goodall, Bell System Technical Journal, Ju ly  1947.
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o

in p u t vo ltage on the  Y  deflection p la tes  is held  constan t, causes th e  electron 
beam  to sweep across th e  ap e rtu re  p la te  along the  dashed line a-b. A tim e 
sequence of o u tp u t pulses is p roduced a t  the o u tp u t p la te  w hen th e  beam  
passes th rough the  ap ertu res  of the  code p 'a te  along the  p a tli a-b.

A series of o u tp u t pulses or a  “pulse group” is characterized  by  the  p res­
ence of pulses a t  tim e positions corresponding to  th e  several vertical colum ns 
of apertures. T he code p la te  show n in Fig. 1 is la id  o u t in  accordance w ith

OUTPUT

CODE
M ASKING

PLATE

the b inary  num ber system  p a tte rn 5 which was chosen for the  p resen t pulse 
code w ork because of th e  sim plicity  of decoding. T h e  four-dig it code p la te  
shown in the tu b e  of Fig. 1 p rovides for coding only  16 am plitude values 
and  was used to  fac ilita te  the  illu stra tion . T h e  tu b e  developed for the  ex-

s T he four vertical columns of th e  four-digit code p late in Fig. lb  provide four positions 
in time for ou tp u t pulses. Vertical columns m arked 1, 2, 3 and 4 correspond to the first, 
second, th ird  and fourth digits, respectively, of the  pulse code transm itted . Pulses lo­
cated in time in accordance w ith th is notation are given “ weights” of 1, 2, 4 and 8, respec­
tively. Sixteen pulse group com binations are indicated by the 16 dashed horizontal 
lines in Fig. lb . T he pulse group defined by beam  sweep a  corresponds to a to ta l “ weight” 
of 15; beam positions 0  and y  correspond to to ta l “ weights” of 14 and 13, respectively, 
and so on, w ith the  bottom  horizontal dashed line in the  figure corresponding to zero.

Fig. 1—Electron beam  deflection tube for coding.



perim en ta l pulse code system  uses a  seven-digit code p la te  w hich provides 
for coding 128 am plitude values.

T h e  v ertica l d istances betw een th e  centers of successive code sweep posi­
tions (horizontal dashed  lines in  F ig. lb )  are m ade equal so th a t  the  codes 
a re  spaced b y  equal in p u t vo ltage steps. A continuous range of in p u t sig­
na l am plitudes will resu lt in  a  continuous range of h o rizon tal sweep positions. 
W ith  an  infin itely  sm all electron beam , in p u t signal am plitudes in the  range 
from  o to  y i  will produce a  single o u tp u t pulse group an d  in p u t signal sam ­
ple am plitudes from  y \  to  will produce an o th er o u tp u t pulse group. T h is 
process of div id ing the to ta l in p u t am plitude range in to  finite steps an d  a r ­
ranging th a t  in p u t vo ltages falling w ith in  each step  produce one an d  only 
one o u tp u t pulse group is called quan tiza tion .

T h e  tube of F ig. 1 will only quan tize  effectively if th e  electron beam  is 
infinitely  sm all an d  th e  sweep an d  ap e rtu re  p la te  axes are aligned exactly . 
W ith  a  finite beam  size, th e re  will be sweep positions for which th e  beam  
stradd les an d  sweeps o u t a com bination  of tw o ad jac en t codes.

Precise q u an tiza tio n  an d  a  uniform  pulse o u tp u t a re  required . T he 
problem s of quantizing , a lignm ent an d  uniform  pulse o u tp u t have  been 
solved b y  the  use of a  w ire grid , called th e  quan tiz ing  grid, located  in fron t 
of the  ap e rtu re  p la te .

Q u a n t iz a t io n  o f  B e a m  P o s it io n  b y  F e e d b a c k

T he quan tiz ing  grid  consists of a ho rizon tal a rra y  of grid w ires aligned 
parallel to  th e  code sweep or X  axis of th e  ap e rtu re  p la te . T h e  grid  spacings 
and  alignm ent are such th a t  a  w ire lies betw een each ad jac en t pa ir of code 
groups as viewed from  th e  various inc iden t angles of th e  deflected electron 
beam . T h e  quan tiz ing  grid, b y  m eans of an  electrical feedback p a th  to  th e  
signal deflection p la tes, d ivides the  in p u t signal range in to  a num ber of 
equal steps and  positions th e  electron beam  to  th e  p roper level for th e  code 
corresponding to  the  vo ltage step  w ith in  w hich th e  signal am p litude sam ple 
falls. T h e  quan tiz ing  grid  wires also constra in  th e  electron beam  during  
th e  form ation  of the o u tp u t code pulses, so th a t  i t  m u st sweep o u t th e  code 
in itia lly  selected. In  general, wires or shaped electrodes of an y  so rt located  
w here th e  electron beam  can  im pinge thereon  an d  connected in feedback 
re la tion  to  th e  deflection system  constra ins the  electron beam  to  m ove in 
p a tte rn s  prescribed b y  these electrodes an d  are th u s called beam  guides.

T h e  coding tu b e  w ith  quan tiz ing  grid  an d  feedback c ircu it is shown 
schem atically  in Fig. 2. T h e  electrode line-up, reading from  left to  rig h t 
in th e  figure, consists of an  electron gun, deflection system , secondary  elec­
tron  collector, quan tiz ing  grid , ap e rtu re  p la te  an d  o u tp u t p la te .

F or th e  p resen t purpose, a  consideration  of the  collector an d  o u tp u t p la te  
electrodes is o m itted  an d  it  is assum ed th a t  th e  grid  does n o t em it secondary
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electrons w hen bom barded. E lectrons w hich strike  the  grid  produce a cu r­
re n t in the  grid circu it while electrons th a t  miss th e  grid  have no effect in 
th e  grid circuit. T h e  electron beam  cu rren t in te rcep ted  b y  th e  grid  will be 
dependen t on the  y  deflection or position  of th e  electron  beam . T h e  cur­
ren t is a m axim um  w hen th e  beam  is cen tered  on a  grid w ire an d  a  m ini­
m um  when it  is cen tered  betw een tw o grid  wires an d  varies w ith  beam  posi­
tion  as ind icated  b y  the  curve in th e  lower p o rtion  of F ig. 3. T he curve is 
constructed  for the  case in  which th e  beam  d iam eter is sligh tly  g rea ter than  
the  space betw een tw o grid wires. T he cu rren t to  the grid  never becomes 
zero for an y  beam  position . I t  m ay  be th o u g h t of as hav ing  a “ d-c. com ­
p o n en t” B . Am plifier 2 in Fig. 2 in troduces a b ias which cancels th is “ d-c. 
com ponent” so th a t  th e  feedback vo ltage is sym m etrical ab o u t zero.

T he grid cu rren t is am plified an d  the  vo ltage developed is applied  in  feed­
back rela tion  to  th e  Y  deflection p la tes as show n in Fig. 2. T h e  case in 
which a positive feedback p o ten tia l deflects the  beam  in the sam e d irection  
as th a t  for a positive signal vo ltage will be considered.

T he beam  deflecting voltage is equal to  the sum  of signal and  feedback 
voltages an d  the beam  position is a  linear function  of th e  deflection voltage 
so we m ay w rite

— e +  D y  =  e/ (1)

where e is th e  in p u t signal voltage, D  th e  deflection constan t, y  th e  beam  
deflection or position an d  e{ th e  feedback voltage. T h e  feedback vo ltage 
e/ is a periodic function  of beam  position  y. E q u atio n  1 therefore defines 
equilibrium  beam  positions for in p u t signal vo ltage e. E qu ilib rium  beam  
positions in  accordance w ith  E q u a tio n  1 are determ ined  graphically  in  the
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top  po rtion  of Fig. 3. T h e  feedback vo ltage represen ting  the  rig h t-h an d  
side of E q u a tio n  1 is p lo tted  as a  function  of beam  position . T h e  electron 
beam  will have several possible positions of equilibrium  a t  po in ts {p i, p2, 
p3, p i ,  p5, p6  and  p i )  w here the  deflection line D  erected  from  — e, rep re­
sen ting  the  le ft-hand  p o rtion  of E q u a tio n  1, crosses th e  feedback curve. 
T hese are the  only beam  positions for w hich th e  deflection p o te n tia l (signal 
p lus feedback) a tta in s  co rrec t values for corresponding beam  positions.

Fig. 3—Graphical representation of quantization.

H ow ever, only  positions p i ,  p3, p5  an d  p i  w ill be in  a  tru e  s ta te  of e q u ilib - ,  
rium . T h is can  be seen as follows: Consider th e  beam  a t  p o in t p 3 ; if the 
beam  is p e rtu rb ed  tow ard  the  righ t, th e  feedback vo ltage tending  to  deflect 
th e  beam  to  th e  left increases. T h e  opposite ac tion  ensues if th e  beam  is 
p ertu rb ed  in  th e  left-hand  direction . P o in t p3  is a tru e  equilibrium  po in t. 
O n th e  o ther hand , consider the  beam  a t  position p i .  If  the  beam  is per­
tu rb ed  to  the righ t, th e  feedback voltage tending  to  deflect i t  to  th e  righ t 
increases an d  th e  beam  continues to  m ove u n til i t  reaches th e  equilibrium
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position  p5. If  the  beam  is p e rtu rb ed  to  the  left from  position  p i  i t  will 
continue to  m ove to  the left un til it reaches position  p3.

T he num ber of possible equilibrium  beam  positions for an  in p u t signal 
sam ple depends on th e  m axim um  values of the  feedback voltage an d  the 
slope of th e  deflection characteristic . I t  is necessary th a t  only one equilib­
rium  beam  position be availab le for a  p articu la r sm all range of signal voltage. 
T h is can be achieved as follows: if a signal voltage e is established w ith  
th e  feedback circu it inoperative , the  beam  will be a t  a  position  p , F ig. 3. 
W hen the feedback c ircu it is a c tiv a te d  w ith  th e  signal vo ltage held  a t  e, the 
beam  will m ove from  p  to  p3. W ith  th is procedure, signals in  the  range 
from  C\ to  «2 will resu lt in equilibrium  beam  positions betw een po in ts  I and  
r on the curve. T hus, for signal vo ltages w ith in  the  range from  C\ to  e2 the 
beam  will fall in the sm all spacial in te rv a l m , w hereas beam  positions for 
in p u t signals in  the sam e range w ithou t feedback w ould v a ry  from  grid 
wire 5 to  grid wire 6 . Likewise, signal vo ltages betw een e2 an d  e3 will cause 
the beam  to  assum e positions betw een 5 an d  I in  th e  spacial in te rv a l n. 
T he electron beam  m ay  be th o u g h t of as “ lean ing” on one side of a  grid 
wire for a finite signal vo ltage range an d  on the sam e side of th e  nex t grid 
wire for an  ad jacen t signal vo ltage range.

If  the  feedback vo ltage is of the  opposite p o la rity  to  th a t  assum ed above, 
th e  quantizing  ac tion  proceeds in  the  sam e m anner except th a t  the  q uan ­
tized  beam  positions lie a t  th e  left of th e  wires. T h e  beam  m ay  be th o u g h t 
of as “ leaning” on the  opposite side of the  grid wire.

T he proper quan tiz ing  ac tion  is ob ta ined  b y  establish ing an d  holding the  
signal vo ltage w ith  the feedback circu it inoperative an d  then  ac tiv a tin g  th is 
circuit. T h e  feedback circu it m ay  be deac tiva ted  an d  ac tiv a ted  b y  either 
(a) blanking an d  deblanking the  electron beam , or (b) defocusing and  
focusing the  electron  beam  b y  apply ing  th e  p roper vo ltage change to  the  
beam  control or focusing electrodes of the  gun, respectively.

Since the  grid  w ires are para lle l to  the  horizon tal rows of ap e rtu re  holes, 
th e  feedback action  constra ins the beam  to  sweep o u t th e  code group in itia lly  
selected even though th e  sweep axis is tilted  sligh tly  w ith  respect to  the  
grid wires and  ap e rtu re  p la te . T h e  m axim um  swing of th e  feedback v o lt­
age a t  th e  deflection p la tes  should be ab o u t th ree or four tim es the  value of 
the voltage required  to  deflect th e  beam  from  one code group to  th e  nex t in 
order to  provide am ple p ro tec tion  aga inst th e  beam  jum ping  from  one code 
group to  th e  nex t code group during  the  sweep.

T h e  E x p e r im e n t a l  C o d in g  T u b e

T he seven-digit experim ental tu b e  developed for pulse code transm ission 
system  tria ls utilizing th e  electrode lineup shown schem atically  in  F ig. 2 is 
p ic tu red  in  F ig. 4. T h e  electron gun  assem bly an d  th e  ta rg e t p la te  assem bly



4—Experim ental seven-digit coding tube.

/

BELL 
SYSTEM

 
TEC

H
N

IC
AL 

JO
U

R
N

A
L



T U B E  FOR F U L S E  CODE M O D U L A T IO N 51

are sealed in  a t  opposite ends of the  tube envelope. T h e  over-all length  of 
the tube is 1 1J "  w ith  a m axim um  bulb d iam eter of 2 \" .

T he electron gun operates a t  a  final anode p o te n tia l of 1000 vo lts  w ith  a 
beam  cu rren t of approx im ate ly  10 m icroam peres. A p o ten tia l of a b o u t 100 
vo lts  applied  to  th e  signal in p u t deflection p la tes  deflects th e  beam  from  the  
center to  th e  top  of th e  ap e rtu re  p la te . T h is corresponds to  a  m axim um  
deflection angle of IO50.

T he four electrodes of the  ta rg e t assem bly, secondary collector, quantizing 
grid, apertu re  p la te  and  o u tp u t p la te  are shown in th e  pho tograph  of Fig. 5 
from  b o tto m  to top  respectively. T h e  secondary  collector is a sim ple rec­
tangu lar shaped electrode. T he quantizing  grid  consists of a circular fram e 
w ith  a parallel a rray  of grid  wires s tre tched  across a  rec tangu lar opening. 
T he ap e rtu re  p la te  is a  th in  disc w ith  ap e rtu re s  arranged  in a  b in a ry  p a tte rn  
w hich provides for a  seven-digit code. T h e  o u tp u t p la te  is a  th in  circular 
disc. B o th  ap e rtu re  an d  o u tp u t p la tes are coated  w ith  a  carbon layer to 
suppress secondary electron em ission from  the ir surfaces.

T he p a rts  of the  ta rg e t assem bly are held in accurate  alignm ent in  a  jig 
an d  cem ented and  held in  position on four ceram ic rods. T he entire as­
sem bly is held rigidly in the tube  envelope by  m eans of spacers a ttac h ed  to  
the  quantizing  grid an d  o u tp u t p la te .

T he ta rg e t assem bly is aligned w ith  the  electron gun an d  deflection p la te  
axes by  m eans of lineup tools in the  g lass 'la the  a t  th e  tim e th e  final seal is 
m ade a t  the cen ter of the glass envelope. I t  has been possible to  hold  the 
alignm ent of the  deflection axes w ith  the ap e rtu re  p la te  to  w ith in  slightly  
less than  1° w ith  th is  construction .

T he construction  of the  quan tizing  grid m ay  be seen m ore clearly  in the 
photograph  of F ig. 6 . T h e  grid  fram e has raised  portions on tw o sides of 
the rec tangu lar opening. T hese are m illed w ith  a series of grooves for each 
grid wire. T he grid la terals are affixed in the grooves by  brazing an d  are 
thus accurately  spaced w ith respect to  each o ther and  to  assem bly  lineup 
holes which can be seen spaced around  the edge of the  grid fram e. 
T he wires are held ta u t  b y  m eans of a  fla t spring w hich is welded to  the  
grid fram e an d  supplies tension to  stre tch  the  la te ra l w ires. T h e  grid  wires 
a re 4.0 mils in  d iam eter, processed to  have a  secondary  em ission coefficient 
of ab o u t 3. T h e  la te ra ls  are spaced 11.6 mils betw een centers.

T he openings in  th e  ap e rtu re  p la te  are m ade by  a punching  operation. 
T he area  of the ap e rtu re  p la te  covered by  the first an d  second d ig it colum ns 
is m illed to  a  th ickness of 5 m ils in  o rder to  fac ilita te  accurate  punching of 
the sm allest apertu res. T h e  apertu res in th e  first d ig it colum n (bottom  
horizontal row in Fig. 5) a re  rec tangu la r .012" x .062". T h e  seven-digit 
code p a tte rn  p rovides 128 different o u tp u t pulse groups. T he wide openings
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Fig. 5—T arget electrodes.
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a t  the le ft hand  side of th e  ap e rtu re  p la te  in Fig. 5 prov ide a  peak  am plitude 
range for w hich the o u tp u t pulse group consists of all seven pulses. T h is  in 
effect provides a  peak lim iting  action.

L eads from  the four electrodes of th e  ta rg e t assem bly are b rough t o u t 
d irec tly  to  te rm inal caps on th e  side an d  end of the  tu b e  envelope to  decrease 
the  in terelectrode capacitances an d  to  fac ilita te  d irec t connection to  ex ternal 
circuits.

Fig. 6—Quantizing grid.

O p e r a t io n a l  a n d  D e s ig n  C o n s id e r a t io n s

T he quantizing  ac tion  depends on th e  periodic v a ria tio n  of electron  beam  
curren t in te rcep ted  b y  th e  w ires of the  quan tizing  grid w ith  beam  position. 
Secondary electron emission from  th e  grid an d  o ther electrodes w as assum ed 
to  be negligible w ith  th e  feedback circu it connected d irec tly  to  the  q u an tiz ­
ing grid as shown in Fig. 2. T h e  uniform  suppression of secondary  electrons 
is difficult to  achieve even though  th e  grid  is coated  an d  processed for a  low 
secondary ra tio . I t  is also difficult to  p reven t secondary  electrons produced 
a t  the  apertu re  p la te  from  being collected b y  th e  grid.

A preferred  m ethod  of operation  utilizes the secondary  electrons produced
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a t  the  grid  by  the  im pinging p rim ary  beam  for the quan tiz ing  action  ra th e r  
th a n  th e  d irec tly  in tercep ted  electron cu rren t as heretofore assum ed. T he 
secondary  electron collector located  in  fro n t of th e  quan tiz ing  grid  is m ain ­
ta ined  a t  a  positive p o ten tia l an d  collects m ost of th e  secondaries from  the 
grid. T here  is, of course, a  correspondence betw een the  secondary  electron 
cu rren t an d  the frac tio n  of the beam  cu rren t in te rcep ted  b y  the grid  wires. 
T h e  quan tiz ing  circuit is m ade by  connecting the  feedback p a th  to  the 
secondary  collector an d  the  quan tiz ing  ac tion  proceeds as described h ere to ­
fore. T h is m ethod  h as th e  following ad v an tag es over th e  d irec t p rim ary  
cu rren t m ethod : ( 1) the  collector cu rren t as a function  of beam  position  is 
m uch  m ore regular; (2) th e  swing betw een m axim um  an d  m in im um  cu rren t 
is considerably larger because of the secondary  em ission m u ltip lication  a t  
the grid surface; an d  (3) the  capac itance betw een  collector and  ground is 
lower th a n  the  capacitance betw een  the closely spaced grid  an d  ap e rtu re  
p la te .

W ith  secondary electron cu rren t feedback, the  ap e rtu re  p la te  is opera ted  
a t  a  positive p o te n tia l re la tive  to  the  grid  to  suppress secondary  electrons 
from  the ap e rtu re  p la te . T h e  p ropo rtion  of th e  secondary  em ission from 
th e  grid  collected b y  th e  ap e rtu re  p la te  is sm all com pared w ith  th a t  collected 
by  th e  secondary collector. H igh  velocity  secondaries o rig inating  a t  the 
ap e rtu re  p la te  are, how ever, ab le  to  p en e tra te  the  re ta rd ing  field an d  strike  
the  grid. T hese energetic secondaries produce low -velocity secondaries a t  
the  grid  which flow to th e  secondary  collector electrode. T h is  a lte rs  the 
charac ter of the  secondary  collector cu rren t in accordance w ith  the  spacial 
p a tte rn  of th e  apertu res in the  code p la te . T he surface of the ap e rtu re  p la te  
is carbonized to  reduce th e  em ission of high-velocity  secondaries. T h e  spa­
cial varia tio n  of th e  quan tiz ing  cu rren t is reduced to  less th a n  10%  of 
th e  to ta l quan tiz ing  cu rren t sw ing w ith  th is  trea tm e n t.

T h e  periodic n a tu re  of the  quan tiz ing  cu rren t w ith  beam  position m u st be 
as uniform  as possible as regards b o th  th e  “a-c” an d  “ d-c” com ponents. 
T h e  m axim um  swing should  also be as large as possible to  perm it the  use 
of the lowest possible im pedance in th e  feedback p a th  to  ob ta in  a w ideband 
characteristic  for fas t coding.

T h e  factors w hich determ ine th e  m axim um  cu rren t swing are electron 
beam  cu rren t, secondary  em ission coefficient of the  g rid  w ires, electron 
beam  spo t size, grid  w ire d iam eter an d  spacing. T he quan tized  beam  falls 
approx im ate ly  halfw ay betw een th e  cen te r of a grid  wire an d  the  m idpo in t 
betw een wires. T h e  beam  m u st be sm all enough th a t  its  edge does not 
ex tend  into the region beyond  the  w ire on which i t  “ leans” by  an  a p p re ­
ciable am oun t. T h is  is ob ta ined  w ith  th e  electron  beam  focused to  a spot 
slightly  sm aller th a n  th a t  for m axim um  quan tiz ing  cu rren t am plitude.
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O ptim um  perform ance has been ob ta ined  w ith  the  electron beam  focused 
to  a radius6 of ab o u t 5 mils for the  grid  spacings previously  specified.

T he principal irregularities in the periodic quan tizing  cu rren t are caused 
by  varia tions in secondary em ission coefficient of the grid an d  apertu re  
p la te  and  deflection defocusing of th e  electron beam . T h e  secondary 
emission from  the grid surface can be m ade sufficiently uniform  by  careful 
processing. T his is illu stra ted  in Fig. 7 which is a trace  of an  oscilloscope

Fig. 7—Variation of quantizing curren t with beam deflection.

Fig. 8—Deflection defocussing.

presen ta tion  of the  secondary collector cu rren t as th e  beam  is deflected b y  a  
linear sweep a t  r ig h t angles to  the  grid la terals. T h e  trace  w as lim ited to  
cover a  sufficiently sm all num ber of w ires to  show details of its shape. 
F igure 8a illu stra tes the effect of deflection defocusing. T he sweep was 
expanded to  cover all of the  grid wires an d  the electron beam  focused for 
m axim um  am plitude in the  cen ter region. T h e  curve is so com pressed th a t

6 D istance from the  center of the beam  to a  po in t a t  which the electron current density 
is 5%  of its value a t  the center.
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th e  ind iv idual oscillations of th e  cu rren t betw een m axim um  an d  m inim um  
values can  h ard ly  be resolved. T h e  envelope of th e  curve indicates the  
ex ten t to  w hich th e  swing is reduced  a t  the  two ends by  the increase in 
electron beam  sp o t size w hich resu lts  from  deflection defocusing. In  Fig. 
8b, th e  focusing vo ltage has been  changed b y  12 vo lts  an d  i t  can be seen 
th a t  th e  beam  is in  focus a t  th e  m axim um  deflection angles an d  o u t of 
focus in  th e  cen ter region. W ith  an  in te rm ed ia te  or com prom ise focus v o lt­
age, th e  tu b e  will quan tize  sa tisfac to rily  over th e  en tire  code range. B est 
resu lts  have  been ob ta ined  w ith  th e  tu b e  in  th e  experim ental pulse code 
system  b y  th e  use of a  sim ple c ircu it w hich changes th e  focus vo ltage in  a 
linear m anner w ith  the  rectified or abso lu te  value of th e  in p u t deflecting 
signal th u s  com pensating  for th e  deflection defocusing of th e  tube.

Fig. 9—T ypical pulse code outputs.

T h e o u tp u t p la te  is usually  opera ted  a t  a  positive p o te n tia l re la tive  to  the 
ap e rtu re  p la te  w ith  a t te n d a n t suppression of secondary  em ission from  the 
form er. O u tp u t pulses of opposite p o la rity  m a y  be ob ta ined  b y  operating  
th e  o u tp u t p la te  a t  a  negative p o ten tia l an d  processing th is  p la te  to  have a 
secondary  emission ra tio  g rea te r th a n  u n ity .

T h e  several groups of o u tp u t pulses show n in F ig. 9 a re  illu stra tive  of the 
tu b e  o u tp u t. Successive d ig it pulse positions occur from  le ft to  r ig h t in 
the  figures. T h e  sm all k ink  in th e  base line a t  th e  first an d  second digit 
pulse positions in  codes a  an d  b respectively  a re  sm all erro r pulses caused 
b y  a  sm all portion  of th e  edge of th e  beam  overlapping a  grid  w ire w hen the 
beam  is quan tized . E rro r  pulses of th is  m agn itude are  read ily  e lim inated  
b y  slicing w hen th e  tube  is used in the pulse code transm ission  system .
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Coding tubes have opera ted  sa tisfac to rily  for long periods of tim e in the 
experim ental m ulti-channel pulse code system  an d  have requ ired  m inor 
ad ju stm en ts  of po ten tia ls  no m ore th a n  once a  day . T h e  tu b e  opera tes in 
th is equipm ent w ith  a  code sweep tim e of 10 m icroseconds.

A c k n o w l e d g m e n t

T h e w riter wishes to  acknow ledge the  original suggestions of D r. F . B. 
Llewellyn and  M r. G. H ech t an d  th e  help  of h is colleagues. T h e  co n trib u ­
tions an d  w holehearted  cooperation  of M essrs. C. B. F eldm an, L . A. 
M eacham  an d  the ir associates who concurren tly  developed the pulse code 
system  an d  circuits associated  w ith  the  coding tube, have been invaluable. 
M r. A. Salecker deserves a g rea t deal of c red it for th e  detailed  m echanical 
design of the tube  an d  his w ork in  p roducing  tu b e  models.

T he developm ent w as under the over-all d irection  of M r. J . R . W ilson 
an d  D r. S. B . Ingram .



M etallic Delay Lenses

By W IN S T O N  E . K O C K

A metallic lens an tenna  is described in which the  focussing action is obtained 
by a reduction of the phase velocity of radio waves passing through the  lens ra ther 
th an  by increasing it  as in th e  original m etal p late  lens. T he lens shape accord­
ingly corresponds to th a t  of a  glass optical lens, being thick a t  the  center and 
th in  a t the edges. T he reduced velocity or “delay” is caused by the presence of 
conducting elem ents whose length in the direction of the electric vector of the 
impressed field is small compared to the wavelength; these ac t as small dipoles 
similar to the  m olecular dipoles set up in non-polar dielectrics by an impressed 
field. T he lens possesses the  relatively broad band characteristics of a  solid 
dielectric lens, and since the conducting elem ent can be m ade quite light, the 
weight advan tage of the  m etal lens is retained. Various types of lenses are 
described and a theoretical discussion of the expected dielectric constants is given.
An antenna design which is especially suitable for microwave repeater application 
is described in some detail.

I n t r o d u c t io n

TH E  m eta l lens an ten n as described by  the  w riter elsew here1 com prised 
rows of conducting  p la tes w hich ac ted  as w ave guides; a  focussing effect 

w as achieved b y  v irtu e  of th e  h igher phase velocity  of electrom agnetic 
w aves passing betw een th e  p la tes. H igher phase velocity  connotes an  
effective index of refraction  less th a n  un ity , an d  a converging lens therefore 
assum es a concave shape. T h e  rela tion  betw een th e  index of refraction  a, 
the p la te  spacing, a, an d  the w avelength A

n  =  V l  -  (X /2a ) \  (1)

indicates th a t  the  refractive index varies w ith wave length. As a  conse­
quence, such lenses exh ib it “ chrom atic  ab b e ra tio n ” ; i.e. the  b an d  of fre­
quencies over w hich they  will sa tisfacto rily  opera te  is lim ited. A lthough 
some of these lenses m ay  have  am ple b andw id th  (15%  to  20% ) for m ost 
m icrow ave applications, others, hav ing  large ap e rtu re s  in w avelengths, m ay  
have ob jectionable bandw id th  lim ita tions. F or exam ple, the  lens of Fig. 1, 
hav ing  an  ap e rtu re  d iam eter of 96 w avelengths, has a useful bandw id th  of 
only  5% .

As a  m eans for overcom ing these b an d  lim itations, th e  m etallic lenses of 
th is paper were developed. T h ey  are ligh t in w eight an d  possess an  index of 
refraction  w hich can be m ade sensibly co n s tan t over an y  desired b an d  of 
m icrowave frequencies. T h ey  avo id  th e  w eight d isadvan tages of glass or 
p lastic  lenses, an d  re ta in  the  to lerance and  shielding adv an tag es of the  lens

1 W. E . Rock, Bell Laboratories Record, M ay  1946, p. 193; Proc. I .  R. E ., Nov. 1946,
p. 828.
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over the reflector an ten n a . Because electrom agnetic w aves passing th rough 
them  are slowed down or “ delayed” (as in the glass lenses of optics), th ey  are 
called delay lenses; an d  since the elem ents in the lenses which produce the  
delay are purely  m etallic, th ey  are called m etallic delay  lenses.

Fig. 1—W aveguide m etallic lens having an aperture  of 96 w avelengths and a  useful 
bandwidth of 5%.

P A R T  I— E X P E R IM E N T A L

F u n d a m e n t a l  P r in c ip l e s

T he artificial dielectric m ateria l which constitu tes the  delay  lens was 
arrived  a t  b y  reproducing, on a  m uch larger scale, those processes occurring



60 B E L L  S Y S T E M  T E C H N IC A L  J O U R N A L

in the m olecules of a  tru e  dielectric which produce the  observed delay  of 
electrom agnetic w aves in  such dielectrics. T h is involved arrang ing  m etallic 
elem ents in a  three-dim ensional a rra y  or la ttice  s tru c tu re  to  sim ulate the 
crysta lline la ttices of th e  dielectric m ateria l. Such a n  a rra y  responds to 
radio  w aves ju s t as a  m olecular la ttice  responds to light w aves; the free 
electrons in  the  m eta l elem ents flow back an d  fo rth  under the  ac tion  of the 
a lte rn a tin g  electric field, causing the elem ents to  becom e oscillating dipoles 
sim ilar to  th e  oscillating m olecular dipoles of th e  dielectric. In  bo th  cases, 
th e  rela tion  betw een th e  effective d ielectric co n s tan t e of th e  m edium , the 
density  of th e  elem ents N  (num ber p er u n it volum e) an d  th e  dipole s tren g th  
(po larizab ility  a  of each elem ent) is approx im ate ly  given by

e =  e0 +  N a  (2)

where eo is th e  dielectric co n s tan t of free space.
T here  are tw o requ irem ents w hich are im posed on th e  la ttice  s tru c tu re . 

F irs t, the  spacing of th e  elem ents m u st be som ew hat less th a n  one w ave­
length  of th e  sh o rtes t radio  w ave length  to  be tran sm itted , otherw ise dif­
fraction  effects will occur as in  o rd inary  dielectrics w hen th e  w avelength  is 
sho rte r th a n  th e  la ttice  spacing (X -ray  d iffraction b y  crysta lline substances). 
Secondly, th e  size of the  elem ents m u st be sm all re la tive  to  th e  m inim um  
w avelength  so th a t  resonance effects are avoided. T h e  first resonance 
occurs w hen th e  elem ent size is approx im ate ly  one half w avelength , an d  for 
frequencies in the  v ic in ity  of th is resonance frequency  th e  po larizab ility  a  of 
the  elem ent is n o t independen t of frequency. I f  th e  elem ent size is m ade 
equal to  or less th a n  one q u a rte r  w avelength  a t  th e  sm allest operating  
w avelength , i t  is found th a t  a  an d  hence e in  equa tion  2 is su b stan tia lly  
c o n s tan t for all longer w avelengths.

Since lenses of th is  type  will effect an  equal am o u n t of w ave delay  a t  all 
w avelengths w hich are long com pared  to  th e  size an d  spacing of th e  objects, 
th e y  can be designed to  operate  over an y  desired w avelength  band . F or 
large opera ting  bandw idths, th e  stepp ing  process2 is to  be avoided, since the 
s tep  design is correct on ly  a t  one p articu la r w avelength . Such unstepped  
lenses are  th icker, b u t th e  d iffraction a t  the  steps is e lim inated  and  a som e­
w h a t h igher gain an d  superior p a tte rn  com pared to  a  stepped  lens is achieved. 
B y  tilting  the lens a  sm all am ount, energy reflected from  it  is p reven ted  from  
en tering  th e  feed line an d  a good im pedance m atch  betw een the an ten n a  anti., 
th e  line can  be m ain ta ined  over a  large b an d  of frequencies.

A no ther w ay  of looking a t  the  w ave delay  produced  b y  la ttices of sm all 
conductors is to  consider them  as capac ita tive  elem ents w hich “ load” free

2 T he lens of Fig. 1 has 12 steps.
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space, ju s t as parallel capacito rs on a transm ission  line a c t as loading ele­
m ents to  reduce th e  w ave velocity . Consider a  charged parallel p la te  air 
condenser w ith  its electric lines of force perpendicu lar to  th e  p la tes. I ts  
capacity  can be increased e ither b y  th e  insertion  of d ielectric m a teria l o r b y  
the  insertion of insu lated  conducting  ob jects betw een  the  p la tes if the  ob­
jects have some length  in  th e  d irection  of the  electric lines of force. T h is is 
because such objects will cause a rea rrangem en t of the  lines of force (w ith a 
consequent increase in  th e ir  num ber) sim ilar to  th a t  p roduced  b y  the  shift, 
due to  a n  applied field, of the  oppositely  charged particles com prising the  
molecules of the dielectric m ateria l. T h e  conducting  elem ents in the  lens 
m ay  th u s  be considered e ither as portions of ind iv idual condensers, or as 
objects which, under the  ac tion  of th e  applied  field, a c t as dipoles an d  p ro ­
duce a  dielectric polarization , sim ilar to  th a t  form ed b y  the  rea rrangem en t of 
the  charged particles com prising a  non-polar dielectric.3 E ith e r  v iew poin t 
leads to  the delay  m echanism  observed in the  focussing ac tion  of th e  a r t i­
ficial d ielectric lenses to  be described.

