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A M athem atical Theory of Communication 

By C. E. SHANNON

I n t r o d u c t io n

TH E  recent developm ent of various m ethods of m odulation  such as PC M  
and P P M  which exchange bandw id th  for signal-to-noise ra tio  has in­

tensified the  in te rest in a  general theory  of com m unication . A basis for 
such a  theory  is con tained  in th e  im p o rta n t papers of N y q u is t1 an d  H artley 2 
on th is subject. In  the  p resen t paper we will ex tend  the  theory  to  include a 
num ber of new factors, in p a rticu la r  th e  effect of noise in th e  channel, and 
the  savings possible due to  th e  s ta tis tica l s tru c tu re  of the  original message 
an d  due to  the n a tu re  of the  final destina tion  of the  inform ation.

T h e  fundam ental problem  of com m unication is th a t  of reproducing a t  
one p o in t either exactly  or approxim ately  a m essage selected a t  ano ther 
po in t. F requen tly  the messages have meaning ; th a t  is they  refer to  or are 
correlated  according to  som e system  w ith  certain  physical o r conceptual 
en tities. These sem antic aspects of com m unication are irre levan t to  the 
engineering problem . T h e  significant aspec t is th a t  th e  ac tu a l m essage is 
one selected from  a set of possible messages. T h e  system  m u st be designed 
to  operate  for each possible selection, n o t ju s t the  one which will ac tua lly  
be chosen since th is is unknow n a t  the  tim e of design.

If  th e  num ber of messages in the  set is finite then  th is num ber or any  
m onotonic function of th is num ber can be regarded  as a m easure of th e  in­
form ation  produced  when one m essage is chosen from  th e  se t, all choices 
being equally  likely. As w as po in ted  o u t by  H artle y  th e  m ost na tu ra l 
choice is the  logarithm ic function. A lthough th is  definition m u s t be gen­
eralized considerably when we consider the  influence of the  s ta tis tic s  of the 
m essage and  when we have a  continuous range of messages, we will in all 
cases use an  essentially  logarithm ic m easure.

T h e  logarithm ic m easure is m ore convenient for various reasons:
1. I t  is p rac tica lly  m ore useful. P a ram e te rs  of engineering im portance

1 N yquist, H ., “ Certain Factors Affecting Telegraph Speed,” BcllSyslen ¡Technical Jour­
nal, April 1924, p. 324; “ Certain Topics in Telegraph Transmission T heory ,”  A . I . E .  E . 
Tians., v. 47, April 192S, p. 617.

1 H artley, R . V. L ., “ Transmission of Inform ation,”  Belt System Technical Journal, Ju ly  
1928, p. 535.
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such as tim e, bandw id th , num ber of relays, e tc., tend  to  vary  linearly  w ith  
the logarithm  of th e  num ber of possibilities. F or exam ple, adding one relay  
to  a group doubles the num ber of possible s ta te s  of the relays. I t  adds 1 
to the  base 2 logarithm  of th is  num ber. D oubling the  tim e roughly squares 
th e  num ber of possible m essages, or doubles the logarithm , etc.

2. I t  is nearer to  our in tu itiv e  feeling as to  th e  p roper m easure. T h is is 
closely rela ted  to  ( i)  since we in tu itive ly  m easure en tities by  linear com ­
parison  w ith com m on standards. One feels, for exam ple, th a t  two punched 
cards should have twice the  capac ity  of one for inform ation storage, an d  two 
identical channels twice the capacity  of one for tran sm ittin g  inform ation.

3. I t  is m athem atically  m ore su itable. M any  of the  lim iting operations 
are sim ple in term s of th e  logarithm  b u t would require clum sy res ta tem en t in 
term s of the num ber of possibilities.

T he choice of a logarithm ic base corresponds to  the choice of a  u n it for 
m easuring inform ation. I f  the  base 2 is used the resulting  un its  m ay  be 
called b inary  digits, or m ore briefly bits, a  w ord suggested by J .  W . T ukey . 
A device w ith  two stab le positions, such as a relay or a  flip-flop circuit, can 
sto re one b it of inform ation. N  such devices can store N  b its , since the 
to ta l num ber of possible s ta te s  is 2iV an d  log22'v =  N .  If  the  base 10 is 
used the  u n its  m ay  be called decim al digits. Since

log2 M  =  logio T //lo g i02 

=  3.32 logio M ,

a decim al d ig it is ab o u t 33 b its . A d ig it wheel on a desk com puting m achine 
has ten  stab le  positions and  therefore has a  sto rage capac ity  of one decim al 
digit. In  ana ly tica l w ork w here in teg ration  an d  differen tia tion  are involved 
the  base e is som etim es useful. T he resulting un its  of inform ation will be 
called na tu ra l un its . C hange from  the base a to  base b m erely requires 
m ultip lication  by log;, a.

B y a  com m unication system  we will m ean  a system  of the  type ind icated  
schem atically  in Fig. 1. I t  consists of essentially  five p a r ts :

1. An information source which produces a message or sequence of m es­
sages to  be com m unicated to  th e  receiving term inal. T h e  m essage m ay  be 
of various types: e.g. (a) A sequence of le tte rs  as in a  te legraph or te letype 
system ; (b) A single function  of tim e f i t )  as in radio or te lephony; (c) A 
function of tim e an d  o ther variab les as in b lack an d  w hite  television— here 
the message m ay  be th o u g h t of as a function f ( x ,  y, t) of tw o space coordi­
nates and  tim e, the  light in tensity  a t  p o in t (x, y ) an d  tim e / on a  p ickup  tube  
p la te ; (d) Tw o or m ore functions of tim e, say  f i t ) ,  g(l), h(t)— th is is the 
case in “ three dim ensional” sound transm ission or if the  system  is in tended 
to service several individual channels in m ultip lex; (e) Several functions of
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several variables— in color television the  m essage consists of th ree functions 
f {x ,  y ,  t), g(x, y, /), h(x, y, I) defined in a  three-dim ensional continuum — 
we m ay  also th ink  of these th ree  functions as com ponents of a  vec to r field 
defined in the region— sim ilarly, several b lack and  w hite television sources 
would produce “m essages” consisting of a num ber of functions of three 
variables; (f) V arious com binations also occur, for exam ple in television 
w ith  an  associated audio  channel.

2. A transmitter w hich operates on the m essage in some w ay to  produce a 
signal su itab le for transm ission over the channel. In  telephony th is opera­
tion consists m erely of changing sound pressure in to  a p roportional electrical 
cu rren t. In  te legraphy  we have an encoding operation  which produces a 
sequence of dots, dashes and  spaces on the  channel corresponding to  the 
message. In  a m ultip lex  P C M  system  the d ifferent speech functions m ust 
be sam pled, com pressed, quantized and  encoded, and finally in terleaved

IN FO R M A T IO N

NOISE
SOURCE

Fig. 1— Schematic diagram  of a  general communication system.

properly  to  construc t the  signal. Vocoder system s, television, and  fre­
quency m odulation  are o ther exam ples of com plex operations applied to  the 
m essage to  ob ta in  the  signal.

3. T h e  channel is m erely the m edium  used to  tran sm it the signal from  
tran sm itte r  to  receiver. I t  m ay be a p a ir  of wires, a  coaxial cable, a band  of 
radio frequencies, a beam  of light, etc.

4. T h e  receiver o rd inarily  perform s the inverse opera tion  of th a t  done by  
the tran sm itte r, reconstructing  the m essage from the signal.

5. T h e  destination is the  person (or thing) for whom the m essage is in­
tended.

W e wish to  consider certa in  general problem s involving com m unication 
system s. T o  do th is  i t  is first necessary to  rep resen t th e  various elem ents 
involved as m athem atical en tities, su itab ly  idealized from  the ir physical 
coun terparts . W e m ay  roughly  classify com m unication  system s in to  th ree 
m ain  categories: d iscrete, continuous and  m ixed. By a discrete system  we 
will m ean  one in which b o th  the message an d  the signal are a sequence of
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discrete sym bols. A typ ical case is te legraphy  w here the  m essage is a 
sequence of le tte rs  and  the  signal a  sequence of dots, dashes an d  spaces. 
A continuous system  is one in  which the  m essage an d  signal are b o th  trea ted  
as continuous functions, e.g. radio or television. A m ixed system  is one in 
w hich b o th  discrete an d  continuous variab les appear, e.g., P C M  transm is­
sion of speech.

W e first consider the discrete case. T h is case has applications n o t only 
in com m unication theory , b u t also in  the  theory  of com puting m achines, 
the design of telephone exchanges an d  o ther fields. In  add ition  th e  d iscrete 
case form s a  foundation  for the  continuous and  m ixed cases w hich will be 
trea ted  in  the second half of the paper.

P A R T  I: D IS C R E T E  N O IS E L E S S  SY STEM S

1. T h e  D is c r e t e  N o is e l e s s  C h a n n e l

T eletype and  te legraphy are two sim ple exam ples of a discrete channel 
for tran sm ittin g  inform ation. G enerally, a discrete channel will m ean  a 
system  w hereby a sequence of choices from  a  fin ite se t of elem entary  sym ­
bols S i  ■ ■ ■ S„  can be tran sm itted  from  one p o in t to  ano ther. E ach  of the 
sym bols S i  is assum ed to  have a  certa in  du ration  in tim e /; seconds (no t 
necessarily th e  sam e for different S i , for exam ple the  do ts and  dashes in 
te legraphy). I t  is n o t required  th a t  all possible sequences of the S i  be cap­
able of transm ission on the  system ; certa in  sequences only m ay  be allowed. 
T hese will be possible signals for th e  channel. T h u s in te leg raphy  suppose 
the  sym bols are: (1) A do t, consisting of line closure for a  u n it of tim e and 
then  line open for a u n it of tim e; (2) A dash, consisting of th ree  tim e un its  
of closure an d  one u n it open; (3) A le tte r space consisting of, say, th ree un its  
of line open; (4) A w ord space of six un its  of line open. 'W e m igh t place 
the restric tion  on allowable sequences th a t  no spaces follow each o ther (for 
if two le tte r  spaces are ad jacen t, i t  is identical w ith  a  w ord space). T he 
question we now consider is how one can m easure the  capacity  of such a 
channel to  tran sm it inform ation.

In  the  te letype case w here all sym bols are of the  sam e du ration , an d  any 
sequence of the  32 sym bols is allowed th e  answ er is easy. E ach  symbol 
represents five b its  of inform ation. If  th e  system  tran sm its  n  sym bols 
per second it is n a tu ra l to  say th a t  the  channel has a  cap ac ity  of 5n  b its  per 
second. T his does n o t m ean th a t  the  te letype channel will alw ays be tran s­
m itting  inform ation a t  th is ra te— th is is the m axim um  possible ra te  and 
w hether or n o t th e  ac tua l ra te  reaches th is  m axim um  depends on the  source 
of inform ation w hich feeds the  channel, as will appear later.
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In  the m ore general case w ith  different lengths of sym bols and  constra in ts  
on the  allowed sequences, we m ake th e  following definition:
D efinition: T he capacity  C  of a discrete channel is given by

c  =  L i m  M i l
T—*00 1

where N ( T )  is the  num ber of allowed signals of du ra tio n  T.
I t  is easily seen th a t  in th e  te letype case th is  reduces to  the  previous 

result. I t  can be shown th a t  the  lim it in question will exist as a  finite num ­
ber in  m ost cases of in terest. Suppose all sequences of the  sym bols S i , ■ ■ ■ , 
S n are allowed and  these sym bols have du rations h , ■ ■ ■ , tn ■ W h a t is the 
channel capacity? If  N (l)  represents the num ber of sequences of duration  
I we have

N (t)  =  N ( l  -  h) +  N ( t  -  / 2) +  ■ • • +  N ( l  -  /„)

T h e  to ta l num ber is equal to  the sum  of the num bers of sequences ending in 
•Si, S t , • • • , S„ and  these are N ( t  — h), N ( t  — /2), • • • , N ( l  — /„), respec­
tively. A ccording to  a well know n resu lt in  finite differences, N (/) is then 
asym pto tic  for large t to  X ‘0 w here X 0 is th e  largest real solution of the  
characteristic  equation  :

X ~ tl +  X ~ h  +  • • • +  X ~ ‘n =  1

and  therefore

C  =  log Xo

In  case there are restric tions on allowed sequences we m ay still often ob­
tain a  difference equation  of th is type an d  find C from  the characteristic  
equation . In  the  te leg raphy  case m entioned  above

N (i)  =  N ( l  -  2) +  N ( t  -  4) +  N ( l  -  5) +  N ( l  -  7) +  N ( t  -  8)

+  N ( t  -  10)

as we see by  counting  sequences of sym bols according to  th e  last or nex t to  
the  last sym bol occurring. H ence C is — log mo w here ¡jq is th e  positive 
root of 1 =  /x2 +  ju1 +  m5 +  M7 +  M8 +  Rw- Solving th is  we find C  =  0.539.