E x p e r im e n t a l  M o d e l s

W e tu rn  now to  experim ental exem plifications of lenses b u ilt in  accordance 
w ith  the principles ou tlined above.
(a) Sphere Array

One of the  sim pler shapes of conducting  elem ents to  be tr ied  was the 
sphere. F igure 2 is a  sketch  of a n  a rra y  of conducting  spheres arranged  
approxim ately  in  th e  shape of a  convex lens. T h e  spheres a re  m o u n ted  on 
insu lated  supporting  rods; th e  m icrow ave feed ho rn  an d  receiver a re  shown 
a t  the right. T he focal length  is / ,  the  rad ius of th e  lens “ a p e r tu re ” is y,  
th e  m axim um  thickness is x  an d  n o t only  the  spacings si an d  s2 b u t  also the 
size of the spheres are sm all com pared to  th e  w avelength . R ay s A  an d  B  
are of equal electrical length  because ra y  A  is slowed dow n or delayed in 
passing th rough  th e  lens. F igure 3 is a  p h o tog raph  of th e  lens of F ig. 2; 
it  also po rtray s a  sim ilar sphere a rra y  lens m ade of steel ball bearings su p ­
p o rted  b y  sheets of po lystyrene foam'1 w hich h av e  holes drilled in  th em  to 
accept the spheres. In  b o th  cases the  balls are arranged  in a  sym m etrical 
la ttice. I t  will be show n below th a t  th e  po la rizab ility  a  of a  conducting

3 Polar dielectrics have arrangem ents of charge‘d particles which are electric dipoles 
even before an external electric field is applied; th e  field tends to align these and the  am ount 
of polarization (and hence the  dielectric constant) th a t  they exhibit depends upon tem pera­
ture, since collisions tend to destroy the alignm ent. N on-polar (or hetero-polar) molecules 
have no dipole m om ent un til an electric field is applied; the  polarization of such m aterials 
(and of the artificial dielectrics we are discussing) is accordingly independent of tem pera­
ture. Sed, for example, Debye, “ Polar Molecules” , Chap. III.

< Styrofoam  (Dow ). Because of its  low density  (1 to 2 pounds per cu. f t .) , its  contribu­
tion to the wave delay is negligible (er =  1.02).
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Fig. 2—L attice  of conducting spheres arranged to form a convex lens.

sheets.
Fig. 3—L eft: T he sphere lens of Fig. 2. R ight: Sphere lattice  supported by foai

sphere of rad ius a is 47re0a3, so th a t ,  for s ta tic  fields, th e  re la tive  d ielectric 
co n stan t is, from  (2),

er =  e/«o =  1 +  4ttíVo3,

where N  =  num ber of spheres per u n it volum e. ,
F or m ost dielectrics, the  index of refraction  is sim ply  th e  square  ro o t of 

th e  re la tive  dielectric constan t. H ow ever, in  the  case of the sphere lens a t  
m icrow aves eddy  cu rren ts on th e  surface of the  spheres p rev e n t th e  m agnetic
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lines of forces from  p en e tra tin g  them  an d  it will be seen la te r th a t  th is  effect 
causes the expected value of th e  index of refraction  to  be sm aller th a n  th a t  
determ ined by  the usual equation

n2 =  e,. (4)

T o  avoid th is effect th e  elem ents should  be shaped  so as n o t to  a lte r  the  
m agnetic lines of force. T h is  can be done b y  m aking the ir dim ension in the 
direction  of p ropagation  of the  im pressed w aves negligibly sm all.
(b) Disk A rray

One accordingly arrives a t  th e  lens design show n in F ig. 4  in  w hich th e  
spheres a re  rep laced b y  copper foil disks lying in  p lanes para lle l to  the

Fig. 4—L attice  of conducting disks arranged to form a plano-convex lens. Polystyrene 
foam sheets support the disks.
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im pressed E  an d  77 vectors. T h e  supporting  sheets are again  po lystyrene 
foam . T h e  foil disks h av e  negligible th ickness so th a t  th e  m agnetic  lines 
a re  unaffected as show n in Fig. 5. E q u a tio n  (4) is therevore  valid  even a t  
rad io  frequencies an d  th e  index of refraction  of th is  m a teria l is ob ta inab le

from  (4) an d  (2) w ith  a  equal to  ^  *° a , as shown in th e  la st section.

(c) Strip  A rray
B o th  th e  sphere an d  disk ty p e  lenses have  th e  ad v an tag e  th a t  th e y  will 

perform  equally  well on horizon tally  or vertically  polarized waves. I f  the  
lens is requ ired  to  focus only  one ty p e  of w ave po larization  the  disks can be 
rep laced b y  th in , flat, conducting  s trip s  ex tending  in leng th  in th e  d irection

Fig. S—D isturbance of the  m agnetic field is avoided In' the  use of disks instead of 
spheres.

of th e  m agnetic  v ec to r of th e  applied  field. A sim ple m ethod  of constructing  
such a  lens is show n in  Fig. 6. S labs of dielectric foam  are  s lo tted  to  a 
dep th  equal to  th e  strip  w id th  an d  each slab is m arked  w ith  th e  profile 
con tour necessary to  produce th e  final plano-convex lens. T h e  m etal 
strip s  a re  th en  cu t to  th e  leng th  ind icated  on th e  profile a n d  inserted  in  the 
slots. W ith  th e  strips in place the  u n it slabs are  s tacked  on to p  of one 
an o th er an d  held in  a  m oun ting  fram e to  form  th e  com plete lens. F igure 7 
shows one slab of a  10-foot s tr ip  type  lens being assem bled a n d  F ig. 8 shows 
a  six-foot square lens half assem bled. F igure 9 shows d irectional p a tte rn s  
of a  3-foot d iam eter lens of th is  type  m ade up of -f inch x .005 inch strips 
spaced f "  in the  slabs an d  th e  slabs th ick . T h e  th ree  p a tte rn s  were 
ta k e n  over a  12%  b and  of frequencies w ith  th e  lens purposely  illum inated  by
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a  low d irec tiv ity  feed a t  the focal po in t. T h is produced an  alm ost uniform  
illum ination  across the  ap e rtu re  a t  a ll th ree  w avelengths so th a t  th e  side 
lobes were no t too well suppressed. H ow ever, the  deep m inim a in all th ree 
d irectional p a tte rn s  ind icate th e  rela tive absence of cu rv a tu re  of th e  em erg­
ing phase fron t; th is  signifies th a t  the strip  dielectric has a negligible varia­
tion  of refractive index over the  ind icated  w avelength band .
(d) Sprayed Sheet Lenses 

T he disk lens or strip  lens can  be construc ted  in the m anner ind icated  in 
Fig. 10, which shows two lenses m ade b y  spray ing  conducting p a in t on th in  
dielectric sheets th rough  m asks. T h is  resu lts in round  d o t or square do t

p a tte rn s  on the  sheets an d  the  size circle used on each sheet determ ines the  
three-dim ensional contour w hen the sheets are stacked  up  to  form  the  lens. 
Those in  th e  pho tograph  are spaced b y  w ooden spacers as show n in th e  sketch  
of Fig. 11; for large lenses it  would p robab ly  be preferable to  cem ent the  
sheets to  po lystyrene foam  spacers, th e reb y  m aking a solid foam  lens. 
Because of the sm all size of the  elem ents, th e  lens on th e  left in Fig. 10, w as 
effective a t  w avelengths as sh o rt as 1.25 cm, in add ition  to  longer w ave­
lengths (3, 7 an d  10 cm ). T h e  lens of Fig. 12 w as m ade b y  m eta l spray ing  
m etallic tin  d irec tly  on circular foam  slabs th rough  m asks, an d  the  foam  
disks then  cem ented together.

S trip  lenses can  also be construc ted  in th is  w ay. T h e  lens in  Fig. 13,



Fig. 7—Inserting m etal strips into a  profile p late  of a  10-foot strip  lens.

BELL 
SYSTEM

 
TE

C
H

N
IC

A
L 

JO
U

R
N

A
L



r ig . 8—A six-foot square strip  lens half assembled. 

f= 3 8 6 0 M C  f  =4120 MC f= 4 3 6 0  MC
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D E G R E E S

Fig. 9—Directional p a tte rn s of a  3-foot diam eter lens a t  several frequencies.
67
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SPR A Y ED

NOT SPR A Y ED

Fig. 11—C onstruction details of the lenses of Fig. 10.

w as m ade b y  affixing copper foil s tr ip s  to  cellophane sheets an d  stack ing  the 
sheets w ith  no spacing o ther th a n  the  sheets them selves betw een them .

C E LL O P H A N E
S H E E T S

O U T L IN E  OF SPRAYED  
PO R T IO N  OF S H E E T S

Fig. 10—Lenses constructed by spraying conducting pa in t on cellophane sheets.
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T h is  extrem ely  close spacing and  the  staggered arrangem en t of strips cor­
respond to  a heavy  cap ac ita tive  loading and  in troduced  so m uch delay per 
u n it length th a t  the m easured effective d ielectric co n s tan t of th is  lens proved 
to  be 225 (i.e. the index of refraction  w as 15). Because of such a high 
dielectric constan t the  reflection losses a t  the surface of th is lens are high,

Fig. 12—I.ens formed by m etal-spraying tin directly onto polystyrene foam sheets.

so th a t, for efficient operation , tapered  or q u a rte r  w ave m atch ing  sections on 
each surface would be necessary.
(e) Frequency Sensitive Delay Lenses 

W hen the conducting  elem ents approach  a half w avelength in th e ir  length 
parallel to  the  electric vector, resonance effects occur an d  the  artificial 
dielectric behaves like an  o rd inary  dielectric near its region of anom alous
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dispersion.5 T h e  index of refraction  of an  artificial d ielectric using f "  
m etallic elem ents w ould increase rap id ly  as th e  w avelength  approached  
i \ "  un til, a t  A =  l£ "  th e  dielectric w ould be opaque. A t still lower w ave­
lengths, th e  m ateria l would appear to  have a n  index of refraction  less th an  
one.

Fig. 13— Closely spaced strip  construction comprising copper foil strips affixed to 
cellophane sheets. Juxtaposition of the sheets yielded an effective index of refraction of 
IS.

E lem ents , such as rods, w hich are A/2 long, have a very  b ro ad  resonance 
band , an d  the  region of anom alous dispersion in a  d ielectric utilizing  such

6 Anomalous dispersion occurs in optical substances when the  frequency of the incident 
ligh t wave approxim ates one of the vibrational resonance frequencies of the  molecule. On 
the  long w avelength side of th is resonance region the index of refraction is greater than 
one and increases rapidly  as the resonance wavelength is approached. Dispersion, which 
is th e  change of index of refraction w ith  frequency, is therefore very high, b u t i t  is the 
“ norm al” type of dispersion. A t resonance, the  absorption of the wave is high and  the 
substance becomes opaque. A t still shorter wavelengths, the  resonance phenomenon 
acts to m ake th e  index of refraction less th an  its  long wavelength value, often less th an  one, 
and the  index again varies rapidly w ith  w avelength, b u t because th is is an  “ abnorm al” 
type of dispersion, i t  is called the region of anomalous dispersion.
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rods is very  large, i.e., th e  dispersion is n o t v e ry  g rea t. If  i t  is desired to  
have a  h ighly dispersive m ateria l, th is  b an d  can  be considerably  reduced 
by  the  process of tiltin g  th e  rods so th a t  th e y  are  m ore nearly  perpend icu lar 
to  the electric vector. T h ey  th e re b y  becom e “ loosely coupled” to  the 
incident w ave an d  acquire a  h igher Q. Some unsym m etrical arran g em en t 
such as th a t  shown in Fig. 14 is necessary to  insure th a t  the  rad ia tio n  
dam ping of the elem ents is ac tua lly  reduced, since a uniform  ti l t  of all the  
elem ents would allow the  a rra y  to  rad ia te , unhindered , a w ave polarized 
parallel to  the  elem ents. M easurem ents of th e  index of refraction  of a 
dielectric m ade up  of successive a rray s  of rods a rranged  as in  Fig. 14 are

Fig. 14—Array of m etal rods to  produce a  narrow  dispersion band.

FREQ UENCY IN M EG A C YC LES  P ER  SECONO

Fig. IS—M easured index of refraction of a  m etallic dielectric comprising the  tilted  
rods of Fig. 14.

given in Fig. 15, an d  one observes a  m arked  sim ilarity  to  th e  behav io r of the  
index of refraction  of dielectrics in  th e  region of th e ir  anom alous dispersion. 
Because of th e  rap id  change of »  w ith  w avelength , such m a teria l m ay  be 
useful as a  m eans of separating  narrow  b an d  rad io  channels b y  th e  use of 
prism s or b y  lenses hav ing  several feed horns located  a t  th e  op tim um  focal 
points for th e  various frequency bands involved.

M ic r o w a v e  R e p e a t e r  A n t e n n a

F or radio re lay  applications, th e re  a re  th ree  electrical characteristics 
which an ten n as should possess. T h e  firs t is h igh  gain (effective area), as 
th is  will reduce th e  p a th  loss an d  accordingly  th e  requ irem en ts on tran s-
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m itte r  power. T h e  second is good d irectional qualities so as to  m inim ize 
interference from  outside sources an d  also interferences betw een ad jacen t 
an tennas. T he th ird  is a  good im pedance m a tch  so th a t  reflections betw een 
the  an ten n a  an d  the repea te r equ ipm ent will no t d is to rt the tran sm itted  
signal. T hese characteristics should p referab ly  be a tta in ab le  w ith o u t the  
im position of severe m echanical or construc tional requirem ents.

T h e  shielded lens type  of an ten n a  (lens in th e  ap e rtu re  of a horn) lends 
itself well to  repeate r w ork because of its  m odera te to lerance requirem ents, 
its  good d irectional p roperties associated  w ith  th e  shielding, an d  th e  desirable 
im pedance characteristic  ob ta inab le b y  tiltin g  the lens. T h e  delay  lens 
offers th e  add itiona l ad v an tag e  of b road  b an d  perform ance w ith  the  con­
sequen t possib ility  of operating  on several bands w idely separa ted  in  w ave­
length . In  th is  section, construc tion  details an d  perform ance of a  6-foot 
square ap e rtu re  s trip  type  delay  lens will be discussed.
(a) Design of the Artificial Dielectric

T h e operating  frequency b and  envisioned for th is an ten n a  was 3700 to  
4200 m egacycles (X =  7.15 to  8.1 cm ), an d  to  keep th e  elem ent length 
sufficiently well rem oved from  th e  half-w ave resonan t length  a value of f "  
for th e  s tr ip  w id th  w as chosen. T h e  index of refraction  of solid po lystyrene 
is approx im ate ly  1.61 an d  th is  in troduces a  reflection loss (m ism atch loss) 
a t  each surface of 0.225 decibels. T o  reduce th is  loss to  0.18 db. the  a r ti­
ficial dielectric w as designed to  have an  n  of 1.5 as th is still d id  n o t im part 
too  g rea t a th ickness to  the  lens. A com bination  of strip  spacings which 
yields an  n  of 1.5 was found to  be §" in the horizontal d irection  an d  \  
cen ter to  cen te r spacing in th e  v ertica l d irection  as show n in Fig. 16. T he 
construction  m ethod  of F ig. 6 w as used w hich involved inserting  .002" 
copper str ip  in to  slots cu t in  foam  sheets.
(b) Lens Design

Several lens shapes w ere possible: (1) bi-convex, (2) plano-convex w ith  
the  fla t side tow ard  the  feed, an d  (3) plano-convex w ith  th e  curved  side 
tow ard  th e  feed. F o r a given th ickness an d  therefore w eight of lens, the 
th ird  possib ility  produces the  sho rtest over-all s tru c tu re  of lens p lus horn  
feed, an d  it  was accordingly selected. T h e  curved side is th e n  a  hyperboloid 
of revolu tion  as show n in Fig. 17 an d  for the chosen focal leng th  of 60", the 
profile, as calcu lated  from  th e  equation  show n for n  =  1.5, reaches a  m axi­
m um  thickness of 16". T o  elim inate the reflection from  th e  lens in to  the.^ 
feed, a lens ti l t  could have been em ployed. I t  w as found th a t  a q u arte r 
w ave offset of one half of the  lens re la tive  to  th e  o th e r half could accom plish 
th is  sam e purpose, because reflected ray s from  one half of the lens then 
undergo  a  one half w avelength  longer p a th  in re tu rn in g  to  the  feed an d  the 
reflections from  the  tw o halves cancel. As th is  process, how ever, is com­
p le tely  effective only  a t  one frequency, the  final lens design em ployed b o th  a



Fig. 16— Construction of a  six-foot square shielded delay lens for repeater application. 
The wooden horn has a m etal interior surface.
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Fig. 17—Profile equation for a delay lens,
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t i l t  in  one p lane an d  a q u a rte r  w ave offset in  the  o ther p lane. T o  utilize 
m ost efficiently th e  space afforded th e  an ten n a  on th e  to p  of the  relay  tow er, 
the  lens ap e rtu re  w as m ade square. Since a n  unstepped  lens has, b y  its 
n a tu re , a circu lar ap ertu re , the  four corners of th e  ho rn  ap e rtu re  m u st be 
filled in w ith  lens m a teria l as sketched  in Fig. 18. T h e  step  heigh t is 
designed for m idband  w avelength  an d  in th e  p resen t case follows the  equa­
tion  of Fig. 17 w ith  th e  focal length  reduced  from  th e  value used for the 
m ain  lens section b y  7vX/ ( n  — 1) w here K  is an  integer. T h a t in teger K  is

Fig. 18—Filling in the  four corners of a  square horn  apertu re  w ith  lens m aterial.

selected w hich brings th e  s tep  profile nearest the  h o rn  corners as ind icated  
in  Fig. 18.
(c) Horn Shield  ^

Lenses can be energized b y  m eans of a sm all feed horn  placed a t  the focal 
po in t, b u t  to  ob ta in  the  b es t d irectional p roperties a  full m etallic  shield 
ex tending  from  th e  w ave guide feed u p  to  th e  sides of th e  lens should be 
em ployed. T h e  use of foam  slabs in th e  construction  of the  delay  lens 
p rev en ts  th is  shield from  extending  com pletely up  to  th e  lens as indicated  
b y  th e  extension of A - A i  (shown d o tted ) in  F ig. 16. O p tical form ulas
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indicate, however, th a t  for such large apertu res, th e  am o u n t of diffraction 
(spreading of th e  w aves outside of th e  p y ram id  form ed b y  the  d o tte d  lines) 
will be small, an d  it is only necessary th a t  the sides A A h A i B  a n d  B C  all be 
conducting to  insure good back  lobe suppression an d  o ther desired p roperties 
associated w ith  a  horn  shield.
(d) Performance

T he gain of th is  an ten n a  over an  isotropic rad ia to r  is p lo tted  in  F ig . 19. 
T he top  curve is th e  theore tical gain  of a  uniform  cu rren t sheet of th e  sam e 
area (6 ' x 6'), th e  lower curve th e  gain of a  6 ' x 6 ' a re a  hav ing  60%  effective 
area. T he points, w hich fall approx im ate ly  on th e  low er curve, are th e  
experim entally m easured gain values of th is  an ten n a  a t  th e  frequencies

Fig. 19—M easured gain characteristics of the  six-foot square shielded lens of Fig. 16. 
The lower line indicates 60%  effective area and the circles are experim ental points.

indicated. T h e  co n stan t percen tage effective a rea  ind icates th a t  the  index 
of refraction of the  lens m ateria l rem ains q u ite  co n s tan t over the  ind icated  
frequency band . In  co n tra s t to  this, th e  10' x 10' m e ta l p la te  lenses1 
(n <  1) exhibit, a t  the b an d  edges, a  falling off of 1 |  decibels from  m idband  
gain for a  10%  w avelength band.

T he m agnetic p lane p a tte rn  of the  lens w hen fed  b y  a  6-inch square  feed 
horn  is shown in Fig. 20. T h e  rem arkab le sym m etry  of the m inor lobes in 
Fig. 20 an d  also in  F ig. 9 shows th a t  the phase fron ts of th e  w aves rad ia ted  
b y  these an tennas are v e ry  accu ra te ly  flat. T h is  resu lt em phasizes th e  
tolerance advan tages of the  lens over th e  reflector. I t  is believed th a t  the

1 Loc. cit.
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fu rth e r im provem ent in  p a tte rn  of th is  lens over previous w ave guide type 
m eta l lenses is a ttr ib u ta b le  to  the  absence of steps, as th e y  te n d  to  in troduce 
d iffraction effects. T h e  sym m etry  of the  p a tte rn  also ind icates a  h igh degree

lug. 20—Directional p a tte rn  of the  lens of Figs. 8 and 16 when fed with a  six-inch 
square electromagnetic horn.

10 " 5 0 10
D E G R E E S  ~

Fig. 21—Directional pa tte rn  of the same lens when enclosed w ith a full horn shield.

of hom ogeneity  of th e  d ielectric (the  lens is 16 inches th ic k ); th is  is a  p rop­
e r ty  n o t alw ays shared  b y  o rd inary  dielectrics such as polystyrene.

W hen a  full horn  shield is used, th e  illum ination  across th e  ap e rtu re  has  a 
very  strong  ta p e r  (som ew hat s tronger th a n  a  cosine ta p e r  because of the 
w ide flare angle of the  horn). T h is resu lts in a very  effective suppression of 
the  close-in side lobes as shown in Fig. 21. In  th e  v ertica l p lane, the  side
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lobes are not very  well suppressed because th e  illum ination  is only slightly  
tapered. H owever, for repeate r work, lobes in th e  vertical p lane are not as 
objectionable as lobes in th e  horizontal p lane because in terfering  signals 
generally originate from  o ther sta tions lying in th e  horizon plane.

T he im pedance m atch  of the shielded lens an ten n a  is affected b y  the 
discontinuity  of the  wave guide a t  th e  expanding horn  th ro a t an d  b y  w h a t­
ever energy is reflected back in to  the  feed line from  the  lens. B y  tun ing  
means, the th ro a t m ism atch can be held to  less th a n  0.2 db SW R  (1.02 
V .S.W .R .) over the 500 m e b an d  an d  b y  a  com bination  of lens ti l t  an d  
quarter-w ave step  in the lens the SW R  due to  th e  energy reflected from  the  
lens was also held to  less th a n  0.2 db over the  band .

P A R T  I I— T H E O R E T IC A L  C O N S ID E R A T IO N S

We turn  now to a  consideration of th e  electrom agnetic theory  underly ing 
the operation of artificial dielectrics. If  the po larizab ility  of the individual 
conducting elem ent em ployed is know n, equation  (2) will perm it a calcula­
tion of the effective dielectric constan t. Before proceeding to  th is, however, 
a  brief review of dipole m om ent, dipole p o ten tia l, an d  dielectric po larization  
will be given (M R S  units).

D ip o l e  M o m e n t , P o t e n t ia l  a n d  P o l a r iz a t io n

Two charges, + q  and  — q, displaced a  small d istance from one ano ther, 
constitu te  an  electric dipole. If  th e  vec to r joining them  is called ds, the 
dipole m om ent is defined as

m  =  q ds.  (5)

The po ten tia l V,  a t  a n y  po in t, due to  a point-charge q is defined as

V = q/A-irtr, (6)

where r is the d istance from  the  p o in t in  question  to  the  charge q. T he 
po ten tia l V  due to  a dipole of m om ent m  is

I m  I />1 =  \ L„  COS 0, ( / )

where d is the angle betw een r an d  m.
A conducting object becom es polarized when placed in an  electric field. 

I ts  dipole m om ent m  depends upon th e  field s treng th  E  an d  upon  its  own 
polarizability  a:

m  =  aE .  (8)

If  there are N  elem ents per un it volum e, the  po larization  P  of th e  artificial 
dielectric is

P  =  N a E .
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B u t P is re la ted  to  the  d isp lacem ent vec to r D an d  the  dielectric co n s tan t as 
follows:

D =  eE =  toE +  P, (10)

so th a t  6 =  to +  N a  w hich is equation  (1). A know ledge of a  th u s perm its 
a  determ ina tion  of e. W e ob ta in  a  from  (8) b y  first finding th e  dipole 
m om ent m  of the  p a rticu la r  shape of elem ent w hen im m ersed in  a  uniform  
field E .

C a l c u l a t io n  o f  D ie l e c t r ic  C o n s t a n t s  o f  A r t if ic ia l  D i e l e c t r ic s 6

(1) Conducting Sphere
Consider a  perfec tly  conducting  sphere im m ersed in an  originally  uniform  

field of p o te n t'a l

V  = — E y  =  — E r  cos 0. (11)

T h e  free charges on th e  sphere are displaced b y  the  app lied  field an d  it 
th e reb y  becom es a dipole whose m om ent m  we wish to  determ ine. T he 
ex terna l p o ten tia l field is the  sum  of th e  applied  p o ten tia l an d  th e  dipole 
po ten tia l, an d  from  (7) an d  (11) we have

^  , m  cos 6
V out =  — E r  cosd  +   -------------------------------------- (12)

4ir€0 r2

T h e in te rna l field is zero because th e  sphere is conducting. A t a boundary  
betw een  tw o dielectrics, the re  is the  requ irem en t7

Eoutaidc Cinaide* (Id )

E q u a tio n  (13) gives, a t  r  =  a  ( th e  rad iu s  of th e  sphere),

„  m  cos 0 . .
- E a  cos 6 +  ■ ■■■■■—  =  0, (14)

Airdo fl

or

m  =  47reo E a ,  (15)

th e  dipole m om ent of th e  sphere. F rom  (8) we see th a t  th e  po larizab ility  of 
th e  conducting  sphere is accordingly 4xe033, from  w hich equa tion  (3) follows.
(2) Magnetic Effects of a conducting sphere array

T h e above calculations on a  conducting  sphere assum e an  electrostatic  
field. A t m icrowaves, th e  rap id ly  vary ing  fields induce eddy  cu rren ts  on 
th e  surface of th e  sphere w hich p rev e n t th e  m agnetic  lines of force from  
p en e tra tin g  the  sphere. T h e  m agnetic  lines are p ertu rb ed  as show n in

6 T he au tho r is indebted  to D r. S. A. Schelkunoff for the  polarizability form ulas given 
in  th is memorandum.

7 Sm ythe, “Static and D ynamic Electricity”, McGraw-Hill, 1939, p . 19.
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Fig. 5. Now a conducting sphere in an  a lte rn a tin g  m agnetic field is equi­
v a len t to  an  oscillating m agnetic d ipole,8 an d  we should  observe an  effective 
perm eability  for a sphere a rray .9 T h e  m agnetic dipole field is, however, 
opposed to  the inducing field, in  o the r words, th e  dipole m om ent is negative. 
Sm ythe7 shows th a t  th e  m agnetic po la rizab ility  of a  conducting  sphere of 
radius a in  a high frequency field is

a,n =  —27t^oo3- (Id)

T he effective re la tive  perm eab ility  of a n  a rra y  of N  spheres p er u n it 
volum e is therefore

Hr =  1 — 2ira3N .  (17)

T he index of refraction  was given in  eq u a tio n  (4) as th e  square ro o t of th e  
dielectric constan t. T h is is s tr ic tly  tru e  only  w hen the  perm eability  of the 
d ie 'ectric is un ity . W e have seen above, how ever, th a t  the sphere a rray  a t  
m icrowaves possesses a n  effective perm eab ility  given b y  (17), an d  th e re­
fore (4) is n o t valid . T h e  correct expression for n  is

n  =  \ /  y.T er , (18)

an d  the  effective re frac tiv e  index of a  sphere a rra y  is accordingly

11 =  V ( 1  -  27riVa3) ( l  +  4ir7Va3) , (19)

which is sm aller th a n  th a t  given b y  (3) an d  (4). T h e  d isk  an d  s trip  arrays, 
besides being lighter, avoid  th e  dim inishing effect on the  refractive index 
caused by  the  p e rtu rb in g  of th e  m agnetic  lines.
(3) Conducting Circular disk 

T he determ ination  of th e  dipole m om ent of a d isk  involves the  use of 
ellipsoidal coordinates an d  will n o t be carried th rough  here. S m ythe7 gives 
an  expression for th e  to rque  on a  fla t disk of rad ius a  in  a  uniform  field in 
Gaussian un its . In  M .K .S . un its , h is form ula becomes

2a E 2 sin 20 . 2a E? 2 sin 6 cos 8
1 =  47T€o  r--------- — 47T€o ----------- Z-------------

Sir ¿7T

=  (E  sin 0 ) J [ £  cos 6], (20)

The first b rack et rep resen ts th e  dipole m om ent, th e  second the  field, an d  
the p roduct gives the  to rque. W hen the p lane of th e  disks is parallel to  E  
sin 9 is one, an d  from  m  = aE ,  we have

16e0 a (21)

8 T. S. E . Thom as, Wireless World, Dec. 1946, p . 322.
9 L. Lewin, Jour. I .  E . E ., P a r t  I I I ,  Jan . 1947, p. 65.
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so th a t ,  from  (2),

£, =  1 +  - ^ N a (22)

(4) Strips
T h e calculation of th e  dipole m om en t of a th in  conducting  s trip  as used 

in th e  str ip  lens of Fig. 15 involves tw o dim ensional elliptic coordinates and  
will also be om itted  here. Again, the  to rque is given in S m ythe7 for an 
elliptic d ielectric cylinder, from  which we ob ta in ,

w here 5 is the  s tr ip  w id th , so th a t

w here « is  th e  n um ber of s tr ip s  p er sq . u n it  a re a  looking er.d on a t  the  strips.
(5) Validity of the polarizability equations

E q u a tio n  (2), w hich expresses th e  d ielectric co n s tan t to  be expected from  
a n  a rra y  of AT elem ents each hav in g  a po larizab ility  of a, w as derived  (by 
(8), (9) an d  (10)) b y  assum ing th a t  the  h e 'd  ac ting  on an  elem ent, an d  
tend ing  to  polarize it, w as the  im pressed field E  alone. T his is a  sa tisfac to ry  
assum ption  when th e  separation  betw een the  ob jects is so large th a t  the 
elem ents them selves do n o t d is to rt the field ac ting  on the  neighboring 
elem ents. Such is n o t th e  case w hen th e  value of er exceeds 1.5 or th e re ­
abou ts. F o r th e  usually  desired values of er of 2 or 3 it  is th u s  seen th a t  the 
above form ulas such as equations (22) an d  (24) will yield only q u alita tiv e  
resu lts an d  th a t  the  exact spacings of the elem ents to  produce a desired 
refractive index will have to  be determ ined  b y  experim ental m ethods.

F or la ttices hav ing  3-dim ensional sym m etry , an  im provem ent over 
equa tion  (2), w hich takes in to  accoun t n o t only th e  im pressed field E  b u t 
also th e  field due to  th e  surrounding  elem ents, is the  so-called C lausius- 
M o so tti equation :

(24)

£ — £0 Not
(25)

£ +  2f0 3£o

This, along w ith  a  sim ilar expression for th e  perm eab ility  [replacing (17)], 
w ould perm it a fairly  accu ra te  determ ina tion  from  (18) of n  for the  conduct­
ing sphere array .
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R e s o n a n c e  E f f e c t s

I t  was s ta ted  earlier th a t  the size of the elem ents should be small relative 
to  a  half w avelength in order for th e  refractive index to  be independent of 
frequency. A q u alita tiv e  idea of th is criterion  can be ob ta ined  by  an  
elem entary  analysis of forced oscillations of dipoles. I t  is know n th a t  a 
dielectric m edium  w hich is com posed of elem ents th a t  resonate under the 
action  of a n  a lte rn a tin g  electric field, such as atom s having  bound  electrons, 
will exhibit a  dielectric co n stan t which varies w ith frequency:10

fr =  1 +  ,1 72, (26)
Jo — J

where / 0 is the frequency of resonance of the  elem ent, /  the frequency of the 
incident rad ia tion  an d  k a  p ropo rtiona lity  constan t. T h u s when /  is sm all 
relative to  / 0, t r is p rac tica lly  independen t of / .

As a  m eans of estim ating  th e  change in  refractive index w ith  frequency of 
m etal delay lenses, we consider a specific exam ple: L et n  =  1.50 when the 
elem ents are X/4 in  length, i.e. when / 2 =  \ f l ,  then  the  last term  of (26) 
equals 1.25. D e c re a s in g / by  20%  reduces n  from  1.50 to  1.46. T h u s the 
change in n  from  m idband  to  the  edges of a ±  10%  band  is ab o u t .02. 
F rom  this, a t  7 cm, the  phase fron t, even for a lens 30" thick, should rem ain  
plane to  w ithin db-j^ w avelength over th is 20%  band  of w avelengths. If 
the m em bers had  been m ade J  w avelength long, th e  varia tio n  in n  from the 
design frequency all the w ay down to D .C . would have am ounted  to  only 
1.2%.

Su m m a r y

A metallic dielectric is construc ted  b y  array ing  conducting  elem ents in  a 
three-dim ensional la ttice  structu re . F or electrom agnetic waves whose 
w avelength is long com pared to  the  size an d  spacing of the  elem ents, this 
s tructu re  displays a n  effective dielectric co n stan t and  index of refraction  
which is sensibly co n s tan t over wide frequency  bands. Lenses can be 
designed according to  these principles which will focus m icrow aves and  
longer radio w aves as a  glass lens focusses ligh t waves. Such lenses have 
the advan tage of b road-band  perform ance over the  earlier w aveguide type 
m etal lenses an d  they  re ta in  the  advan tages of ligh t w eight over dielectric 
lenses. As m icrowave an tennas, th ey  are superior to  parabolic dish reflec­
tors from the  s tan d p o in t of w arping and  tw isting  tolerance, profile tolerance, 
directional p roperties and  im pedance m atch . B y  elim inating  th e  steps in 
the lens, the  d irective p a tte rn s  are  m ade cleaner an d  an  increase in absolute

10 See for example, Joos, Theoretical Physics, Blackie & Son, Book 4, C hapte- 4.
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gain results. Because of th e  b road -band  p roperties of th e  artificial dielectric, 
th is  im proved gain can be m ain ta ined  over a  very  wide band  of frequencies. 
T h e  lenses can be b u ilt to  focus w aves of an y  po larization  and, if desired, 
th e  d ielectric can be designed to  exhib it strong  dispersion. T heoretica l 
calculations of the  expected  dielectric co n s tan t are in  fairly  good agreem ent 
w ith  experim ent for values less th a n  1.5; for higher values an  accu ra te  
d e term ination  of the  tru e  value m ust be ob ta ined  experim entally .
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T h e au th o r  wishes to  express h is app recia tion  to  D r. S. A. Schelkunoff for 
h is advice a n d  consulta tion , an d  to  th e  m em bers of th e  H olm del R adio  
R esearch  L ab o ra to ry , especially to M r. W illiam  Legg, fo r assistance a n d  
cooperation  during  the  course of th is  work.



A Non-reflecting Branching Filter for M icrowaves 
By W . D . L E W IS  a n d  L . C. T IL L O T SO N

Microwave branching filters are required as integral parts of multi-channel 
microwave radio relay systems. These filters m uA have characteristics which 
are difficult to a tta in  if one a ttem pts to extend familiar lower frequency tech­
niques to the microwave region. A novel network configuration, through which 
currently anticipated requirem ents can be m et w ithout excessive difficulty, is 
described in this paper.

In this configuration individual constant resistance channel dropping units are 
formed of appropriate  assemblies of two hybrid  circuits, two band reflection 
filters and two quarter wavelengths of line. An assembly of N  channel dropping 
units in cascade then forms an N  channel constant resistance branching network.

The m echanical and electrical characteristics of a  practical five channel branch­
ing filter of th is type are described. As a  result of experience with this pro to type 
filter i t  can be sta ted  with some safety th a t these requirem ents can be fulfilled w ith 
a network of this type. Experim entally observed impedance, insertion loss and 
phase characteristics were fully satisfactory. In  addition the circuit appears to 
he flexible enough both electrically and mechanically to fulfill the various types 
of systems needs which m ay be encountered a t  branch points or when channels 
m ust be added or interchanged.

I n t r o d u c t io n

T jR E S E N T  plans for po in t-to -po in t com m unication by  m eans of m icro- 
wave radio relay system s call for the operation of several radio channels 

between each pa ir of repeaters. A proposed frequency plan  for the  4030 me 
common carrier band  (3700 to  4200 me) specifies channels 20 me wide spaced 
40 me center to  center. A possible a rrangm ent for a five-channel radio 
repeater sta tion  is illustrated  in Fig. 1. T h is arrangem ent is calculated to 
utilize the available frequency space in an efficient and  technically sound 
manner.

If  th is  channel disposition is to be achieved w ithou t a  costly increase in th e  
num ber of an tennas and the  size of the  supporting  towers, radio frequency 
branching netw orks m ust be provided which connect the  individual tra n s­
m itting  or receiving circuits a t  each repeater po in t to  a  com mon an ten n a  
(Fig. 1). If th is connection is to  be m ade w ithou t excessive loss of power 
these branching devices m ust have adequate ad jacen t channel rejection, low 
ohmic loss, and good im pedance m atch  in the channel bands. A n excellent 
impedance m atch  is especially desirable if circuit d istu rbances resulting  from  
echoes in the long w-aveguide lines which lead from  the  filter assemblies to  
the antennas are to  be minimized (Fig. 1).

Since the type of m icrcw ave radio repeater now p lanned1 ob ta ins m ost of 
its gain a t  in term ediate frequencies, the I F  am plifiers will reject all spurious

1 See H . T . Friis, “ Microwave R epeater Research” , to appear in the April 1948 issue 
of B. S . T . J .
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signals entering  th e  receiver except those in the v ic in ity  of the  receiver im age 
bands. Because of th is, suppression requirem ents on the  b ranching  filters, 
except possibly in the v ic in ity  of receiver im age bands, are n o t severe.

Problem s connected w ith  the  design of 'su itab le  m icrow ave b ranch ing  
filters n a tu ra lly  differ considerably from  previous filter problem s. T h e  d is­
crim ination  an d  b and  u tiliza tion  requirem ents are read ily  m et, b u t  the

ANTENNAS

DISCRIMINATION R EQ U IREM EN TS:
L E S S  IMPORTANT AT PRESEN T  

BEC A U SE  O F:
ANTENNA DIRECTIVITY, 
l .F .  DISCRIMINATION

Fig. 1—Possible five-channel radio repeater sta tion  schem atic diagram .

F ILT ER S MUST:
SEPARATE OR COMBINE CH AN N ELS 

WITH MINIMUM PO W ER  LO SS. 
PRO VID E EXC ELLEN T  IMPEOANCE 

MATCH TO ANTENNA L IN ES

im pedance control required  is no t easy to  ob ta in  b y  fam iliar filter techniques. 
N o t m ore th a n  abou t 5 %  v aria tio n  in im pedance or ab o u t 0.5 db stand ing  
w ave ra tio  in th e  channels could be tolerated. A t lower frequencies channel 
passing netw orks which can  be connected in series or parallel to  form  a 
channel b ranching  filter can  be designed on the basis of lum ped circuit theory 
and  bu ilt of coils, condensers and  resistances, b u t in the  m icrowave region



simple parallel or series connections and  sim ple lum ped circuit elem ents do 
not exist. A lthough in the in terests of flexibility i t  would be desirable to 
add or substitu te  individual channels w ithou t affecting o ther channels in a 
branching filter, the convenient possibility  of doing so a t  a  high im pedance 
level on vacuum  tube grids is no t y e t available in the  m icrowave region.

A satisfactory two-channel waveguide branching filter has been constructed 
following partially  ‘classical’ m ethods. T his filter, designed for the New 
York-Boston experim ental radio  relay  system , is composed of two channel- 
passing cav ity  filters each connected to  a  common in p u t line through one arm  
of an E  plane Y  junction , the waveguide analogue of a series connection 
(Fig. 2). T his solution, although relatively  sim ple where only two channels 
are required, becomes qu ite  complex when m ore th an  two are involved, since 
in every channel the sum  of the in teractions of all the inactive filters on

N O N -R E F L E C T IN G  B R A N C H I N G  F I L T E R  85

IN P U T

 R E S O N  A N T - C A V IT Y ---
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C H A N N E L  B  
0UTPUr

I I I ”»«,

Fig. 2—Branching filter for New Y ork-Boston experimental radio relay system.

transm ission through the active filter m ust be zero. I t  is evidently  not easy 
to  satisfy th is condition, particu larly  since in doing so one m ust tak e  accurate  
account of the  change w ith  frequency of the  effective phase shift of all wave­
guide connecting lines. And even if such a  solution were found it would be 
valid for only one set of channels, so th a t  the problem  m ust be solved all over 
again for every change in  channel arrangem ent.

As a  result of these difficulties and  afte r a  few a ttem p ts  to  overcome them , 
it became apparen t th a t  a more flexible m ethod of m icrowave filter con­
struction should be found. C onstan t resistance filters, which provide dis­
crim ination by  absorbing or d iverting  the unw anted  incident waves ra the r 
than  by  reflecting them , can be useful in an y  frequency range. In  the 
m icrowave region, where the shortest connecting pipe m ay be m any wave­
lengths long, constan t resistance devices are particu larly  helpful. Accord­
ingly a  constan t resistance channel-dropping network was devised which
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could ex trac t one channel from  the line, while perm itting  o thers to  pass 
th rough i t  w ithou t d isturbance. Several of these netw orks were th en  placed 
in cascade to  m ake up the required filter.

T h e  H y b r id  C h a n n e l - D r o p p in g  U n it

A fter several possibilities were considered the  constan t resistance channel- 
dropping circuit illustrated  schem atically in Fig. 3 was selected.2 T h is  
circuit is m ade up of two hybrid  junctions, tw o identical channel reflection 
filters tuned  to  the dropped channel, and  two qu arte r w avelength sections of 
line.

In  order to  understand  the operation of th is circuit, the p ropertie s of a 
hybrid  circuit, Fig. 4(a), m ust first be understood. T h is circuit, w hich h as

HYBRID ' 
JU N C T IO N

DROPPED CHANNEL

8 g  (9 0 ° PH A SE  S H IF T ) 
4

a d v a n t a g e s :
ISOLATION OF DESIGN  

P R O B LEM S . 
CIRCUIT F LEX IB IL IT Y

Fig. 3—Possible constan t impedance channel dropping filter.

been em bodied a t  voice frequencies as the hybrid  coil and  a t  m icrow aves as 
the  hybrid  junction  (E -H  plane T  junction)3 can  be represented schem atically  
as in Fig. 4(b). L e t us connect four transm ission lines, A, B , C, D , each 
te rm inated  in its characteristic im pedance to  the four pairs  of term inals of 
the  hyb rid  circuit. T hen  if each of these lines is m atched to the pair of te r­
m inals to  which it is connected, the following characteristics will result. 
Power in transm ission line C flowing tow ards the junction  will divide equally 
in to  lines A and  B , flow aw ay from  the junction  an d  be absorbed in loads A 
and  B . N one of th is  power will appear in  line D  or be reflected back  into

2 L um ped elem ent netw orks w ith properties sim ilar to  those of th is circuit have been 
devised by Vos and  L aurent, U. S. P a te n t 1,920,041, and Bobis, U. S. P a ten t 2,044,047.
A. G. Fox of these laboratories has independently devised sim ilar microwave circuits.

3 VV. A. Tyrrell, H ybrid  Circuits for M icrowaves, Proc. I .R .E . ,  Vol. 35, pp . 1294- 
1306, N ovem ber 1947.
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line C. Similarly, power in line D  flowing tow ards the junction, will appear 
equally in A and B b u t not in C or back in D . If these characteristics hold, 
then by the principle of reciprocity  sim ilar characteristics m ust hold for lines 
A and B. If  proper planes of reference are chosen this behavior can be 
described in a slightly different, b u t equivalent, m anner. If  waves in both 
A and B flow tow ards the junction  the  vector sum  of the voltages of these 
times a  constan t (0.707) appears in C and the vector difference tim es the 
same constant appears in D, b u t nothing is reflected back into A or B. An 
equivalent sta tem en t can be m ade if the waves s ta r t  in C and D.

W ith the properties of the hybrid  in m ind, and if it is assum ed th a t the 
hybrids, the identical reflection filters and the quarte r wave lines are perfect 
and free of ohmic loss, the operation of the circuit of Fig. 3 is easy to  under­
stand, and is as follows: A wave entering  from arm  C of the inpu t hybrid  is 
divided equally into the two arm s A and  B. N one of the power in th is wave

is reflected back into the arm  C or appears initially in arm  D . T he two equal 
com ponents of the  w ave now travel along the lines which are connected to  the 
arm s A and B of the  in p u t hybrid . If  the frequency lies outside the band  of 
the reflection filters the waves travel through these filters and  appear in phase 
in the arm s A and  B of the o u tp u t hybrid . T he vector sum  of these two 
waves appears in the a rm  C of the o u tp u t hybrid  and  has an  am plitude equal 
to th a t of the original inpu t wave. Consequently all energy in  the in p u t line 
incident on th is netw ork, except th a t lying in the band  of the reflection filters, 
will pass through it to the o u tp u t line.

If now the frequency of the input wave lies w ithin the band  of the reflection 
filters, the two equal com ponents of the w ave traveling  aw ay from  the input 
hybrid  will be reflected a t  the  filters and will travel back tow ards the input 
hybrid. One of these com ponents m ust, however, travel twice through an 
extra quarte r w avelength of line, and will therefore be reversed in phase; w ith

c

A
V W e B

AA/V

HYBRID
JU N C T IO N

(a )  C LA SS IC A L  HYBRID  COIL (b ) HYBRID  W AVEGUIDE JUNCTIO N 
SCHEMATIC DIAGRAM

Fig. 4—a. Classical hybrid coil, 
b. H ybrid junction schematic diagram.
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respect to the o ther com ponent when it reappears a t  the inpu t hybrid. T he 
two com ponents will consequently  com bine in the  fourth  or difference arm  of 
the inpu t hybrid  to  form  a  wave equal to the original input wave.

T he circuit of Fig. 3 is only one of a general class of hybrid  filter circuits. 
F rom  one view point these circuits resemble spectroscopes, and, from  another, 
o rdinary  lum ped circuits. W e could, for exam ple, replace the band  reflection 
circuits of Fig. 3 w ith  an y  two identical four-term inal networks. T his circuit 
would still retain  its constan t resistance character. One of its branches 
would contain all energy reflected by the four term inal netw orks; the o ther 
would contain all energy passed by  them .

In  particu la r if th e  two identical filters are of the channel passing type, 
inpu t waves w ith in  th is  channel will be tran sm itted  by  bo th  filters and will 
com bine a t  the o u tp u t hybrid  and appear in  a rm  C. All of th e  o ther channels 
will be reflected by  th e  filters and th u s will appear in arm  D  of the inpu t 
hybrid, provided th a t  the assum ed 90° phase shift holds over a  band  which 
includes all of the channels.

The particu lar configuration of F ig. 3 w as chosen to m inim ize the effect of 
practical lim itations. T he dropped channel w idth  (20 me) is only a small 
fraction of its m idband frequency (about 4000 me). Consequently when band  
reflection filters are used in Fig. 3, th e  change w ith frequency of the nom inally 
qu arte r wave sections of guide does n o t seriously affect the  perform ance of the 
filter and  the im pedance m atch  of arm  D  of the hybrids needs to  be good only 
in the  vicinity  of the dropped channel.

T he circuit shown in Fig. 3 is a constan t resistance network which drops 
the  channel corresponding to  the  reflection filter. Several in sequence as 
indicated in Fig. 5 constitu te a  constan t resistance channel b ranching filter. 
In  the sections to  follow we will give an  account of the physical configuration 
and  electrical perform ance of a  branching netw ork designed according to th is 
p a tte rn  to  m eet the radio  frequency requirem ents of a  typical p ractical radio 
relay system  containing five 20 me radio frequency channels, spaced 80 me 
center to  center.

T h e  W a v e g u id e  H y b r id

In  choosing a hybrid  configuration which could be successfully used in  the 
network of Fig. 5, bo th  electrical and m echanical requirem ents were considered. 
Since frequency/„  passes through 2 n —1 hybrids it  is ev ident th a t  if accept­
able overall perform ance is to  be obtained, the balance and im pedance char­
acteristics of each hybrid  m ust be excellent. A broad-band balance can be 
obtained w ith relative ease by  a ttach ing  the ‘driven’ arm s (A and B on 
Fig. 5) sym m etrically. F ortunate ly  the s tr ic t im pedance requirem ent applies 
to  only one of the  two ‘driv ing’ arm s (C and  D ), the o ther being required to 
tran sm it only a single channel.
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Because of the ree n tra n t n a tu re  of th e  circuit of Fig. 5 it is evidently  desir­
able, if not essential, to  em ploy a  hybrid  w ith  a convenient m echanical layout. 
If, for example, a  fam iliar E -I i  p lane junction  type of hybrid  were used in 
com bination w ith waveguide filters bu ilt in  a s tra ig h t piece of waveguide, 
twenty-four E  or H  plane rig h t angle w aveguide bends would be required in 
the construction of each six-channel b ranching network. T o  avoid th is  extra 
complication and  expense a  hybrid  configuration w ith ‘d riven’ ou tpu t arm s 
parallel to the well m atched ‘driv ing’ input arm  was sought.

The hybrid configuration settled upon was the one shown in Fig. 6. Here 
the electrical and geom etrical requirem ents discussed above are m et simul­
taneously by  connecting the driving arm  C to the sym m etrically located 
driven arm s A and B through a  sm oothly tapered  E  plane Y  junction. The 
taper is approxim ately one half wavelength long in the center of the 3700-4200

HYBRID JUN CTIO N  W V  DUMMY LOAD

REFLECTION FILTER _|________L. QUARTER-W AVE
FOR FREQ UEN CY f  WAVEGUIDE L IN E

Fig. 5—N  Channel branching filter.

me band. T he driv ing  arm  D  is connected to  arm s A and  B through a  coaxial 
line. This line is coupled to  waveguide D  by m eans of a  conventional probe. 
The center conductor traverses the Y  junction  space in such a way th a t it is 
norm al to the electric vectors of guides A, B, and C, and is effectively coupled 
to A and B b u t no t to C by  m eans of a probe P  fastened through it normally 
(Fig. 6).

T h e  B a n d  R e f l e c t io n  F il t e r s

The ideal reflection filter for the circuit of Figs. 3 and  5 would reflect per­
fectly w ithin a  certain  b and  and  p ass perfectly outside of th is  band. However, 
the ratio  of bandw idth  to  band  spacing in a  given branching filter (20 me to 
80 me) is such th a t  a  sufficiently good approxim ation to  th is  ideal can be 
obtained in theory  if each reflection filter em ploys only three resonances, 
Fig. 7(a). These could be effectively series resonant circuits placed a t  quarte r

f



90 B E L L  S Y S T E M  T E C H N I C A L  J O U R N A L

wave intervals along the guide, properly d istribu ted  in  im pedance level and 
all tuned close to  the  center frequency of the channel to  be extracted , F ig 7(b). 
T he practical question w as to find how to ob ta in  these resonances in an easily 
constructed and adequately  adjustable form.

E arly  experim ents indicated th a t  a  probe inserted in the b road  side of the 
guide fa r enough so th a t its end form ed an appreciable capacitance w ith the 
opposite side could be m ade to  resonate in a  series resonant fashion. Im ped­
ance levels available through th is m eans of coupling were, however, far lower 
than  required. Accordingly an a lternate  m ethod in which the probe is

inserted in the narrow  side of the guide was selected (Fig. 8). T he probe is 
m ade long enough to  approach the opposite narrow  wall of the guide and  is 
tipped by  a capac ita tive disk. T he capacity  of the disk and consequently the 
resonant frequency of the circuit is adjusted by  m eans of a screw in the wall 
ju st opposite the disk. Since th is rod is inserted perpendicular to  the  narrow  
guide wall it is norm ally uncoupled to the principal m ode in  the  guide. An 
adjustable coupling is achieved by  inserting a screw in th e  b road  side of the 
guide ju s t above the  probe. Insertion  of th is  screw d isturbs th e  sym m etry  of 
the  field and  couples the  rod to  the guide. Increasing the screw insertion 
increases the coupling and  consequently varies the im pedance level of the
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equivalent series resonant circuit continuously from  infinity clown to any  value 
within the range required.

I t  should be pointed  ou t th a t  im pedance and  frequency ad justm en ts are not 
in practice com pletely independent, b u t do a t  least perm it the realization of 
any required value. F urtherm ore, m utua l coupling between the probes in ter­
feres w ith the exact realization of the  circuits of Fig. 7. T his coupling does 
not interfere, however, wuth the realization of satisfactory filter character­
istics.

W hen the reflection filter of Fig. 7 was embodied in waveguide form  through 
use of the series resonant circuits ju s t described, the configuration illustrated 
in Fig. 8 resulted. I t  was found th a t, w ith the exception of a slight change in 
disk to  guide wall spacing, a single configuration could be tuned to  any of the 
desired channels.

(a) LUM PED C IRCU IT EQUIVALENT (b l LUM PED  CIRCUIT PLU S 
T R A N SM ISS IO N -L IN E  EQUIVALENT

Fig. 7— Band reflection filter.

Fig. 8—W aveguide band reflection filter.

E l e c t r ic a l  P e r f o r m a n c e

Individual com ponents as described above were constructed, adjusted  and 
assembled to  form  a  five-channel b ranching netw ork (Fig. 9). T he electrical 
perform ance of th is netw ork was trim m ed system atically, then was m easured



Fig. 9—Five-channel branching filter.
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Fig. 10—In p u t standing wave ratio  of hybrid branching filter.

point by point w ith a  double detection m easuring set. W ith  all ou tpu ts te r­
m inated the  standing wave ratio  observed a t the inpu t line was under 0.6 db in
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all channels. T h is  q u an tity  is p lo tted  in Fig. 10. The insertion loss m easured 
betw een .the in p u t line and  the various o u tp u t lines varied from  about 0.5 db 
in  the lowest frequency  channel closest to the inpu t to  abou t 1.0 db in the 
h ighest frequency channel fa rth es t from  the input. T his loss is p lo tted  in 
Fig. 11. Since 0.5 db was approxim ately  the loss observed in each individual

W A VEG U ID E 'S . W AVEGUIDE C H A N N EL  F ILT ER S '

INPUT 3870 MC 3950 MC 4030 MC 4110 MC 4190 MC*

T0R EC E IV ER  1 I
— w v

"T E R M IN A T IO N S  -

Fig. 11—Transm ission loss of hybrid  branching filter.

channel dropping unit, it appears logical to assume th a t the progressive 
increase in loss is due to  passage of the higher frequencies through the lower 
frequency circuit com ponents.

T he m easured discrim ination against o ther channels and image responses 
was 20 db or more. This m odest am ount of selectivity  is sufficient since the 
p rim ary  function of the present filter is branching, and  hence the am ount of
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discrimination needed is only th a t  required to preven t a  significant energy loss 
in the channel bands. If  crosstalk considerations indicate th a t more r-f dis­
crim ination is required, th is can be ob tained by  placing auxiliary filters in the 
branch arms. This can be done w ithout com plication since the branching 
filter is a constant resistance device.

The del a)' distortion was exam ined b u t was found to be less than  the errors 
of m easurem ent, i.e. 2 millimicroseconds.
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A Note on a Parallel-Tuned Transformer D esign
By V. C. R ID E O U T

An analysis of the  parallel-tuned transform er used in radio-frequency am pli­
fier» has been made for a  slightly over-coupled case. T he resulting design 
formulas are simple and practical.

Two cases are discussed: (a) the so-called m atched transform er, w ith  resist­
ance loading on each side; (b) a  transform er w ith loading on one side only, 
which has the same pass-band and phase characteristics as the m atched trans­
former, b u t gives 3 db more gain when used as an interstage.

A special arrangem ent of (a) where the m atched transform er design is used 
w ith one resistor removed, giving a  transform er w ith a  considerably double­
hum ped pass-band characteristic and abou t 6 db  more gain, is also discussed.

H E  parallel-tuned  transform er has been used in radio-frequency
am plifiers for m any  years.1 In  an  excellent paper,2 C hristopher based 

design form ulas on the  principles of the broad b and  filter. In  o ther pub lica­
tions, sim ple circuit analyses have been used and  design form ulas have  been 
based on the assum ption of a small ratio  of bandw id th  to  m id-frequency 
which often  fails to  be ad eq u ate  when the  wide bands requ ired  for m odern 
television and  m ultiplexing services are  encountered.

A transitiona lly  fla t transform er design m ay be ob ta ined  by  se tting  the 
first th ree derivatives of th e  absolute value of the  transfer im pedance, w ith 
respect to  frequency, equal to  zero. T he resu lting  design form ulas are 
som ew hat unwieldy.

T he transfo rm er design to  be described here is based upon two sim ple 
circuit conditions3 applied to  the  fundam en tal case of a  parallel-tuned  
transform er w ith  resistance loading on each side:

I . B o th  sides of the  transfo rm er are tuned  to  the sam e frequency.
II . T he transm ission loss is zero a t  the tune frequency. (This condition 

is responsible for the  te rm  “ m atched  transfo rm er” used to  describe this 
case).

T h e  resu lting  transfo rm er has a slightly  double-hum ped characteristic  
w ith  less th a n  0.005 db d ip  for a coupling coefficient of 0.5. Because of the 
slight overcoupling th is  transfo rm er design gives a  little  m ore gain  and 
bandw id th  th a n  th e  critically  coupled case. I ts  m ain ad v an tag e  lies in the 
fac t th a t  sim pler design form ulas can be used.

1 H . T . Frlis and A. G. Jensen, High Frequencv Amplifiers, B. S. T. Vol. I l l ,  April 
1924, pp. 181-205.

3 A. J . Christopher, Transform er Coupling Circuits for H igh-Frequency Amplifiers,
B. S . T . J .,  Vol. X I, Oct. 1932, pp. 608-621.

3 T his analysis is based on an old unpublished report by H . T. Friis.

I n t r o d u c t io n
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D e r iv a t io n  o f  D e s ig n  F o r m u l a s

(a) Matched, or Symmetrically Loaded Transformer.
In the circuit of Fig. 1:

E i  =  I f R i  -f- 1 / ju C , )  +  I 2( — 1/i'coC,)

0 =  I i (  1 /iuC i)  +  h(jcoL ,  -f- 1/jaiCi) -f- I;t(—joiM)

0 =  / 2( joiM)  -f- ¡¡(juLn +  1/juCi)  +  — 1/jccCf)

0 =  / » ( -  l/jo>C2) +  I , ( I I ,  +  1 / j u C t)

(1 )

m
A

f  '* 1 i  u  1
1111

=l2 c2^ -
 ̂ 1

I E2 1 1
11
*

M
=  k T / l ,  l 2

Fig- 1.—Parallel tuned, m atched, or symmetrically loaded transformer. 

E lim inating  / 2 an d  I3 am ong these equations gives:

f  it  _  L \ R 2 L i  R \  , 2
E i / i 4 =     ----------  - f  w

M

+  3 « M L x L i \  
M  )

M

Ci C2 R\ Ri

)  (C x -R i +  C iR f }
]

+  oi 'R iR *
M

( L i C i + L i C i )  (2)

- ( M  -  -  I  ■ Rl ^ ]
V M  ) ]  01 M  )

If the coefficient of m u tua l coupling is k , an d  the  first and  second induct­
ance and capacitance are resonan t a t  on an d  o ,  rad ians per second, respec­
tively, we can  sub stitu te  in (2) the  expressions,

M  — k y / L \ L 2 , L i =  1/corCi, Li  =  1 /ce2C2 , 1 ] =  E i / R ,  (3)

This gives the general expression,

E i/Et =  Rl ^ Cl C'1 JTü! • 1 4- — ■ 1 ~1
k \ l ^ 2  JR.2O2 wi R i  Ci J

_  "  ( - r æ  +  s i c ; ) ]

+j(—  a -r>+J z  + 2 + -£w * ]
\ C O i CO2 [_<*>! ^ 2  C l  J t v i Ĉ 2 C 2
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T h e app lica tion  of circu it condition I , (on =  co2 =  co0) to  (4) gives,

£ i / £ *  =
R l  C O o \/C l C o j f  1

+
1

« o C l J î l  CO o C 2 £

1
C o )  (1 ^ } C o C x i? !  +  C00C2i?2)

-  ; -  (1 -  k ¿)
« 0/

^C Oq  C l  1 COo C *2 - ^ 2

1 -  ¿2

(5 )

CO

COo 2 +  u o C i C i R i R .
COo

CO

C ircuit condition I I  (zero transm ission loss a t  co =  co0) is satisfied if 
| E , / E o |=  2 \ Z r 1/ R 2- S ubstitu ting  th is  condition in (5) and  solving for 
k  gives:

cooCiC2R 1R* d- 1 ± i ( c o 0C if?i — cooC iR i)k 2 = _________________
(coo C . R . Y  +  (co0C2£ 2)2 +  (c o g C iC ji? !^ )2 +  1

Since k m ust be real,

GOoC \R 1 =  QIqC zR'Z

an d  from  (6) and  (7)

C O o C J ? .  ~  OI0C0R2  =  \ / 1 —  A 2/ A

From  (5) and  (8) the transm ission form ula for th is  transform er is,

} [ [ - ) ’ a  - * ■ )  -  - <2 +  +  -
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(7)
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_ \ wo/
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CO 0 CO J J

\ / 1  -  k 2 (co/coo)4( 1  — A’')  — ( c o / c o q )  " ( 2  +  A, J )  +  1

2É (co/co0)3( l  — A2) — co/coo (11)
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The transm ission loss, £ ,  defined as the ra tio  of the m axim um  available 
power from the generator to  the o u tp u t pow er m ay be obtained from  (10),

£ E i
E 2

[(5
(1 -  A2)

1 -  k  
4k* ■Yd k~) — — (2 +  Af) +  "°

COo CO _

(12)

or the loss in decibels equals 10 log £ .
I he transm ission delay, 5, m ay be ob tained from (11).

S
d<j> 
ifto

( i  -  k Y  - (1 -  k2) 2 +  4 k 2 -  1 +  ( ^

(13)

k-
2£3tc0

seconds.

I he inpu t im pedance seen from  the  generator term inals is,

k V i  -  k 2

Zin =  Rl

J 1 - (1 -  k2)

Vi - k2 - 1  +  2 ( -

1 -

(1 -  k )

(1 -  k2)

C14)

T he form ulas (12), (13) and (14) give the im p o rtan t characteristics of this 
transform er. T ab le I  gives expressions for these characteristics in  the 
general case, and  for k — 0.5, for several picked frequencies. Of these 
frequencies ojo an d  c o o / \ /1 — k 2 are the frequences of zero transm ission loss, 
“ 0/ \ / 1 — k2 is the geom etric m idband, and oi0/ \ / 1 +  k  and  co0/ \ / 1 — k 
are the cut-off frequencies of an infinite filter m ade of identical transform ers 
of this type.

The in p u t im pedance, transm ission loss, and  the transm ission delay are 
p lo tted  against co/cco for a  m atched transform er w ith  k =  0.5 in Fig. 2. F rom  
these curves, and  from  T able I  the following im portan t characteristics of 
this transform er will be no ted :

(1) T he pass-band  is approxim ately  sym m etrical w ith  frequency, ra th e r 
than w ith the logarithm  of frequency, as in  circuits which have a  low-pass 
analog.



T able I

Relative Frequency 
w/w 0

Transmission Loss (db) Delay X “ o (radians)
Input Impedance

Input-Standing 
Wave Ratio in

General Case k <= 0.5 General Case i  = 0.5 db. k = 0.S

1 0 0 2 y / 1 -  k2 
k

3.464 Ri 0

i / V i -  k2 0 0 2 \ / 1 -  k2 
k

3.464 A 0

\ / y / \  -  k2 0.136A4 0.0048 3 +  V l  -  k2 2 \ / 1 -  k2 3.344 /  k < / \ - k 2 . \ 0.585
2 -  k2 
approx.

4 +  k*/Z{2 -  k2) k v. /  1 -  V l  -  *
approx.

1

11CS

l / V l  4- * 5 — k
10 log

4
0.52 6 — k 2~\/1 -  k2 

5 — k k
4.234 a ( i  + j V  1 -  k) 6.02

1

>

5 k
10 log

4
1.39 6 +  k 2 V l  -  k2 

5 +  k k
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Fig. 2.—Loss, delay, and input standing-wave ratio versus relative frequency for the 
m atched transform er for k  =  0.5. Loss and delay curves also apply to the 

case of the mis-matched transform er for k  =  0.632.

(2) T he delay curve is also qu ite sym m etrical. C ircuits which can be 
derived from  low-pass form s have m ore delay on the low-frequency side, 
where loss increases faster. T he sym m etry  of the delay curve m akes phase 
com pensation easier.
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(3) T h e  in p u t standing-w ave ra tio  passes th rough zero on e ither side of 
m id-band, an d  although  it  has  a  0.6 db d ip  a t  m id-band for the  case of 
k — 0.5, i t  is under one db over a  larger frequency range than  in the tran si­
tionally  coupled case.

(4) T h e  bandw id th  betw een po in ts  one db  down on the loss curve is very  
nearly  equal to  the bandw id th  betw een the cut-off frequencies. T his 
bandw id th  is sim ply re la ted  to  the  tune  frequency fo and  the geom etric 
m idband frequency/,,, as shown below.

A / — fo/ V I  — k — fo/V 1 +  k 

 ̂M / V i  -  k2
: f mk / V  1 -  k2

(15)

T hus, given required  values of /,„, A/, C , (or R  0, and C2 (or Rf) ,  the m atched 
transform er can be designed by the use of form ulas (3), (8) and (15). These 
form ulas are sum m arized a t  the end of th is paper.

A transform er of d ifferent phase and  loss characteristics resu lts if the 
loading resistance is rem oved from  one side of a  m atched  transform er. 
E q u atio n  (5), if =  00, becomes,

-Ey
é :

V i -  k2
k 2 V I . V i

~ 3

k 2
1

( V ' - V
coo

( !  — k )  — 2 — +
COo CO

(16)

A t CO —  COo,

| E x / E "  12 =  C i/C , (17)

while from  (10) the corresponding ra tio  for th e  m atched  transform er is,

| £ , / £ *  | 2 =  4CVC-, (18)

T h u s th is  m is-m atched transform er has 6 db m ore gain a t  the  tune fre­
quency th a n  the corresponding m atched  transform er, w hether used as an 
in terstage, an  o u tp u t or an  in p u t transform er.

T h e  transm ission loss referred to  the  loss a t  co =  «o is,

C.v, _  Cl i E y
C \  ! £•>'

1_
I 2 1

+

( i  -  ñ

(1 -  k2) -  2 — +  —
_ \ C 0 0/  C00 CO _

( 19)
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tOq

l'ig. 3.—Loss and delay versus relative frequency for the mis-matched transform er ob­
tained by making R i in Fig. 1 infinite, for k =  0.5.

The transm ission delay o' in th is case is,

s' =  y r ^
0>ok3

\  4
«  \  .■>.•> / C O

, (.1 -  k ) -  -  (1 -  k2) +  (3k* -  1) +
“ 0/  \ C O o /

g "
fey seconds.

(20)
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T he loss is equal a t  four points,

w =  wo, o) =  o ) o /" \ / l  — k 2, o) =  o ) o / 's / l  — k ,  o) =  o>o/s / 1 - p  F

T h e curves of Fig. 3 show the  loss and  delay  for th is m is-m atched tran s­
form er for th e  case w here k  — 0.5. T he double-hum ped band-pass charac­
teristic of the m is-m atched transform er can be com pensated for in an  am pli­
fier by  de-tuning slightly  to equalize the hum ps an d  using a single-tuned 
c ircuit in ano ther in te rstage in which,

Q =  wmC R  S  V i j k 2 -  3 /4  ^  3 P /3 2  (21)

T he above com bination  of a m is-m atched transform er and  a single-tuned 
transform er, in successive interstages, will give app rox im ate ly  6 db  m ore 
gain th a n  if two m atched  transform ers were used. T h e  ac tua l gain ob ta ined  
will depend upon th e  ra tio  of the in p u t an d  o u tp u t capacitances. T h is gain 
advan tage  carries w ith it  the  p en a lty  of increased sensitiv ity  to  tube capac-

Fig. 4.—M ism atched or unsym m etrically loaded transformer.

itance varia tions. However, the  m is-m atched transform er m ay  be used 
to  ad v an tag e  in the  first in te rstage of an  am plifier to  m inim ize the effect 
of the  second tu b e  on the  signal-to-noise ratio . I t  m ay  also be used in the 
la s t in te rstage to  offset an y  lack of pow er-handling capac ity  in th e  second- 
last tube.

(b) Mismatched or Unsymmetrically Loaded Transformer
A transform er w ith only one loading resistor, as in Fig. 4, can alw ays be 

designed to  have  the sam e b andpass and phase characteristics as the m atched 
transform er'1 shown in Fig. 1. N o pow er transfer will occur, b u t the ratio 
of o u tp u t vo ltage to  the square roo t of the available inpu t power can be 
determ ined, and  set equal to th is ratio  for the m atched  transform er, except

4 T his im portan t principle has been described by S. D arlington in a  paper: Synthesis of 
R eactance 4-Poles, Journal o f Mathematics and Physics, Vol. X V III, Sept. 1939, pp. 257— 
353. Independently , th is principle was dem onstrated to the au thor by W. J. Albersheim 
in an unpublished m em orandum  dealing w ith the  transitionally flat transform er.
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for a constan t factor. F or the  m atched case this ratio  is, from  equation
(9),

/ I E l
& x /4 R i_  1 /  C, _ / « V  1 -  k2 / “ CT

a y  c ai?! v « o / a y  C Æ

3 (1 -  k2) V r ^ T 2 / ~ c TyWo/ 2 ^ 2

(2 +  £2)V l -  k2
2k2

¿2
1/Sy „ „  / ,/  r  p  (2 2 )ŝ co /  2k- y Ci xvi

F or the m ism atched transfo rm er the  corresponding ra tio  can be obtained 
from  equation  (4) by  le tting  Ro approach infinity, giving,

, / e ? / 4 r [ =  /  a  _
y E £  2k'wi V  C[R[ u 'M

1 -  V 2 a f s L
2k' V  C[R[

3 < ).'2£0 1 —/»
^  W 1 W 2 2 t

t - V R i C i C i

I • /w2 . w A  V M C i C i  • W l  W 2  \ / R l  Ci  C2
+ / W  I  —  +  —  1 --------- ^   -  J ------------------------- X T ? --------\coi W2/  2k w 2k

(23)

T he two transform ers are to  have the sam e phase characteristics, an d  the 
same band-pass characteristics except for a constan t fac to r N  where,

N (24)

T he term s involving voltages in  (22) and  (23) can be elim inated by com­
bining with (24). E quating  the coefficients of like powers of co gives (25), 
below.