A very  general type of restric tion  w hich m ay  be p laced  on allowed se­
quences is th e  following : W e im agine a  num ber of possible s ta te s  a i , a2 , • • • , 
am . F o r each s ta te  only certa in  sym bols from  the se t S i  , • ■ • , S n can be 
tran sm itted  (different subsets for the different s ta te s). W hen one of these 
has been tran sm itte d  th e  s ta te  changes to  a new s ta te  depending b o th  on 
the old s ta te  an d  th e  p a rticu la r  sym bol tran sm itted . T h e  te legraph  case is 
a sim ple exam ple of this. T here  are tw o sta te s  depending on w hether or no t
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a space was the last sym bol tran sm itted . If so then  only a d o t or a  dash 
can be sent nex t and  the s ta te  alw ays changes. If no t, any  sym bol can be 
tran sm itte d  an d  the s ta te  changes if a  space is sent, otherw ise it  rem ains 
the  sam e. T h e  conditions can  be ind icated  in  a  linear g raph  as show n in 
F ig. 2. T h e  junction  p o in ts  correspond to  the  s ta te s  and  th e  lines ind icate  
the sym bols possible in a s ta te  and  the resu lting  s ta te . In  A ppendix I  it is 
shown th a t  if the conditions on allowed sequences can  be described in  th is 
form  C  will exist and can be calculated  in accordance w ith  the  following 
resu lt:
Theorem 1: L e t be the d u ra tion  of the  sth sym bol w hich is allowable in 
s ta te  i  and  leads to  s ta te  j .  T hen  th e  channel capac ity  C is equal to  log 
IF  where IF  is the largest real roo t of th e  determ inan t equation :

| E  -  s u  I =  0 .
H

where 0,7 =  I if i  =  j  an d  is zero otherwise.

D ASH

DOT

D ASH  

WORD SP A C E

Fig. 2— Graphical representation of the constraints on telegraph symbols.

F or example^ in  the telegraph case (Fig. 2) the d e te rm in an t is:

- 1  ( i r 2 + i r - 4) I

] (IF“ 3 +  I I - 6) (IF“ 2 +  IF" 4 -  1) | "

On expansion th is leads to  the equation  given above for this case.

2. T h e  D is c r e t e  S o u r c e  o f  I n f o r m a t io n

W e have seen th a t  under very  general conditions the logarithm  of the 
num ber of possible signals in a d iscrete channel increases linearly  w ith  tim e. 
T he capacity  to tran sm it inform ation can be specified by giving th is  ra te  of 
increase, the num ber of b its  per second required to specify the p articu la r 
signal used.

W e now consider the inform ation source. H ow  is an  inform ation source 
to  be described m athem atically , and how m uch inform ation in b its  p e r sec­
ond is produced in a  given source? T h e  m ain  p o in t a t  issue is the  effect of 
s ta tistica l knowledge abou t the source in reducing the required capacity
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of the channel, by the use of p roper encoding of the inform ation. In  teleg­
raphy , for exam ple, the  messages to  be tran sm itted  consist of sequences 
of letters. These sequences, however, are not com pletely random . In 
general, they  form  sentences and  have the s ta tis tica l s tru c tu re  of, say, E ng­
lish. T h e  le tte r  E  occurs m ore frequently  th an  Q, the sequence T H  m ore 
frequently  than  X P , etc. T he existence of th is s tru c tu re  allows one to  
m ake a  saving in  tim e (or channel capacity ) by  properly  encoding the mes­
sage sequences in to  signal sequences. T h is is already  done to a lim ited ex­
te n t in te legraphy  by  using the sho rtes t channel sym bol, a dot, for the m ost 
com mon English le tte r E ; while the infrequent letters, Q, X , Z are repre- j
sented  by  longer .sequences of do ts and  dashes. T his idea is carried still 
fu rthe r in certa in  com m ercial codes where com mon w ords and  phrases are 
represented  by  four- o r five-letter code groups w ith  a  considerable saving iti) 
average tim e. T h e  standard ized  greeting  and  anniversary  telegram s now ’, 
in use extend th is to  th e  p o in t of encoding a sentence or two in to  a relatively  
short sequence of num bers.

W e can th ink  of a d iscrete source as generating  the message, sym bol by 
sym bol. I t  will choose successive sym bols according to  certa in  probabilities 
depending, in general, on preceding choices as well as the p articu la r sym bols 
in question. A physical system , or a m athem atica l m odel of a system  which 
produces such a  sequence of sym bols governed by  a set of p robabilities is 
know n as a  stochastic  process .3 W e m ay consider a discrete source, there­
fore, to  be represented  by  a  stochastic process. Conversely, any  stochastic 
process which produces a  discrete sequence of sym bols chosen from  a finite 
se t m ay  be considered a  d iscrete source. T h is will include such cases as:
1. N a tu ra l w ritten  languages such as English, G erm an, Chinese.
2. C ontinuous inform ation sources th a t  have been rendered discrete by  some 

quan tiz ing  process. F or exam ple, the  quantized  speech from  a P C M  
tran sm itte r, or a  quantized  television signal.

3. M athem atica l cases w here we m erely define ab s tra c tly  a  stochastic 
process which generates a  sequence of symbols. T he following are ex­
am ples of th is last type  of source.
(A) Suppose we have five le tters A, B , C, D , E  which are chosen each 

w ith p robab ility  .2, successive choices being independent. This 
would lead to  a sequence of which th e  following is a  typ ical exam ple. 
B D C B C E C C C A D C B D D A A E C E E A  
A B B D A E E C A C E E B A E E C B C E A D  
T h is was construc ted  w ith the  use of a tab le of random  num bers .4

3 See, for example, S. C handrasekhar, “ Stochastic Problems in Physics and Astronom y,”
Reviews of Modern Physics, v. 15, No. 1, January  1943, p. 1.

4 Kendall and Smith, “ Tables of Random  Sampling N um bers,”  Cambridge, 1939.
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(B) U sing the  sam e five le tte rs le t the  probabilities be .4, .1, .2, .2, .1 
respectively, w ith  successive choices independent. A typical 
message from  th is source is then : 
A A A C D C B D C E A A D A D A C E D A  
E A D C A B E D A D D C E C A A A A A D

(C) A m ore com plicated s tru c tu re  is ob ta ined  if successive sym bols are 
n o t chosen independently  b u t their probabilities depend on preced­
ing le tters. In  the sim plest case of th is type a choice depends only 
on the preceding le tte r and  n o t on ones before th a t. T h e  s ta tis tica l 
stru c tu re  can then  be described by  a set of transition  probabilities 
pi(j), the  p robab ility  th a t  le tte r  i is followed by  le tte r ,; .  T h e  in­
dices i  an d  j  range over all the possible sym bols. A second equiv­
alen t w ay of specifying the  s tru c tu re  is to  give the “d ig ram ” p rob ­
abilities p{i, j ) ,  i.e., the  rela tive frequency of the d igram  i j .  T h e 
le tte r frequencies p(i), (the p robab ility  of letteir i ), the  transition  
probabilities pi{j ) and the d igram  probabilities p(i, j )  are rela ted  by 
the following form ulas.

P(i) -  X  pi>, j ) =  X  P (j ,  ') =  X  /  ij)pi(i)

p i ć j )  =  P i Ć p A j )

X  pAj) =  X  p(i) =  X  p ić  j )  = i-

As a specific exam ple suppose the re  are th ree  letters'A ',' B, C w ith  the  p ro b ­
ab ility  tab les:

pAj)
A

j
B c

i pit) Pić j )
A

j
B C

A 0 4
5

1
5 A TFT A 0 4

T5-
1

r s

i B 1
2

1
2 0 B 1 6

ITT i B 8
■5T

8uv 0

C 1 2
5

110 C T T c 1
■5T

4
T 7 7 Í T ffK

A typical message from  this source is the  following: 
A B B A B A B A B A B A B A B B B A B B B B B A B  
A B A B A B A B B B A C A C A B B A B B B B A B B  
A B A C B B B A B A
T h e nex t increase in  com plexity  would involve trig ram  frequencies 
b u t no m ore. T h e  choice of a  le tte r  would depend on th e  preceding 
tw o le tte rs b u t n o t on the  m essage before th a t  p o in t. A set of tr i­
gram  frequencies p(i, j ,  k) or equivalen tly  a  se t of transition  prob-
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abilities p a (k )  w ould be required . C ontinuing in  th is  w ay one ob­
ta ins successively m ore com plicated stochastic  processes. In  the 
general »-gram  case a  se t of »-gram  probabilities p ( i i , ¿2 , • ■ ■ , tB) 
or of transition  probabilities pi,  , ,-2 is required  to 
specify th e  s ta tis tica l struc tu re .

(D) S tochastic  processes can  also* be defined w hich produce a te x t con­
sisting of a  sequence of “ w ords.”  Suppose there are five le tte rs 
A, B, C, D , E  an d  16 “w ords” in  the  language w ith  associated 
probabilities:

Suppose successive “ w ords” are chosen independen tly  an d  are 
separated  by  a space. A typ ical m essage m ig h t be:
DA B E E  A B E B E  D E E D  D E B  A D E E  A D E E  E E  D E B  B E B E  
B E B E  B E B E  A D E E  B E D  D E E D  D E E D  C E E D  A D E E  A D E E D  
D E E D  B E B E  C A B ED  B E B E  B E D  DA B D E E D  A D EB  
If all the  w ords are of finite length  th is process is equivalen t to  one 
of the  preceding type, b u t th e  description m ay  be sim pler in term s 
of th e  word- s tru c tu re  an d  probabilities. W e m ay  also generalize 
here an d  in troduce transition  probabilities betw een words, etc.