1 -  k2
k

1  -  k 2

JLt / Oil CO2

i  . Æ - ± . / j Ç L ' i V î5
* y  C \R \  2k' y  i ? ( c i  wi 

y c i - R i w î  2k' y  c i R i

   1 1 -  ¿ ' 2 ; /  jv \
V r & C i  ■ - * =  — 77—  V r î c ï c î

C00 k  \COi CÜ2/

- 3 +  - } )  N
COl C02/

(25)

2 + 1  =  V l K C i C Î  A 4  , wi'

\ /2 ? i  C 1C2 2 
 r wo =

V

V rJcïcï
(w( 0)2 iV)
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T he last th ree equations were simplified by the use of equation  (8). 
E q u a tio n s (25) yield th e  five rela tions below:

RiC'i  =  R x C i /2

Oil =  coo

C02 =  CO0/  V l  -f- k2 

f  = V i k
(26)

Su m m a r y  o f  D e s ig n  F o r m u l a s

A transfo rm er m u st usually  m eet certain  requirem ents as to  bandw idth  
an d  m id-frequency. Loss curves for various values of k, p lo tted  against 
re la tiv e  frequency  m ay  be used. T o  a  very  close approxim ation th e  geo­
m etric  m ean  frequency f m =  u m/2ir, m ay be used for the m id-band fre­
quency, an d  A/, th e  bandw id th  betw een cut-off points, m ay  be used for the 
b an d w id th  betw een one db  points. T hen ,

And, from  (15),

u,n =  w o /v ^ l — k2 (27)

 4 /y/o _
Vi  +  (a / / / o) 2

(28)

T h e  o ther necessary relations for the  m atched  transform er an d  for the 
m ism atched transform er w ith  the sam e transm ission characteristics, as 
derived from  equations (3), (8) an d  (26) are given below.

(a) M atched  T ransform er.

1

V I I c i  

1
V I 2C2

M

O.'o

« 0

V u  L
R \ C \  =  R 2 C 2

=  k

Vi -  k2
CÜQ k

(29)
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(b) M ism atched T ransfo rm er:

v b ; = " 0

1 COo

v L z C i  v r  +  ^

M '
=  k' =

V i k  
v L [ L i  K v r + T >  

Vi -  /fe2=
2wn k
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(30)

U ©

(a)

(b)

R',

L i ■

M’

ri1

| l'2 -

i

- C 2 E'z 
1

I
11
+

M'

:Cp @ n

l'ig. 5. M ism atched transform er (a) fed by constant current generator, (b) with in p u t
and ou tpu t reversed.

ih e  ratio  of the o u tp u t voltages in the two cases is given by:

E i  
E 2

= N ‘
( E [  2/A R [ \  
U i  2/42?i/

E i  Ci
R'iCi

E[
E i

(31)

Ih e  relative gains of the two transform ers, as given by equation  (31), 
will be exam ined for th ree im portan t cases:

(1) In p u t  Transformer— In  th is case R ,  =  R / ,  an d  C\  =  CV, so th a t 
from  (31), the  m ism atched transform er gives four tim es, or 6 db more 
gain.

(2) Output Transformer— T he voltage source in Fig. 4 m ay  be replaced 
by the constan t cu rren t source / /  =  E i ' / R f ,  by  N o rto n ’s Theorem , as 
shown in Fig. 5(a). B y  the  R eciprocity  T heorem  we m ay exchange the 
positions of the cu rren t source and the o u tp u t voltage as shown in Fig. 5(b), 
w ithout changing the value of the la tte r. T his m ay also be done for the
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m atched  transform er. T he resu ltan t circuit is th a t  for a  pentode o u tp u t 
transfo rm er in each case, where the  p la te  resistance of th e  tube  is so high 
com pared to  circuit im pedance th a t  we can consider it to  be a  constan t 
cu rren t generato r of g„,Eg am peres, w here gm is the  grid-plate transconduct­
ance an d  E 0 the  grid signal voltage. T h u s in  th is  case the m is-m atched 
transfo rm er also gives 6 db m ore gain th a n  th e  m atched  transform er.

(3) Interstage Transformer— If the  vo ltage generators of Figs. 1 an d  4 
a re rep laced b y  the ir equ ivalen t cu rren t generators gmE„ =  E t/ R ,  and  
gmE'a =  E'i/ R [, then (31) becomes,

e!i 2 - 4 * i c :
t j-yl

gm Eg
E , R iC i gm Eg

T h e first rela tion  in (26) m ay be su b stitu ted  in  (32) giving,

e '. 2
=  2

C lCi gm Eg
Eo Cl Cs gm Eg

T hus, in the in terstage case, th is m ism atched transform er h as  only 3 
db m ore gain th a n  th e  m atched  transform er.

H ere, as in the case of the  first m ism atched transform er discussed in th is 
paper, there is an  increased sensitiv ity  to  capac ity  varia tions. In  practice 
it  appears th a t  th is is n o t alw ays serious in w ide-band interm ediate-fre- 
quency am plifiers. Some im provem ent in noise figure an d  pow er handling 
m ay be ob tained, as before, w ithou t encountering  difficulties w ith  double­
peaked  pass-band  characteristics.

T he design form ulas given in th is pap e r have been used successfully in  the 
design of experim ental in te rm ed ia te  frequency am plifiers in the .65 m e region 
hav ing  b an d  w id ths of th e  order of 10 to  20 me.



Statistical Properties of a Sine W ave Plus Random Noise

By S. O. R IC E

I n t r o d u c t io n

T N  SO M E technical problem s we are concerned w ith  a cu rren t which 
consists of a  sinusoidal com ponent plus a random  noise com ponent. A 

num ber of s ta tis tica l p roperties of such a cu rren t are given here. T he p resen t 
paper m ay be regarded  as a n  extension of Section 3.10 of an  earlier p ap er,1 
“M athem atical A nalysis of R andom  N oise” , where some of the sim pler 
properties of a sine w ave p lus random  noise are discussed.

1 he cu rren t in w hich we are in te rested  m ay be w ritten  as

I  =  Ocos at +  I n
(3.4)

=  i?cos (qt +  0)

where Q and  q are constan ts, t is tim e, an d  I N is a random  (in the  sense of 
Section 2.8 of Reference A) noise cu rren t. W hen th e  second expression in­
volving the envelope R  an d  th e  p hase  angle 8 is used, the  pow er spectrum  of 
I k is assum ed to  be confined to  a rela tively  narrow  b and  in the  neighborhood 
of the sine w ave frequency f Q = q / ( 2tt). T his m akes R  and  8 rela tively  
slowly (usually) vary ing  functions of tim e.

In  Section 1, the p robab ility  density  and  cum ulative d istribu tion  of I  are 
discussed. In  Section 2, the upw ard “crossings” of I  (i.e., the  expected 
num ber of tim es, per second, I  increases th rough  a given value I i) ,  are 
examined.

The p robab ility  density  and  the cum ulative d is trib u tio n  of R  a re  given in 
Section 3.10 of Reference A. T he crossings of R  are  exam ined in Section 4 
of the p resen t paper.

The s ta tistica l properties of 8', the tim e derivative of the phase angle 8, 
are of in te rest because the  in stan taneous frequency of I  m ay  be defined to 
b e / ,  +  8 ' / (27r). T h e  p robab ility  density  of 8' is investiga ted  in  Section 5 
and the crossings of 8' in  Section 6. 8' is a function  of tim e which behaves
som ew hat like a  noise cu rren t an d  m ay accordingly be considered to  Consist 
of an infinite num ber of sinusoidal com ponents. T he problem  of determ in­
ing the “pow er spec trum ” W(J)  of 8', i.e., th e  d istribu tion  of the m ean 
square value of the com ponents as a  function  of frequency, is a ttac k ed  in

l B .S .T .J . 23 (1944), 282-332 and 24 (1945), 46-156. T his paper will be called 
‘ Reference A” .

109
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Sections 7 an d  S. T h e  correla tion  function  of 9' is expressed in te rm s of 
exponentia l in tegrals in  Section 7, the  pow er spectrum  of I N being assum ed 
sym m etrical an d  cen tered  on / , .  In  Section 8, values of W ( f )  are  ob ta ined  
for the special case in  w hich the  pow er spectrum  of I N is cen tered  o n a n d  is 
of the norm al-law  type.

I t  is believed th a t  some of the  m ateria l presen ted  here m ay  find a use in  
the s tu d y  of the effect of noise in frequency m odulation  system s. F or 
exam ple, the  curves in Section 8 y ield  in form ation  regarding the  noise pow er 
spectrum  in the  o u tp u t of a  p rim itive  ty p e  of system . Also, th e  procedure 
em ployed to  o b ta in  th e  expression (5.7) for 6’ m ay  be used to  show th a t  if

Qcos[(/l/c<>o) cos co01 +  qt] +  I n  =  Rcos  (ql +  6)

the sinusoidal com ponent of dd/dt  is2

— A  (1 — e~p) sin co

where p is the ratio  Q-/  (2 I \ ) .  T h is  illu stra tes the “ crow ding effect” of the 
noise. T h e  s ta tis tica l analysis associated  w ith R  an d  6 of equations (3.4) 
(when the  sine w ave is absen t) is sim ilar to  th a t  used in the exam ination  of 
the cu rren t re tu rn ed  to the  sending end of a transm ission line by  reflections 
from  m any  sm all irregularities d is trib u ted  along the  line. T h is  suggests 
an o th er application  of the  results.

A c k n o w l e d g m e n t

1 am  indeb ted  to  a num ber of m y associates for helpful discussions on the 
questions stud ied  here. In  p articu la r, I  w ish to  th a n k  M r. H . E . C u rtis  for 
his suggestions regard ing  th is  subject. As in  R eference A, all of the  com pu­
ta tio n s  for th e  curves an d  tab les  have been perform ed b y  M iss M . D arville. 
T h is  w ork  has been qu ite  heav y  an d  I  g ratefu lly  acknow ledge h er contribu­
tion  to  th is paper.

1. P r o b a b il it y  D is t r ib u t io n  o f  a  S i n e  W a v e  P l u s  R a n d o m  N o is e

A cu rren t consisting of a  sine w ave p lus random  noise m ay  be represented
as

I  =  Qcos qt +  I N (1.1)

w here Q an d  q a re  constan ts, t is the  tim e, an d  I N is a random  noise current. 
T h e  frequency, in cycles per second, of the sine w ave is / ,  =  q/(2ir). In  all

2 T he first person to obtain this result was, I  believe, W. R . Young who gave it  in an 
unpublished m em orandum  w ritten  early in 1945. He took the ou tpu t of a frequency 
m odulation lim iter and discrim inator to  be proportional to either the signal frequency or 
to the instantaneous frequency (assumed to be distributed uniformly over the inpu t band) 
of I n  according to w hether Q is greater or less than the envelope of I N . H is memorandum 
also contains results which agree well w ith several obtained in th is paper.



our w ork we denote the  pow er spectrum  of I N by  w(J)  an d  its correlation ■ 
function by P { t ) .  T he m ean square value of I N is deno ted  b y  pf.-.

T he s tudy  of the p robab ility  d istribu tion  of I  is essentially a s tudy  of the 
integral5

1 r  V I  — Q cos

m  -  P U T , I  i

P R O P E R T I E S  OF S I N E  W A V E  P L U S  N O IS E  111

V  Po
dd (1 .2 )

where

*<*) =  7 7 T e~x*n  (L 3)

and p ( I )  is the  p robab ility  density  of I ,  i.e. p ( j ) d l  is the p robab ility  th a t  a 
value of cu rren t selected a t  random  will lie in th e  in te rval / , / + < / / .  A n ­
other expression for p{I)  is given by  equation  (3.10-6) of R eference A, 
nam ely

P(I)  =  C *  e - izl- * " in  M Q z )  dz (1.4)
Z7T J -  oo

where J  o{Qz) denotes th e  Bessel function  of o rder zero.
T he substitu tions

I  n _  J L  n  CN
y  v V  a VV o

enable us to  w rite  (1.2) as

Pity)  =  V h P ( I )  =  -  [  p (y  — a cos 9) dd, (1.6)
7r J o

where p x(y) denotes the  p robab ility  density  of y. T h is is the expression 
actually  studied . C urves showing p ity )  an d  the cum ulative d istribu tion  
function

0 .7 )
f  p ( h ) d l x =  [  p i(yi)dyi

J—oo y— oo

=  -  [  <p~i(v — a cos 6) dd,
7r Jo

where

=  (  tp (x i)d x i =  +  \  e r f  ( a , - / \ / 2 )
J— oo

3 W. R. B ennett, “ Response of a  L inear Rectifier to Signal and Noise,”  Jour. Aeons. 
Soc.Am er. Vol. 15 (1944), 164-172, and B .S .T .J . Vol. 23 (1944), 97-113.

( 1-8)
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are show n in Figs. 1 an d  2. T he curves for a =  10 an d  a =  y / l O  w ere com ­
p u te d  by  S im pson’s rule from  (1.6) and  (1.7), an d  the  curves for a =  1 
were com puted  from  the series (1.10) given below. Since b o th  <p(x) an d

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.6 2.0 2.2 2A  2.6
1 /  ( R M S l )

Fig. 1— Probability density of sine wave plus noise.

I  — Qcos gl_j- /.v , a =  Q /y / to ,  y  — I / y / t o ,  y / t o  =  rms /,y  
pi{y) d l / y / t o  = probability to ta l current lies between I  and  I  +  d l  
y ( l +  a2/2 )-1/2 =  / / ( rm s  I ) .  Curves are sym m etrical abou t y  =  0.

are  ta b u la te d 1 functions the in tegrals in  (1.6) an d  (1.7) are well 
su ited  to  num erical evaluation .

4 v(x)  is given directly and <p-x{x) m ay be readily obtained from W .P.A., “ Tables of 
P robability  Functions,” Vol. I I ,  New York (1942). The functions g>{m\ y )  are tabulated 
in Table V of “ Probability  and its  Engineering Uses” by T . C. F ry  (D. Van N ostrand Co.,
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T he form  assum ed by  p i(y )  as the  p a ra m e te r  a becomes large is exam ined 
in  the la tte r  portion  (from eq u a tio n  (1.12) onw ards) of th e  section.

Series w hich converge for all values of a b u t which are especially suited  
for calculation w hen a <  1 m ay  be ob ta ined  by  inserting  th e  T ay lo r’s series 
(in powers of x) for ip(y +  x)  and  <p-\iy +  *), x  =  — a cos 9, in  (1.6) and
(1.7) an d  in teg ra ting  term wise. W hen we in troduce the n o ta tio n 4

(m) f  \  d / N 1 ¿T* —t/2/2 / a «v
O M  -  -  S a y , «  (1-9)

l / ( R M S  TOTAL C U R R E N T ) 

e distribution of sine wave

Ordinate =  100 / pi{y\) dyx. See Fig. 1 for notation. 
J —OO

Fig. 2— Cum ulative distribution of sine wave plus noise. 
• y

we obtain

"  è . , T 5 7 ! ( i )  "

/  P iiy ù d y i  =  <p-x(y) +  Z  ~ n ( ï )  ‘J—oo n_i n ln l  \ 2 /

(1.10)

(y)

Ih e  second equa tion  of (1.10) m ay  be show n to  be valid b y  break ing  the 
interval (— cc, y )  in to  (— °o, 0) and  (0, y).  In  the first p a r t ,

/ piiyi) dyi =  ¥>_i(0)
J—OQ
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since bo th  sides have the value 1 /2 . In  th e  second, term  by te rm  in teg ra ­
tio n  is valid  since the  series in teg ra ted  are un iform ly  convergent as m ay  be 
seen from  the inequality

(»>(y) < iïiY 9
[1 +  0 o r 1) +  0(y2« -1)], (1.11)

\2 tt /  \ i r n /

in  w hich we suppose th a t  y rem ains finite as n  —> =o. T h is m ay be ob ta ined  
by  using the  know n behav io r of H erm ite  polynom ials of large o rd er.5

W hen Q »  rms I„  so th a t  a is very  large the d istribu tion  approaches th a t  
of a sine w ave, nam ely

0, | y  | >  a

f

pi(y)

p i i y j d y i

/ 2 2\—1/2 /{{a -  y  ) /Tr,

1 , 1  . y
-  - f  -  arc  sin  - ,  
z 7r a

\ y \  <  a
( 1 .1 2 )

\ y  I <  a

In  order to  s tu d y  th e  m anner in w hich th e  lim iting expressions (1.12) are 
approached  it  is convenien t to  m ake the  change of variab le

x  =  y  — a cos 6, dd =  [a2 — (y — a;)2]-1/2 dx

z =  x  — y  +  a

in (1.6). W e obta in
•*yJra

¡>i (y) =  - /7r
<p(x) [a -  (y -  x)

21 —1/2 dx
y - a  

2 a
(1.13)

=  -  [  <p(z +  y  -  a)[z(2a -  s)] dz. 
TT Jo

An asym pto tic  (as a becom es large) expression for p i(y )  su itab le  fo r the 
m iddle portion  of the d is trib u tio n  w here a — | y  | »  1 m ay be ob ta in ed  from 
th e  first in teg ral in (1.13). Since th e  p rincipal con tribu tions to  the  value  of 
the  in teg ra l come from  the  region a round  x  =  0 we are led to  expand  the 
radical in pow ers of x  an d  in teg ra te  term wise. L egendre polynom ials enter 
n a tu ra lly  since they  are  som etim es defined as  the  coefficients in such an 
expansion. R eplacing the  lim its of in teg ra tion  y +  a an d  y — a b y  +  x  
and  — oo, respectively  an d  in teg ra ting  term w ise gives

piiy) '

_ (a2

(.a -  y )2 \ —1/2 r

2\ —1/2 
-  y ) l +

31 +  1 
2 (a2 -  y 2) +

(a* -  ? ) "

3(351' +  30¿ +  3) 
8 (a2 -  y2)2

(1.14)

5 A suitable asym ptotic form ula is given in Orthogonal Polynomials, by  G. Szego, 
A m . Math. Soc. Colloquium, Pub., Vol. 23, (1939), p. 195.



where / =  y-/(a-  — y 2) an d  P i n( ) denotes the Legendre polynom ial of 
order 2n. W e have w ritte n  th is  as an  asy m p to tic  expansion because it 
obviously is one w hen y, an d  hence I, is zero in  which case

¿ V O )  =  ( - ) "  ---3- 5 ' , ' ( 2 n 1 }2.4.- • -2n

W hen y  is near a o r is g rea ter th a n  a, a su itab le asym pto tic  expansion m ay 
be o b ta in ed  from  th e  second in tegral in (1.13) by  expanding (2a — s)~1/2 
in powers of z /(2a )  an d  in teg ra tin g  term wise. T he upper lim it of in teg ra­
tion, 2a, m ay be replaced by oo since <p(z +  y  — a) m ay be assum ed to be 
negligibly sm all w hen z exceeds 2a. W e thus ob ta in

1 50 i'i'i /  I \  »+1/2
pi(y) ~  - 2 Z  ( — ) [  <p(z +  y  — a)z”~m  dz

tr „„o n!  \ 2 a )  Jo

_  <p(y — a) y»  ( j ) n /  f “  e_ ,(y- i,)-(J2/2) z» -i/2

tt n=o n \  \ 2 a )  Jo
where we have used the no ta tion

( a ) 0 =  1, (a)„ =  a ( a  +  1) • • • ( a  +  n  —  1).

T h e  in tegrals occurring in  (1.15) are related  to the parabolic cylinder 
function6 Dm(x). T h eir properties m ay be obtained from  the known
properties of these functions or m ay be ob tained by  w orking directly  w ith
the integrals.

Suppose now th a t  a is very  large so th a t only the leading term  in the series 
(1.15) for/>i(y) need be reta ined .

T hen

p i(y )  ~  a~112 F (y  — a) (1.16)

where

F(s)  =  i T l 2~m  [  <p(z +  s)z~w dz (1.17)
•A)

By w riting o u t <p(z +  s), expanding  exp (—zs) in  a  pow er series, and  in te ­
g rating  term wise we see th a t
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,-5/4 « I' Q  +
F (s) =  5 £  \ 2  V  ( _ V 2 y

TT I -  0 I !

=  (2x)_1 s112 <p(s/-\/2) K \(s2 /4 )

where K  denotes a modified Bessel function .7 T h e  relation  (1.18) m ay also

6 W hittaker a
7 A table of 1 

(1944). 812-818,

6 W hittaker and W atson, “ Modern Analysis,”  4 th  ed. (1927), 347-351.
7 A table of K}(x) is given by H. Carsten and N. McKerrow, Phil. M ag. S7, Vol. 35
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be ob ta ined  from  p a ir  923.1 of “ F ou rie r In teg ra ls  for P rac tica l A pplica­
tions,” b y  G. A. C am pbell and  R . M . F o ste r.8

A curve show ing F (y  -  a) p lo tted  as a function  of y  — a is given in Fig. 3. 
I t  w as ob ta ined  from  the  rela tion

m  =  21/47t~3/2x ( — V  y /2 )
where

X(x) =  [  e ~ * ~ ' ' 'd w  
Jo

Fig. 3—Probability  density of sine wave plus noise.
W hen rms Ik  < <  Q and I  is near Q, pi(y) ~  a~lltF (y  — a), y  — a = (I  — Q )/(rm s In )-

See Fig. 1 for notation.

T h is  function  h as been ta b u la ted  by  H artree  an d  Jo h n sto n .9
T h e  p ro b ab ility  th a t  I  exceeds Q, o r th a t y  exceeds a, is, in teg ra tin g  the 

second of expressions (1.13),

r  , s 1 r-a dz r ”
1. d> ~  i  |  V,(2. -  .) I .  ^

An asym pto tic  expansion m ay be ob ta ined  by  expanding  (2a — z)~in  as in 
the derivation  of (1.15) b u t we shall be co n ten t w ith  the lead ing  term. 

8 Bell Telephone System Monograph B-584.
8 Manchester Lit. and Phil. Soc. Memoirs, v. 83, 183-1S8, Aug., 1939.



Using

f  z 1/2 dz f  <p(x) dz  =  [  <p(x) dx  f  z-1/2 dz — 21/4ir_I/2r ( f )
J  z  J q J q

we obtain

[  Pi(y) d y  ~  2“ 1/47r“3/2r ( ! ) a “ 1/2 =  0.185 • ••  a~1/2 (1.19)
J a

F or use in  com putations we lis t the following values

T ( i)  =  3.62561, r ( f )  =  1.22542, F ( f )  =  0.90640

2. E x p e c t e d  N u m b e r  o p  C r o s s i n g s  o f  I  p e r  S e c o n d

In  this section, we shall s tu d y  two questions. F irs t, w hat is th e  p ro b a­
b ility  P { I i ,  h)dt  of I  increasing th rough  the value 1 1 (i.e. of I  passing 
th rough the value  1 1 w ith  positive slope) during the infinitesim al in te rva l 
h ,  h  +  dl? Second, w h a t is the expected num ber N ( I i) of tim es per second 
I  increases th rough  the value  Tfi. W hen ty  is zero, 2N (0) is the expected 
num ber of zeros p e r second, an d  w hen 1 1 is large N ( I i) is approxim ately  
equal to  the expected num ber of m axim a lying above the value I i  in a n  
in terval one second long.

W e s ta r t  on the first question  by  considering the random  function

z =  F (a u  o2, • • • aN; t)

where the a ’s a re  random  variab les. T he p robab ility  th a t  th e  random  curve 
ob ta ined  b y  p lo ttin g  z as a  function  of t increases th rough  th e  value z =  z% 
in the in te rva l t h h  +  dl is10

dt [  T)p(zi, t;; h) dy (2.1)
Jo

where p(£, ij; l x) denotes the  p robab ility  density  of th e  random  variab les 

£ =  F ( a i , fl2, • • • , f lv ; t i )

• - B L .

In  our case z becomes the  cu rren t I  defined by  equation  (1.1). T he 
m ethod used to  ob ta in  equation  (3.3-9) of Reference A m ay also be used to  
show th a t  the  q u a n tity  p ( I i, 77, U) (which now appears in  (2.1)) is given by

p {T  1 , V, h )  =  “ 7/ <p(y ~  a  cos qli)<p{x +  b sin qh ) (2.2) 
—po

10 This result is a  straightforw ard generalization of expression (3.3-5) in Section 3.3 of 
Reference A where references to related results by M . Kac are given. A form ula equiva­
lent to (2.1) has also been given by M r. H . Bondi in an unpublished paper w ritten in 1944. 
He applies his formula to the problem studied in Section 4.
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w here <p{ ) denotes the  norm al law function defined by  equa tion  (1.3) and

=  47t2 I  w { / ) f  df,  No =  I  y  =

Q _ _  V , _  6? _  2a/,
V V o ’ ' s /  — \p0 ’ \ /  — Ip0 No

E q u atio n  (3.3-11) of R eference A shows th a t  ¿Y0 is the  expected nu m b er of 
zeros p er second w hich /,v w ould h ave if it w ere to  flow alone.

L e t jP (/i, ti)dt be th e  p ro b ab ility  th a t  I  will increase th ro u g h  th e  value 1 1 

during  the in te rv a l t h l\ +  dt. T hen  (2.1) an d  (2.2) give

P ( I l h )  =  [  V p ( h ,  V, h )  dij
Jo

(2-4)
=  r N 0<p(y — a cos qli) / x<p(x -j- b sin  qtP) dx.

Jo

T h e in tegral in  (2.4) is of th e  form  

/ X(p(x +  v) dx  =  ip(v) — v / (/>(*) dx
Jo J v

v r
=  - =  +  ?(») +  0 / ¥>(*) (fa- 2 Jo

(2.5)

w here v replaces b sin ql i an d  J ’\  deno tes a confluent hypergeom etric  func­
tion.

T h e  d is trib u tio n  of the  crossings a t  various p o rtions of the  cycle (of the 
sine w ave) m ay  be ob ta ined  b y  giving special values to  qt\ in (2.4).

T he expected num ber of tim es I  increases th rough the value 1 1 in one 
second is

N ( h )  =  L im it I  f  P ( / „  t x) dli
T - *  oo i  *20

(2.6)
r T r  pbsinff

=  No J <p(y — a cos 6) I <p(b sin 6) +  b sin 9 J <p(x) dx de

w here we have used (2.4) an d  the  second equation  of (2.5). T h e  integrand 
in (2.6) is com posed of ta b u la ted  functions an d  is of a  form  su ited  to  nu­
m erical in teg ration . E xpand ing  <p(y — a cos d) in (2.6) as in  the derivation



of (1.10), replacing the q u a n tity  w ith in  the b rackets by  the series shown in 
the last equation  of (2.5) ,and in teg rating  term wise leads to

w o  -  w r ( N * „  - f )  <2.7,
n®=7 0 7V\fl\ \ Z  J  \  1 /

T he series (2.7) converges for all values of a, y, an d  b. T h is follows from  the 
inequality  (1.11) w hich m ay  be applied  to  <pt2n)(y), and  from  the fac t th a t 
the  iF i  is less th a n  exp (b~/2) as m ay  be seen by  com paring corresponding 
term s in  their expansions.

T he expected num ber of zeros, p er second, of I  is 2tY(0) w here we have set 
1 1, and  hence y, equal to  zero. In  th is  case the  in tegral in (2.6) m ay  be 
simplified som ew hat and we obta in
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2N  (0) =  No (2.8)

where 1 0(/3) is the  Bessel function  of o rder zero an d  im aginary  argum ent and
2 . , 2 2 , 2  a +  b „ a — b

'’ " - I -

Ie(k,  x)  =  f  e~uI 0(k u ) d u .
Jo

T he in tegral Ie(k,  a-) is tab u la ted  in A ppendix I.
I  have been unable to  ob ta in  a  sim ple derivation  of (2.8). I t  was orig­

inally ob tained from  the following integral

N {I \ )  =  —  f  d6 ¡p(y — a cos 0) f  x<p{x +  b sin 0) dx  (2.9) 
2 J - r Jo

which m ay be derived from  the second equation  of (2.4) an d  the first of
(2.6). Setting  I , and  y  equal to  zero and  w riting  o u t the <p’s gives

2/Y(0) =  ^  f  dO [  dx
Z7T J — x  JO

x  exp [ —!(.r2 +  2bx sin 0 +  a cos" 0 +  b~ sin" 0)].

E quation  (2.8) w as ob ta ined  by  apply ing  the m ethod  of A ppendix I I I  to 
this expression.

3. D e f i n i t i o n s  a n d  S im p le  P r o p e r t i e s  o f  R  a n d  0

T he rem aining p o rtion  of th is p ap e r is concerned w ith  th e  envelope R  an d  
the corresponding phase angle 0. These quan titie s a re  in troduced  an d  some 
of the ir sim pler p roperties discussed in  th is section.

Suppose th a t  the frequency b and  associated w ith  /.v is rela tively  narrow
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an d  contains th e  sine w ave frequency T h e  noise cu rren t m ay be re­
solved in to  tw o com ponents, one “ in ph ase” an d  the  o ther “ in  q u a d ra tu re ” 
w ith  Q cos qt. U sing th e  rep resen ta tion  (2 .8-6) of reference A  an d  proceed­
ing as in  Section 3.7 of th a t  paper:

M

I n  =  ^ 2  c„ COS (ojn t — <p„) (3.1)
n—1
M

=  Y 2  cn cos [(«„ — q)t — <Pn +  qt]
n«*l

=  I c cos qt — I s sin qt

where
M

I c  ~  ^  . Cn COS [(wn q)t — ^n3
n=l 
M

I* =  X ) Cn s in  [(ci>„ — q)t — pn]

con — 2irf fn  nAf, c“n 2w(/„)A/

ic(/) denotes the  pow er spectrum  of Z.v an d  the ipn’s a re  random  variables 
d is trib u ted  uniform ly over th e  in te rv a l (0, 2ir).

T h e  to ta l cu rren t I  m ay  be w ritten  as

I  — Q cos qt +  I n

— (Q +  I c) cos qt — I ,  sin qt
(3.4)

=  R  cos 6 cos qt — R  sin 6 sin qt

=  R  cos (qt - f  6)

w here we have in troduced  the  envelope function  R  an d  the  phase 
by  m eans of

R  cos 6 =  Q +  I  c

R  sin 6 =  I s

Since I c an d  I , a re  functions of t whose v aria tio n s are re la tive ly  slow in 
com parison w ith  those of cos qt, th e  sam e is tru e  of R  a n d  (usually) 6.

A graph ical illu stra tion  of equa tions (3.4) an d  (3.5) w hich is o ften  used is 
shown in F ig. 4.

In  accordance w ith  th e  usua l convention used in  a lte rn a tin g  current 
theory , th e  v ec to r OQ is supposed to  be ro ta tin g  a b o u t th e  origin 0  with 
angu lar velocity  q. I f  I n h appened  to  have  the  frequency q /2 r ,  its  vector
rep resen ta tion  Q T  would be fixed re la tive  to  OQ. I n  general, how ever, the

angle 6 

(3.5)

(3.2)

(3.3)
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length and  in c lin a tio n  of Q T  will change due to  the  random  fluctuations of 
In.  T hus the po in t T  will w ander around on the p lane of the figure. If  
rm s In  is m uch less th an  (), T  will be close to the po in t Q m ost of the tim e. 
In  this case

and  a num ber of s ta tis tica l p roperties of R  and  6 m ay  be obtained from  th ^  
corresponding p ropertie s  of noise alone w hen we note th a t  I c, I s, an d  I s 
behave like noise cu rren ts  whose pow er spectra  are concentra ted  in  the 
lower portion  of th e  frequency spectrum .

B y squaring  bo th  sides of equations (3.1) and  (3.3) and  th en  averaging 
w ith  respect to  t an d  the <p„’s we m ay show th a t I c, I $, and  I k all have the 
same rm s value, nam ely  ipl12.

I t  m ay be seen from  (3.3) th a t  the power spectra  of I c an d  I ,  are both 
given by

where i t  is assum ed th a t  0 <  /  «  f q. Likewise the power spectrum  of the 
tim e d eriva tive  l [  of I  s is

flh is follows from  th e  rep resen ta tion  of l [  ob ta ined  by  d ifferentiating  the 
expression (3.3) for I ,  w ith  respect to  I, the procedure being the sam e as in 
the deriva tion  of equa tion  (7.2) in Section 7. T h e  pow er spectra  shown in 
T able 1 were com puted  from  equations (3.7) and  (3.8).

T he correla tion  function  for I  c, an d  hence also for I  „ is, from  equations 
(A2-1) and  (A 2-3) of A ppendix I I ,

R  =  [(() +  i c Y  +  l l ] in  ~ Q  +  I

(3.6)
de d I ,  l[
dt dt Q Q

i
<

T

Fig. 4— Graphical representation of I  — Qcos ql +  I k  ■

W ( f a + f )  +  M f v - f ) (3.7)

47r f 2[w (f  q +  / )  +  w( f q  — /) ] (3.8)

I c { t ) I c { t  +  t )  =  g =  w ( f )  COS 2tr ( /  -  f q ) r  d f
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where the b a r  denotes an  average w ith  respect to  I an d  g is a fu n ctio n  of r . 
F rom  (A 2-3) th e  correla tion  function  for /., is —g" w here th e  double prim e 
on g denotes the  second d eriva tive  w ith  respect to  r.

A tte n tio n  is som etim es fixed upon  the  v a ria tio n  in  d istance betw een  suc­
cessive zeros of I .  T h e  tim e betw een two successive zeros o f / a t ,  say , l„ a n d / i  
is the  tim e taken  for qt +  9, as appearing  in R  cos (qt +  9), to  increase by tr. 
T h is  assum es th a t  the  envelope R  does n o t van ish  in the in terval. F o r the 
m om ent we w rite  9 as 6(1) in order to  ind icate its  dependence on th e  tim e t. 
T h en  t0 and  t\ m u st sa tisfy  the  re la tion

qt\ +  9(h)  — qt0 — 9(t0) =  tr (3.9)

Since 9(t) is a re la tive ly  slowly v ary in g  function  we w rite

9 (t\) — 9(to) =  ( t i  — lo )6 '(lo )  +  (h  — to)29 "  (Zo)/2 +  • • •

T able 1
P ow er S p ec tra  o f  I n , Ic , I „ , and I'3

I n Ic and 14 I'.

w (f)  =  w0 -  \Io/P fo r / ,  — (3/2 <  /  
< f t + 0 / 2  

w(f)  =  0 elsewhere 
/ ,  =  m id-band frequency

2wo for 0 <  /  <  p/2  

0 elsewhere

S+Rwo for 0 <  /  <  p /2  

0 elsewhere

w (f )  =  wo =  fo /P  fo r / ,  -  p < f  <  / ,  
w (f )  =  0 elsewhere 
/ ,  =  top frequency

wo for 0 <  /  <  p 
0 elsewhere

A+Rwo for 0 <  /  <  p 
0 elsewhere

)V ( 2, 2) 2/o _ f 2/(  2<r2l 8t 2/V o  _ f 2/ f 2ff2)
wiJ) -  a V T . e <rV2^ c V T * 6

w here the prim es denote d ifferen tia tion  w ith  respect to  t. W hen th is is 
placed  in  (3.9) an d  te rm s of o rder (h  — l0)- neglected, we ob ta in

1 = f  +  ^ -0 '( 'o )  (3.10)2( / i  — to) 2 t  2 ir

w hich re la tes th e  in te rv a l betw een successive zeros to  9'.
T h e expression on the  righ t h and  side of (3.10) m ay  be defined as the in­

stan tan eo u s frequency:

In stan tan eo u s frequency  =  f q (3.11)
2tt at

T his definition is suggested w hen cos 2irft is com pared  w ith  cos (qt +  9) 
and  also b y  (3.10) w hen we no te  th a t  th e  period of the  in stan taneous fre­
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quency is approxim ately  equal to  twice the d istance betw een two successive 
zeros which is 2 ^  — l0).

T he p robab ility  density  of R  is11

R
exp 

po

(3.14)

-  ^ 2^ - ]  U R Q U o )  (3-12)

where 70 ( R Q /p 0) denotes th e  Bessel function of order zero w ith  im aginary  
argum ent. In  Section 3.10 of Reference A, i t  is show n th a t  the average 
value of R " is*

=  (2^o)"/2r  ( |  +  l )  ,F,  ( - * ;  1; - p )  , (3.13)

w here p =  Q 2/  (2\p0) ,  of w hich special cases are

R  =  e - pl\ ^ / 2 ) w  [(1 +  p )7 0(p /2 ) +  p i , { p / 2 ) ]

R 2 =  Q2 +  2\f/0 

Curves showing the  d is trib u tio n  of R  are also given there.

4 . E x p e c t e d  N u j ib e r  o f  C r o s s in g s  o f  R  p e r  Se c o n d

H ere we shall ob ta in  expressions for the expected num ber Atr of tim es, 
per second, the envelope passes th rough  the value R  w ith positive slope. 
W hen R  is large, N s  is approxim ately  equal to the expected num ber of 
m axim a of the envelope p er second exceeding R  and  when R  is sm all N r is
approxim ately equal to the expected num ber of m inim a less th a n  R.  F o r
the special case in  w hich th e  noise b and  is sym m etrical an d  is cen tered  on 
the sine w ave f re q u e n c y / ,  N r is given by  the rela tively  sim ple expression
(4.8).

T he p robab ility  th a t  the envelope passes th rough the value R  during  the 
in terval I, t +  dt w ith  positive slope is, from  (2.1),

dt [  R 'p (R ,  R ' ,  t) d R ’ (4.1)
Jo

where p(R , R \  t) denotes the p robability  density  of R  and  its tim e derivative 
R 1, 1 being regarded as a param eter.

An expression for p(R ,  R ',  I) m ay be ob ta ined  from  the p robab ility  density  
of 7 S, / ( .  F rom  our rep resen tation  of a  noise cu rren t and the cen tra l
lim it theorem  i t  m ay  be show n (as is done for sim ilar cases in P a r t  I I I  of 
Reference A) th a t  the p robab ility  d istribu tion  of these four variab les is

11 In  equation (60-A) of an unpublished appendix to his paper appearing in the B .S .T .J . 
Vol. 12 (1933), 35-75, R ay  S. H oyt gives an integral, obtained by integrating (3.12) with 
respect to R, for the cum ulative distribution of R.

*The correlation function for the envelope of a  signal plus noise, together w ith associated 
probability densities of the envelope and phase, is given by D . M iddleton in a  paper 
appearing soon in the Q uart. Jl. of Appl. M ath .
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norm al in  four dim ensions. If  the  variab les be taken  in tire o rder given 
above the  m om ent m atrix  is, from equations (A 2-2) of A ppendix I I ,

M  =
bo

0

0

bx

0 0 In

bo — bi 0 

- b i  h  0

0 0 62

(4.2)

where the b’s are defined by  the  in tegrals in  equations (A 2-1). T h e  inverse 

m atrix  is

1 bo 0 0 - b C

B 0 ¿2 fti 0

0 bi bo 0

_ —bi 0 0 bo_

, B  =  bobo — bi (4.3)

w hich m ay be readily  verified by m atrix  m u ltip lication , and  the  determ inant 
| M  | is B-. T he norm al d is trib u tio n  m ay  be w ritten  dow n a t  once when 
use is m ade of the form ulas given in  Section 2.9 of R eference A. T h e  sub­

s titu tio n s

l'c == R 'cos 9 — Rsin 9 6' 

l'a =  R 's in  9 +  Rcos 6 9'

I c =  Rcos 9 — Q, 

I  » =  Rsin 9,
(4.4)

d I M M ' M  I =  R -d R d R ' d9d9'

enable us to  w rite 

b2( l ]  +  l \ )  +  bo{I?  +  I ? )

- 2 b l i U ' .  -  I . I c )  =  M R 2 -  2<2Rcos 9 +  C2)

+  60(R '2 +  R26'2)

- 2 b 1R-9' +  2&i(?(R,sin 9 +  R9' cos 9). 

C onsequently  the p robab ility  density  of R , R ' , 9, 9' is

p (R ,  R ', 9, 9') =  ^  exp j - - L  M R -  -  2QRcos 9 +  Q2)

+  6o(R'2 +  R V 2) -  2 6 iR V  +  261<2(R'sin 9 +  R61 cos 9)]

(4.5)

I n  th is  expression R  ranges from  0 to  =o, 9 from  — x  to  x , an d  R ' and 6 
from  — oo to  +  oo. T h e  p ro b ab ility  density  for R  an d  R ' is ob ta ined  by
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in tegrating  (4.5) w ith  respect to  8 an d  O' over the ir respective ranges. T he 
integration w ith  respect to 8' m ay  be perform ed a t  once giving

\ - 3 / 2

dd

(4.6)

p { R , R ' , t )  =  f
V B b 0

CXP { “  ¿bo [B(-R2 ~  2RQC0S 9 +  Q2) +  (b°R' +  blQs[n 9)2

F rom  (4.1) an d  (4.6) i t  follows th a t  the expected num ber N r of tim es per 
second the envelope passes th rough  R  w ith  positive slope is

R{2tt)~w
N r =

V B b 0
J  dd f  R 'd R '

(4.7)

6XP  ̂ “  ¿ b t {B{Rl ~  2RQc° S ° +  Q2) +  b̂oR' +  blQ&m ^

W hen the pow er spectrum  w(J)  of the noise cu rren t I n  is sym m etrical ab o u t 
the sine w ave f re q u e n c y /,,  Zq is zero and  B  is equal to  bob*. In  th is case the 
in tegrations in (4.7) m ay be perform ed. W e obtain

* - < £ ) > (
/ 5 2V /2 r ^ b i l i t y  density  of
\2 t t /  j_envelope a t  th e  value R_

(4.8)

where the  second line is ob ta ined  from  expression (3.12). As will be seen 
from  its definition (A 2-1), b0 is equal to the m ean square value / 0 of I N 
(and also of I c an d  I , ) .

In troducing  the no ta tion

v =  Rbo1/2 =  R / rm s I s
(4.9)

a — A b0 1/2 =  Q / rm s I s ,

which is the sam e as th a t  of equations (3.10-15) of R eference A except th a t 
there P  denotes the  am p litude of the sine w ave an d  p lays the  sam e role as 
Q does here, enables us to  w rite (4.8) as

N r = A
2irbo_

=  [ A J W  (4.10)

T he function p(v) is p lo tted  as a  function  of v for various values of a in Fig. 
6, Section 3.10, of Reference A.

I t  is in teresting  to  no te th a t

(b*/bo)ll2/ir  =  E xpected  num ber of zeros per second of I c (or of I ,) (4.11)
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T his relation, w hich is tru e  even if th e  noise b an d  is n o t sym m etrical abou t 
/ „  follows from  equa tion  (3.3-11) of R eference A.

W hen Q »  rm s I N a n d / ,  is n o t a t  the  cen ter of th e  noise b an d  it  is easier 
to ob ta in  the  asy m p to tic  form  of N r from  th e  app rox im ation  (3.6),

R ~ Q  +  Ic,

in stead  of the double in teg ra l (4.7). W hen Q > >  rm s I K an d  R  is in  the 
neighborhood of Q (as i t  is m ost of the  tim e in th is  case), N r is app rox im ate ly  
equal to  the  expected num ber of tim es I  c increases th rough  th e  v a lue  I  c i =  
R  — Q in  one second. T h u s, regarding I c as a  random  noise cu rren t we 
have from  expression (3.3-14) of R eference A

N r ~  x  [1/2 the expected num ber of zeros per second of I  c]
an d  w hen we use equa tion  (4.11) we ob ta in

N r ~  (&2/6„)1V u - 0)2/(26°) =  ~  (^ /¿o ) 1/2e_Cl’_a)2/2 (4.12)
Z7T Z7T

T able 2
inf/) =  ît'o =  bo/ß o v e r  a Band o r  W idth  ß

bt Nr

1. B and extends f r o m /,  — 0 /2  to
U  +  d/2

7t2/326o/3 (tt/6)'I'-0P(v) =  0 .724  0p{v)

2. Same as 1 and in addition Q — 0 it (x/6 y-Ußve-’H'-

3. Same as 1 and in addition 
Q > >  rm s I n

ÍÍ
ß  —(r—a) 2/2

~ 2 V 3 e

4. Band extends f ro m /,  t o / ,  +  0  
and  Q > >  rms 1N

Arßrho/S _  J L  e-(» -< o2/2 
V 3

T able  2 lists the form s assum ed by (4.10) an d  (4.12) w hen the  pow er spec­
tru m  w(J)  of the noise cu rren t I n is co n s tan t over a frequency  b an d  of w idth  / .  
T h e  q u a n tity  b0 in the  expressions for b. rep resen ts the  m ean square  value 
of I n .

In  th e  general case w here the  b an d  of noise is n o t cen tered  on / ,  and 
where R  is n o t large enough to  m ake (4.12) valid  we are  obliged to  re tu rn  to 
the double in tegral (4.7). Som e.sim plification is possible, b u t n o t as much 
as could be desired. In troduc ing  the n o ta tio n

a  =  RQ/bo, 7  =  biQ (Bb0)~lli 

x  =  (boR' - f  biQsm d)(Bbo)~lli
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enables us to  w rite (4.7) as 

N r =  ( 2 r ) - m ( R /b o K B /b 0)m e ' (Ili+Q2)K2b'>)

(4.13)
(x -  y  sin B)è" 'iu°"

 ̂ 7  s in  0

Î X /.CO

¿0 / (a- — y sin 0)
5T ^  7  s in  0

COS0—(7sin0)2/2 ^

(4.14)

P a r t of the in teg rand  m ay be in teg ra ted  w ith  respect to  x and  the rem aining 
portion  in teg rated  by  p a r ts  w ith  respect to 9. T he double in tegral in the 
second line of (4.13) th en  becom es

f ^ acosi- (73in9,2,2 de +  [ T  f  e~*m  d x A d [ y e r V ™ ° ]
v L J 7 sin 0 J

=  [  (1 +  y  oT 1 cos 0)eaJ—jT

=  y o T \ - ^ +a^ 12 J * ( 7  cos 9 +  a / y ) e Wcose+a'y)2'2 dd 

=  2tr 2  ^ 2 "  — ^ [/„ (a ) +  7 2a “‘1/ n+i(a)J.
n~o n \  \  a /

T he series is ob ta ined  by  expanding exp [— ( 7  sin 9)-/2] in  the second 
equation  in powers of sin 9 an d  in teg rating  termwise.

5. P r o b a b il it y  D e n s it y  o f
d t

As was po in ted  o u t in Section 3 the tim e d eriva tive  9' of the phase angle 
0 associated w ith  th e  envelope is closely re la ted  to  the in stan taneous fre ­
quency. T h e  p ro b ab ility  density  p{6’) of 9’ m ay be expressed in term s of 
modified Bessel functions as shown by  equation  (5.4). C urves for p(9')  are 
given w hen the sine w ave frequency f q lies a t  the m iddle of a  sym m etrical 
band  of noise. A lthough the expressions for p{9’) are ra th e r com plicated, 
those for the averages 6' and  | 9' | given by equations (5.7) an d  (5.16) are 
relatively simple.

T he p robab ility  dens ity  p{9') m ay  be ob ta ined  by  in teg rating  the expres­
sion (4.5) for p(R ,  R ' , 9, 9') w ith  respect to  R , R ' ,  9. T he in teg ration  w ith  
respect to  R ',  the lim its being — 0 0  an d  +  = 0 , gives the p robab ility  density  
for R, 9, 9’:
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B  =  0„02 -  bî

a =  (0* -  2M '  +  bo0'2) / (2 B )  

P  =  e 2/(2 5 o )

b =  Q{b2 -  b ,0 ')/{2B)  

c = Qib \ /{2B bü) =  ¿ Ïp /B  (5.2)

7  =  02/ a

an d  0*, 6 1, ¿ 2 are  given in A ppendix  I I .
In teg ra tin g  w ith  respect to  R  gives th e  p ro b ab ility  density  for 0, 6'. 

E xpand ing  exp (2bR  cos 6) in pow ers of R  an d  in teg ra ting  term wise,

p(e, 6') =  - i -  ( - ^ L - Y  ec 
’ ’ 107ra \a b o B j

■A n  +  1 ( b  cos 0 \ ‘

KFO
(5.3)

W hen we in teg ra te  8 from  — 7r to  -k to  ob ta in  p(0') the term s for w hich » 
is odd d isappear an d  we h ave to  deal w ith  the  series, w riting  7  for lr /a ,

V  2»J +  1 / ! .,»
2_, ------ ¡—  ( 7  cos 0)

m \
( 2 7  cos2 0 +  1) exp ( 7  cos2 0)

T h u s, th e  p ro b ab ility  d ensity  of 0' is

(2 7  cos2 0 +  1)p W )  =  - ± - ( - ± \ n  r ,
1 16tt a \ a b 0B j  J-*

dd

-  L (¿ )  [(t+1)/o (V 5) +7/1 (V)_ (5.4)

exp c +  7  02 0op
2 B

F rom  (5.2)

c +  7

7 — c =  p 

bibop _
~  ~B~ ~  ~

2bl6'
02 -  2010' +  0O0'2 

p 02 — 2010'  +  2000'
(5.5)

2 02 -  20,0' +  0O0'2

I t  w ill be no ted  th a t  for large values of | 0' | the p ro b ab ility  d en sity  of O' 
varies as | O' ¡~3. A lthough th is m akes the m ean  square  value  of O' infinite, 
the  average values 0' an d  | 0' | of O' an d  | 0' | still exist. In  o rder to  ob ta in  
O' i t  is convenient to  re tu rn  to  (4.5) an d  w rite

f T r°° r ’̂ co r 00 
O' =  do d R  d R ' do' O'p{R, R ' ,  0, O') (5.6)

J — T  *-0 + —00 *2—  CO



The in tegration  w ith  respect to 8' m a j' be perform ed by  se tting  R0r equal to 
x and using
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i +o< 

CO
X e ~ax2+Vxd x  =  0 3 /a ) + / « ) 1/2 eBVa

The integral in  R '  reduces to  a sim ilar in teg ral except th a t  the fac to r x in 
the in tegrand is absen t. P erform ing  these tw o in teg ra tions an d  using th e  
definition of B  leads to

—  1 0i f"’ f ”
O' =  x -72  dO d R  (R - Q c o s O )

Z7T On J ~ T  Jn

exp ~  (.R 2 -  2QR  cos 0 +  Q2) ]

We may in teg ra te  a t  once w ith  respect to R .  W hen th is  is done cos 0 dis­
appears and the in teg ra tio n  w ith  respect to  0 becom es easy. T h u s

O' =  (01/ 0 o) exp [—0 2/(20o)] =  (0i/0o)e_p (5.7)

When the noise pow er sp ec tru m  is equal to  w 0 in  th e  b and  ex tending  from  
/ o — /3/2 to  / o +  d /2  an d  is zero ou tside the  band , 0i =  2ir(f0 — f q)b0. 
Hence, from (3.11),
ave. instan taneous frequency  =  f q +  0' / ( 2x)

=  / o +  i f  a - / o ) ( l  -  e -p) (5‘8)

In  the rem ainder of th is  section we assum e the  pow er spec trum  of the  
noise curren t to  be sym m etrical ab o u t the  sine w ave f re q u e n c y /,.  I n  th is 
case 0, and c are zero, B  is equal to  0 o02 and  (5.4) becomes

P i O ' )  =  K * o / 0 2 ) 1/2( 1  +

[(y +  i) /o (y /2 )  +  y h ( y / 2 ) }  (5.9)

=  K 6o/02)1/2(1 +  ^ ) - 3l2e - \ F 10 ;  1; y )

where 1T 1 denotes a confluent hypergeom etric  function 12 and

z- =  boO'-jbi, y  =  (7 ) ^ - 0  =  p / ( l  +  s2) (5.10)

When the noise pow er spectrum  is co n s tan t in the b and  ex tend ing  from  
fq ~  d /2  t o / ,  +  ¡3/2 (see T ab le  2, Section 4)

(02/ 0 o) i/a =  3 - 1/ ^ . ,  3 =  V W / f a )  (5.11)

T! K relation used above follows from equation (66) (w ith m isprint corrected) of W . R. 
ennett s paper cited in connection w ith equation (1.2).
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0.1 0.2 0.3 0.4 0.5 0.6 0.8 1 2 3 4 5 6 8 10

VT ei/Cp-tr)
Fig. 6— Cum ulative distribution of tim e derivative of phase angle.

N otation  explained in Fig. 5.

. 0 .5 ------

^  0.25 -
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Q 2 _  A VE.S IN E  WAVE POWER 
~  2 i//q AVE. NOISE POWER

Fig. 5— Probability  density of time derivative of phase angle.
p(0') dO' — probability th a t the value of dO/dt a t  an in stan t selected a t random  lies be­

tween O' and O' -f- dOr. T he power spectrum  of In  is constan t in band of width 
P centered on f q and  is zero outside this band.

v a l u e  a t  e  = 0
2.5

0.2 0.3 0.4 0.5 0.6 0.8 1 2 3 4 5 6 8 10
V3 0 7 (ßTi)



T he p robab ility  d ensity  p{8') of O' an d  its  cum ulative d istribu tion , ob ­
tained by num berical in teg ration , are  show n in Figs. 5 an d  6.

The p robab ility  th a t  O' exceeds a  given 0[ is equal to  the p ro b ab ility  th a t  
s exceeds Si, w here z \  denotes (&o/M l/20i> a n d  b o th  probab ilities are equal to
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—p r

H  ( 1 + s V V ‘
| ; 1; p(l +  s') 1 dz  (5.12)

The probability  th a t  O' >  0[ becom es c~p/ ( i z l )  as 0{ —> ° o .
W hen Q »  rm s I n th e  leading te rm  in th e  asy m p to tic  expansion of the 

iFi  in (5.9) gives

p m  a- =  h / Q 2 (5.13)
< 7 V  Z7T

when it is assum ed th a t  z- «  1. T h is  expression holds only  for the  cen tra l 
portion of the curve for p(0')- F a r  o u t on the curve, p(O') still varies as 
0'~3. E quation  (5.13) m ay be ob ta ined  d irec tly  by  using the approx im ation
(3.6) th a t O' is nearly  equal to l ' j Q  an d  no ticing th a t  b> is the m ean square 
value of l[.

If the sine w ave is ab sen t, p is zero an d

p m  =  Ubo/b^'H  1 +  z-)-V2 (5-14)
which is consisten t w ith  the resu lts given betw een equations (3.4-10) and  
(3.4-11) of R eference A. In  th is case (5.12) becomes

\  ~  Zj  (1 +  si)-1/2 (5.15)

Although the s ta n d a rd  dev ia tion  of 0' is infinite an  idea of the  sp read  of 
the d istribu tion  m ay be ob ta ined  from  the  average value  of | O’ j. S etting  

equal to zero in (4.5) in o rder to o b ta in  the case in which the  noise band  is 
sym m etrical ab o u t th e  sine-w ave frequency leads to

f d R i ' d o T d *  i d O 'O ’ R 2
47T"0o02 v'o J - x J -o o  v’O

exp i- [ — (R~ — 2QR  cos 0 +  Q~)/b0 — (R'~ +  R~6'~)/6 2-j

The integrals in R ' , O' cause no difficulty an d  the in teg ral in 0 is p ro po rtiona l 
to the Bessel function  I 0{Q R /b0). W hen the resu lting  in teg ral in R  is 
evaluated13 we ob ta in

\ Y ]  =  (bi/bo)ll2c~pl2I  o(p/2) (5.16)

where p =  Q2/(2 6 0).

1! See, for example, G. N. W atson, “ Theory of Bessel Functions,” Cambridge (1944), 
P- 394, equation (5).
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W hen p is zero equation  (5.16) agrees w ith  a resu lt given in  Section 3.4 of 
reference A, nam ely , for an  ideal b an d  pass filter

ave | t  — Ti | _  fb  ~  Ja 
Tl V 3  (/&+/<,)

w here r  is the in te rv a l betw een tw o successive zeros an d  r i  is its  average 
value, r  is equal to  t \  — to of ou r equa tion  (3.10) from  w hich it  follows th a t

( t  — r i ) / n  ~  — d '/q  (5.17)

dd
6. E x p e c t e d  N u m b e r  o f  C r o s s in g s  o f  0 a n d  —  p e r  S e c o n d

at

A fter a  brief s tu d y  of the  expected  num ber of tim es per second the phase 
angle 0 increases th rough  0 an d  th rough  -it (where i t  is assum ed th a t  — tt <  
0 <  7r) expressions are ob ta ined  for the expected  num ber A > of tim es per 
second the tim e d eriva tive  of 0 increases th rough the  value 0'.

T h e  p o in t T  show n in F ig . 4 of Section 3 w anders a round , as tim e goes by, 
in  the  p lane of the  figure. H ow  m an y  tim es m ay  we expect i t  to  cross some 
preassigned section of the  line OQ in  one second? T o answ er th is  problem  
we note th a t,  from  expression (2.1), the  p ro b ab ility  th a t  0 increases through 
zero during  the  in te rva l I, I +  dl w ith  the  envelope lying betw een R  and 
R  +  d R  is

d l d R . f  e 'p { R ,Q , 0') dO' (6.1)
Jo

w here the  p ro b ab ility  density  in  the in teg ran d  is ob ta ined  b y  se tting  0 equal 
to  zero in  equa tion  (5.1). T h e  expected  num ber of such crossings per second 
is

(h r )~ Vi (ba B y ir- R 2d R e - b̂ Q)2nm
r  (6.2)

< 7 0 '0 'e x p  [ - b0 R - O r- / { 2 B ) +  b , R ( R  -  Q)0'/B]
Jo

w hich m ay  be eva lua ted  in  te rm s of error functions or the  function  <p_i(.r)
defined b y  equa tion  (1.8). F o r the special case in  w hich the pow er spec­
trum  of the noise cu rren t I n is sym m etrical ab o u t the sine w ave frequency, 
b i is zero an d  (6.2) yields

(2x ) - 3/V ^ y (B- 0,2/(2M d R  (6.3)

F rom  equation  (6.1) onw ards we have  tac itly  assum ed th a t  the  range of 0 
is given by — 7r <  0 <  7r because se tting  0 equal to  any  m ultip le  of 2ir in our 
equations leads to  th e  sam e resu lt as se ttin g  0 equal to  zero. T h is is due to 
0 occurring only  in cos 0 an d  sin 0. W hen 0 increases th rough  the  value v,
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as it does when the  p o in t T  crosses, in  th e  dow nw ard direction, the  extension 
of the line OQ ly ing to  the left of the  p o in t 0  in  F ig. 4, we im agine the  value  
of 9 to change d iscontinuously  to  the  value — x.

T he expected nu m b er of tim es p e r second 9 increases th rough  x  m ay be 
obtained from  (6.2) and , in  th e  sym m etrical case, from  (6.3) b y  changing the  
sign of Q since th is  p roduces th e  sam e effect as changing 6 from  0 to  x  in 
p(R, 9, 9').

The expected nu m b er of crossings p e r second w hen R  lies betw een two 
assigned values m ay  be ob ta ined  by  in teg ra ting  the  above equations. F o r 
example, the num ber of tim es p e r second 9 increases th rough  zero w ith  R  
between Q an d  R i  is, from  (6.3) for the  sym m etrical case,

(4 x ) -W * o )1/2 erf [(260) - l/2 1 R i  -  Q \ ] (6.4)

where we have used the  abso lu te value  sign to  ind icate th a t  R i m ay  be e ith e r  
less than  or g rea ter th a n  Q and

erf x  — 2x~1/2 [  e~lt dt  (6.5)
J 0

Expressions for b0 an d  b-> are given by  equations (A2-1) of A ppendix  I I .  
The m ean square v a lue  of I N is b0, an d  w hen th e  pow er spec trum  of I N is 
constant over a  b and  of w id th  (3, bi =  x 2|326o/3.

In  much the sam e w ay it  m ay  be show n th a t  the  expected  n u m b er of tim es 
per second 9 increases th rough  x  w ith  R  betw een 0 an d  R \  is

(4x)-i(V & o)1/2 (erf [(260) - 1/2( * i  +  0 ]  ~  erf [(25o)"1/2(?]} (6.6)

A check on these equa tions m ay  be ob ta ined  b y  no ting  th a t  the  expected  
number of zeros p er second of / „  given b y  equa tion  (4.11), is equal to  tw ice 
the num ber of tim es 9 increases th ro u g h  zero p lu s  tw ice the  nu m b er of tim es 
9 increases th rough  x. S etting  R i  equal to  zero in  (6.4), to  in fin ity  in  bo th
(6.4) and (6.6), an d  add ing  the  th ree  q u an titie s  ob ta ined  gives half of (4.11), 
as it should.

Now we shall consider the  crossings of 9'. T h e  equations in the first p a r t
of the analysis are q u ite  sim ilar to  those encoun tered  in  Section 3.8 of
Reference A w here th e  m axim a of R ,  for noise alone, a re  discussed. W e 
start by  in troducing th e  v ariab les  x \ ,  aq, ■ • • *6 w here

x i  =  I c =  Rcos 9 — Q, x t =  I ,  =  i?sin 9 (6.7)

and the rem aining x ’s a re  defined in  te rm s of the  deriva tives of I  c an d  I  s an d  
are given by the equations ju s t  below (3 .8-4) of R eference A.

Here we shall consider the noise band to be symmetrical about the sine



w ave f re q u e n c y / ,  so th a t  b x an d  b3 a re  zero. T h en  from  equa tions (3.8-3) 
an d  (3 .8-4) of R eference A the p ro b ab ility  d ensity  of aq, x 2, ■ • • a'e is
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— — exp (  — [b.i(xl +  aq) -j- 202(aqaq +  X4Xe)

N (6.8)
+  (D /b 2) (x 2 +  xl)  -(- bo(x3 +  aq)]

8 ttH-.

w here D  =  boh  — bl an d  the b, 's  are  given by  equations (A 2-1). R ep lac­
ing the s ’s b y  th e ir  expressions in  te rm s of R  an d  6, sim ilar to  those ju st 
above equation  (3.8-5) of R eference A, shows th a t  th e  p ro b ab ility  density  
for R ,  R ' , R " ,  6, O', 6" is

R 3 (  1
p{R, R ' ,  R " ,  0, O', 0")  =  g- ^  exp [b,{R - -  2RQ cosO  +  Qr)

+  {D /b2){R '2 +  RO"2) +  2h { R R "  -  R-6'-) (6.9)

+  bo{R"- -  2R R " 8 '2 +  4R'-O'- +  4RR'6 '0"  +  R 2d'4 +  R-0"2)

)
— 2b2Q (R"  cos 0 — R O cos 6 — 2R'O' sin 0 — RO" sin 0)]

I t  m u st be rem em bered th a t  (6.9) applies only  to  the  sym m etrical case in 
w hich bi an d  b3 a re  zero.

In te g ra tin g  R '  an d  R "  in  (6.9) from  — 00 to  «3 gives the  p robab ility  
density  of R, 0, O', 0” . T he in teg ra tio n  w ith respect to  R "  is sim plified by 
changing to  the variab le  R "  — RO'1. T h e  resu lt is

p(R ,  0, O’, 0") =  R 3(27t)-2(6o&2£>)-1/2(1 +  «)~1/2

R 2 -  2RQcos 0 +  Q2 +  b0R 2 O'2/ b 2 (ß

(Qb2 sin 0 +  b0R 6 " )2
+

(1 +  u )D

w here u  =  Ab2bo0'2/D .  T h e  expected  nu m b er of tim es p er second th e  time 
d eriva tive  of 0 increases th rough  th e  v alue  O' is

T  «00  /.CO

N r  =  dO d R  d 6 " 0 " p ( R ,0 ,  O', 0")
J— T JO JO

=  x ~ 2(b2S/b0) m  f  dO [  rdr f  xdx  (6' " }
J - r  J o  Jo

exp [— yr1 -f- 2racos 0 — a 2 — 5(x +  asin  0)2]
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where we have set

r =  R(2bo)-112 *  =  rb06"/b2

a  =  Q(2bo) 1 =  p ‘~ 7  =  1 +  bod'~/b2 =  1 + 3“ (6 .12)

5 =  bl 
(1 +  u )D

r being regarded as a  co n s tan t w hen the variab le  of in teg ra tion  is changed  
from 6" to x.

The double in teg ral in  6 an d  a  occurring  in  (6.11) is of the  sam e form  as 
(A3-1) of A ppendix I I I  an d  hence m ay  be transfo rm ed  in to  (A 3-3). H ere  
a =  r a, c =  — <5or, c +  b- =  0. T h e  d iam eter of the  p a th  of in te g ra tio n  C 
may be chosen so large th a t  th e  o rder of in teg ration  m ay  be in te rchanged  
and the in teg ra tion  w ith  respect to  r  perform ed. T h e  resu lt is aga in  an  
integral of the form  (A 3-3) in  w hich a- =  0. W hen th is  is reduced  to  (A 3-6) 
it becomes

AV =  e -p(27r7)-162,2(6o5)-)/2 [e~5piUo{Sp/2)
(6.13)

+ . ( 1  +  7 5 ) ( 1  +  yd/2)~1el>/yIe {7 6 (2  +  y5)~l, p/ 7  + W 2}]

where we have used I e ( — k, a*) =  Ie (k ,  x ) w hich follows from  th e  definition 
(A l-1) given in  A ppendix  I.

W hen there is no  sine w ave p resen t, p is zero a n d  (6.13) becom es

This gives a p a r tia l check on some of the above ana lysis  since (6.14) m ay  be 
obtained im m ediately by  se tting  a  equal to  zero in  (6.11). A no ther check 
may be ob ta ined  by  le tting  p —> °° an d  using Ic(k ,  00) =  (1 — k2)~il2.
(6.13) becomes

AV ~  (27r)-1 (64/ 62) 1 /2e-p i! (6.15)

which agrees w ith the resu lt ob ta ined  from  O' ~  I>/Q- 
l o r  the case in  which th e  pow er spectrum  w(J)  of the noise is equal to  the 

constant value Wo over th e  frequency  b an d  ex tending  from  / ,t — 13/2 to  
+13/2 ,

bo =  ¡3wo, bi =  i r ^ w o / S  =  7r‘2/326 0/3 ,  b\ — ir^^wo/b  =  x 4̂ 46o/5 (6.16)
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T hese lead  to

3 =  (6o/Z>2)1/20' =  V W / W ß )  D /b l  =  bibo/bl -  1 =  9 /5  -  1 =  4 /5

F rom  (6.14) we see th a t  (6.18) is equal to  Ng- w hen noise alone is p resen t 
(and  is of co n s tan t s tren g th  in the  b and  of w id th  /3). T h e  curves of A V /0  
versus z  show n in F ig . 7 w ere ob ta ined  by  se ttin g  (6.17) an d  (6.18) in  (6.13).

W hen the  w andering  p o in t T  of Fig. 4 passes close to  th e  p o in t 0 ,  9 
changes rap id ly  b y  ap p rox im ate ly  ir and  p roduces a  pulse in  9'. I n  dis­
cussions of frequency  m odula tion  6’ is som etim es regarded  as a  noise vo ltage 
which is app lied  to  a low pass filter. A lthough  the closer T  com es to  0

the response of th e  low pass filter m ay  be ca lcu la ted  app rox im ate ly .
T h a t  the  pulses in 9' arise in  the  m an n er assum ed above m ay  be checked 

as follows. We choose a  p o in t re la tive ly  far o u t on the  cu rve for p =  5 in 
F ig. 7, say  s =  y / z b ' / i p i r )  =  1.6 or 9' =  2.9/3. T h e  num ber of pulses per 
second hav ing  peaks h igher th a n  2.9/3 is roughly  A /  =  .009/3, an d  half of 
these have peaks g rea te r th a n  9' =  3.8/3 w hich is ob ta ined  from  Fig. 7 for 
AV =  .0045/3. F rom  Fig. 6 we see th a t  9' exceeds 2.9/3 a b o u t .0018 of the 
tim e. T h u s  the  average w id th  a t  the heigh t 2.9/3 of the  class of pulses 
whose peaks exceed th is  value is .0018/(.009/3) =  .2//3 seconds. T h is figure 
is to  be checked b y  the w id th  ob ta ined  from  the assum ption  th a t  th e  typical 
pulse arises w hen T  m oves along a s tra ig h t line w ith  speed v an d  passes 
w ith in  a  d istance b of O. W e ta k e  ta n  9 =  vl/b  =  at  so tha t 
9' — a / {  1 +  a 2/2). F rom  th is expression for 9r i t  follows th a t  a pulse of 
peak  heigh t 3.8/3 (the m ed ian  heigh t) h as  a  w id th  of .3//3 seconds a t  9' =  
2.9/3. T h is  ag reem ent seem s to  be fa irly  good in view  of the roughness of 
ou r work. A sim ilar com parison m ay  be m ade for p =  0 b y  using the 
lim iting  form s of (5.15) an d  (6.18). H ere i t  is possible to  com pute the 
average w id th  instead  of es tim ating  it from  the  m ed ian  p eak  value. Exact 
ag reem ent is ob ta ined , b o th  m ethods lead ing  to  a n  average w id th  of 7r/ (49') 
seconds a t  he ig h t 9'.

(6.17)

7  =  1 +  32

an d  the coefficient in (6.13) m ay be sim plified by  m eans of

(6.18)

A V /d  approaches e V  (z y / 3) as z —> <x>.

the h igher the pulse, the a re a  under the pulse will be of the  o rder of ir and
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Fig. 7— Crossings of time derivative of phase angle.
— expected number of times per second dO/dt increases through the value 0'. 

and the power spectrum  of I,y are the same as in Fig. 5.
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»  t -  dO7. C o r r e l a t io n  F u n c t io n  f o r  —
at

In  th is  section we shall com pute th e  co rre la tion  function  O(r) of 0'{l). 
W e are  p rim arily  in te rested  in  0 ( r )  because i t  is, according to  a  fu n d am en ta l 
resu lt due to  W iener, th e  F o u rie r tran sfo rm 14 of th e  pow er spectrum  W (f )  
of 0'{t).