These artificial languages are useful in constructing  sim ple problem s and  
exam ples to  illu stra te  various possibilities. W e can also approxim ate to  a  
na tu ra l language by m eans of a  series of sim ple artificial languages. T he 
zero-order approxim ation  is ob ta ined  by  choosing all le tte rs  w ith  the  sam e 
p robab ility  an d  independently . T h e  first-order approxim ation  is ob ta ined  
by  choosing successive le tte rs independently  b u t  each le tte r  hav ing  the 
sam e p robab ility  th a t  i t  does in  th e  n a tu ra l language .5 T h u s, in the first- 
order approxim ation  to  E nglish , E  is chosen w ith  p ro b ab ility  .12 (its fre­
quency in norm al E nglish) an d  W  w ith  p robab ility  .02, b u t there is 110 in­
fluence betw een ad jacen t le tte rs an d  no tendency to  form  the preferred 
digram s such as T i l ,  E D ,  etc. In  the  second-order approx im ation , digram  
stru c tu re  is in troduced . A fter a  le tte r  is chosen, th e  nex t one is chosen in 
accordance w ith  th e  frequencies w ith  w hich the  various le tte rs  follow the  
first one. T h is requires a  tab le  of digram  frequencies p i(j). In  the th ird - 
o rder approxim ation , trig ram  s tru c tu re  is in troduced. E ach  le tte r  is chosen 
w ith  probabilities which depend on the preceding two le tters.

5 L etter, digram  and trigram  frequencies are given in “ Secret and  U rgent” by Fletcher 
P ra tt, Blue R ibbon Books 1939. W ord frequencies are tabu la ted  in "R elative Frequency 
of English Speech Sounds,” G. Dewey, H arvard  University Press, 1923.

.10 A .16 B E B E  .11 C A B E D  .04 D E B
.04 B E D  .05 C E E D  .15 D E E D
.02 B E E D  .08 D A B  .01 EAB
.05 CA .04 D A D  .05 E E

.04 A D E B  

.05 A D E E  

.01 B A D D
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3. T h e  S e r i e s  o f  A p p r o x im a t io n s  t o  E n g l is h

T o give a visual idea of how th is series of processes approaches a language, 
typ ical sequences in the  approxim ations to  English have been constructed  
and  are given below. In  all cases we have assum ed a 27-symbol “ a lp h ab e t,” 
the 26 le tte rs  and  a space.

1. Zero-order approxim ation (sym bols independent and equi-probable).
X F O M L  R X K H R J F F J U J  Z L P W C F W K C Y J 
F F JE Y V K C Q S G X Y D  Q PA A M K B ZA A C 1B ZLH JQ D

2. F irs t-o rder approxim ation (sym bols independent b u t w ith  frequencies 
of. E nglish  tex t).

O CRO  H L I  R G W R  N M IE L W IS  EU  L L  N B N E S E B Y A  T H  E E I  
A L IIE N H T T P A  O O B TTV A  N A H  B R L

3. Second-order approxim ation  (digram  s tru c tu re  as in English).
ON IE  A N T S O U T IN Y S  A R E  T  IN C T O R E  ST  B E  S D E A M Y  
A C H IN  D ILO N A SIV E  TU C O O W E  A T  T E A S O N A R E  I'USO 
T IZ IN  A N D Y  T O B E  SEA C E  C T ISB E

4. T h ird -o rder approxim ation  (trig ram  stru c tu re  as in E nglish).
IN  NO 1ST L A T  W H E Y  C R A T IC T  F R O U R E  B IR S  G R O C ID  
P O N D E N O M E  O F D E M O N S T U R E S  O F T H E  R E P T A G IN  IS 
R E G O A C T IO N A  O F C R E

5. F irst-O rder W ord A pproxim ation. R a th e r  than  continue w ith  te tra- 
gram , ■ • • , »-gram  s tru c tu re  it  is easier and b e tte r  to jum p a t  this 
p o in t to  w ord un its . H ere w ords are  chosen independently  b u t w ith 
the ir ap p ro p ria te  frequencies.

R E P R E S E N T IN G  A N D  S P E E D IL Y  IS A N  GOOD A P T  OR 
CO M E CAN D IF F E R E N T  N A T U R A L  H E R E  H E  T H E  A IN  
C A M E  T H E  TO  O F TO  E X P E R T  G R A Y  C O M E TO  F U R ­
N IS H E S  T H E  L IN E  M E SSA G E  H A D  B E  T H E S E .

6 . Second-Order W ord  A pproxim ation. T h e  w ord, transition  probabil­
ities are correct b u t no fu rth e r stru c tu re  is included.

T H E  H E A D  A N D  IN  F R O N T A L  A T TA C K  O N  AN E N G L IS H  
W R IT E R  T H A T  T H E  C H A R A C T E R  O F T H IS  P O IN T  IS 
T H E R E F O R E  A N O T H E R  M E T H O D  FO R  T H E  L E T T E R S  
T H A T  T H E  T IM E  O F W HO E V E R  T O L D  T H E  P R O B L E M  
FOR AN U N E X P E C T E D  

T he resem blance to  o rd inary  English tex t increases qu ite  no ticeab ly  a t 
each of the  above steps. N o te  th a t  these sam ples have reasonably  good 
s tru c tu re  o u t to  ab o u t tw ice th e  range th a t  is taken  in to  account in the ir 
construction . T h u s in (3) the  s ta tis tica l process insures reasonable tex t 
for tw o-letter sequence, b u t four-le tter sequences from  the  sam ple can 
usually  be fitted  in to  good sentences. In  (6) sequences of four or m ore
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w ords can easily be p laced  in sentences w ithou t unusual o r stra ined  con­
structions'. T h e  p articu la r  sequence of ten w ords “a tta c k  on an  English 
w riter th a t  th e  ch arac ter of th is” is n o t a t  all unreasonable. I t  appears 
then th a t  a  sufficiently com plex stochastic  process will give a sa tisfactory  
represen tation  of a d iscrete source.

T he first two sam ples were construc ted  by the use of a book of random  
num bers in conjunction  w ith  (for exam ple 2) a tab le  of le tte r  frequencies. 
T his m e th o d  m ig h t have been continued  for (3), (4), an d  (5), since digram , 
trig ram , and  w ord frequency tab les are availab le , b u t  a sim pler equivalen t 
m ethod  w as used. T o  construc t (3) for exam ple, one opens a  book a t  ran ­
dom and  selects a le tte r  a t  random  on the  page. T h is le tte r  is recorded. 
T he book is then  opened to  an o th er page an d  one reads un til th is le tte r is 
encountered. T h e  succeeding le tte r  is then  recorded. T u rn ing  to  ano ther 
page th is second le tte r  is searched for and the succeeding le tte r recorded, 
etc. A sim ilar process was used for (4), (5), and  (6). I t  would be in te rest­
ing if fu rth e r approxim ations could be constructed , b u t th e  labor involved 
becomes enorm ous a t  th e  next stage.

4 . G r a p h ic a l  R e p r e s e n t a t io n  o f  a  M a r k o f f  P r o c e s s

S tochastic processes of the type  described above are know n m a th e­
m atically  as discrete M arkoff processes and have been extensively studied in 
the lite ra tu re .6 T h e  general case can be described as follows: T here  exist a  
finite num ber of possible “ s ta te s” of a system ; S i ,  S « ,  , S„ . In  add i­
tion there is a set of transition  probabilities; pi(J)  the p robab ility  th a t  if the 
system  is in s ta te  S i  i t  will nex t go to  s ta te  S j . T o m ake this M arkoff 
process in to  an inform ation source we need only assum e th a t  a  le tte r is p ro ­
duced for each tran sitio n  from  one s ta te  to  another. T he s ta te s  will corre­
spond to  the “ residue of influence” from  preceding letters.

T h e  situation  can be represen ted  graphically  as shown in Figs. 3, 4 an d  5. 
T he “ s ta te s” a re  th e  junc tion  po in ts in the  graph and  the  probabilities and 
le tters produced for a transition  are given beside the corresponding line. 
F igure 3 is for the exam ple E in Section 2, while Fig. 4 corresponds to the 
example C. In  Fig. 3 there is only one s ta te  since successive le tte rs  are 
independent. In  Fig. 4 there are as m any  s ta te s  as le tters. If  a  trigram  
exam ple were constructed  there would be a t  m ost n1 s ta te s  corresponding 
to  the possible pairs of le tte rs  preceding the  one being chosen. F igure 5 
is a  g raph  for th e  case of w ord stru c tu re  in exam ple D . H ere S corresponds 
to  the  “ space” sym bol.

6 For a  detailed trea tm en t see M . Frechet, “ M ethods des fonctions arbitraires. Théorie 
des énénements en chaîne dans le cas d ’un nombre fini d ’é ta ts possibles.”  Paris, G authier- 
Villars, 1938.
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Fig. 5—A graph corresponding to the  source in example D.

com m unication theory. T h is special class consists of the “ ergodic” proc­
esses and  we shall call the  corresponding sources ergodic sources. A lthough 
a  rigorous definition of an ergodic process is som ew hat involved, the general 
idea is sim ple. In  an ergodic process every  sequence produced  by  the  proc­

Fig. 3—A graph corresponding to the source in example B.

Fig. 4—A graph corresponding to  the source in example C.

5. E r g o d ic  a n d  M i x e d  S o u r c e s

As we have ind icated  above a discrete source for our purposes can be con­
sidered to  be represen ted  by  a M arkoff process. A m ong the possible d iscrete 
M arkoff processes there is a group w ith  special p roperties of significance in
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ess is the sam e in  s ta tis tica l properties. T h u s th e  le tte r  frequencies, 
digram  frequencies, e tc., ob ta ined  from  p articu la r sequences will, as the 
lengths of the sequences increase, approach  definite lim its independen t of 
the p a rticu la r sequence. A ctually  th is  is n o t tru e  of every  sequence b u t the 
set for w hich it  is false has p robab ility  zero. R oughly  the  ergodic p ro p erty  
m eans s ta tis tica l hom ogeneity.

All the  exam ples of artificial languages given above are ergodic. T his 
p roperty  is rela ted  to  the stru c tu re  of the corresponding g raph . If  the graph 
has the following two properties7 th e  corresponding process will be ergodic:

1. T h e  graph does n o t consist of two isolated p a r ts  A and  B such th a t  it is 
impossible to  go from  junction  po in ts in p a r t  A to  junc tion  po in ts  in  
p a r t  B along lines of the g raph  in  the  d irection of arrows an d  also im­
possible to  go from  junctions in p a r t  B to  junc tions in p a r t  A.

2. A closed series of lines in the g raph  w ith  all arrow s on the lines po in ting  
in the sam e orien ta tion  will be called a  “ circu it.” T h e  “ leng th” of a 
circuit is the  num ber of lines in it. T h u s  in  Fig. 5 th e  series B E B ES 
is a  circuit of leng th  5. T h e  second p ro p erty  required  is th a t  the 
g rea test com m on divisor of the lengths of all circuits in the g raph  be 
one.

If  the  first condition is satisfied b u t th e  second one v io la ted  by  hav ing  the  
grea test com m on divisor equal to  d >  1, the sequences have a certain  type 
of periodic s tru c tu re . T h e  various sequences fall in to  d  different classes 
w hich are s ta tis tica lly  the  sam e a p a r t from  a  shift of the origin (i.e., which 
le tte r in the  sequence is called le tte r  1). B y  a  sh ift of from  0 up to  d  — 1 
any  sequence can  be m ade sta tis tica lly  equivalen t to  any  o ther. A sim ple 
exam ple w ith  d — 2 is the following: T here  are th ree possible le tte rs  a, b, c. 
L e tte r  a is followed w ith  e ither b or c w ith  probabilities 3 an d  § respec­
tively. E ith e r  b or c is alw ays followed by le tte r  a. T h u s a  typ ical sequence 
is

a b a c a c a c a b a c a b a b a c a c

T his type  of situation  is n o t of m uch im portance for our work.
If  the first condition is v io la ted  the  graph m ay be separated  in to  a se t of 

subgraphs each of w hich satisfies the first condition. W e will assum e th a t  
the second condition is also satisfied for each subgraph . W e have in th is 
case w hat m ay be called a “m ixed” source m ade up  of a  num ber of pu re  
com ponents. T h e  com ponents correspond to  the various subgraphs. 
If L i , L 2 , L 3 , • ■ • are the  com ponent sources we m ay  w rite

L  =  p\L\ +  pzLz +  piLz +  • • •

where pi  is the p robab ility  of the  com ponent source L i .
7 These are restatem ents in term s of the  graph of conditions given in Frechet.
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P hysically  the s ituation  represen ted  is th is: T here are several different 
sources L i , L i , L 3 , • • ■ w hich are each of hom ogeneous s ta tis tica l s tru c tu re  
(i.e., they  are ergodic). W e do no t know a priori which is to  be used, b u t 
once the sequence s ta r ts  in a  given pure com ponent L i  it continues indefi­
n itely  according to  the s ta tis tica l s tru c tu re  of th a t  com ponent.

As an  exam ple one m ay  tak e  tw o of the processes defined above and 
assum e pi =  .2 and />2 =  .8 . A sequence from the  mixed source

L  =  .2 h  +  .8 L t

would be ob ta ined  by  choosing first L\  or L« w ith  probabilities .2 and  .8 
and a fte r th is choice generating  a  sequence from  w hichever was chosen.

E xcep t when the con trary  is s ta te d  we shall assum e a  source to  be ergodic. 
T h is assum ption enables one to  identify  averages along a sequence w ith 
averages over the  ensem ble of possible sequences (the p robab ility  of a dis­
crepancy being zero). F o r exam ple the rela tive frequency of th e  le tte r  A 
in a p a rticu la r infinite sequence will be, w ith p robab ility  one, equal to  its 
rela tive frequency in the ensem ble of sequences.

If  P i  is the p robab ility  of s ta te  i  and  p i( j ) the transition  p robab ility  to 
s ta te  j ,  then  for the process to  be s ta tio n a ry  it is clear th a t  the  P ,  m ust 
satisfy  equilibrium  conditions:

Pi = E  Pipi(j).i

In  the ergodic case it  can be shown th a t w ith any' s ta rtin g  conditions the 
probabilities P , ( N ) of being in sh ite  j  a fte r  N  sym bols, approach the equi­
librium  values as N  —» «;.

6 . C h o ic e , U n c e r t a in t y  a n d  E n t r o p y

W e have represen ted  a discrete inform ation source as a  M arkoff process. 
C an we define a quantity ' which will m easure, in som e sense, how m uch in­
form ation is “p roduced” by  such a process, or be tte r, a t  w h a t ra te  inform a­
tion is produced?

Suppose we have a se t of possible events whose probabilities of occurrence 
are p i , p « , • • • , pu ■ These p robab ilitie s  are know n b u t th a t  is all we know 
concerning w hich even t will occur. C an we find a m easure of how m uch 
“ choice” is involved in th e  selection of the even t o r of how uncerta in  we are 
of the outcom e?

If there is such a  m easure, say  I I ( p i , p->, ■ • • , p„), i t  is reasonable to  re­
quire of it the following properties:

1. I I  should be continuous in th e  p i .

2. If all the pi are equal, />; =  - ,  then I I  should be a m onotonic increasing
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function  of n. W ith  equally  likely events the re  is m ore choice, o r un ­
ce rta in ty , when there are m ore possible events.

3. If  a  choice be broken down in to  two successive choices, the original 
I I  should be the w eighted sum  of the  ind iv idual values of II .  T he 
m eaning of th is is illu stra ted  in Fig. 6 . A t the left we have th ree 
possibilities pi =  f ,  p-i =  -3, p 3 =  g. On the rig h t we first choose be­
tween two possibilities each w ith p robab ility  I ,  and if the second occurs 
m ake ano ther choice w ith probabilities §, '¡. T h e  final results have 
the sam e probabilities as before. W e require, in th is special case, 
th a t

In  A ppendix II , the following result is established:
Theorem 2: T h e  only I I  satisfy ing the  th ree above assum ptions is of the 
fo rm :

where I\ is a positive constan t.
T his theorem , an d  the  assum ptions required for its  proof, are in no w ay 

necessary for the presen t theory . I t  is given chiefly to  lend a  certain  plausi­
b ility  to  som e of our la ter definitions. T he real justifica tion  of these defi­
nitions, however, will reside in the ir im plications.

Q uantities of th e  form  I I  — — IS p i  log p i  (the co n s tan t K  m erely am ounts 
to  a  choice of a  u n it  of m easure) p lay  a  cen tral role in inform ation theory  as 
m easures of inform ation, choice and  u n ce rta in ty . T h e  form  of I I  will be 
recognized as th a t  of en tropy  as defined in certain  form ulations of s ta tis tica l 
m echanics8 w here p i  is th e  p robab ility  of a system  being in cell i of its  phase 
space. I I  is then, for exam ple, the I I  in B o ltzm ann’s fam ous I I  theorem . 
W e shall call H  =  — 2  p i  log p i  the en tropy  of the se t of probabilities

V 3
Nl/6

Fig. 6—Decomposition of a choice from three possibilities.

n

I I  =  — K  Y  P< log pi

8 See, for example, R. C. Tolm an, “ Principles of Statistical M echanics,”  Oxford, 
Clarendon, 1938.
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Pu ' ' ' i Pn • I f  * is a  chance variab le we will w rite  E (x )  for its  en tropy ; 
thus x  is n o t an argum ent of a function  b u t a  label for a  num ber, to  differen­
tia te  i t  from  I I (y )  say, the en tropy  of the chance variab le y.

T h e en tropy  in  the  case of two possibilities w ith  probabilities p  an d  q =  
1 — p, nam ely

E  =  -  (p log p +  q log q)

is p lo tted  in Fig. 7 as a function  of p.
T h e q u a n tity  I I  has a  num ber of in teresting  p roperties w hich  fu rth e r sub­

s ta n tia te  i t  as a  reasonable m easure of choice or in form ation.

1. I I  =  0 if and  only if all the  p i  b u t  one are zero, th is one hav ing  the 
value un ity . T hus only w hen we are certa in  of th e  outcom e does I I  vanish . 
O therw ise I I  is positive.

2. F or a given n, I I  is a m axim um  and  equal to  log n  when all the p i  are

equal ^  i.e., . T h is is also in tu itive ly  the m ost u n ce rta in  situation .

3. Suppose there are two events, x  a n d y , in question  w ith  m  possibilities 
for the first and  n  for the  second. L e t p ( i , j )  be the  p robab ility  of th e  jo in t 
occurrence of i for the  first a n d y  for the  second. T h e  en tropy  of the  jo in t 
even t is

E ( x ,  y ) =  -  XJ p ( i ,  j ) log p (i ,  j )
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while

I I  (x)  =  -  X  p{i,  j )  log X  P(i, j )
ti; i

H (y )  =  -  X  P(i, j ) log X  i ( i ,  j ) -
i

I t  is easily show n th a t

H (x ,  y) <  I l (x )  +  H (y)

w ith  equality  only if the  events are independent (i.e., p(i, j ) =  p(i)  p ( j )).
T h e  u n ce rta in ty  of a  jo in t even t is less th a n  or equal to  the sum  of the
individual uncertain ties.

4. A ny change tow ard  equalization  of the  probabilities p i , p 2 , ■ • • , p n 
increases E .  T h u s if pi <  p i  an d  we increase p i , decreasing p 2 an  equal 
am oun t so th a t  pi an d  p 2 are m ore nearly  equal, then  I I  increases. M ore 
generally, if we perform  an y  “ averag ing” operation  on th e  p i  of the form

pi /T  a a pi 
i

where X  au  =  X  an  =  1, an d all au ¿1 0 , then  I I  increases (except in the  
» i

special case w here th is transfo rm ation  am ounts to  no m ore th an  a p e rm u ta ­
tion of th e  pj w ith  I I  of course rem aining the sam e).

5. Suppose there are two chance events *  and  y  as in 3, n o t necessarily
independent. F o r an y  p articu la r value i  th a t  a- can  assum e there is a  con­
d itional p robab ility  pi(j)  th a t  y  has th e  value j .  T h is is given by

. pv> j )

i

W e define the  conditional entropy of y, H  x(y) as th e  average of th e  en tropy  
of y  for each value of x, w eighted according to  the  p robab ility  of getting  
th a t  p articu la r x. T h a t is

I I x{y) =  - X  P(i, j ) log p i i j ) .
i.j

This q u an tity  m easures how uncerta in  we are of y  on the  average w hen we 
know x.  S ubstitu ting  the  value of p i( j)  we obtain

I I x{y) =  - X  P(i, j ) log p{i,  j ) +  X  P(>, j ) log X  p(i ,  j )
i i * i i

=  I I  (.r, y) -  ri(x)

or

I I (x ,  y)  =  II(x )  +  E  x(y)
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T h e u n ce rta in ty  (or en tropy) of the  jo in t even t .t, y  is the u n ce rta in ty  of x  
p lus the u n ce rta in ty  of y  when x  is know n.

6 . F rom  3 an d  5 we have

H (x)  +  H (y )  >  II(x ,  y ) =  II(x)  +  H  x(y)

Hence

I I  (y) >  I I  Ay)

T he u n ce rta in ty  of y  is never increased by  knowledge of x. I t  will be de­
creased unless .v and  y  are independent events, in which case it is not changed.

7. T h e  E n t r o p y  o f  a n  I n f o r m a t io n  S o u r c e

C onsider a  d iscrete source of the fin ite  s ta te  type considered above. 
F or each possible s ta te  i  there will be a se t of p robabilities p i( j)  of p ro ­
ducing th e  various possible sym bols j .  T hus there is an en tropy  //,- for 
each s ta te . T h e  en tropy  of the  source will be defined as the  average of 
these I l i  w eighted in accordance w ith  the  p robab ility  of occurrence of the 
s ta te s  in question:

i i  =  £  P i i h
c i

=  -  Z  c ,  p A j)  log p i( j)

T his is the en tropy  of the source p e r sym bol of tex t. I f  the  M arkoff p roc­
ess is proceeding a t a definite tim e ra te  there is also an  en tropy  per second

I I '  =  Z  f i l l i
i

w here/,- is the average frequency (occurrences p e r second) of s ta te  i. C learly

I I ’ =  m i l

where m  is the  average num ber of sym bols produced p er second. I I  or I I '  
m easures the am ount of inform ation generated  by the source per symbol 
or per second. If  the  logarithm ic base is 2, they will represen t b its  per 
sym bol or per second.