W e shall first consider the  case in  w hich th e  sine w ave pow er is very  large 
com pared  w ith  th e  noise pow er so th a t,  from  (3.6), 0 is approx im ate ly  
/„ / ( )  an d  8' approx im ate ly  l ' , /Q .  T h en  using (A 2-3) an d  (A 2-1)

a ( r )  =  8 \t)0 '{ t  +  r )  -  Q - ' - I s W U t  +  r )

r ” (7-1)
=  - g"Q~2 =  4 t 2Q~* w ( f ) ( f  -  f Q)~ cos 2 r ( f - f S d f

•l o

W hen w {/ )  is effectively zero outside a  re la tive ly  narrow  b an d  in  the  neigh­
borhood of J q, a s  i t  is in  the cases w ith  w hich we shall deal, (7.1) leads to  the 
re la tion  (divide th e  in te rv a l (0, »  ) in to  ( 0 , / , )  an d  ( /,„  »  ), in troduce new 
variab les of in te g ra t io n / i  =  / ,  — / ,  fa =  f  — / ,  in  the  respective in tervals, 
replace the up p er lim it/ ,  of the  firs t in teg ra l b y  <*>, com bine th e  in tegrals, 
an d  com pare w ith  (2 .1-6) of R eference A)

Pow er spectrum  of 0’{t) =  W ( f )

«  4rPQ-°-[w(fq +  f )  +  w ( f q -  / ) ]  (7.2)

T h is  form  is closely re la ted  to  resu lts custom arily  used in  frequency  m odula­
tion  studies. I t  should  be rem em bered th a t  in  (7.2) i t  is assum ed th a t 
0 <  /  « / „  and  rm s /.v «  Q.

A dditiona l term s in  th e  app rox im ation  for 0 ( r )  m ay be ob ta ined  by 
expanding

T.
6 =  a rc  tan

Q +  lc

in descending pow ers of Q, m ultip ly ing  two such series (one for tim e I and 
the  o th e r for tim e t +  t )  toge ther, an d  averag ing  over t. I f  I ci, I si and 
Ic 2, I s 2 deno te the  values of I c, I ,  a t  tim es t an d  I +  r  respectively , the 
average values of th e  p roducts of the  I ’s m ay  be ob ta ined  b y  expanding  the 
characteristic  function  (ob ta inab le  from  eq u a tio n  (7.5) given below by 
se tting  =  s6 =  s; =  zs — 0) of th e  four random  variab les J cl, I sh I c2, I&  
T h is m ethod  is explained in  Section 4.10 of R eference A. W hen w (f)  ¡s 
sym m etrical a b o u t / ,  i t  is found th a t

H The form which we shall use is given by equation (2.1-5) of Reference A.
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n n — _i_ 1 |
~ Q 2 Q* 3Q6 •’

__ 72  
Q(r) =  o[e'2 =  -  -—  0,0 o (7.3)

(It -

=  ~  (P  ~  (T4 ^Sg"  ^  _  ^ 6  +  2g'-g)  +  • ■ •

From  the exact expression for 12(r) ob ta ined  below i t  is seen th a t  the last 
equation in (7.3) is really  asy m p to tic  in ch a rac ter an d  th e  series does n o t 
converge. W e infer th a t  th is is also tru e  for the  first equa tion  of (7.3).

We shall now ob ta in  the  exact expression for th e  correlation function  i2(r) 
of d'(t) w h e n / ,  is a t  the  cen ter of a  sym m etrical b an d  of noise. A t first sigh t 
it would appear th a t  the  easiest procedure is to  calculate the correlation  
function for 6(t) an d  then  ob ta in  0 ( r )  by  d ifferen tia ting  twice. H ow ever, 
difficulties p resen t them selves in  ge tting  6 outside the  range — ir, x  since 6 
enters the expressions only  as th e  argum en t of trigonom etrical functions. 
Because I  could n o t see an y  w ay  to  overcom e th is  difficulty I  was forced to 
deal with 6' d irectly . U n fo rtuna te ly  th is  increases the  com plexity since 
now the d istribu tion  of th e  tim e deriva tives of I c an d  I  s also m ust be con­
sidered.

We have

t a n 0  Q +  I c ’ s e c 0  1 +  G  +  / ,

e ,  =  (<? +  I c ) l [  -  U ' c  =  ( Q  +  T c ) l 's -  I j ' c

sec2 6(Q +  I cy- (Q +  I cf +  I i

(7-4)

and the value of d'{t)d'(t -f- r)  is the  eight-fold in tegral

n w  =  f  d i e l ■■■ r  di',2p ( i cl, • • • , i : 2)
•'-eo  J -  co

(Q +  /c l) /» !  ~  h J c \  y  (Q +  I d )  I  ¡2 — 7.,2 /  „2 
(Q +  I c y ) 2 +  111 (Q +  h i ) 2 +  I h

where p ( I ch , / ( , ) is an  eight-d im ensional norm al p ro b ab ility  density . 
As before, the subscrip ts 1 an d  2 refer to  tim es t an d  I +  r , respectively, 
ih e  most direct way of eva lua ting  the  in tegral (7.4) is to  insert the  expres­
sion for /(/<.], • • • t / ( 2) anci then  proceed w ith  the in teg ration . Indeed, 
this m ethod was used the first tim e the  in tegral (7.4) w as eva lua ted . L a te r  
it was found th a t the  algebra could be sim plified by  representing  p ( I ci, • • • , 
h i )  as the hourier transform  of its characteristic  function. T he second 
Procedure will be followed here.



T h e  characteristic  function  for h i ,  I c2, 1 , i ,  I s2, l'c\, l'c2, l [  1, 1 I2 is, from  
(A 2-2) an d  (A2-3) of A ppendix I I  an d  Section 2.9 of R eference A,

ave. exp i [ s i J ci -T z2I c2 +  z2I s 1 +  Z \ Is2 -T z s h i  +  ZqI  c2 +  Z j h l  +  3s/t2]

=  exp (— | )  [¿>o(zi +  z2 +  zi +  si) +  ¿2(25 +  S6 +  27 +  2g)

+  2Z>i(siS7 +  S2Z8 — Z3Z5 — s<3e) (7.5)

+  2g(3iS2 +  33Z4) -f- 2g'(3i3G — 3225 +  233s — 2427)

— 2g"(zsZe +  ZyZs) +  2 /7(3434 — 32 33)

- f - 2 / / ( 3 i 3s  - | -  2 2 Z 7  —  3336 —  2 4 Z 5 )  —  2 I t "  ( 3 5 2 $  —  Z 6 3 7 ) ] .

Since we have included b 1, h, It', h" th is holds w hen f q is n o t necessarily a t 
th e  cen ter of th e  noise band . H ow ever, henceforth  we re tu rn  to  o u r assum p­
tion  th a t  f q is placed a t  the cen te r of a sym m etrical noise b and  and  take 
¿»i, h, It', h" to  be zero.

T h e  p ro b ab ility  density  of Zcl, • • • h i  w hich is to be p laced in (7.4) is 
th e  eight-fold in tegral

/ -j-oo / » + 0 0

¿34 - • • dzs 
CO J-CO ( 7 . 6 )

exp [—734/04 — • • • — ¿z8z(2] X  [ch .f.]

w here “ ch .f.” denotes the  charac teris tic  function  o b ta in ed  by  se ttin g  by, 
h, It’, It" equal to  zero on th e  rig h t h an d  side of (7.5).

T h e  in teg ra l (7.4) for fi(r) m ay  be w ritten  as

fl(r)  =  / 1  -  J2 ~  J,  +  J* (7.7)

w here J \  is th e  16-fold in tegral

i -j-00  p  4~°0  p  4-00  p  4 " 20

d l c 1  ■■■ dl's2 ( 2 t r ) ~ s  /  ¿ 3 4  • • •  /  ¿ 3s

00 J — 00 o— 00 * — 00

exp [—124/04 — • ••  — izH7 (2] (7.8)

(Q +  hl)(Q +  Ic2)l'.ll',2 y  { j
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KG +  /cl)2 +  /Si ][(Q +  /cl)2 +  /Si] 
an d  / 2, J 3, J i  are  ob ta ined  from  J 4 by replacing the  p ro d u c t (Q  +  h i )

(G + /«*)/ii/ii by (Q +  I ci)l'.ih2l'c2, I.JU Q  + /02)7*2, h j'c jJ c t
respectively .

T h e  in teg ra tion  w ith  respect to  I ci an d  h i in  (7.8) m ay  be perform ed at 
once. W e replace Q +  h i  and  h i  by  x  an d  y, respectively , an d  use

r  d x  r  d y  (7.9)
J-00 J-00 x~ y  z- -f-
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The in teg ra tio n  w ith  respect to  I c2 an d  J s2 m ay  be perform ed in  a sim ilar 
m anner. In  th is  w ay  we o b ta in  a 12-fold in tegral.

The in teg rations w ith  respect to  th e  I ”s m ay  be perform ed by  using

1 f  ̂ °° f
2t  L  dI L

^ -  I  d l  e~'zlf ( z )  dz =  — i
L IT  J — oo » — oo

C ,2i/ ( z) =  /(o )

df(z)
dz

(7.10)

The result is the  four-fold in teg ral 

J i =  (2r)~2 f M dz, ••• J_
+ °° Z,Z2(g 

dz\ g'2W i )
(z\ +  z l)(z l  +  z\) (7.11)

exP [— (¿o/2)(si +  z\  +  33 +  Z.i) — g (z iZ 2  +  Z3Z4) +  i ( ? ( z i  +  Z 2)].

In  the sam e w ay J 2, / 3, J \  m ay  be reduced to  th e  in teg rals  o b ta in ed  from
(7.11) by  replacing ZiZ2(g" — g,2z3zd) by  — g ' z \ z — g 'z \ z l  an d  z3z4(g" — 
~ g ,2s 132), respectively . W hen the  J ’s are  com bined  in  accordance w ith
(7.7) we ob ta in  an  in teg ra l w hich m ay be ob ta ined  from  (7.11) by  replacing 
Ziz2(g" — g'2z3z0 b y

g " (Z lZ 2 +  Z3Z4) +  g '2(z1Z4 — z2z3) 2 (7.12)

The terms zl +  23 a n d  zl +  22 in the  denom inator m ay  be represen ted  as 
infinite integrals. In te rchang ing  the  o rder of in teg ra tio n  an d  expressing
(7.12) in  term s of p a r tia l deriva tives of an  exponentia l function  leads to  the  
six-fold in tegral

0 (t)  =  (4ir) 2 [  du [  
Jo J 0

dv „ 3  '2 3,2
3 a 2

] /» +<*> r
1 dzi ■ ■ • / dz4

a o O  *7— 00 J — 00 (7.13)
exp [ (¿0 +  ii)(zl +  z3) / 2  — (¿0 +  +  z2) /2

— g(z1z2 +  Z3Z4) -  a(ziZ4 — Z2Z3) +  f<2 (zi +  z2)]

where the subscrip t a  =  0 ind icates th a t  a  is to  be se t equal to  zero a fte r  
the differentiations a re  perform ed.

When the four-fold in teg ra l in th e  s ’s is ev a lu a ted  (7.13) becom es

${■ f” r” 
') =  / d«  / 

Jo Jo 5 3g S 3 a 2.

^  exp [ - Q 2(23o -  2g +  u  +  v) /(2D )]  (7.14)



w here

D  =  (¿0 +  «)(*» +  v) -  g' -  1' =  (?2(2&o - 2 g + n +  v ) / ( 2 D 0)

an d  D 0 denotes the  v a lu e  of D  ob ta ined  b y  se ttin g  a  =  0. W hen differen­
tia tin g  w ith  respect to  a  i t  is helpful to  no te th a t
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da~ \ d a  /  d a -

an d  th a t  only f ' ( D )  =  d f /d D  need be ob ta ined  since d D /d a  van ishes w hen 
a  =  0.

I n  o rder to  reduce th e  double in teg ral to  a  single in tegral we m ake the 
change of variab les

r  =  Q\bo  +  #  -  g)/{2Do)  =  Q jfo . + .*f ~2[{bo +  n){bo +  v) -  g2]

s =  Q \ b 0 +  v -  g ) / (2 D 0), F = r + s

d(r, s ) /d (u ,  v) =  — r s / D 0, 4srD 0 =  Q2[Q2 — 2g(r  +  s)]

T h e  lim its of in teg ra tion  for r  an d  s a re  ob ta ined  b y  n o ting  th a t  the p o in ts  
(0, 0), (co, 0), (w , co), (0, co) in  th e  (u, v) p lane go in to  (Q2/ ( 2 b 0 +  2g), 
Q2/(2bo  +  2g)), {Q-/(260), 0), (0, 0) (0, Q2/ ( 2 b 0)),  respectively , in  the  (r, s) 
p lane. I t  m ay  be verified th a t  the  region of in teg ration  in the  (r , s) p lane 
is the  in te rio r of the q u ad rila te ra l ob ta ined  by  joining the above po in ts  by  
s tra ig h t lines. E q u a tio n  (7.14) m ay  now be w ritten  as

r  r  ( f  12 n \ f r t o  o  \ I  \

0 (r )  = / / (g '2 -  gg")(2  -  2r -  2* +  e 7 g )  -  g 2( ? / g \ „ - r - , d rd s
Q2[Q- ~ 2g(r +  s)]

II 12 (7.16)

2g2 '  2 f

w here y 3 an d  y2 are the  dim ensionless q u an titie s

-  i f  2 / ( 2  -  2r -  2s +  <?/g)  -----
y ‘ - J  I' OW-  2e(r +  s)l ‘

,  =  / /  

I t  is  seen th a t

Q2IQ2 ~  2g (r +  5)]

2ge~r~’ dr  ds
Q2 -  2g(r +  x)

Vi  =  2 gQ~2 U  +  ¡ J  e~r-° dr . (7.17)
V

Since the  in teg rands a re  functions of r -f- j  alone we are  led to  ap p ly  the 
transfo rm ation

/ / / ( ' ■  +  *) dr ds  =  ji « /(« )  flhi +  J  (7.18)
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where A  is the  area  enclosed b y  th e  q u ad rila te ra l w hose vertices a re  a t  the 
points (r, 5) given by  (0, 0), (0, a ) , Q3, 0),  (a, 0) an d  i t  is assum ed th a t  0  an d  
a  are positive, u  is a  new variab le  an d  is n o t th e  one in troduced  in  (7.13).

Setting a  =  Q '/(2 b 0) an d  0  =  Q2/ ( 2 b 0 +  2g), using (7.18), an d  in tro d u c­
ing the no ta tion

p =  0 7 (2 4 # ), k  =  S/bo

O2 'ip (7-19)
i  =  6 V (2g ) =  p A  X =  ^  ^

perm its us to  w rite

f  J  e~r- ’ dr ds  =  ue~u d u  +   ̂ p(̂  ~ ̂  e~u du

=  1 -

(7.20)

X — p X — p 

and (7.17) yields

p . 2 —p 1 "h k  —2p/(i+fc) a

where we have expressed X in te rm s of p an d  k.
The double in tegral defining y j m ay be trea ted  in the  sam e w ay as (7 .20):

-x ' '  u)e~u duI" i  e ' ‘ dr ds _  rp lie u du  7  p(X -
J  J  £ — r — s J o  £ — u  Jp (X —(X -  p ) ( i  -  u)

W riting u =  £ -  (£ -  «) a n d  X -  «  =  X -  £ +  (£ -  u)  in  the  two n u m era­
tors leads to

„ r  e~u du f  ,
1’2 =  ? /   — / e du

J° * “  “  j ° (7.22)

_  * r  C l ?  +  f  rf«
Jp £ — w X P^p

where we have used p(X — £)/(X  — p) =  - ¿ t o  sim plify the  coefficient of 
the th ird  integral. W hen th e  second a n d  fou rth  in teg rals a re  evalua ted , 
their contribution to  y» is found to  be equal to  th e  te rm s independen t of y i  
on the right of (7.21). H ence, com parison of equations (7.21) an d  (7.22) 
shows th a t



T h e in tegrals in (7.23) m ay  be eva lua ted  in te rm s of the exponentia l in te ­
g ral E i( x ) defined by, for x  real,

E i{x )  =  [  e‘ d i l l  =  C  +  |  log* x" +  Y J  A r
J— oo n=*l 111 11

~  e1 £  n l / x n+l
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n«0

p (l - * ) 1 \
.* (1 +  k ) \ )

w here C =  .577 • ■ • is E u le r’s co n s tan t an d  C auchy’s p rincipal value of the 
in teg ral is to  be tak en  when x  >  0. W e se t t =  £ — u  an d  ob ta in

y i  =  c~plk !^Ei[p/k] -  2Ei[p{\ -  k ) / k \  +  E i

w here we have again  expressed £ an d  X in te rm s of p an d  k.
A pow er series for y x w hich converges w hen —1/3  <  k  <  1 m ay be ob­

ta in ed  b y  expanding  the  denom inato rs of the  in teg ran d s in  (7.23) in  powers 
of ?i/£ an d  in teg ra tin g  term w ise: 

yx  =  r x[l -  2e~p +  e~x]
+  1 i r 2[l -  2(1 +  p / l  !)e~p +  (1 +  X /l !)e_xJ (7.24)
+  2 !£“3[1 -  2(1 +  p /1 ! +  p2/2 !)e _p +  (1 +  X /l!  +  X2/2!)e"x]
- ) - • • •

T h e  following special values m ay  be ob ta ined  from  th e  eq u a tio n  given 
above. W hen p =  0

y ,  =  - l o g .  ( l  -  m  (7 25)

y2 =  0

T h is  resu lt m ay  also be o b ta in ed  b y  eva lua ting  th e  in teg ra l ob ta ined  when 
we se t Q =  0, z x =  r x cos 0lt z3 =  r x sin 61, z2 =  r2 cos 02, z.i =  r2 sin fa 
in  (7.11) an d  (7.12).

N ea r k =  1,

J i  =  e~p[Ei{p) -  C  -  log. p ( l  -  £2)] ^  ^

y 2 ~  pyx — 1 +  (1 +  p)e~p

N ea r k =  0,

>’i =  ¿(1 -  e~pf / p ,  y 2 ~  y x (7.27)
except w hen p =  0 in  w hich case y x is app rox im ate ly  k2.
W hen p is large

k , l ! 7 f  , 2 \ k 3 , 3 ! k* ,
y i  1-------- v- +  —y  +  —T- +  • • •

P P~ P P \
(7.28)

. , P I l k  21k2
y t ~  — 1 4- r  y i  ~  \- —-  +

k p p-

except near & =  1 w here b o th  y x an d  y2 h av e  logarithm ic infinities. The 
asy m p to tic  expansion (7.3) for 0 ( r ) ,  w hich w as ob ta in ed  by  the  first method
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of this section, m ay  be checked by  inserting  (7.28) in  the  expression (7.16) 
for Q ( t )  in term s of y x an d  y2- 

Values of y x an d  y2 ta b u la te d  as functions of k  for various values of p are 
given in T able 3. N ega tive  values of k  have n o t been considered since th ey

T a b l e  3
V a l u e s  o f  y t a n d  y 2 U s e d  i n  C o m p u t a t i o n  o r  C o r r e l a t i o n  F u n c t i o n  o f  dO/dt

h(t) =  O'(1)6'(t +  t) =  U'2(yi -  y 2) -  gg"y i]/(2g2)
~co

S =  sW  = / w(f)  cos 2t {J -  f , )rd f,  k =  g(r)/g(0) 
Jo

Values of yi Values o£ yi

k P P

0 .5 l 2 5 .5 l 2 5

0 0 0 0 0 0 0 0 0 0
.1 .01005 .03526 .04224 .03854 .02000 .03171 .04147 .03936 .02051
.2 .04082 .08043 .09003 .07979 .04105 .06550 .08654 .08275 .04283
.3 .09431 .1379 .1452 .1246 .06292 .1022 .1363 .1315 .06702

.4 .1744 .2110 .2102 .1740 .08586 .1432 .1926 .1870 .09384

.5 .2877 .3056 .2886 .2296 .1101 .1914 .2579 .2515 .1238

.6 .4463 .4278 .3860 .2942 .1358 .2481 .3368 .3289 .1576

. / .6733 .5953 .5129 .3721 .1636 .3220 .4379 .4269 .1975

.8 1.0216 .8416 .6914 .4729 .1941 .4275 .5803 .5602 .2461

.84 1.2228 .9798 .7888 .5242 .2075 .4866 .6593 .6318 .2693

.88 1.4890 1.1590 .9127 .5866 .2219 .5641 .7619 .7226 .2964

.90 1.6607 1.2742 .9898 .6241 .2296 .6138 .8260 .7752 .3114

.92 1.8734 1.4144 1.0834 .6686 .2378 .6753 .9058 .8486 .3294

.94 2.1507 1.5948 1.2024 .7217 .2466 .7550 1.0093 .9333 .3498

.96 2.5459 1.8486 1.3668 . 7939 .2566 .8711 1.1558 1.0546 .3752

.97 2.8285 2.0251 1.4815 .8414 .2623 .9474 1.2605 1.1366 .3849

.98 3.2289 2.2762 1.6405 .9073 .2690 1.0704 1.4081 1.2548 .4119

.99 3.9170 2.7080 1.9066 1.0127 .2778 1.2773 1.6610 1.4505 .4429

.995 4.6072 3.1341 2.1721 1.1125 .2846 1.4838 1.9175 1.6416 .4705

.997 5.1175 3.4445 2.3622 1.1866 .2889 1.6367 2.1048 1.7859 .4893

are not required for th e  case in  w hich J jV has a norm al law  pow er spectrum , 
the case discussed in the  n ex t section.

8. P ow er  Sp e c t r u m  o f  — W h e n  7 v h a s  N o r m a l  L a w  P o w e r  S p e c t r u m  
d t

The problem  of com puting  the  pow er spectrum  W ( f )  of O'(i) appears to  
be a difficult one.* In  o rder to  o b ta in  an  answ er w ith o u t a n  excessive am oun t 
of work we have h ad  to  do tw o tilings w hich are ra th e r  restric tive . F irs t, 
Me confine our a tte n tio n  to  the  case in w hich the  pow er spectrum  w ( f )  of

Since the above was w ritten  the  general f. m. problem  has been studied  by  D . M iddle­
ton. He generalizes our (7.11) and  (7.12), introduces polar coordinates, expands the 
in cSr^nd in powers of g, and  in tegrates term w ise. W( f )  then  follows som ewhat as in
a.m . theory.
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I N is of th e  norm al law ty p e  (our m ethod  could be applied  to  o th e r types 
b u t  g' an d  g"  would be m ore com plicated  functions of r  an d  T ab le  3 would
h av e  to  be ex tended  to  negative values of k, if th ey  should  occur). Second,
we reso rt to  num erical in teg ra tio n  to  ob ta in  a p o rtio n  of W ( f ) .  Because 
of the second item  our resu lts are e ith er ta b u la ted  or are given as curves, 
show n in Figs. 8 and 9, excep t w hen < 2 = 0  (noise only) in w hich case the 
pow er spectrum  of 6' is given b y  the  series (8.7).

T h e  pow er spectrum  of I n is assum ed to  be

T h e m ean  square value  of I n is equal to  th a t  of a noise cu rren t whose power 
spectrum  has the  co n s tan t value of \po/{p 's/2-r) over a b an d  of w id th  /¡> — f a 
=  < r\/2tt =  cr2.507. T h e  value of w(J) is one q u a r te r  of its  m id-band  value 
a t  the p o in ts /  — / ,  =  ± < r \ / 2 log, 4  =  ± o d .6 6 5  (th e  6 db po in ts) an d  the 
d istance betw een these p o in ts  is 3.330<r. In te g ra tio n  of (8.1) shows th a t  the 
m ean  square value of 7.v is \p0 in  accordance w ith  our cus tom ary  no ta tion . 
T h e  m id-band  value  of w{ f )  is \po/{try/2w).

A ssum ing / , »  <r an d  eva lua ting  the in teg rals  (A 2-1) of A ppendix II  
defining b0 an d  g gives

an d  the  prim es on g an d  u  denote d iffe ren tia tion  w ith  respect to  r . T h e  cor­
re la tion  function  is accordingly, from  (7.16).

)2/(2»J) (8.1)

;   i . —-2( jr<rr)2 . — u2/2
bo =  y'o, g  =  'f'oe =  iAoc

g ' / g  =  - « « '  =  — 2 t <t U, g " / g  =  (27r<r)2( l  -  u )

w here we have set

U  =  2 lT(XT. u' =  27nr (8.3)

V.(t) =  27r2cr2(yi — u-yl)

I f  6'{t) be regarded  as a  noise cu rren t its  pow er spectrum  is

(8.4)

'o
(8.5)

W hen noise alone is p resen t, p is zero and  (7.25) yields

V.(t ) =  - 2 t t - V  log, (1  -  k-) =  - 2 t t V  log, (1 -  e- “2) (8.6)
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In  this case the pow er spectrum  is, from  (8.3), (8.5), and  (8.6), 

W x ( f )  =  —47rcr I cos(m //o) log (1 — <T“2) All

(8-7)

=  2 o '7r ' i / "  2 2
3/? -/2/C4n<r2)

£ Î

the series being ob ta ined  by  expanding  th e  logarithm  an d  in teg ra tin g  te rm - 
wise. W hen th is equa tion  w as used for com p u ta tio n  it  w as found conven­
ient to apply  the  E u le r sum m ation  form ula to  sum  th e  te rm s in th e  series 
beyond the  (N  — l) s t .  W riting  b f o r / 2/(4<t2), the series in  (8.7) becom es

1—3/2e-&/l 2-3lig-bl2  _|_ . . . ( N  _  l)-3/2g-6/(2V-l)

+  (n /b )v~ erf [(b/A7) l,">] +  N ~ 3ne~b!il 1 _  _ L  -  3 + 1 )
2 12N  \  2 N )  (8.8)

1 (  105 , 105 b 21 b1 , 6'1
720iY3 \  8 4 N  2 A72 A73

When b is zero the  sum 15 of the series is 2.61237 • • • . T he values for p =  0 
in Table 4 were com puted  by  tak in g  N  =  12 in  (8.8). As b —> »  the  dom i­
nant term  in (8.8) is seen to  be th e  one contain ing  erf (choose N  so th a t  
b =  A 3/2). H ence as /  —» co

W M(f)  ~  4x V / / .  (8.9)

IVhen b o th  noise an d  the  sine w ave are p resen t i t  is convenien t to  sp lit th e  
power spectrum  in to  th ree p a rts . T h e  first p a r t, 1 E i(/) , is p roportional to  
Hw (/), the power spectrum  w ith  noise alone. T h e  second p a r t 1 k 2( / )  is 
proportional to  the form  W (J )  assum es w hen rm s I s  «  0  an d  the  th ird  
p art If 5(/)  is of the n a tu re  of a  correction  term . T h is  procedure is suggested  
when we su b trac t the  leading term s in the expressions (7.26) an d  (7.27) 
(corresponding to  k =  1 an d  k =  0, respectively) from  y i. L ikew ise we 
subtract the leading term  in y 2, (7.27), a t  k =  0 b u t do n o t b o th e r to  do so 
a t the end k =  1 because ii2y2 approaches zero there. W e therefore w rite

>h ~  "h*  = [ ) ' i +  e ^ lo g  (1 -  k-) -  ¿(1 -  e - p)-/p  -  m2>'2 

+  u2k ( l  -  e - y / p \  — e~p log (1 -  k2) +  (1 -  u2)k{  1 -  e ~ y / P

= Z (u )  -  c - p log (1 -  k2) -  ^ y .- '  (1 -  e ~ y
boP

Theory and Application of Infinite Series,’- Knopp, (1928), page 561.

(8.10)



w here Z (u )  denotes th e  function  enclosed b y  the  b rack e ts  in  the  first equa­
tio n  an d  th e  expressions for g " /g  and k  in  (8.2) h av e  been used in  the  replace­
m e n t of (1 — u2)k.

T able 4
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Values of TFj(/)/(4irV)

JLair /. = 0 0.5 1.0 2.0 5.0
0 0 -  .03517 -.0 3 8 9 1 -.0 2 4 4 4 -.001948l 0 -.03003 -.0 3 1 9 6 -.0 1 8 3 0 -.001814
2 0 -.0 1 7 1 7 -.0 1 4 8 6 -.003304 .004052

3 0 -.00 2 4 3 6 .004014 .01252 .008225
4 0 .008757 .01730 .02244 .01027
6 0 .01478 .02157 .02167 .007665

8 0 .01018 .01366 .01237 .003505
10 0 .005768 .007378 .006201 .001437
12 0 .004027 .004463 .003552 .0006439

V alues o f  W (J ) /(4 t2<t)

0 .7369 .4118 .2322 .07529 .003017
1 .7098 .4294 .2672 .1134 .02342
2 .6439 .4516 .3231 .1784 .05828

3 .5542 .4225 .3225 .1947 .06852
4 .4623 .3496 .2654 .1580 .01590
6 .3195 .2178 .1508 .07554 .01540

8 .2390 .1553 .1019 .04506 .005325
10 .1908 .1215 .07768 .03206 .002726
12 .1595 .1003 .06306 .02511 .001719

In se rtin g  (8.10) in  th e  expression (8.4) for 0 (t) an d  tak in g  th e  F ourier 
transfo rm  (8.5) leads to

W(f)  =  W i(J)  +  JF2( / )  +  W3(f)

IF  i ( / )  =  e~pW N(f )

W t ( f )  =  -  P)~ f  g"  cos 2 ir/r dr
Zoop J o

(1 -  o ’
■  ( 2 , / )  T V S

I F j( / )  =  4x<7 [  Z (u )  cos (« / /c )  d«
Jo

(8.11)



P R O P E R T I E S  OF S I N E  W A V E  P L U S  N O IS E 149

Iii these equations W N(J) is ob ta ined  from  (8.7), a n d  W 2( f )  by  two-fold 
integration by  p a r ts  to  reduce g" to  g then  eva lua ting  the  in teg ral ob ta ined

• Fig. 8—Power spectrum  of dO/dl.
Power spectrum of I s  is assumed to be

M < r V 2?r)-1 exp [ -  ( /  -  / , ) 7(2<r2)].
In this expression/ is  a frequency n e a r / , . T h e /  in W(J)  and in the  abscissa is a  much 
lower frequency. W(j )  =  power spectrum  of O' = dO/dt, O' being regarded as a  random  
noise current. Dimensions of W ( /)  d f  same as (dO/dt) 2 or (radians)2/s.ec.2.

by substituting the  expression (8.2) for g. T h a t  17(f) approaches W 2(f )  
as p —> co follows w hen expression ( S .l l)  for I72( /)  is com pared w ith  the  
limiting form (8.13) given below.
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In s te a d  of dealing w ith  W ( / )  i t  is m ore convenien t to  deal w ith  (47rV)_1 
W( f )  which is the  sum  of the  th ree com ponents

m- 3V /2/(W2)(47T2<r )" 1TF1( / )  =  r - 7 =  Z

(S. 12)

(47r?a ) - 1l-F3( / )  =  -  [  Z (u )  cos {u j/a )  
■ir Jo

du

Fig. 9— Approach of W (J) to lim iting form.

A s p — * » ,  I F ( / )  — > 4 tt“ (7 ( p \ /  2 jt ) _ 1 (/ / < r )2 exp [ — / 2/ (2 o -2) ] .

T h e  in teg ral involving Z (tt) has been com puted  by  S im pson’s rule, y i and 
y-i being ob ta ined  from  T ab le  3, w ith  the  resu lts show n in the first section 
of T ab le  4. T he value  of H’2(/)  m ay be com puted  d irectly , an d  W i(J)  may 
be ob ta ined  from  ll ,v(/). T h e  values of these two functions toge ther with 
those of i r 3 ( /)  enable us to  com pute the values of (47fV)-1H/ ( / )  given in 
T ab le  4 an d  p lo tte d  in F ig . S.

Since, as is show n by* (8.9), IF.v(/) varies as 1 / /  for large values of / ,  the 
areas under the  curves of Fig. S becom e infinite. T h is agrees w ith  the fact 
th a t  the  m ean square value of 6' is infinite.

I he values of (4ir2cr)-1i l  (0) for p equal to 0, .5, l ,  2, an d  5 are .7369,4118, 
2322, .07529, and .003017 respectively . W hen these values are p lo tted  on
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semi-log paper th ey  tend  to  lie on a  s tra ig h t line whose slope suggests th a t 
1I'(0) decreases as e p w hen p becom es large.

The lim iting form  assum ed by  IV(J)  as p —■> is given by  equation  (7.2). 
W hen the norm al law expression (8.1) assum ed in th is  section for the pow er 
spectrum  of I N is p u t  in  (7.2) we find th a t

< f U 3 >

big. 9 shows th a t  for p =  5 the lim iting  form  (8.13) agrees qu ite  well with 
the exact form  com puted  above.

Both (7.2) an d  (8.13) show th a t, for small values o f/ ,  the pow er spectrum  
of O’ varies as p  w hen p >  >  1. T h is is in accord w ith  C rosby’s* resu lt 
tha t the voltage spectrum  of the random  noise in the o u tp u t of a frequency 
modulation receiver is tr ian g u la r w hen the carrie r to  noise ra tio  is large. 
When this ra tio  becom es sm all he finds th a t  the spectrum  becomes rec­
tangular. Fig. 8 shows th is effect in th a t  th e  areas under the curves betw een
the ordinates a t /  =  0 and  /  =  Xo- (where X is some num ber, generally  less 
than unity , depending on the ra tio  of the w id ths of the  i.f. and audio  bands) 
become rectangles, approx im ate ly , as p decreases.

A P P E N D IX  I 

T h e  I n t e g r a l  I e  (k, x)

The in tegral16

Ie (k ,x )  =  [  e~uI 0(ku) du,  (A l-1)
Jo

where Io(ku) denotes the  Bessel function  of im aginary  argum ent an d  order 
zero, occurs in Sections 2 an d  6. T h e  following special cases are of interest!

Ie (0, x)  =  1 — e~x

I e ( l ,  *) =  xe~x[Io(x) +  /i(* )J  (A l-2)

« * ■  “ > -  v l = p

1 he second of these rela tions is due to  B e n n e tt.17

f i o i r i ' G ;C rosby ,“ Frequency M odulation Noise Characteristics,”  Proc. I. R. E . Vol. 25 
«■¡tL a ^ee a ' so J- IE Carson and T . C. Fry, “ Variable Electric C ircuit Theory
513-540 Cat'° n l °  or-' Frequency M odulation,”  B .S.T .J. Vol. 16 (1937),

tn T .^ (e 1101:111011 " 'as chosen to agree with th a t used by B atem an and Archibald (Guide 
no-Li! 01,!iesse* Functions appearing in “ M ath . Tables and Aids to Com p.” , Vol. 1 

n t?!1' 205-308) to discuss integrals used by Schwarz (page 248).
(l n  • Swen in equation (62) of the reference cited in connection w ith our equation  
U -2) m Section 1.
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T h e values in  the  tab le  given below were com puted  by  S im pson’s rule for 
num erical in teg ration . T h e  w ork w as checked a t  several po in ts by  using

^  (2«)! 
n ! 11!