If  successive sym bols are independent then I I  is sim ply — 2  p i  log pi  
where p i  is th e  p robab ility  of sym bol i. Suppose in this case we consider a 
long m essage of N  sym bols. I t  will con tain  w ith high p robab ility  abou t 
p iN  occurrences of the  first sym bol, puN  occurrences of the second, etc. 
Hence the  p robab ility  of th is  p a rticu la r m essage will be roughly

p  =  P i lK p P x - ■ •/>?"■''

or
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log p =  N  J 2  pi log pi
i

log p  =  - N i l

I I  =  loS l / P
N

I I  is thus approxim ately  the logarithm  of the reciprocal p robab ility  of a 
typ ical long sequence divided by  the  num ber of sym bols in  the  sequence. 
T h e  sam e resu lt holds for any  source. S ta ted  m ore precisely we have (see 
A ppendix I I I ) :
Theorem 3: G iven an y  t >  0 and  5 >  0, we can find an  No  such th a t  the se­
quences of an y  length N  >  N 0 fall in to  two classes:
1. A set whose to ta l p robab ility  is less th an  e.
2. T he rem ainder, all of whose m em bers have probabilities satisfy ing the 
inequality

< 5

In  o ther words we are alm ost certa in  to  have very  close to  I I  when N
N  J

is large.
A closely rela ted  resu lt deals w ith  the num ber of sequences of various 

probabilities. Consider again  the sequences of length N  an d  le t them  be 
arranged  in order of decreasing p robab ility . W e define n(q) to  be the 
num ber we m ust tak e  from  th is set s ta rtin g  w ith  the  m ost p robable one in 
order to  accum ulate a to ta l p robab ility  q for those taken.
Theorem 4:

. log n{q) n
Lim — 1 =  II
A' -*» N

when q does n o t equal 0  or 1.
W e m ay in te rp re t log /;(</) as the num ber of b its required to specify the 

sequence when we consider only the m ost p robable sequences w ith  a  to ta l

probab ility  q. T hen  is the num ber of b its  p e r  sym bol for the

specification. T h e  theorem  says th a t  for large N  th is will be independent of 
q and  equal to  II .  T h e  ra te  of grow th of th e  logarithm  of the  num ber of 
reasonably p robable sequences is given by  II ,  regardless of our in te rp re ta ­
tion of “ reasonably  p robab le .” D ue to  these results, which are proved  in
appendix  I I I ,  i t  is possible for m ost purposes to  tre a t  the long sequences as 
though there were ju s t 2 "  x  of them , each w ith  a p robab ility  2 ~r,lV.
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T h e nex t two theorem s show th a t  I I  an d  / / '  can be determ ined  by  lim it­
ing operations d irectly  from  the sta tistics of the m essage sequences, w ithou t 
reference to  the  sta te s  and  tran sitio n  probabilities betw een sta tes.
Theorem 5: L e t p(B i)  be the  p robab ility  of a sequence B i  of sym bols from  
th e  source. L e t

6 * =  p{Bi)  log p{Bi)

where the  sum  is over all sequences B i  contain ing N  sym bols. T hen  G.v 
is a  m onotonic decreasing function of N  and

L im  G,v =  II.
N —* co

Theorem 6 : L e t p ( B i , S j)  be th e  p robab ility  of sequence B { followed by 
sym bol S j  and  pBi(Sj) — p ( B i , S j ) / p ( B i ) be the  conditional p robab ility  of 
S j  a fte r B ; .  L e t

F n =  - X )  ) log pBi(Sj)

w here th e  sum  is over all blocks B i  of N  — 1 sym bols an d  over all sym bols 
S j . T h en  F N is a  m onotonic decreasing function  of N ,

F n =  NG.v - ( N  -  1 ) G v _ , ,

G.v = - N i  P*  .

B n <  G.v ,

and L im  F n =  H.
A’—*oo

These results are derived in  appendix  I I I .  T hey  show th a t  a  series of 
approxim ations to  H  can be ob ta ined  by  considering only th e  s ta tis tica l 
s tru c tu re  of the  sequences ex tending  over 1, 2, • • • N  sym bols. F N is the 
b e tte r  approxim ation. In  fac t F.v is the en tropy  of the N th order approxi­
m ation  to  the source of the type  discussed above. If  there are no s ta tis tica l 
influences extending over m ore th a n  N  sym bols, th a t  is if th e  conditional 
p robab ility  of the  nex t sym bol know ing the preceding (N  — 1) is not 
changed by  a knowledge of any  before th a t, then  I'\- =  II .  F n  of course is 
the conditional en tropy  of the  nex t sym bol when the  ( N  — 1) preceding 
ones are know n, while G.v is the  en tro p y  per sym bol of blocks of N  symbols.

T h e  ratio  of the  en tropy  of a source to  the m axim um  value it could have 
while still restric ted  to  th e  sam e sym bols will be called its relative entropy. 
T h is is the m axim um  com pression possible when we encode in to  the sam e 
alphabet. One m inus the  rela tive en tro p y  is the  redundancy. T h e  redun­
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dancy of o rd in ary  E nglish , n o t considering s ta tis tica l s tru c tu re  over g rea ter 
distances th an  ab o u t eight le tte rs is roughly  50% . T h is m eans th a t  when 
we w rite English half of w h a t we w rite is determ ined  by the  s tru c tu re  of the 
language an d  half is chosen freely. T h e  figure 50%  was found by  several 
independent m ethods which all gave results in  th is  neighborhood. O ne is 
by  calculation of the  en tro p y  of the approxim ations to  English. A second 
m ethod  is to  delete a  certa in  fraction  of the  le tte rs  from  a  sam ple of English 
tex t an d  then  le t someone a t te m p t to  restore them . I f  they  can be re­
stored  w hen 50%  are deleted  the  redundancy  m u st be g rea ter th a n  50% . 
A  th ird  m ethod  depends on certa in  know n resu lts in cryp tography .

Tw o extrem es of redundancy  in  English prose are  represen ted  by  Basic 
English an d  by  Jam es Joyces’ book “ F inigans W ake.” T he B asic English 
vocabulary  is lim ited  to  850 w ords an d  the redundancy  is very  high. T his 
is reflected in  the expansion th a t  occurs w hen a passage is tran sla ted  in to  
Basic English. Joyce on the  o ther h an d  enlarges the  vocabu lary  and  is 
alleged to  achieve a  com pression of sem antic conten t.

T h e  redundancy  of a  language is re la ted  to  th e  existence of crossword 
puzzles. I f  the  redundancy  is zero an y  sequence of le tte rs  is a  reasonable 
tex t in  the language an d  an y  two dim ensional a rra y  of le tte rs form s a cross­
w ord puzzle. I f  the  redundancy  is too high the language imposes too 
m any  constra in ts  for large crossword puzzles to  be possible. A  m ore de­
tailed  analysis shows th a t  if we assum e th e  constra in ts  im posed b y  the 
language are of a  ra th e r  chaotic an d  random  n atu re , large crossword puzzles 
are ju s t possible w hen the  redundancy  is 50% . I f  the  redundancy  is 33% , 
th ree dim ensional crossword puzzles should be possible, etc.

8. R e p r e s e n t a t io n  o f  t h e  E n c o d in g  a n d  D e c o d in g  O p e r a t io n s

W e have y e t to  rep resen t m athem atica lly  the operations perform ed by  
the tran sm itte r  an d  receiver in  encoding and  decoding the inform ation. 
E ith e r of these will be called a d iscrete transducer. T h e  in p u t to  th e  
transducer is a sequence of inpu t sym bols and its o u tp u t a  sequence of ou t­
p u t sym bols. T h e  transducer m ay  have an  in te rnal m em ory so th a t  its 
o u tp u t depends n o t only  on the  p resen t in p u t sym bol b u t also on the  p as t 
h istory . W e assum e th a t  th e  in te rnal m em ory is finite, i.e. there exists 
a  finite num ber m  of possible s ta te s  of the transducer an d  th a t  its o u tp u t is 
a function of the  p resen t s ta te  an d  the p resen t in p u t sym bol. T he nex t 
s ta te  will be a  second function  of these tw o quan tities. T h u s a  transducer 
can be described by  two functions:

y<i =  / ( - I n  j  a n )

«n+1 =  g(x„ , Oin)
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w here: x„ is the  n th in p u t sym bol, 
a„  is the  s ta te  of the transducer when the n"' in p u t sym bol is in troduced, 
y„ is the o u tp u t sym bol (or sequence of o u tp u t sym bols) produced when 

x n is introduced if the s ta te  is a„.
If the  o u tp u t sym bols of one transducer can be identified w ith  the inpu t 

sym bols of a second, they  can be connected in tandem  an d  the resu lt is also 
a transducer. If  there exists a second transducer which opera tes on the  o u t­
p u t of th e  first an d  recovers the original inpu t, the first transducer will be 
called non-singular and the second will be called its inverse.
Theorem 7: T he o u tp u t of a  finite s ta te  transducer d riven by  a finite s ta te  
s ta tis tica l source is a finite s ta te  s ta tis tica l source, w ith en tropy  (per u n it 
tim e) less th an  or equal to  th a t  of the  inpu t. If  th e  transducer is non­
singular they  are equal.

L e t a  represen t the s ta te  of the source, which produces a  sequence of 
sym bols . t ; ; and  le t f3 be the s ta te  of the  transducer, which produces, in its 
ou tp u t, blocks of sym bols y, . T h e  com bined system  can be represented 
by the “p ro d u ct s ta te  space” of pairs (a, 13). Tw o po in ts in the  space, 
(o n , di) an d  (a-< /3->), are  connected by  a line if ai  can produce an a: which 
changes /3i to  j32 , an d  th is line is given the p robab ility  of th a t  * in th is case. 
T he line is labeled w ith  the block of y, sym bols produced b y  the  transducer. 
T he en tropy  of the o u tp u t can be calculated  as the w eighted sum  over the 
sta tes. If we sum  first on /? each resulting term  is less th a n  or equal to  the 
corresponding te rm  for a, hence th e  en tropy  is n o t increased. I f  the tran s­
ducer is non-singular le t its o u tp u t be connected to  the inverse transducer. 
If  I h  , I I j an d  I I 3 a re  the o u tp u t entropies of the  source, th e  first and 
second transducers respectively, then III  >  III  >  H 3 = III  and  therefore 
III  =  I I I .

Suppose we have a system  of constra in ts  on possible sequences of the type 
which can be represen ted  by  a linear g raph  as in Fig. 2. I f  probabilities 
pYj were assigned to  the various lines connecting s ta te  i  to s t a t e /  th is  would 
becom e a source. T here  is one p articu la r  assignm ent which m axim izes the 
resulting  en tropy  (see A ppendix IV ).
Theorem 8 : L e t the system  of constra in ts  considered as a channel have a 
capac ity  C. If  we assign

where is the du ra tio n  of the  s"‘ sym bol leading from  s ta te  i  to  s ta te  /  
an d  the  /L  satisfy

=  Z  B j ( r CW

then I I  is m axim ized and  equal to  C.
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B y proper assignm ent of the  transition  probabilities the  en tro p y  of sym ­
bols on a channel.can  be m axim ized a t the  channel capacity .

9. T h e  F u n d a m e n t a l  T h e o r e m  f o r  a  N o is e l e s s  C h a n n e l

W e will now  justify  our in te rp re ta tio n  of I I  as the  ra te  of generating 
inform ation b y  proving th a t  I I  determ ines th e  channel capac ity  required 
w ith m ost efficient coding.
Theorem 9: L e t  a source have en tropy  I I  (b its per sym bol) and a  channel 
have a capac ity  C (b its per second). T hen  it is possible to  encode the ou tpu t

of the source in such a w ay as to transm it a t  the  average ra te  —■ — t  sym bols

per second over the  channel w here e is a rb itra rily  sm all. I t  is no t possible
C

to  transm it a t an average ra te  g rea ter th a n  — .

Q
T he converse p a r t  of the theorem , th a t  — canno t be exceeded, m ay be

proved by  no ting  th a t the en tropy  of th e  channel in p u t p e r second is equal 
to  th a t  of the  source, since the  tran sm itte r m u s t be non-singular, and  also 
th is en tropy  canno t exceed th e  channel capacity . Hence I I '  <  C  and  the 
num ber of sym bols per second =  I V ¡11 <  C / I I .

T he first p a r t  of th e  theorem  will be proved  in tw o different ways. T he 
first m ethod is to  consider the se t of all sequences of N  sym bols p roduced by 
the source. F or N  large we can divide these in to  two groups, one contain ing  
less th a n  2 ui i 7,) Y m em bers an d  th e  second contain ing less th a n  2 US m em bers 
(where R  is the logarithm  of the  num ber of d ifferent symbols) and  hav ing  a 
to ta l p robab ility  less th an  ju. As N  increases 17 an d  n  approach  zero. T h e  
num ber of signals of d u ra tion  T  in the  channel is g rea ter th a n  2(c e)T w ith 
6  sm all when T  is large. I f  we choose

then there will be a  sufficient num ber of sequences of channel sym bols for 
the high p robab ility  group w hen N  an d  T  are  sufficiently large (however 
small X) and  also some add itiona l ones. T h e  high p robab ility  group is 
coded in an  a rb itra ry  one to  one w ay in to  th is  set. T h e  rem aining sequences 
are represented  by  larger sequences, s ta rd n g  an d  ending w ith  one of the 
sequences n o t used for th e  high p robab ility  group. T h is special sequence 
acts as a s ta r t an d  s top  signal for a different code. In  betw een a sufficient 
tim e is allowed to give enough different sequences for all the  low p robab ility  
messages. T h is  will require
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w here <p is sm all. T h e  m ean  ra te  of transm ission in m essage sym bols per 
second will then  be g rea ter than

o - * > £  +  • £ u - ä ) ( |  +  * )  +  ä ( J  +  ,

C
As N  increases S, A an d  <p approach zero and  the  ra te  approaches — .

H
A nother m ethod  of perform ing th is  coding an d  proving the  theorem  can 

be described as follows: A rrange the  m essages of length  N  in  order of decreas­
ing p robab ility  an d  suppose the ir probabilities are pi >  p 2 >  p3 ■ ■ ■ >  p n ■

L et P ,  =  £  P i )  th a t  is P s is th e  cum ulative p robab ility  up  to , b u t not

m clading, p s . W e first encode in to  a  b ina ry  system . T h e  b inary  code for 
m essage s is ob tained by expanding  P s as a  b inary  num ber. T h e  expansion 
is carried o u t to m ,  p laces, w here m s is the in teger satisfy ing:

1 ^  , 1log2 — <  m a <  1 +  log:
ps ~  p,

T hus the messages of high p robab ility  are represented  b y  sh o rt codes and 
those of low p robab ility  by  long codes. F rom  these inequalities we have

J_ < < _L_ .
2 ms — 2m«~1

T h e code for P ,  will differ from  all succeeding ones in one or m ore of its

7>is places, since all the rem aining P i  are a t  least larger an d  the ir b ina ry

expansions therefore differ in  the first m„ places. C onsequently  all the codes 
a re different and  it is possible to  recover the message from  its  code. If  the 
channel sequences are not a lready  sequences of b in a ry  digits, they  can  be 
ascribed b inary  num bers in an  a rb itra ry  fashion and  the b inary  code thus 
tran sla ted  in to  signals su itab le  for the  channel.

T h e  average num ber I P  of b in a ry  dig its used p er symbol of original m es­
sage is easily estim ated. W e have

H '  = j TZ m , p ,

B ut,

^  ( l o & £ ) p . < ^ n . p ,  < Í 2 ( l  +  l o * ¿ ) f c

an d  therefore,
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- X p ,  log p , < H '  <  —  -  2 p s log p .

As N  increases — 2 p s log pa approaches II,  th e  en tropy  of th e  source and  I I '  
approaches II .

W e see from  th is th a t  the inefficiency in  coding, when only a  finite delay of

N  sym bols is used, need no t be g rea ter than  ~  plus the difference between

the tru e  en tropy  H  and th e  en tro p y  G.y calculated  for sequences of length N .  
T h e  per cent excess tim e needed over the  ideal is therefore less than

T his m ethod  of encoding is substan tia lly  the sam e as one found inde­
penden tly  by  R . M . F an o .9 H is m ethod  is to  arrange the messages of length 
N  in order of decreasing p robab ility . D iv ide th is  series in to  two groups of 
as nearly  equal p robab ility  as possible. If  the m essage is in  the  first group 
its  first b in a ry  d ig it will be 0, otherw ise 1. T h e  groups are sim ilarly  divided 

» in to  subsets of nearly  equal p ro b ab ility  and  the  p a rticu la r subset determ ines 
the second b inary  d ig it. T h is process is continued u n til each subset con tains 

, only one message. I t  is easily seen th a t  a p a r t from  m inor differences (gen­
erally in  th e  la s t digit) th is am ounts to  the  sam e th ing  as the a rithm etic  
process described above.

10. D is c u s s io n

In  order to  ob ta in  the  m axim um  pow er transfer from  a  generato r to  a  load 
a transform er m u st in  general be in troduced so th a t  the  generato r as seen 
from  the  load has th e  load resistance. T h e  situation  here is roughly ana l­
ogous. T h e  transducer w hich does the encoding should m atch  the  source 
to  the  channel in a s ta tis tica l sense. T h e  source as seen from  the  channel 
th rough th e  transducer should have  the  sam e s ta tis tica l s tru c tu re  as the 
source w hich m axim izes the  en tropy  in the  channel. T he con ten t of 
T heorem  9 is th a t, a lthough an  exact m atch  is no t in general possible, we can 
approxim ate it as closely as desired. T h e  ra tio  of the ac tu a l ra te  of tran s­
mission to  the  capacity  C m ay  be called th e  efficiency of the  coding system . 
T his is of course equal to  the  ra tio  of the ac tua l en tropy  of the  channel 
sym bols to  the  m axim um  possible en tropy .

In  general, ideal or nearly  ideal encoding requires a long delay  in the 
tran sm itte r  and  receiver. In  the  noiseless case w hich we have been 
considering, the  m ain  function  of th is  delay is to  allow reasonably  good

9 Technical R eport No. 65, The Research Laboratory of Electronics, M . I. T.
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m atching  of probabilities to  corresponding lengths of sequences. W ith  a 
good code the  logarithm  of the  reciprocal p ro b ab ility  of a long message 
m ust be p roportional to  the duration  of th e  corresponding signal, in fact

I !°g  P~' _  r  
I T

m ust be sm all for all b u t a  sm all fraction  of the long messages.
If  a  source can produce only one p articu la r m essage its  en tropy  is zero, 

and  no channel is required. F or exam ple, a com puting m achine se t up  to  
calculate the successive dig its of % produces a  definite sequence w ith  no 
chance elem ent. N o channel is required  to  “ tra n sm it” th is to  ano ther 
po in t. One could construc t a second m achine to  com pute the sam e sequence 
a t  the po in t. H ow ever, th is m ay  be im practical. In  such a case we can 
choose to  ignore som e or all of the s ta tis tica l knowledge we have of the 
source. W e m igh t consider the dig its of it to  be a random  sequence in th a t  
we construc t a system  capable of sending any  sequence of digits. In  a 
sim ilar w ay we m ay choose to  use som e of our s ta tis tica l knowledge of E n g ­
lish in constructing  a code, b u t no t all of it. In  such a case we consider the 
source w ith  the  m axim um  en tropy  subject to  the  s ta tis tica l conditions we 
wish to  re ta in . T h e  en tropy  of th is source determ ines the  channel capac ity  
which is necessary an d  sufficient. In  th e  it exam ple the only inform ation 
re ta ined  is th a t  all the  digits are chosen from  the se t 0, 1, . . .,  9. In  the  
case of English  one m igh t wish to  use the s ta tis tica l saving possible due to 

f e t te r  frequencies, b u t no th ing  else. T h e  m axim um  en tropy  source is then 
the  first approxim ation to  E nglish  and  its  en tropy  determ ines the  required  
channel capacity .

11. E x a m p l e s

As a sim ple exam ple of som e of these results consider a  source which 
produces a  sequence of le tte rs  chosen from  am ong A ,  B, C, D  w ith  p rob ­
abilities k, §, | ,  successive sym bols being chosen independently . W e 
have

/ /  =  -  ( |  log 4 +  t log i  +  f  log | )

=  1  b its  per sym bol.

T h u s  we can approxim ate a coding system  to encode m essages from  th is 
source in to  b in a ry  dig its w ith an  average of \  b in a ry  d ig it p er sym bol. 
In  th is  case we can ac tua lly  achieve the  lim iting value by  th e  following code 
(ob tained  b y  th e  m ethod  of the second proof of T heorem  9):



M A T H E M A T I C A L  THEORY OF COM M U N I  CAT  I OX 405

A

B
C
D

0
10

110
111

T h e average num ber of b ina ry  d ig its used in encoding a sequence of N  sym ­
bols will be

I t  is easily seen th a t  the b inary  d ig its 0, 1 have probabilities |  so the I I  for 
the coded sequences is one b it per sym bol. Since, on the  average, we have -7 
b inary  sym bols per original le tte r, the entropies on a  tim e basis are the 
sam e. T h e  m axim um  possible en tropy  for the  original se t is log 4 — 2, 
occurring w hen A ,  B, C, D  have probabilities j .  H ence the relative
en tropy  is W e can tran sla te  the b inary  sequences in to  the  original set of 
sym bols on a tw o-to-one basis by th e  following tab le:

T his double process then encodes th e  original m essage in to  the sam e sym bols 
b u t w ith  an average com pression ra tio  I  .

As a  second exam ple consider a source which produces a sequence of .P s  
and B ’s w ith  p robab ility  p  for A  and  q for B. If p <  <  q we have

In such a case one can construc t a fairly  good coding of the  m essage on a 
0 , 1 channel by  sending a special sequence, say  0000 , for th e  infrequent 
sym bol .4 and  then a sequence ind icating  the number  of B ’s following it. 
T h is could be ind icated  b y  the  b inary  rep resen ta tion  w ith all num bers con­
taining the  special sequence deleted. All num bers up  to  16 are represented 
as usual; 16 is represen ted  by  th e  nex t b in a ry  num ber a fte r 16 w hich does 
not contain four zeros, nam ely 17 =  10001, etc.

I t  can be shown th a t  as p  —» 0 th e  coding approaches ideal p rovided  the 
length of th e  special sequence is p roperly  ad justed .

N(b X 1 +  |  X 2 +  f  X 3) = IN

00 A '
01 B'
10 C '
11 I) '

I I  =  - l o g  p ' \  1 -  p) '~p 

=  - p \ o g p { \ -  p ) " - p)l"
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P A R T  I I :  T H E  D IS C R E T E  C H A N N E L  W IT H  N O IS E

11. R e p r e s e n t a t io n  o f  a  N o is y  D is c r e t e  C h a n n e l

W e now consider the  case w here the  signal is p e rtu rb ed  by  noise during 
transm ission or a t one or the o ther of the  term inals. T h is m eans th a t  the 
received signal is n o t necessarily the sam e as th a t  sen t o u t by  the  tran s­
m itte r . Tw o cases m ay be distinguished. If a p a rticu la r tran sm itte d  signal 
alw ays produces the sam e received signal, i.e. the  received signal is a definite 
function of the tran sm itted  signal, then the effect m ay  be called d isto rtion . 
If  th is function  has an  inverse— no two tran sm itte d  signals producing  the 
sam e received signal— disto rtion  m ay  be corrected, a t  least in principle, by  
m erely perform ing the  inverse functional operation  on th e  received signal.

T h e  case of in te res t here is th a t  in  w hich the  signal does n o t alw ays undergo 
the sam e change in transm ission. In  th is case we m ay  assum e the  received 
signal E  to  be a function  of th e  tran sm itte d  signal S  and  a second variable, 
the noise N .

E  =  f ( S ,  N )

T h e noise is considered to  be a  chance variab le ju s t as the m essage w as 
above. In  general it m ay  be represented  by  a  su itab le stochastic process. 
T h e  m o st general ty p e  of noisy d iscrete channel we shall consider is a  general­
ization of the  finite s ta te  noise free channel described previously. W e 
assum e a finite num ber of sta te s  and a  se t of probabilities

P c i ( P , j ) .