Ie(k, x)  =  ¿  ( k /2 )2n —7—7 A„

w here

A n =  1 - 1 +  * + +
2! ' (2m) !.

W hen x  is so large th a t  Ie(k,  x)  is nearly  equal to  Ic(k,  a>) we have

Ie (k ,  x)  ~  (1 -  k ')~ m  -  [24(1 -  A)]-1/2( 2 / V i )  f  dt
J n

w here t \  — \ / x ( l  — k ). H ow ever, th is w as n o t found to  be especially useful 
in  checking the  values given in  the  tab le.

T a b l e  o f  Ic{k,  x)
- ÍJo

c~uIo(ku) du

k

0 .2 A .6 .8 .9 1.0

0 0 0 0 0 0 0
.2 .1813 .1813 .1814 .1815 .1816 .1818
.4 .3297 .3298 .3303 .3311 .3322 .3337
.6 .4512 .4517 .4530 .4554 .4586 .4629
.8 .5507 .5516 .5545 .5593 .5661 .5749

1 .0 .6321 .6337 .6386 .6468 .6584 .6736
.2 .6988 .7012 .7086 .7209 .7386 .7620
.4 .7534 .7567 .7669 .7841 .8089 .8422
.6 .7981 .8025 .8157 .8383 .8712 .9157
.8 .8347 .8401 .8566 .8850 .9267 .9839

2 .0 .8647 .8712 .8910 .9255 .9766 1.0476
.2 .8892 .8968 .9201 .9607 1.0217 1.1075
.4 .9093 .9179 .9446 .9916 1.0627 1.1642
.6 .9257 .9354 . 9655 1.0186 1.1001 1.2183
.8 .9392 .9499 .9831 1.0424 1.1345 1.2699

3 .0 .9502 .9618 .9982 1.0635 1.1661 1.3195
.2 .9592 .9718 1.0110 1.0S22 1.1953 1.3672
.4 .9666 .9800 1.0220 1.0988 1.2223 1.4132
.6 .9727 .9868 1.0314 1.1136 1.2475 1.4578
.8 .9776 .9925 1.0394 1.1268 1.2708 1.5010

4 .0 .9817 .9971 1.0463 1.1386 1.2926 1.5430
.2 .9830 1.0010 1.0522 1.1492 1.3130 1.5839
.4 .9877 1.0043 1.0574 1.1587 1.3320 1.6237
.6 .9899 1.0070 1.0619 1.1672 1.3499 1.6625
.8 .9918 1.0092 1.0657 1.1749 1.3666 1.7005

5 .0 .9933 1.0111 1.0690 1.1818 1.3823 1.7376
5 .4 .9955 1.0140 1.0743 1.1937 1.4110 1.S095
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T a b le — Continued

k

0 .2 .4 .6 .8 .9 1.0

5.8 .9970 1.0160 1.0783 1.2034 1.4364 1.8786
6.2 .9980 1.0174 1.0814 1.2114 1.4590 1.9452
6.6 .9986 1.0183 1.0837 1.2180 1.4792 2.0097
7.0 .9991 1.0190 1.0854 1.2234 1.4972 2.0722
7.4 .9994 1.0195 1.0867 1.2278 1.5134 2.1328
7.8 .9996 1.0198 1.0876 1.2375 1.5279 2.1917
8.2 .9997 1.0201 1.0885 1.2346 1.5409 2.2491
8.6 .9998 1.0202 1.0891 1.2371 1.5526 2.3050
9.0 .9999 1.0203 1.0896 1.2393 1.5631 2.3597

10.0 1.0000 1.0205 1.0902 1.2431 1.5852 1.9207 2.4910
11.0 1.0000 1.0206 1.0907 1.2456 1.6024 1.9668 2.6157
12.0 1.0000 1.0206 1.0909 1.2471 1.6158 2.0066 2.7347
13.0 1.0000 1.0206 1.0910 1.2482 1.6263 2.0411 2.8487
14.0 1.0000 1.0206 1.0910 1.2488 1.6346 2.0711 2.9584
15.0 1.0000 1.0206 1.0911 1.2492 1.6412 2.0973 3.0641

CO 1.0000 1.0206 1.0911 1.2500 1.6667 2.2942 00

X
k

.86 .90 .96 1.0

15.0 1.8773 2.0973 2.5810 3.0641
16.0 1.8899 2.1201 2.6371 3.1663
17.0 1.9006 2.1403 2.6894 3.2653
18.0 1.9095 2.1579 2.7381 3.3614
19.0 1.9171 2.1737 2.7837 3.4548
20.0 1.9235 2.1870 2.8263 3.5457

OO 1.9597 2.2942 3.5714 CO

A P P E N D IX  I I  

S e c o n d  M o m e n ts  A s s o c ia t e d  w i t h  l c a n d  I 3 

The in-phase and  q u ad ra tu re  com ponents of the  noise cu rren t I N
M

Ic ( t)  =  X )  Cn COS [ (« „  — q )t — <Pv\

(3.3)
Af

h { t )  =  S  c" s in  !(“ » — ?)* ~  »̂1
n=*l

are closely related  to  the envelope R  an d  phase angle 9 of the to ta l cu rren t, 
this relationship being being show n by  th e  equations (3.4) an d  (3.5). I „(/) 
and / ,( / )  and their tim e d eriva tives m ay be regarded as random  variables. 
In  much of our w ork we have  to  deal w ith  the  p ro b ab ility  d istribu tion  of 
these random  variables. B y  v ir tu e  of th e  rep resen ta tion  (3.3) an d  the 
central lim it theorem 18 th is d istribu tion  is norm al in the  several variables. 
Die coefficients in the q u ad ra tic  form  occurring in the  exponent are  deter- 

!s Section 2.10 of Reference A.
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(A2-1)

m ined by  the  second m om ents of the  v ariab les .19 H ere  we s ta te  these 
m om ents. Some of the  m om ents have  a lready  been given in  Sections 3.7 
an d  3.8 of R eference A. F o r the  sake of com pleteness we shall also give 
them  here. T h e  new  resu lts  given below are derived  in  m uch the  sam e way 
as those given in  R eference A.
L et

bn =  ( 2 * r [  » ( / ) ( /  -  / , ) "  d f
J()

bo =  (  w { f )  d f  =  i/'o 
Jo

g =  f  w ( f )  cos 2x ( /  -  f q) r  d f  
Jo

h =  [  w ( f )  sin 2 ir ( f  — / , ) r  d f  
Jo

an d  le t g', g", h', h"  deno te the  first an d  second deriva tives of g an d  h with 
respect to  t .  F o r exam ple,

g' =  ~ 2 tt [  w ( f ) ( f  -  / , )  sin 2r ( f  — f f ) r  d f  
Jo

Inciden ta lly , in m any  of ou r cases w(J ) is assum ed to  be sym m etrical about 
f q. T h is  in troduces considerable sim plification because b 1( b3, bit • • • . 
h, /»', h",  reduce to  zero.

T h e  following tab le  gives values of b„’s an d  g for tw o cases of f r e q u e n t  

occurrence

w ( f )

Id ea l b an d  pass filter 
cen tered  on f q

w 3 for fa <  f  <  fb 
and  zero elsewhere

N orm al law filter 
cen tered  on / „  / ,  >?> a

f o  -< /-/,)  */2»1
2ir

f o

i i r 2a~ipo

i&ir4cr*if/o

b o  W o i f b  ~  f a )

h  irwoifb -  / a)3/3

bi v h v o  (fb — f a Y / S

g (7T t ) — ’ W o sin 7 r ( / 6 —  fa)r

If we w rite  I c, l'c, i ” for I  f t ) ,  /«(<)> w here the  prim es denote differ-

19 Section 2.9 of Reference A.



entiation w ith  respect to  I, an d  do the  sam e for I  ,(t) and  its derivatives we 
have, from  Section 3.8 of R eference A,

/ ! = / ! =  b0, T J .  =  0 

TJ[ = - i f .  = blt JJ'c = TJ[ = Q
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i p  =  i p  =  - i f :  =  — i f  =  h ,  i f  =  i f  =  i f  =  o

I f  = - I f  = b3, I f  = I f  = 0

f  =  f t  =  K  f f  =  o (A.2-2)

W hen we deal w ith  m om ents in  which the  argum ents of the  tw o variab les 
are separated by  an  in te rva l r  as in (see the  la s t of equations (3.7-11) of 
Reference A)

I c{t)I.{t +  t) = h,
it is convenient to  denote th e  arg u m en t I b y  .the subscrip t 1 an d  the  arg u ­
ment I +  t  by  2. T h en  our exam ple becom es

I  c\I  n  —• h

We shall need th e  following m om ents of th is type.

I  c\I cl — I  I I I  ,2 — g, I  e l l  cl — —IclI tX — h

I c f  =  I n f  =  - I n i n  =  -  f i n  =  *' (A 2 3 )

I c f  = I n f  = -  f i n  = -  f i n  = b!
f f  =  I n f  =  - g " ,  I n f  =  -  f i n  =  — h"

I t  should be rem em bered th a t  in  these equations the prim es on the  I ’s 
denote differentiation w ith  respect to  t while the  prim es on g an d  h denote 
differentiation w ith  respect to  r.

A P P E N D IX  I I I  

E v a l u a t io n  o f  a  M u l t ip l e  I n t e g r a l

Several m ultiple in tegrals encountered  during  th e  p rep a ra tio n  of th is  
paper were initially ev a lu a ted  by  th e  following procedure. T h e  in teg ral 
was first converted in to  a  m ultip le  series by  expanding a  p o rtio n  of the  in te ­
grand and in tegrating  term wise. I t  w as found possible to  sum  these series 
when one of the factorials in  the  d enom inato r w as rep resen ted  as a contour 
integral. This reduced th e  m u ltip le  in teg ral to  a  con tour in teg ra l an d  som e­
times the la tte r could be eva lua ted .
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W e shall illu stra te  th is p rocedure by  exam ining the  integral

I  =  J  dO J  dx x  exp —x2 +  2a cos 0 +  2bx sin 0 +  c s in2 o j  (A3-1)

E xpand ing  th a t  p a r t  of the exponential w hich con tains th e  trigonom etrical 
te rm s an d  in teg rating  term w ise gives

oo oo oo 2 n  1 2m f  -r\f p i i i \

^ ~  E  E E  a +  m  +
lo n=0 ¿«=0 1l\l\ {I tft -f* W)!T(W 4“ 2 ) 

w here we have used

22" r ( «  +  §)»! =  V ^ ( 2  n) \

W e nex t m ake the  substitu tio n

1 1 f  e‘ dt (, , n)
( (  +  m  +  n ) \  2 «  Jc  lt+m+n+l

w here the  p a th  of in teg ra tion  C is a circle chosen large enough to  ensure the 
convergence of the  series ob ta ined  w hen th e  order of sum m ation  an d  integra­
tion is changed. T h e  sum m ations m ay now be perform ed:

=  A Í  dt ct+aVt 1 -  c r ' y
2 1 J  C m = 0

=  2 i h  t - c - P  ‘  dt

(A3-3)

C encloses th e  pole a t  c +  b- an d  th e  b ranch  p o in t a t  c as well as the origin.
W hen a- is zero the in teg ral m ay  be reduced still fu rther. L e t c be com­

plex an d  b such th a t  the p o in t c +  b~ does n o t lie on the line joining 0 to c. 
D eform  C u n til i t  consists of an  iso lated  loop ab o u t c +  b2 an d  a loop about 
0 an d  c, th e  la tte r  consisting of sm all circles ab o u t 0 an d  c jo ined by two 
s tra ig h t po rtions running  along the  line jo in ing 0 to c. T h e  contributions 
of th e  sm all circles ab o u t 0 an d  c v an ish  in  th e  lim it. A long the  portion 
s ta rtin g  a t  0 an d  runn ing  to c, a rg  (t — c) — — tt +  arg  c, an d  along the por­
tion  s ta rtin g  a t  c an d  running  to  0, arg  (/ — c) =  tt +  a rg  c. On both 
po rtions a rg  t =  a rg  c. B earing  th is  in  m ind  a n d  se tting  I =  c sin2 6 on the 
tw o po rtions gives

I * 0 =  M e  +  b r m e ^  +  2r f 2 (A34)
Jo b- +  c cos- 6

T h e  in teg ra l m a y  be expressed in  term s of th e  function



by noting th a t

r  e~â coev r  r 1 r1
/  “ dT h  d v =  *     /o a  +  P cos v *>o La  +  cos v Jo

= ir{a~ -  /35) - i/2 -  7T i  e~a< /o(/S/) dt  

=  7r(o:2 -  /J2)-i/2 -  {v /a ) Ie i f i /a ,  a)

P R O P E R T I E S  OF S I N E  W A  V E  P L U S  N O IS E

e-Ha+l3co„v) dl

Thus

/a -o  — Trfi / /o (c /2 ) -f- (7r&‘/o:)ei' +c/e  ^2~>

where

a  =  b'1 +  c/2

(A3-5)

(A3-6)

(A3-7)
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N oise  in R esistances and Electron Stream s

By J .  R . P IE R C E

E C H N IC A L L Y  correct resu lts in a field are achieved in itia lly  in diverse
an d  often confusing an d  com plicated w ays. Som etim es, such results 

are la te r  b ro u g h t toge ther to  give th em  a  m ore unified form  an d  a  sounder 
basis; such critica l sum m ary  and  exposition is of g rea t value. In  qu ite 
ano ther w ay, a  w orker who uses resu lts estab lished  in a  field will discover 
m any  p lausib le reasons for believing th e  resu lts, and  he will find eventually  
th a t  an  a ir  of in ev itab ility  and  “ und erstan d in g ” pervades th e  subject. 
Such “ un d erstan d in g ” is n o t to  be confused w ith  the  process of rigorous 
proof carried  o u t step  b y  step , b u t  i t  can help in  organizing an d  m ak ing  use 
of a body  of re la ted  m a teria l.

T h e  field of “noise” , especially as i t  affects electron devices an d  com m uni­
cations in  general, is one p articu la rly  troublesom e to engineers. T h e  sound 
w ork on the  sub ject has com m only involved m athem atics and  especially 
sta tis tica l ideas unfam iliar to  many'' who m u st deal w ith  th e  p rac tica l prob­
lems of noise. In  early  pap ers  on noise, a g rea t deal of h ea t w as generated 
in acrim onious controversy  betw een tw o schools, one of which assigned a 
uniform  noise spectrum  to  certa in  noise sources, while th e  o ther held th is to 
be inadm issible an d  got iden tical answ ers by' m ore recondite  means. 
Happily', a  recen t pap e r b y  S. 0 .  R ice1 clearly  p resen ts b o th  approaches. 
R ice’s paper fu rth e r  p rovides a fine b road  sum m ary  of noise problem s to­
gether w ith  considerable original m ateria l. I t  does n o t ex tend  fa r in to  the 
field of electronics.2

T h e  reader w ho has  sufficient tim e could achieve a  p rofound  “ understand­
ing” of th e  circu it aspects of noise b y  read ing  R ice’s paper. T he under­
s tand ing  w ould involve fam iliarity ' w ith  m uch  m athem atics useful in  itself. 
T o  m any  engineers, how ever, th is  m igh t p rove a  leng thy  an d  pa in fu l process.

T h e  w riter proposes to  p resen t here a  series of p lausib le argum ents for 
believing certa in  fac ts  ab o u t noise. B o th  sim ple circu it considerations and 
“ electronic” effects (as, space charge reduction  of noise) are included. The 
argum ents presen ted  are n o t in tended  to  be original and i t  is n o t claimed 
th a t  they' are  rigorous; they' do seem to  be easily understood , an d  to  help in 
rem em bering and  in using som e im p o rta n t p rac tica l m ateria l. Starting 
po in ts of the  argum ents, o r “ p o stu la te s” , have been chosen on th e  basis of 
fam iliarity ', n o t sim plicity . N o effort is m ade to  p o in t o u t all of the  hidden 
assum ptions in  th e  argum ents, b u t a  few im p o rta n t ones a re  ind icated .

158
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An initial w arning should be m ade th a t  q u an tu m  effects trea ted  in 
N yquist’s original pap e r on Johnson  noise, b u t  a fte rw ards m uch neglected, 
are entirely  d isregarded here.

I .  J o h n s o n  N o i s e 3

In  1926, in an investigation  of am plifiers w ith  exceedingly high grid 
resistances, J . B . Johnson discovered th a t  a resis tance ac ts  as a  noise genera­
tor having an open-circuit vo ltage w ith  a m ean square  value

Here and subsequently , lower case le tte rs  v and  i  will be used in referring  to  
noise voltages and  cu rren ts . In  (1), v2 is th e  m ean square  value of noise

Fig. 1—Relations between noise power, noise voltage and noise current can be derived 
by assuming the noise source to be a voltage in series w ith a  resistance.

called df  or Af), k is B o ltzm an’s constan t, and  R  is resistance. W e easily 
see from Fig. 1 th a t  th e  m axim um  noise power w hich can be m ade to  flow 
from the resistance in to  a load ( th a t w hich will flow in to  a m atched  load) is

This “available noise pow er” is a  convenien t a lte rn a tiv e  form ulation.
If an im pedance has a reactive as well as a resistive com ponent, the  open 

circuit noise is given by  (1) w here R  is th e  resistive com ponent; if an  ad m it­
tance has a conductance G th e  noise m ay  be represen ted  as an im pressed 
current ( th a t which flows when the  ad m ittan ce  is sh o rt circuited) of 
magnitude

We see from (1) th a t  if tw o resistances are connected in series, the  to ta l 
squared noise voltage is th e  sum  of th e  squares of th e  noise voltages produced 
by the resistances separate ly , and  from  (3) we see th a t  the  noise cu rren ts of 
conductances connected in  sh u n t also ad d  by  sum m ing squares. T h is rule 
of addition holds for adding  th e  noise of all independen t sources. Of course, 
if noise from th e  sam e noise source reaches a  p o in t b y  d ifferent pa th s , the

v* =  4 k T R B . (1)

voltage com ponents of frequency  lying in a  sm all b an d w id th  B  (som etim es

P O W E R  INTO LOAD IS  I

L

(2)

R  =  4 kT G B . (3)
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voltage or cu rren t com ponents near an y  frequency should be added d irectly  
w ith  due regard  for phase.

Johnson noise is re la ted  to  m any  physically  sim ilar phenom ena such as 
B row nian m otion an d  th e  random  fluctuations in position observed in  the 
coils of very  sensitive galvanom eters.

T h e  sim plest deriva tion  of (1), (2) or (3) is th a t  given b y  N y q u is f  in a  
com panion paper to  Johnson ’s. Consider a  long lossless transm ission line 
of leng th  L  te rm inated  a t  each end in resistances equal to  its  characteristic  
im pedance. Im agine line and  te rm inations in the rm al equilibrium  a t  a 
tem p era tu re  T,  as shown in Fig. 2. If  electrical energy flows from  the 
resistance a t  1 to  th a t  a t  2, then  equal energy m u st then flow from  2 to  1, 
as an y  n e t gain or loss of energy would v io la te  the  second law of therm o­
dynam ics.

Now, suppose th a t  we suddenly  close th e  sw itches a t  1 an d  2, sh o rt circu it­
ing the  ends of th e  line. T h e  line now becom es a  resonato r, hav ing  resonant

1 2

A I i  A

L----------------L-----------------A
Fig. 2—Two resistances term inating  a  transmission line ac t as generators of thermal 

noise power traveling along the  line.

frequencies such th a t  th e  line is n  half w avelengths long. T h e  resonant 
frequencies will be

/  =  n(c /2L ) .  (4)

H ere n is an  in teger and  c is the velocity  of light. T he f r e q u e n c i e s  are 
separated  b y  frequency in tervals

A / =  (c/2L ). (5)

T he energy w hich originally flowed rig h t to  left an d  left to  rig h t betw een th e 
resistances is now reflected a t  th e  ends. I t  m ay  be expressed as th e  therm al 
energy associated w ith  the  resonan t m odes of the  line. According to 
s ta tis tica l m echanics, there is an energy k T  associated w ith  each resonant 
m ode. T h e  energy per u n it bandw id th  is ob ta ined  b y  d iv id ing  th is  by  the 
frequency in te rv a l betw een m odes, given by (5) an d  is

w  =  k T / b f  =  k T / ( c / 2 L ) .  (6)

Since it takes a  w ave a  tim e L / c  to  pass com pletely th rough  the  line, this 
energy w  rep resen ts th e  energy per u n it bandw id th  w hich flowed into the
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line from bo th  resistances over a  period L /c .  If  p  is the  power per un it 
bandw idth from one resistance, then

2 p (L /c )  =  w =  k T / ( c /2 L )  

p =  kT .

Or, we m ay say th a t  the  pow er flow from  a resistance in to  a  m atched  load 
(the available power) is, for a  bandw id th  B

P  =  k T B .  (8)

Sometimes i t  m ay  be desired  to  know  th e  m ean  squared  fluctuation  vo ltage 
integrated over all frequencies. C arry ing  o u t such an  in teg ration  for the 
voltage betw een a  p a ir  of te rm inals connected by  a com plicated netw ork  
would seem to be a  difficult procedure. H ow ever, if the  p a ir of te rm inals is
shunted by a capacitance, the  in teg ra ted  fluctuation  vo ltage can be ob­
tained by d irect app lication  of th e  principles of s ta tis tica l m echanics.

In a lum ped netw ork  com posed of capacitive, induc tive  and  resistive 
elements* each capacitance an d  each inductance constitu tes a degree of 
freedom; th a t  is, the  electrical s ta te  of the  netw ork  can be specified com ­
pletely by specifying th e  vo ltage across each capacitance and  the  cu rren t 
in each inductance**. A ccording to  s ta tis tica l m echanics, the  average 
stored energy per degree of freedom  is k T / 2. T h e  sto red  energy in a 
capacitance is Cv-/2.  T h u s, th e  m ean squared noise vo ltage of all frequen­
cies across a capacitance C  m u st be

7  =  k T /C .  (9)

Similarly, the m ean squared  noise cu rren t of all frequencies flowing in an 
inductance L  is

i* =  k T / L .  (10)

I \ e  have convenien tly  th o u g h t of Johnson  noise as generated  in the 
resistances in a netw ork . W e need n o t change th is concept and  say th a t 
the voltage and cu rren t of (9) and  (10) a re  generated  in th e  capacitance or 
inductance any  m ore th an  we would say  th a t  th e  therm al velocities of 
molecules are generated  b y  th e  m olecules’ m ass. R ela tions (9) and  (10) 
merely represent necessary consequences of the  laws of s ta tis tica l m echanics 
as, indeed, does (1).

I t is of some in terest to  illu stra te  th e  use of (9) and  its connection w ith  (1)

* Strictly, such a lum ped netw ork is an  unrealizable ideal. _ There are no pure capaci­
tances, inductances, or resistances. T he conditions under which actual condensers, coils 
and resistors can be represented satisfactorily by these idealizations m ust be judged by 
measurement or calculation or by p as t experience or intuition.

In enumerating the degrees of freedom, capacitances in series or shunt are lumped 
ogether as one element; the same holds true for inductances.
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b y  a  v e ry  sim ple exam ple. Consider a  resonan t circuit consisting of a 
capacitance C. an  inductance L  and  a  resistance R q , all in  parallel. T he 
resistive com ponent of th e  im pedance across th is  c ircu it is

H ere  w0 is the  resonan t frequency  of th e  c ircu it an d  Q has its  usual m eaning.
F rom  (1) we see th a t  a s  R 0 , the resistance a t  resonance («  =  w0) is m ade 

higher, the  noise vo ltage for frequencies near resonance increases. How ­
ever, if we regard  w0 an d  C in (12) as fixed, we see th a t  as R 0 is increased 
the  Q of th e  c ircu it is increased, th e  frequency  range over w hich R  is high is 
decreased, an d  R  ac tu a lly  becom es lower fa r from  resonance. (9) tells us 
th a t  the  m ean square  noise vo ltage in teg ra ted  over all frequencies rem ains 
co n s tan t as Ro  is changed.

I t  is found  th a t  fo r a high Q c ircu it, th e  noise is m uch like a carrie r of 
frequency  too m odu la ted  b y  low -frequency noise. If we le t the  rad ian  fre­
quency of th is  “ noise m odula tion” be (co — too), then  the  m ean  square 
am p litude of th e  noise m odula tion  varies w ith  frequency  a b o u t as  R  given 
by  (11) varies w ith  (to — wo).

In  1918 S ch o ttk y 5 described th e  “ S chro t-E ffek t” : th e  noise in vacuum 
tubes due to  th e  corpuscular n a tu re  of th e  electron convection current. 
T h is  is com m only know n as “ sh o t no ise.”  T h e  m agn itude of th is  noise is 
usua lly  derived  b y  m eans qu ite  d ifferent from  those used here.

Johnson  noise is necessarily  associated  w ith  an y  electrical resistance, 
w hatever its  n a tu re . N ow , consider a close spaced p la n a r  diode shown in 
Fig. 3 consisting of two opposed em itting  cathodes, each em ittin g  a  current 
7 o . Suppose th e  whole diode is held  a t  the  sam e tem p era tu re . T here are 
no b a tte rie s  o r o th e r sources of pow er aside from  th e rm al energy; the  only 
electrical energy flow m u st then  be Johnson  noise, ascribab le to  the re­
sistance of th e  diode.

A ssum e th a t  th e  cathodes b o th  have  the sam e uniform  w ork function. 
T hen  w hen the diode is sh o rt circu ited , each electron  em itted  from  cathode 1 
will reach  ca thode 2, an d  each electron  em itted  from  cathode 2 w ill reach 
cathode 1.* I f  ca thode 2 w ere m ade negative , all the electrons from  2 w o u ld

Q — Rqo)oC — Ro/oioL  

wo =  1 /Vic.

(ID

(12)

(13)

I I .  S c h o t t k y  N o is e  o r  S h o t  N o is e

* I t  is here assum ed th a t 7o is small enough so th a t  depression of potential due to space 
charge is avoided.
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continue to  reach 1 , b u t  some of th e  low -velocity  electrons leaving 1 would 
be tu rned back from  2 .

I t  is well know n6 th a t  if a  M axw ellian velocity  d is trib u tio n  is assum ed 
for the electrons leaving 1 , the  electrons w hich can  overcom e th e  re ta rd ing  
field and reach 2 a re  found to  co n s titu te  a  cu rren t

I  =  Jo e vllT. (14)

Here J 0 is the to ta l cu rren t carried  by  electrons leaving 1 an d  V  is th e  voltage 
of 2 with respect to  1 , w hich has been assum ed to  be negative.

Fig. 3—An electronic resistance formed by two opposed cathodes a t  the same tem ­
perature acts as a  generator of therm al noise.

By differentiating (14) we can ob ta in  the  diode conductance G a t  V  =  0, 
and we find

G - ± I , (15)

From (3) when the  diode is sh o rt circu ited  an d  the  volte ge is zero we have 
a mean square noise cu rren t

i i  =  4 kT G B  =  (4k T B )  =  4eI0B .  (16)
k l

This noise is th e  sum  of th e  noise due to  tw o independen t noise sources 
(the noise in the tw o cu rren ts  Jo). T h a t due to  e ith er cu rren t Jo is*

T2 =  2eI0B. (17)

* tn  this section, we are concerned w ith sho rt transit angles only and no distinction 
need be made between the  current induced in the circuit, i.  and  the  electron convection
current.
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T his is the  expression fo r sh o t noise in a  random ly  em itted  cu rren t, as in 
tem p era tu re  lim ited  em ission or in pho to  electric em ission.

I I I .  N o is e  O t h e r  T h a n  Sh o t  N o i s e : E l e c t r o n  M u l t ip l ie r s

L e t us consider a  class of system s in  w hich the  average o u tp u t cu rren t is 
p roportional to  the  average in p u t cu rren t, in which an  electron of charge, e 
en tering  produces an  o u tp u t charge, ne  in stan taneously , an d  in w hich the 
p ro b ab ility  th a t  an y  electron will produce n  e lectrons is p n .

If  th e  in p u t cu rren t is I 0 , the average o u tp u t cu rren t is

I  =  n h  (18)

II — Yh UPn ■ (19)
«

I t  is easy  to  persuade ourselves th a t  a n y  frequency  com ponent of curren t, 
noise or signal, will produce an  o u tp u t cu rren t n  tim es as g rea t; th is  happens 
to  be true , an d  we will use th e  fact.

L e t us consider our device w hen it has random ly  em itted  electrons as an 
inpu t. A t the o u tp u t we will see ap p ear groups of 1, 2, 3 etc. electrons, 
each group caused by  the  en trance  of a  single electron. If  70 is th e  to tal 
in p u t cu rren t, th e  o u tp u t cu rren t consisting of groups of n  e lectrons is

I n =  lllopn. (20)

E ach  group carries a  charge ne. W e m ay  now use (17) to  w rite  the  noise 
in the  p a r t  of the  cu rren t carried  b y  groups of n  electrons, replacing the 
electronic charge, e, b y  th e  group charge, ne

=  2{ne)(iiI0p n)B.  (21)

As the re  is no correla tion  betw een en tering  electrons, th e  to ta l m ean  square 
o u tp u t noise cu rren t will be the  sum  of th e  noise com ponents carried  by 
groups consisting of different num bers u  of electrons. Sum m ing (19) with 
respect to  n  we ob ta in

i f  =  2 e I 0 B n -  (22)

n 2 = ' 5 2 n 2p „ .  (23)

N ow, the  in p u t has been ta k en  as hav ing  sho t noise. A p a r t  of the noise 
o u tp u t is to  be a t tr ib u te d  to  th is  in p u t sh o t noise am plified b y  the  device; 
th a t  is, i t  will be n 2 tim es th e  in p u t shot noise.

i f  =  i i 2 e h B .  (24)

T h e  p a r t of the  noise o u tp u t c u rre n t due to  the  fac t th a t  an  electron  does
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not produce h  electrons, b u t m ay  produce 0, 1, 2 - • • etc. electrons, m ust 
be the difference betw een (22) an d  (24), or

if  =  2eI0B (n -  — n ) .  (25)

ih e  quan tity  in paren theses is the m ean square  dev iation  in n *
If the inpu t cu rren t has an y  noise com ponents i \ ,  then  the to ta l noise 

output com ponent will be

i~ = i{ +  n i \ .  (26)

By applying (26) successively to  stage a fte r  stage the noise o u tp u t of a
multistage electron m u ltip lie r can be eva lua ted  (if one know s (n- — n 2) ) .7

Wonder is som etim es expressed th a t  cu rren t can be noisier th an  sho t 
noise, in which the tim e of electron  arriv a l is pu rely  random . Obviously, 
we can have m ore th an  sho t noise only if there is som ething non-random  
about the tim e of electron a rriva l, an d  the argum en t above discloses ju s t 
what this is; i t  is the a rriv a l of electrons in bunches.** W e can easily  see 
how erratic even large cu rren ts  would be if electrons were bound together 
in groups having a to ta l group charge of a  coulom b, all the electrons in a 
group arriving sim ultaneously . R everting  to  our shot noise form ulas, 
we may illustrate  th is  by  assum ing a  perfect m ultip lier w ith  a sho t noise 
input, in which each in p u t electron produces exactly  N  o u tp u t electrons. 
Arguing from the sho t noise equation  (17) an d  replacing e by  N e  we should 
expect an o u tp u t noise cu rren t

i 2 =  2 { N e ) h B  (27)

where I x is the o u tp u t cu rren t; we get exactly  the sam e result by  assum ing 
the input noise cu rren t squared  am plified by  A72

i 2 =  (2eI0B ) N 2

=  2 {Ne) (ATh ) B  (28)

=  2 (Ne)  h B  .

‘ The of the  devia­te  £ m®an square deviation is the sum w ith respect to n of th e  square 
turn from the mean value of n, n.

2 (« — n)*pn = 2 n- pn — 2ix S npn +  n! S p„.
rT’L __
t/>rmS-Umm-at’on ' n first term  is n2 th a t  in the second term  is n  and th a t in the third term is unity. Hence

S (» — il^pn -  (n2 — n2).

to i sucb as transit tim e difference for electrons w ithin a bunch) which tends
tinn in iÛ  bunches will reduce the noise—and the signal as well. Such noise reduc­
tion involves a  return to a  more nearly random  flow.
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C onversely, we are  led to  w onder w hether a  cu rren t less bunched  than 
th a t  p roduced  b y  random  em ission m ig h t n o t have  less noise. T h e  most 
sm ooth ly  d is trib u ted  cu rren t we can  im agine is th a t  of /o  electrons per 
second em itted  a t  evenly  spaced in tervals. O bviously, such a  cu rren t will 
have a spectrum  consisting  of frequencies n f o , in teg ral m ultip les of / o . 
T h u s  for /  <  / o , the re  will be no “ noise” an d  sim ilarly  for / 0 <  /  <  2/ ¡ ,  
2 /0 <  / <  3 /o , etc.

F o r a  cu rren t of 10 m a , f o  =  6.3 X  1016; thus, even for sm all cu rren ts an 
evenly  spaced emission w ould have no  a-c com ponents in  th e  radio-fre- 
quency  range; th is  is a  com forting th o u g h t in  considering space-charge 
reduction  of noise, w hich is discussed in  section 5. H ow ever, purely  to 
sa tisfy  our cu riosity  we m ay  pursue th e  m a tte r  a  l it tle  fu rth e r. If we 
assum e th a t  each electron co n stitu tes  an  in stan taneous pulse of curren t, a 
sim ple harm onic  analysis shows th a t  th e  a-c cu rren t com ponent of fre­
quency  n f o  will have  a m ean  square  value

P. =  2 e /0/ 0. (29)

T h u s, in  each in te rv a l/o  wide cen tered  a b o u t a  frequency  n  fo th e re  will be a 
m ean squared  a-c cu rren t equal to  th a t  w hich w ould be associa ted  w ith  the 
sam e b an d  for random  em ission w ith  the  sam e cu rren t. B y  m aking  the 
em ission regular we have n o t reduced the  m ean  square “ noise” cu rren t in a 
b road  frequency  range; we h av e  m erely changed its  frequency  distribution 
from  a  uniform  d is trib u tio n  to  a  d is trib u tio n  of sharp , high peaks.

IV . P a r t i t i o n  N o i s e

Consider a  te trode, show n in F ig . 4, w ith  a  ca thode cu rren t I e , a screen 
cu rren t I , , an d  a  p la te  cu rren t l v .