T his is the p robab ility , if the channel is in s ta te  a  an d  sym bol i  is tran s­
m itted , th a t sym bol j  will be received and the  channel left in s ta te  [i. T hus 
a and  /3 range over the possible s ta tes, i over the possible tran sm itte d  signals 
an d  j  over the  possible received signals. In  the  case w here successive sym ­
bols are independently  p e rtu rb ed  by  the noise there is only one s ta te , and 
th e  channel is described by  th e  se t of transition  probabilities pi(j), the  p rob ­
ab ility  of tran sm itted  sym bol i being received as j .

If a noisy channel is fed by  a source there are tw o s ta tis tica l processes a t  
w o rk : the  source and  th e  noise. T h u s  there are a num ber of en tropies th a t  
can be calculated . F irs t there is th e  en tro p y  H (x)  of the source or of the 
in p u t to  the channel (these will be equal if the tra n sm itte r  is non-singular). 
T h e  en tropy  of the  o u tp u t of th e  channel, i.e. the  received signal, will be 
denoted  by II(y ) .  In  the  noiseless case II (y )  — I I (x ). T h e  jo in t en tro p y  of 
in p u t an d  o u tp u t will be H (xy) .  F inally  there are tw o conditional en tro ­
pies H x(y) and  H y(x), the en tropy  of the o u tp u t w hen the  in p u t is known 
an d  conversely. A m ong these q u an titie s  we have the  relations

H{x, y ) =  I I (x )  +  H x(y) =  I I (y )  +  H y(x)
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All of these en tropies can be m easured on a per-second or a  per-sym bol 
basis.

12. E q u iv o c a t io n  a n d  C h a n n e l  C a p a c it y

I f  the channel is noisy it  is n o t in general possible to  reconstruct the orig­
inal m essage or th e  tran sm itte d  signal w ith  certainty by  an y  operation  on the 
received signal E.  T here are, however, w ays of tran sm ittin g  the inform ation 
which are op tim al in com bating noise. T h is  is the  problem  which we now 
consider.

Suppose there are tw o possible sym bols 0 and 1, an d  we are tran sm ittin g  
a t  a  ra te  of 1000 sym bols per second w ith  probabilities po =  pi — § .  T hus 
our source is producing inform ation a t  the  ra te  of 1000 b its  p er second. D u r­
ing transm ission the noise in troduces errors so th a t,  on the  average, 1 in 100 
is received incorrectly  (a 0 as 1, or 1 as 0). W h a t is the ra te  of transm ission 
of inform ation? C ertain ly  less th a n  1000 b its  per second since ab o u t 1%  
of the received sym bols are incorrect. O ur first im pulse m igh t be to  say  the 
ra te  is 990 b its  per second, m erely sub trac ting  the  expected num ber of errors. 
T his is n o t sa tisfac to ry  since it  fails to  tak e  in to  account the  recip ien t’s 
lack of knowledge of w here the errors occur. W e m ay  carry  it to  an extrem e 
case an d  suppose the  noise so g rea t th a t  the received sym bols are entirely  
independent of the  tran sm itte d  sym bols. T h e  p ro b ab ility  of receiving 1 is 
5 w hatever w as tran sm itted  and  sim ilarly  for 0. T h en  ab o u t half of the 
received syntbols are correct due to  chance alone, and  we w ould be giving 
the system  cred it for tran sm ittin g  500 b its  per second while ac tua lly  no 
inform ation is being tran sm itted  a t  all. E qually  “good” transm ission 
would be ob ta ined  by dispensing w ith  the channel en tirely  an d  flipping a 
coin a t  the receiving po in t.

E v iden tly  th e  p roper correction to  app ly  to  the  am oun t of inform ation 
tran sm itted  is the  am o u n t of th is  inform ation which is m issing in the  re­
ceived signal, or a lte rna tive ly  th e  un certa in ty  when we have received a 
signal of w h a t w as ac tua lly  sent. F rom  our previous discussion of en tropy  
as a m easure of u n ce rta in ty  i t  seems reasonable to  use th e  conditional 
en tropy  of the  m essage, know ing the  received signal, as a  m easure of th is 
missing inform ation. T h is is indeed the p roper definition, as we shall see 
la ter. Following th is idea the  ra te  of ac tua l transm ission, R,  would be ob­
ta ined  by  sub trac tin g  from  the ra te  of p roduction  (i.e., th e  en tropy  o f.th e  
source) the  average ra te  of conditional en tropy .

R  =  II(x) -  I l y{x)

T h e conditional en tropy  H y(x) will, for convenience, be called the  equi­
vocation . I t  m easures th e  average am bigu ity  of th e  received signal.
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In  the  exam ple considered above, if a  0 is received the a posteriori p rob ­
ab ility  th a t  a  0 was tran sm itted  is .99, an d  th a t  a 1 w as tran sm itte d  is 
.01. These figures are reversed if a  1 is received. H ence

I Iu(x) =  -  [.99 log .99 +  0.01 log 0.01]

=  .081 b its /sy m b o l

or 81 b its  per second. W e m ay say  th a t  the  system  is tran sm ittin g  a t  a  ra te  
1000 — 81 =  919 b its  per second. In  th e  extrem e case w here a  0 is equally  
likely to  be received as a 0  or 1 and  sim ilarly for 1, the  a posteriori p ro b a­
bilities are §, |  and

H y ( x )  =  -  [§ log 2 +  I  log i]

=  1 b it per sym bol

or 1000 b its  per second. T h e  ra te  of transm ission is then 0 as it should 
be.

T he following theorem  gives a  d irec t in tu itiv e  in te rp re ta tio n  of the 
equivocation  an d  also serves to ju stify  it  as th e  unique ap p ro p ria te  m easure. 
W e consider a  com m unication system  and  an  observer (or auxiliary  device) 
who can see bo th  w h a t is sen t an d  w h a t is recovered (with errors 
due to  noise). T his observer no tes the errors in the  recovered message and  
tran sm its  d a ta  to  the  receiving p o in t over a  “ correction channel’'1 to  enable 
the receiver to  correct the errors. T he situation  is ind icated  schem atically  
in Fig. S.
Theorem 10: If  the  correction channel has  a  capac ity  equal to  //„(.r) it is 
possible to so encode the correction d a ta  as to send it over th is channel 
an d  correct all b u t an  a rb itra rily  sm all fraction  e of the errors. T h is is no t 
possible if the  channel capac ity  is less than  //„(.%•).

R oughly  then , H y{x) is the  am oun t of add itiona l inform ation th a t  m ust be
supplied p er second a t  the receiving p o in t to  correct the received message.

T o  p rove th e  first p a r t ,  consider long sequences of received m essage M '  
and  corresponding original message M .  T here  will be logarithm ically  
T lly ix )  of th e  M ’s which could reasonably  have produced  each M '.  T hus 
we have T H y(x) b ina ry  dig its to  send each T  seconds. T h is  can be done 
w ith  e frequency of errors on a channel of capac ity  //„(.v).

T h e  second p a r t  can be proved  by noting , first, th a t  for any  discrete chance 
variab les x, y, s

//„(.v, g ) >  H y(x)

T he left-hand side can be expanded to  give

//„(a) +  H yt{x) >  n„(x)

I I  A x )  >  H y{x) -  //„ (  s) >  //„(.x) -  / / ( ; )



If we iden tify  x  as the o u tp u t of the source, y  as the  received signal and  z 
as the  signal sen t over the  correction channel, then  the  righ t-hand  side is the 
equivocation less the ra te  of transm ission over the  correction channel. If 
the capac ity  of th is channel is less th a n  the  equivocation the righ t-hand  side 
will be g rea ter th a n  zero an d  H yl(x) >  0. B u t this is the u n ce rta in ty  of 
w hat was sent, knowing bo th  the  received signal and  the correction signal. 
If th is is g rea ter th a n  zero th e  frequency of errors canno t be a rb itra rily  
small.
Example :

Suppose the errors occur a t  random  in a sequence of b inary  dig its: p ro b a­
b ility  p  th a t  a  d ig it is w rong and q =  1 — p  th a t  i t  is righ t. These errors 
can be corrected if the ir position is know n. T h u s the  correction channel 
need only send inform ation as to  these positions. T h is am ounts to  trans-
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C O R R E C T IO N  DATA

S O U R C E  T R A N S M IT T E R  R E C E IV E R  C O R R EC T IN G
D EV IC E

Fig. 8—Schematic diagram  of a  correction system.

m ittin g  from  a source which produces b inary  dig its w ith  p robab ility  p  for 
1 (correct) and  q for 0 (incorrect). T h is requires a channel of capacity

-  \P log p  +  q log q]

which is the equivocation  of the original system .
T h e  ra te  of transm ission R  can be w ritten  in two o ther form s due to  the 

iden tities no ted  above. W e have

R  =  H (x)  -  H„(x)

=  H (y )  -  I I x(y)

=  H (x)  +  H {y) -  H (x ,  y).

T he first defining expression has a lready  been in te rp re ted  as th e  am oun t of 
inform ation sen t less the u n ce rta in ty  of w h a t was sen t. T h e  second m eas­
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ures the am oun t received less the  p a r t of th is w hich is due to  noise. T he 
th ird  is the  sum  of the two am ounts less the jo in t en tropy  and  therefore in a 
sense is the  num ber of b its  per second com m on to th e  two. T h u s all th ree 
expressions have a certa in  in tu itiv e  significance.

T he capac ity  C of a noisy channel should be the m axim um  possible ra te  
of transm ission, i.e., the  ra te  w hen the  source is properly  m atched  to  the 
channel. W e therefore define the  channel capacity  by

C  =  M ax ( II  (x) -  H v(x))

w here the  m axim um  is w ith  respect to all possible inform ation sources used 
as in p u t to  the  channel. I f  the  channel is noiseless, E v(x) =  0. T h e  defini­
tion is then  equ ivalen t to  th a t  a lready  given for a noiseless channel since the 
m axim um  en tropy  for the channel is its capacity .

13. T h e  F u n d a m e n t a l  T h e o r e m  f o r  a  D is c r e t e  C h a n n e l  w it h

N o is e

I t  m ay  seem surprising th a t  we should define a  definite cap ac ity  C  for 
a  noisy channel since we can never send certa in  inform ation in such a case. 
I t  is clear, however, th a t by  sending the inform ation in a red u n d an t form  the 
p robab ility  of errors can be reduced. F or exam ple, b y  repeating  the 
m essage m any  tim es and  by  a s ta tis tica l s tu d y  of th e  different received 
versions of the m essage the p robab ility  of errors could be m ade very  sm all. 
One w ould expect, however, th a t  to  m ake th is p robab ility  of errors approach 
zero, th e  redundancy  of th e  encoding m ust increase indefinitely, and  the ra te  
of transm ission therefore approach  zero. T h is is by  no m eans true. If it 
were, there would n o t be a very  well defined capacity , b u t only  a capac ity  
for a given frequency of errors, or a given equivocation; the capac ity  going 
down as the  error requirem ents are m ade m ore stringen t. A ctua lly  the 
capacity  C  defined above has a  very  definite significance. I t  is possible 
to  send inform ation a t  the ra te  C th rough  the channel with as small a f r e ­
quency of errors or equivocation as desired by  p roper encoding. T his s ta te ­
m en t is n o t tru e  for an y  ra te  g rea ter th a n  C. I f  a n  a tte m p t is m ade to 
tran sm it a t  a higher ra te  th a n  C, say  C  +  R \ , then  there will necessarily 
be an  equivocation equal to  a  g rea ter th an  th e  excess R i . N a tu re  takes 
p ay m en t by  requiring ju s t th a t  m uch un certa in ty , so th a t  we are no t 
ac tua lly  getting  any  m ore th an  C  th rough correctly .