T he grid  cu rren t is tak en  as zero. Suppose th a t  th e  screen is very  fine, 
so th a t  every  electron  leaving th e  ca thode h as th e  sam e chance of striking 
th e  screen, regardless of its  p o in t of d ep a rtu re . W e m ay  now regard the
function  of the  screen as th a t  of a peculiarly  sim ple electron multiplier,
for w hich n  can be zero (electron s trik ing  screen) or 1 (electron passing 
screen).

T h e  p r o b a b i l i ty  o f a n  e le c t r o n  p a s s in g  the s c re e n  is  I p/ I c . A ccord ing ly , 
f ro m  (1 9 ) a n d  (2 3 ),

11 = Ip/Ic (30)

n '« =  I r/ I c -  (3D

Suppose we w rite  the noise in the  ca thode cu rren t as

¿2 =  r-2eIcB (32)

H ere P2, a fac to r less th a n  u n ity , is in troduced  to  accoun t for the “space 
charge noise reduc tion” in  space charge lim ited  flow.
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(33)

Now, by apply ing  (25) an d  (26) we ob ta in  fo r tlie noise in th e  p la te  
current

J ,  =  2eIcB ( l p/ I c -  ( I P/1*)2) +  V ^ e h B i l p / I c f  

' =  2eIp B ( l  -  (1 -  r 5) ( / , / / , ) ) ■

I t  is to  be no ted  th a t  if T2 =  1, th a t  is, if the  cathode cu rren t is random , 
the noise in the p la te  cu rren t is pu rely  sh o t noise. T he screen canno t m ake 
the plate cu rren t noisier th a n  sh o t noise since it  does n o t a c t to  produce 
bunches of electrons.

The noise in the  screen cu rren t can be ob ta ined  by su b stitu tin g  I ,  for I p

z r ~ i

o
Ct O
o

5iUl,
Ul

H I

Fig. 4—Electrons random ly h itting  or missing the screen grid make a  tetrode noisier 
than a triode.

in (33). There is a correla tion  betw een the screen and  p la te  noise cu rren ts , 
the total noise in the  screen cu rren t p lus the p la te  cu rren t m ust, of course, be

X + e p =  i! =  T*2eI0B  (34)

and not the sum of i% an d  i \ .
Partition noise has been discussed b y  Thom pson, N o rth  an d  H arris .8

V. S p a c e  C h a r g e  R e d u c t i o n  o f  N o i s e

In this section an approx im ate deriva tion  of noise in  a  space charge lim ­
ited diode will be presented . T he deriva tion  leads to  an  expression valid  
for many practical tubes and  illu stra te s  the  n a tu re  of th e  noise in space 
charge limited flow.

Consider a parallel p lane diode of u n it a rea  and  spacing x, w ith  an  applied  
voltage Fo, as shown in Fig. 5. W hen th e  vo ltage is applied , the  electron 
convection curren t in th e  diode rises to  value Jo • N eglecting therm al 
velocities of electron em ission, th is  cu rren t is such th a t  th e  electronic
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“ space cha tge”  associated  w ith  i t  causes th e  vo ltage g rad ien t a t  the  cathode 
surface to  be zero. A g rea te r cu rren t w ould m ean  a negative g rad ien t at 
the  cathode and hence no  em ission; a  sm aller cu rren t would m ean  a  positive 
g rad ien t a t  the  cathode an d  un lim ited  em ission. On th is  basis C hild’s law 
is derived, w hich gives th e  c u rre n t p e r u n it  area  I 0 in am peres in te rm s of 
th e  vo ltage V 0 an d  the  spacing in cen tim ete rs x  as

h  =  (2.33) 10-«Fo3/2A 2 • (35)

c v0
"•I'l'l'l-

Fig. 5—-Part of th e  electrons leaving the cathode of a  diode are turned back before 
reaching the potential m inim um; others proceed to the  anode. Ordinarily the greater 
am ount of noise is associated w ith the space between the  potential m inimum and the anode.

F rom  (35) we can o b ta in  a  useful re la tion  fo r th e  conductance G

G =  d I o /d V 0 =  ( 3 / 2 ) ( W o ) .  (36)
T h e  resistance R  is

R = l / G =  (2/3)(F0//o). (37)
In  ac tu a l diodes, the  electrons a re  em itted  from  the  cathode with a 

the rm al velocity  d is trib u tio n ; a p o ten tia l m inim um  of som e negative voltage 
Vm is form ed a t  some d istance xm from the ca thode surface. I f  the magni­
tu d e  of the  em itted  electron cu rren t is /„  an d  th e  ac tu a l cu rren t passing the 
p o te n tia l m inim um  is 70 , then  because of th e  M axw ellian velocity  distribu­
tio n  we have

Io =  le t 'eVmlkT

_  j  U,600V„/rl e t
(38)
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Ordinarily, the m agn itude of V m is very  sm all com pared w ith  V o ; I o is 
very small com pared w ith  /«. an d  xm is v e ry  sm all com pared w ith  x.

Suppose Vm were held constan t, say, by  p u ttin g  a conducting p lane of 
potential Vm a t  x ,„ . T hen , the electrons w hich pass th is p lane are quite 
independent of the  low energy electrons w hich are  tu rn ed  back, an d  hence 
in the cu rren t passing Xm there will be pure sho t noise.

5* =  2eIoB. (39)

Now suppose we change V m ■ T h e  change in I 0 w ill be, from  (3S),

d l 0 =  d V m/ R m (40)

R m =  ( e h / k T ) - 1. (41)

If we use a  co n stan t cu rren t in stead  of a  co n stan t voltage d-c supply , then  
Vm m ust fluctuate in such a  w ay  as to  cause a cu rren t equal and  opposite to  
(39), or, there m u s t be a  fluc tua ting  vo ltage vl, such th a t

»m =  2 e h l iR m
(42)

=  (1 /2 )4  k T R mB .

Suppose we consider the noise fluctuation  of the anode vo ltage of a space 
charge lim ited diode supplied  from  a co n stan t-cu rren t source. I f  there 
were no fluctuations in the voltage drop  between the po ten tia l m inim um  
a t xm and the anode a t  x,  (42) would give the  noise voltage fluctuation  of 
such an “open c ircu ited” diode. A ctually , m uch larger fluctuation  voltages 
are observed, and  we m u st conclude th a t  th ey  arise in the space betw een the 
potential m inim um  an d  the anode. As the cu rren t is co n s tan t in th is  region 
(by definition— we have assum ed a co n s tan t-cu rren t supply) we are forced 
to conclude th a t  such fluctuations are due to  a  v a ria tio n  of m ean electron 
speed in th is region. T he field a t  x„, is necessarily  zero. If, w ith  a co n stan t 
current, electrons trav e l m ore rap id ly  betw een :v„, an d  the anode, there is 
less electronic charge everyw here in th is region, the ra te  of change of field 
with distance, and  hence, the field, are everyw here sm aller, an d  the voltage 
between xn, and the anode a t  x  w ill be sm aller.

I t  is som ew hat involved to  tre a t the problem  of m ulti-velocity  flow 
exactly; th is has been done by R a ck 9 and  o thers8,1011; how ever, R ack  has 
shown th a t an approxim ate tre a tm e n t yields very  nearly  th e  correct result 
over a fairly wide range of conditions. In  th is  approxim ation , the stream  
of electrons w ith  m any  velocities an d  a fluctuating  m ean velocity  is replaced 
by a stream  in which all electrons have the sam e velocity , an d  th is has a 
wean square fluctuation equal to  th a t  of the m ulti-velocity  stream .

L et us now m easure x  from  th e  p o ten tia l m inim um . Suppose we con­
sider an electron which passed  th e  p o te n tia l m inim um  {x =  0) a t  t =  0.
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T h e field a t  th e  p o ten tia l m in im um  is zero. T h e  charge w hich has flowed
in behind  the  electron  a t  th e  tim e / is — t Jo • H ence, from  G auss’s theorem
the p o ten tia l g rad ien t is

d V / d x  =  J 0 t /e (43)

w here e is the  dielectric co n s tan t of vacuum . W e have for the acceleration

C l o t  /AA\x  =  . (44)
m  e

If  a t  the  tim e t =  0 (a t the p o te n tia l m in im um ), x  =  0, x  =  xo

x  =  -  ^  +  ±o (45)
m  2e

x  -  -  ^  t3 +  Xo t. (46)
m  6e

Now  the vo ltage V  betw een the  p o ten tia l m inim um  an d  an y  p o in t x  m ust 
be such th a t

_  ±\  =  2 -  To (47)
m

i r  I (  C  7oV , 4  I Jo . 1  .

(48)
m

A t a n y  fixed p o in t x, if we v a ry  ¿o by  a sm all am oun t d x 0 , we find b y  dif­
fe ren tia tin g  (46)

5 " “ ( i ' v  +  * Y  w
\ m  2e /

d v o =  h i  ( -  h  is +  dt  +  £
e \fft 2« /  2e

F rom  (48)

(50)

U sing (49)

d V o ^ - ^ f d x o .  (51)
2«

I t  now rem ains to  ev a lu a te  t. F o r m ost cases, the  the rm al velocities at 
the  po ten tia l m inim um  are  so sm all com pared w ith  th e  velocities in  most 
of th e  region betw een th e  m inim um  and  the anode th a t  we can tak e  the 
value of / for a-0 =  0. T hen , from (45) an d  (47)
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From (51) and  (52)

d V o =  - 2 1/SQ  m V l P dxo. (53)

Now, if (dx0) 2 is th e  m ean square fluctuation  in velocity , the m ean square 
fluctuation in vo ltage will be

v5 =  2(e /m )~ l Vo (dx0) 2. (54)

The assum ptions leading to  (54) a re  those leading to  C hild’s law, an d  th u s 
we can use (37) in connection  w ith  (54), giving

v2 =  3 (e /m )~ l J o R  (dx0y ■ (55)

I t  now rem ains to  ev a lu a te  (dx0) 2, the  m ean  square fluctuation  in the 
velocity of the electrons passing the  p o ten tia l m inim um ; to  do th is , we
return to  (25). Suppose N  is the  num ber of in p u t electrons per second.
The ou tpu t cu rren t can  then  be w ritte n

h  =  n N e  (56)

and we can call the fluctuation  in  it

t 1 =  (SfiNe)*. (57)

Equation (25) applies for no  fluctuation  in 7o and  hence for no fluctuation  
in N) e is a constan t, an d  th u s  we m ay  w rite  (25) as

( M ?  =  ™  &  -  n ) .  (58)

We m ay generalize th is to  say  th a t  each electron has a  p ro b ab ility  p  of 
producing some effect of m agn itude  n  an d  the fluctuation  in the  m agn itude
of the effect is (5n ) J. Before, we said th a t  an  electron had  a p robab ility
P of producing n  secondaries. N ow  we will say  instead  th a t  an  electron
has an uncorrelated p ro b ab ility  p  of hav in g  a velocity  u, an d  ob ta in  for the 
mean fluctuation in  the  velocity , (dxo)2

(dxo)2 =  -jy (m2 — «*)• (59)

In a M axwellian d is trib u tio n , the  num ber of electrons passing a p lane 
perpendicular to  the d irection  of m otion  per second having  velocities lying 
in the range du  a t  «  is

i n  =  du. (60)
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H ere T c is ca thode tem pera tu re . W e see u  and  u 2 are 

\ * e-<mv&*Tc)du

II I

du
0I
[  « s r (m# re> du  

Jo

2 y  TT (M>

7.  =  ^   =  2 ^  . (62)
7)1/‘'O du

A ccordingly

2 _  =  1(4 _  *.) kh  (63)
wr

C om bining (63) w ith  (59) we obta in

( « * * ,) * = ,- ( 4  - * ■ ) — *.  (64)

C om bining (62) w ith (53) an d  rem em bering  th a t  7o =  A e we find the  m ean 
square open circu it noise vo ltage to  be

v* =  3(4  -  tr) k T cR B
(65)

=  (.644) 4kT cR B .

T his is the chief co n trib u tio n  to  noise in  a  space charge lim ited  diode.
U sually  R  is su b stan tia lly  equal to  the  p la te  resistance of the  diode (it 

does n o t include effects on th e  ca th o d e  side of the  p o te n tia l m inim um ). 
P lereaftcr R  will be trea ted  as the to ta l p la te  resistance of the  diode.

V I . N o is e  i n  T r io d e s  a n d  P e n t o d e s

Consider th e  triode show n in F ig. 6. H ere we have  a ca thode , a  grid, 
an d  a p la te . T h e  in p u t ad m itta n ce  of th e  tu b e  is rep resen ted  in th e  di­
ag ram  by  the grid -cathode capac itance C i an d  the  g rid -p late  capacitance C2 • 
T he resistance R n is a  fictitious noise resistance w hich will be evaluated 
la ter. I t  is assum ed to  a c t betw een  the  in p u t ad m itta n ce  of the  tu b e  and 
th e  contro lling  ac tion  of the grid ; no c u rre n t can  flow in R n because the grid 
as ind icated  in  the d iag ram  is presum ed to  p rese n t an  open circuit.

W e will regard  the  ca thode-grid  region of the  tr io d e  as an  “ equivalent 
d iode.” T h e  anode vo ltage of th e  diode is tak en  as

Vo =  CV# +  V , / ß). (66)
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Here Vg is the grid vo ltage an d  V p the  p la te  vo ltage of th e  triode. If the 
plate voltage is held co n s tan t an d  m is taken  as co n stan t

d V  o =  d V 0. (67)

Hence, under these conditions

d lo /dVo — G =  d h / d V (68)

Here G is the conductance of the  equ iva len t diode, the  reciprocal of R  
which appears in (65), and  is also the transconductance of the  triode.

As we wish to  calculate the  noise w ith  no a-c grid or p la te  voltage, and 
as these through (64) specify the p la te  voltage V 0 of the equivalen t diode,

C | G R ID - C A T H O O E  C A P A C IT A N C E  
C g  G R ID - P L A T E  C A P A C IT A N C E

Fig. 6 Low-frequency noise in a  triode can be ascribed to a  fictitious noise resistance 
* > acllng into an open circuit to cause voltage fluctuations on the grid.

the equivalent diode m ay be regarded as short-circu ited . H ence, the noise 
current will be

i°- =  v'-/R-

=  (.644) 4k T aGB.  

ff we express th is as sho t noise reduced by a  fac to r T2 we ob ta in

(69)

2 e h T T B

(.644)
2 k T cG

eh,

(70)

Often, the noise expressed by  (69) is ascribed  as a fictitious noise resistance 
77», a t room T em peratu re  T,  connected  betw een  the  grid -cathode capaci­
tance and the “ controlling ac tio n ”  of the  grid  as shown in Fig. 6. T his
fictitious
vo ltag e

resistance looks in to  a  com plete open c ircu it; hence, it has a  noise

4 k T R nB (71)
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and-produces a noise p la te  cu rren t (for zero load resistance)

T2 =  4 k T R nBG2. (72)

C om paring (69) w ith  (72) we find

Rn =  (.644/G )  (T c/ T 0). (73)

H ere  To is a  reference tem p era tu re , usua lly  taken  as 290° K . T h e  effect of 
load im pedance on signal from  th is  fictitious resistance is tre a te d  b y  purely 
c ircu it m eans.

In  pen todes th e re  is noise according to  (69) an d  in ad d itio n  the re  is par­
titio n  noise according to  (33). B y  tak in g  r 2 from  (70) an d  eq u a tin g  the 
noise cu rren t given b y  (33) to  (72) th e  fictitious “noise resis tance” of a 
pen tode can be ev a lu a ted  in te rm s of g, I v/ I c an d  T c/ T .
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Abstracts of Technical Articles by Bell System  Authors

Gross-linkagc of L inear Polyesters by Free Radicals.1 W . 0 .  B a k e r .  R e­
actions fundam ental to  th e  use of th e  new low pressure lam ina ting  or casting 
resins have been studied . T h e  s trik ing  p ro p erty  of these p lastics, which are 
usually based on some polyester an d  a vinyl m onom er, is the ir rap id  and 
easy curing, leading to  un ique ease of fab rica tion . T h is curing, th e  form a­
tion of a  perm anen t th ree-dim ensional po lym er netw ork, o r gel, is achieved 
by reaction w ith a  source of free radicals, such as from  an  organic peroxide. 
These agents cause po lym erization  of th e  v iny l m onom er, as was previously  
understood, b u t they  also seem to  incorporate the  po lyester in to  the netw ork, 
even if the po lyester contains little  or no unsa tu ra tion .

Investigation of a series of sim ple polyesters, the  po lyundecanoates, 
showed th a t  free radicals, such as come from  the  decom position of benzoyl 
peroxide, could cross-link or gel the  linear, sa tu ra ted , chains. A pparen tly  
the hydrogen a tom s in m ethylene groups nex t to po lar groups like th e  car­
bonyl, i.e., the a-hydrogens, are rem oved b y  the  free radicals. T h e  resu lting  
chain radical a ttac k s  an  ad jac en t chain, an d  a  cross-link is form ed. The 
effects of cross-links th u s  p roduced  on solubility , d ilu te  solu tion  viscosity, 
melt viscosity and , finally, stress relaxation  of th e  cured solid were exam ined. 
Probably the sim ilar a c tiv ity  of a-hydrogen  a tom s is im p o rta n t in the  chem i­
cal aging or w eathering of p lastics an d  rubbers. I t  is likewise significant for 
the vulcanization of m any  sy n th e tic  rubbers.

Rubberlike Products from  L inear Polyesters.2 B. S. B iggs, R . H . E r i c k ­
so n  and C. S. F u l l e r .  T h e polym ers w hich resu lt from  the  condensation 
of dibasic acids w ith  p ropylene glycol are viscous gum s w hich can be vu lcan­
ized to rubberlike p roducts. In  the  unpigm ented  condition these rubbers are 
quite weak, b u t when reinforced w ith  su itab le p igm ents the ir s tren g th  and 
elongation com pare favorab ly  w ith  o ther syn the tic  rubbers. Because po ly­
esters of known s tru c tu re  an d  m olecular w eight can  be easily synthesized, 
these polymers are useful for th e  s tu d y  of th e  relations betw een s tru c tu re  and  
properties in  rubberlike m ateria ls  in  general. F acto rs affecting tensile 
strength, oil resistance, b r ittle  tem pera tu re , an d  s ta b ility  are  discussed.

Pulse Code Modulation? H . S. B l a c k  an d  J .  0 .  E d s o n .  A rad ically  new 
modulation technique for m ultichannel te lephony has been developed which 
involves the conversion of speech w aves in to  coded pulses. T h is new tech-

V t 0 '1/ '  A ’J ‘e r - Chemical Soc., M ay 1947.3 T ,  ; ® Fngg. Cltem., Septem ber 1947. 
i  elephony, August 30, 1947.
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nique is called P ulse Code M odu la tion  or sim ply  P C M . A n eight-channel 
system  em bodying these princip les w as developed an d  produced in portable 
form  for field operation . O ther w ork carried  on sim ultaneously  by  W . M. 
Goodall (see B. S. T . J .,  Ju ly  1947) resu lted  in  th e  developm ent of an  experi­
m en ta l system  using a d ifferent m ethod  of coding.

In  carry ing  o u t th is  new ty p e  of m odulation , th e  speech w ave applied  to 
each channel is, in  effect, tran sm itte d  sam ple b y  sam ple, an d  each sam ple is 
represen ted  b y  a  m u lti-u n it code em ploying on-or-off pulses, hence the  term 
P C M .

T h is  m ethod  appears to  have  exceptional possibilities from  th e  standpoin t 
of freedom  from  interference. I ts  full significance in  connection w ith  future 
radio  an d  w ire transm ission  m ay  ta k e  som e tim e to  reveal.

Stereoscopic Drawings of Crystal Structures . ‘ W. L. B o n d . A m ethod is 
p resen ted  for g e tting  stereoscopic pairs  of a tom ic s tru c tu re  views given the 
coordinates of th e  atom s an d  cell constan ts.

Properties of L iquids at H igh Sound  Pressure,5 H . B. B r ig g s ,  J. B . J o h n ­
s o n  an d  W . P . M a s o n .  W hen sound of high am p litude  is tran sm itte d  into 
a  liquid  by  m eans of a m echanical d riv ing  device, the u ltim ate  lim ita tion  to 
th e  pow er th a t  can  be transfe rred  is cav ita tio n  or breakdow n of th e  liquid 
u n d er high in te rna l stresses. A s tu d y  of cav ita tio n  has resu lted  in  establish­
ing th e  following results. U nder s tead y -sta te  conditions, ligh t liquids filled 
w ith  a ir cav ita te  w hen th e  negative acoustic pressure reaches the  atmos­
pheric pressure. W hen liquids are degassed, the ir n a tu ra l cohesive pressure 
becom es effective an d  they  will w ith stan d  a negative acoustic  pressure. It 
is found th a t  the  to ta l negative pressure required  to  cause cav ita tio n  is equal 
to  th e  sum  of the  cohesive pressure— tensile s tren g th — an d  the  ambient 
pressure. V iscous liquids have a  h igher cohesive pressure an d  a  proportion­
a lity  has been estab lished  betw een th e  logarithm  of th e  v iscosity  an d  the 
cohesive pressure. T h e  am o u n t of pow er th a t  a liquid can  withstand 
increases m arkedly  as the pulse leng th  is shortened .

An exp lanation  of these phenom ena is a t te m p te d  on th e  basis of Eyring’s 
theo ry  of viscosity , p la stic ity  an d  diffusion. O n th is  theo ry  n a tu ra l holes 
exist in th e  liquid  in to  w hich m olecules can jum p , leaving holes behind them. 
A ju m p  occurs w hen th e  m olecule has accum ulated  enough h ea t energy to 
su rm oun t an  ac tiv a tio n  p o ten tia l b a rrie r  of energy value E 0. Cavitation 
appears to  be the  resu lt of coalescing of th e  n a tu ra l holes in th e  negative 
pressure phase of the cycle. Since a m olecule has to  ju m p  from  a hole in 
o rder th a t  th is  can coalesce w ith  an o th er hole, th e  cav ita tio n  pressure is pro­
po rtiona l to  the  ac tiv a tio n  energy  w hich in tu rn  is p ro p o rtio n a l to  the log-

1 The American Mineralogist, Ju ly-A ugust 1947.
5 Jour. Accms. Soc. Amer., Ju ly  1947.
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arithm  of the viscosity. T h e  increased pow er-transm itting  capac ity  for 
short pulse lengths is a resu lt of the  finite tim e taken  for the  sm all holes to  
grow in size to  a large enough hole to  cause ru p tu re  of the  liquid.

Modulation in  Communication .6 F. A. C o w a n . T h e fundam entals in­
volved in in troducing  signals in to  one m edium  an d  tran sm ittin g  them  
through another are  sim plified in th is  review , so th a t  th e  relationships be­
tween the m any varie ties of m odulations a ttem p ted  or in contem porary  use 
are formed in to  a  cohesive whole.

Air-borne Magnetometers?  E . P . F e l c ii ,* W . J . M e a n s ,* T. S lo n c z e w - 
sk i,* L. G. P a r r a t t , L. FI. R u m b a u g h  an d  A. J . T ic k n e r .* D eveloped 
under the im petus of the subm arine  m enace of W orld W ar I I ,  the air-borne 
magnetometer has found m any  peacetim e uses. N av y  airp lanes equipped 
with m agnetom eters for exploration  of A n tarc tica  were used in th e  recent 
United S tates N av y  expedition. An expedition now is s tudy ing  th e  A leutian  
Alaskan volcanos an d  th e  A leu tian  subm arine trench . F rom  there  it  will 
proceed to H aw aii an d  Bikini.

The Generation of Centimeter WavesA  FI. D . FIa g s t r u m . The electronic 
devices used m ost extensively, recently , for the  generation  of cen tim eter 
waves are discussed. T h e  physical form , operating  capabilities, an d  the 
basic physical principles of opera tion  of th e  triode, velocity -variation , and 
magnetron oscillators are  presen ted . An a tte m p t is m ade to  show how these 
oscillators are related  to  one ano ther. F or a v a rie ty  of reasons, p articu la r 
emphasis is placed bn th e  m agnetron  oscillator.

Selective Demodulation A D o n a l d  B. H a r r is . A m ethod  of dem odula­
tion is proposed in which th e  o u tp u t cu rren t of the  dem odulator is a linear 
function of the in p u t voltage, while a t  th e  sam e tim e provision is m ade for 
producing the necessary p ro d u c t term s which will resu lt in dem odulation. 
Demodulation is b rough t a b o u t by  in teg rating  the p roduct of the in stan ­
taneous value of the m odu lated  w ave by the  in stan taneous value of a wave 
having the same frequency and  phase as the  carrier. W here th is  m ethod of 
demodulation is used it is proposed th a t  two carriers in q u ad ra tu re  on the 
same frequency m ay be em ployed, reducing th e  bandw id th  to  th a t  re­
quired for single-sideband transm ission.

I t  is suggested th a t  th e  requ ired  linear dem odulation characteristics m ay 
be obtained through the  use of “ electron-coupled” dem odulators. Iheo - 
retical considerations ind icate th a t, when dem odulation  of th is type is em ­
ployed, selectivity  ahead  of the  dem odulator m ay be dispensed w ith , the

‘ Elec. Engg., September 1947.
£,W ’ Fuly 1947.
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signal-to-noise ra tio  is im proved, g rea ter econom y of spectrum  space is 
ob ta ined , th e  num ber of tubes required  is m ateria lly  reduced th rough  the 
use of a  com m on in term ediate-frequency  am plifier for a  num ber of channels, 
an d  an y  im pairm ent due to  the  in stab ility  of th e  carrie r o r oscillator fre­
quency  is reduced.

As an  exam ple of the  possible app lica tion  of the  principles outlined, a 
hypo the tical eight-channel transm ission system  is described.

The Physical Significance of B irkhoff’s Gravitational Equations.10 H e r ­
b e r t  E . I v e s .  B irkhoff’s g rav ita tiona l equations are p u t  in term s of dl in 
place of the  local tim e ds used by  him . T h e  transform ed equations show that 
L o ren tz ian  m ass has been used, an d  to  the N ew tonian  a t tra c tiv e  force is 
added a force norm al to  th e  d irection  of m otion, v2/ c 2 tim es the  component 
of th e  g rav ita tio n a l force norm al to  the  m otion.

Attenuation and Scattering of High-Frequency Sound  Waves in  Metals and 
Glasses.11 W . P . M a s o n  an d  H . J. M cS k im in . B y  using a  pulse method, 
a t ten u a tio n  an d  velocity  m easurem ents have been m ade for alum inum  and 
glass rods in th e  frequency range from  2 to  15 m egacycles. T h e  sound 
pulses a re  generated  b y  cry sta ls  w axed to  th e  surface of th e  rod. This wax 
jo in t lim its th e  band  w id th  of th e  tran sm itte d  pulse an d  m easurem ents are 
m ade using long pulses w hich approach  s te ad y  s ta te  conditions. The re­
flected pulses show evidence of several norm al m odes w hich can be minimized 
by  using specially shaped electrodes. L ong itud inal w aves show delayed 
pulses of sm aller m agn itude th a t  a re  caused b y  the  longitud inal w ave break­
ing up  in to  reflected longitud inal and  shear waves a t  the  boundary . This 
effect is sm all if the  d iam eter of the rod is 20 w ave-lengths or more.

T h e  m easured losses for alum inum  rods show a  com ponent proportional 
to  the  frequency an d  an o th er com ponent p ropo rtiona l to  the  fou rth  power 
of the  frequency. T h e  first com ponent is th e  hysteresis loss found for most 
solid m ateria ls. T he com ponent p ropo rtional to  the  fou rth  pow er of the 
frequency is caused b y  R ayleigh sca tte rin g  losses which are  th e  result of 
differences in the  elastic constan ts betw een ad jacen t g rains caused by 
changes in o rien tation . C alcu lated  sca tte rin g  losses agree qu ite  well with 
the  m easured values. T he fourth-pow er sca tte ring  law holds quite well 
u n til the  grain  size is equal to  one-th ird  of a  w ave-length. F o r higher fre­
quencies th e  sca tte ring  loss increases m ore n early  w ith  the  square of the 
frequency. Glasses an d  fused q u a rtz  have  a  loss d irec tly  proportional to 
the  frequency, showing th a t  an y  irregularities m ust be of very  sm all size.

The Growth of Auditory Sensation.12 W . A. M u n s o n . T h e integration of 
sensation  w ith  respect to  tim e was stud ied  experim en tally  b y  m eans of tones

10 Phys. Rev., August 1, 1947.
11 Jour. Acous. Soc. Amcr., M ay 1947.
12 Jour. Acous. Soc. Amer., Ju ly  1947.
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of short duration . L oudness te s ts  were m ade on sounds persisting from  
0.005 to 0.2 second and  covering a wide range of levels. T he observed in­
crease in m agnitude of a  sensation  as th e  d u ra tion  tim e is increased is 
attribu ted  to  the in teg ration  characteristic  of the cen tra l nervous system , 
and an equivalent electrical c ircu it is derived. T he circuit analogy is then 
used in the  com putation  of loudness as a  function  of the  du ra tio n  of the 
stimulus.

The Physics of Electronic Semiconductors,13 G. L. P e a r s o n .  T he band  
theory of solids is capable of explaining such fundam en tal p roperties of elec­
tronic sem iconductors as the  dependency of specific resistance on im purity  
content, the negative tem p era tu re  coefficient of resistance, the sign of the 
Hall and therm oelectric effects, and  the  direction  of rectification. M easure­
ments of the specific resistance an d  the  Plall co n stan t enable the calculation 
of density, m obility , and  m ean free p a th  of th e  electric carriers as a function 
of tem perature an d  im purity .

Automatic Frequency Control of Microwave Oscillators}* V i n c e n t  C. 
R id e o u t .  A m ethod for the  au to m atic  frequency contro l of an y  type  of 
tunable microwave oscillator is described. In  th is m ethod a servom echan­
ism is used which includes a w ave-guide d iscrim inator circuit, a m ercury- 
contact relay, a 60-cycle am plifier, and  a sm all tw o-phase induction  m otor.

Tests m ade on a p re lim inary  m odel of a  circu it of th is  type used w ith  a 
4000-megacycle oscillator showed th a t  a s ta b ility  of one p a r t in 50,000 was 
obtainable. T he m anner in which such a contro l system  m ay be used in a 
microwave repeater is described.

Proposed Method of Rating Microphones and Loudspeakers fo r  Systems  
UseP F r a n k  F . R o m a n o w  and M e l v il l e  S. H a w l e y . Proposed, is a 
method of ra ting  m icrophones an d  loudspeakers w hereby the  over-all p e r­
formance of a sound system  m ay be determ ined by  adding  together the 
microphone and loudspeaker ra tings and  the  gain of the in terconnecting  
network. This sum  gives th e  perform ance qu ite  accu rate ly  for m ost sys­
tems. However, in some com binations of elem ents correction term s m ust 
be added. T he form ulas for these correction  te rm s are derived.

The proposed m icrophone and  loudspeaker ratings have the additional 
usefulness of being in a form  which perm its the  com parison of instrum ents 
of different im pedances.

Sulfur Linkage in  Vulcanized Rubber}6 M il t o n  L . S e l k e r  and  A. R. 
K em p . T he reaction of 2 -m ethyl-2-butene w ith  sulfur a t  141.6 C. was 
studied. R eaction tim e and  concen tra tion  paralleled  those common in

” Elec. Engg-, Ju ly  1947.
f  Proc. I . R. E ., August 1947.
u t °C' K  E-> Waves and Electrons Section, Septem ber 1947.

Indus. & Engg. Chem., Ju ly  1947.
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rubber-su lfur vulcanization . T h e  resu lts offer fu rth e r  insight in to  the  vul­
can ization  problem . T he p roducts of the  reaction  are liquids of th e  polysul­
fide ty p e  R -S i-R , w here x  varies from  2 to  6 an d  R  is a n  a lky l or alkenyl 
group an d  tw o solids (CjHtSs an d  a h igher hom olog). T h e  polysulfides ap­
pear to  be som ew hat richer in hydrogen  th a n  is expected from  reaction  of 
two CbHio molecules, w hereas th e  solids are hydrogen-poor. T h e  structure 
of an  acid anhydride  in  th e  su lfur system  show ing th ione-th io l tautom erism  
is proposed for C 5H 6S3, w hich is therefore 2 ,5-dithione-3-m ethyltetrahy- 
d ro th iophene. T h e  color changes w ith  reaction  tim e, from  yellow to red to 
black, parallel those of rubber-su lfu r vu lcanizates. As in rubber-sulfur 
vu lcan ization  th e  sulfur reaction  ra te  is d irec tly  p roportional to  tim e, al­
though  th e  abso lu te ra te  is tw ice th a t  in the  po lym er system . S ta rtin g  with 
equal mole q u an titie s  of olefin an d  sulfur, the re  is a  considerable am ount of 
unreacted  olefin in the system  when all of the  sulfur has reacted . The 
sh o rte r th e  reac tio n  tim e, the  h igher th e  value of x  in th e  polysulfide 
R-Sx-R and the larger the percen tage of residues R  th a t  are sa tu ra ted .

On Hearing in  Water vs. Hearing in  A i r ,17 L. J . S x v ia n . T he paper deals 
w ith the  ab ility  of a  subm erged lis tener to  hear sounds generated  in the air 
above him , com pared w'ith th e ir  au d ib ility  w hen his head  p ro jec ts  above the 
w ater. In  a theoretical discussion it is shown th a t  a t  1000 c.p.s. a  loss of 
the  order of 45-55 db m igh t be expected in th e  in -w ater au d ib ility  relative to 
the in-air value. T h is involves a  num ber of assum ptions, e.g., th a t  there is 
no appreciab le noise created  b y  the  lis ten er’s propulsion, an d  th a t  the  effect 
of h y d ro s ta tic  pressure unbalance on the  ea rd ru m  is negligible. A few 
m easurem ents m ade a t  1000 c.p.s. an d  3000 c.p.s. y ie lded  values which are 
n o t a t  variance w ith  th e  theo re tical analysis.

Cathode Phase Inverter Design .18 C. W . V a d e r s e n .  P a r t  I  of th is paper 
covers the  general analysis of th e  cathode coupled phase inverte r and de­
velops form ulae th a t  enable th e  designer to  com pute circu it elem ents with 
good accuracy. T h e  theo ry  developed shows th a t  degeneration  exists only 
in  th e  d riven  side of th e  am plifier an d  is lim ited to  6 decibels. Balance is 
discussed in term s of the  tube  param ete rs and  ex terna l resistances, its being 
show n th a t  considerable s ta b ility  is a tta in ab le . A form  of th e  inverter in 
which th e  powder o u tp u t stage u tilizes a  transfo rm er w ith  an  unbalanced 
p la te  w inding is presen ted . T h is  is show n to  give a tru e  power balance in a 
m anner analogous to  the  unbalanced  p la te  resistor form  of the  voltage 
am plifying inverter.

P a r t  I I  p resen ts a g raph  of the  general design equations an d  illustrates its 
use w ith  several w orking exam ples.

17 Jour. Acous. Soc. Amer., M ay 1947.
18 Audio Engineering, June  and Ju ly  1947.
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