T h e  s itua tion  is indicated  in Fig. 9. T h e  ra te  of inform ation in to  the 
channel is p lo tted  horizontally  and  th e  equivocation  vertically . A ny p o in t 
above th e  heavy  line in the shaded region can be a tta in ed  and  those below 
canno t. T h e  po in ts  on the line canno t in general be a tta in ed , b u t the re  will 
usually be two po in ts  on the line th a t can.
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These results are the m ain  justification for the definition of C  and  will 
now be proved.
Theorem 11. L e t a d iscrete channel have the capacity  C  an d  a discrete 
source the  en tropy  p er second II .  If  I I  <  C  there exists a coding system  
such th a t  the o u tp u t of the  source can be tra n sm itte d  over the channel w ith 
an a rb itra rily  sm all frequency of errors (or an  a rb itra rily  sm all equivocation). 
I f  I I  >  C  it is possible to  encode the source so th a t  the equivocation is less 
than  I I  — C  +  6 w here e is a rb itra rily  sm all. T here  is no m ethod of encod­
ing which gives an equivocation less than  I I  — C.

T h e m ethod  of proving the first p a r t  of th is theorem  is no t b y  exhibiting 
a coding m ethod  having th e  desired p roperties, b u t by  showing th a t  such a 
code m u s t exist in a  certa in  group of codes. In  fac t we will average the  
frequency of errors over th is group and  show th a t  th is average can be m ade 
less th a n  e. If  the average of a set of num bers is less th a n  e there m ust 
exist a t  least one in the  se t which is less th a n  e. T h is  will establish  the 
desired result.

Fig. 9—The equivocation possible for a given input entropy to a  channel.

T he capacity  C  of a  noisy channel has been defined as 

C =  M ax  (II  (x) -  / / , ( * ) )

where .v is th e  in p u t and  y  th e  o u tp u t. T h e  m axim ization  is over all sources 
which m igh t be used as in p u t to  the channel.

L e t S 0 be a source which achieves th e  m axim um  capacity  C. I f  this 
m axim um  is n o t ac tua lly  achieved by  any  source le t .S'0 be a source which 
approxim ates to  giving the m axim um  rate . Suppose So is used as inpu t to 
the channel. W e consider the possible tran sm itted  an d  received sequences 
of a  long d u ra tion  T.  T h e  following will be true :
1. T he tran sm itted  sequences fall in to  two classes, a  high p ro b ab ility  group 
w ith ab o u t 2™ (z) m em bers and the rem aining sequences of small to ta l 
p robability .
2 . Sim ilarly the received sequences have a high p robab ility  set of abou t

m em bers and  a low p robab ility  se t of rem aining sequences.
3. E ach  high p robab ility  o u tp u t could be produced by  ab o u t 2TH,I'X) inputs. 
The p robab ility  of all o ther cases has a small to ta l p robab ility .
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All the e’s an d  5’s im plied by  the w ords “ sm all” an d  “a b o u t” in tbese 
s ta tem en ts  approach zero as we allow T  to  increase and So to  approach  the 
m axim izing source.

T he situation  is sum m arized in Fig. 10 w here the in p u t sequences are 
po in ts  on the left and o u tp u t sequences po in ts  on the right. T h e  fan of 
cross lines represen ts the range of possible causes for a typical o u tp u t.

N ow  suppose we have  ano ther source producing inform ation a t  ra te  R  
w ith R  <  C. In  the period T  th is  source will have 2 7 “ high p robab ility  
ou tp u ts . W e wish to  associate these w ith  a selection of th e  possible channe

E

M• •

F R O M  EA C H  M

Fig. 10—Schematic representation of the relations between inputs and ou tpu ts in a 
channel.

inpu ts in such a w ay as to  get a sm all frequency of errors. W e will se t up 
th is association in all possible w ays (using, however, only the high p ro b a­
b ility  group of inpu ts as determ ined by  the source So) and  average the fre­
quency of errors for th is large class of possible coding system s. T h is is the 
sam e as calculating the frequency of errors for a random  association of the 
messages an d  channel inpu ts of d u ra tion  T.  Suppose a  p a rticu la r o u tp u t 
>’i is observed. W h a t is th e  p robab ility  of m ore th a n  one m essage in th e  se t 
of possible causes of yi? T here  are 2™ messages d is trib u ted  a t  random  in 
2 7" u) points. T h e  p robability  of a  p a rticu la r p o in t being a  m essage is 
thus
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T he p robab ility  th a t  none of the po in ts in the fan is a  m essage (ap a rt from 
the ac tua l orig inating  message) is

p  _  [J _  2 Tt-R~"''x'»Y'r ,,vO)

Now R  <  II (x )  — H y{x) so R  — II{x) = — II,,(x) — rj w ith  r) positive- 
C onsequently

P  _ _ _ _ _ _ _ _ _  2 — — I - 1 7 J 2 T H „ ( z )

approaches (as T  — » o c )

1 -  2~r \

Hence th e  p robab ility  of an error approaches zero and  the first p a r t  of the 
theorem  is proved.

T h e  second p a r t  of the theorem  is easily shown by no ting  th a t  we could 
m erely send C  b its  per second from  the  source, com pletely neglecting the 
rem ainder of the inform ation generated . A t th e  receiver the  neglected p a r t 
gives an equivocation I I (x )  — C an d  th e  p a r t tran sm itted  need only add  e. 
T his lim it can also be a tta in ed  in m any  o ther w ays, as will be shown when we 
consider th e  continuous case.

T he last s ta te m en t of the theorem  is a sim ple consequence of our definition 
of C. Suppose we can encode a source w ith R  =  C  +  a in such a way as to  
obtain  an equivocation I I v(x) =  a — e w ith  e positive. T hen  R  = II(x)  — 
C +  a and

II(X) -  IIy(x) = C +  <

w ith e positive. T h is con trad ic ts  the  definition of C  as the m axim um  of 
H(x) -  IIv(x).

A ctually  m ore has been proved th an  was s ta ted  in the theorem . If  the 
average of a se t of num bers is w ith in  e  of the ir m axim um , a  fraction  of a t  
m ost \ / e  can be m ore th an  y / e  below the m axim um . Since e is a rb itra rily  
small we can say th a t alm ost all the system s are a rb itra rily  close to  the  ideal.

14. D i s c u s s i o n

T he dem onstration  of theorem  11, while n o t a  pu re  existence proof, has 
some of the deficiencies of such proofs, An a tte m p t to  ob ta in  a  good 
approxim ation to  ideal coding by  following the  m ethod  of the  proof is gen­
erally im practical. In  fact, a p a r t from  some ra th e r triv ia l cases and  
certain  lim iting situations, no explicit description of a  series of approxim a­
tion to  the ideal has been found. P robab ly  th is  is no acciden t b u t is related 
to the  difficulty of giving an explicit construction  for a  good approxim ation 
to a random  sequence.
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An approxim ation  to  the  ideal w ould have the p ro p erty  th a t if the signal 
is a ltered  in a reasonable w ay by  the  noise, the original can still be recovered. 
In  o ther w ords the alteration  will no t in general b ring  it closer to  ano ther 
reasonable signal th an  the  original. T h is is accom plished a t  th e  cost of a  
certain  am oun t of redundancy  in the coding. T he redundancy  m u st be 
introduced in the proper w ay to  com bat the p articu la r noise s truc tu re  
involved. H ow ever, any  redundancy  in the source will usually  help if i t  is 
u tilized  a t  the receiving poin t. In  particu la r, if the source already  has a 
certain  redundancy  and  no a tte m p t is m ade to  elim inate i t  in m atch ing  to  the 
channel, th is redundancy  will help com bat noise. F or exam ple, in a  noiseless 
te legraph channel one could save ab o u t 50%  in d im e  by  proper encoding of 
the messages. T his is n o t done an d  m ost of the redundnacy  of English 
rem ains in the channel sym bols. T h is has the advan tage, however, of 
allowing considerable noise in the channel. A sizable fraction of the  le tte rs 
can be received incorrectly  and still reconstructed  by  the context. In  
fact th is is probably  no t a bad approxim ation to  the ideal in m any  cases, 
since the sta tistica l s tru c tu re  of English is ra th e r  involved and the reasonable 
English  sequences are no t too far (in the sense required  for theorem ) from  a 
random  selection.

As in th e  noiseless case a delay is generally required to approach the ideal 
encoding. I t  now has the add itiona l function of allowing a large sam ple of 
noise to  affect the signal before an y  ju d g m en t is m ade a t  the receiving po in t 
as to  the original m essage. Increasing  the  sam ple size alw ays sharpens the 
possible s ta tis tica l assertions.

T h e  co n ten t of theorem  11 and  its proof can  be form ulated  in a som ew hat 
different w ay  w hich exhibits the  connection w ith  the noiseless case m ore 
clearly. Consider the possible signals of duration  T  and suppose a subset 
of them  is selected to be used. L et those in the  subset all be used w ith  equal 
p robability , an d  suppose the receiver is constructed  to  select, as the  original 
signal, the m ost probable' cause from  the subset, w hen a  pertu rb ed  signal 
is received. W e define N ( T ,  q) to  be the m axim um  num ber of signals we 
can choose for the  subset such th a t  the p robab ility  of an  incorrect in te r­
p re ta tio n  is less th a n  or equal to q.

Theorem 12: L im  —  =  C, w here C is the  channel capacity , pro-
7~-.sc 1

vided th a t  q does no t equal 0 or 1 .
I n  o ther words, no m a tte r  how we se t our lim its of reliability , we can 

distinguish reliably in tim e T  enough m essages to correspond to  ab o u t C T  
b its, w hen T  is sufficiently large. T heorem  12 can  be com pared w ith  the 
definition of the  capacity  of a  noiseless channel given in  section 1 .
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15. E x a m p l e  o f  a  D is c r e t e  C h a n n e l  a n d  I t s  C a p a c it y

A  sim ple exam ple of a  discrete channel is ind icated  in Fig. 11. T here 
are th ree  possible sym bols. T h e  first is never affected by noise. T he second 
and  th ird  each have p ro b ab ility  p  of com ing th rough  und istu rbed , and q 
of being changed in to  the o ther of the pair. W e have (letting  a  =  -  [p log

q
T R A N S M IT T E D  

SY M B O L S
q,

’ p
I'ig. 11—Exam ple of a discrete channel.

p +  q log g] and  P  and Q be the probabilities of using the first or second 
symbols)

I I  (x) =  -  P  log P -  2Q log Q 

//„ (* ) =  2Qa

We wish to  choose P  and  Q in such a w ay  as to  m axim ize I I  (x) — H u(x), 
sub ject to  the co n stra in t P  +  2Q =  1. H ence we consider

U  =  —P  log P  -  2Q log Q -  2Qa +  \ ( P  +  2Q)

dU
—  =  - 1  -  l o g P  +  X =  0 

~  =  - 2  - 2  log Q -  2 a +  2\ =  0 .

E lim inating  X

log P  — log () +  a  

P  =  Qea = QP

/-> =  — i3. p  =  —! _  
P +  2 v p  +  2

T he channel capac ity  is then

r  l 0 +  2 . C =  log — —  .
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N ote  how th is checks the obvious values in  the  cases p  =  1 and  p  — \  ■ 
In  th e  first, ft — 1 an d  C =  log 3, w hich is correct since the  channel is then 
noiseless w ith  three possible sym bols. I f  p  =  §, /3 =  2 an d  C =  log 2. 
H ere th e  second and  th ird  sym bols canno t be d istinguished a t  all and  ac t 
toge ther like one sym bol. T h e  first sym bol is used w ith  p robab ility  P  =  
f  and  th e  second and th ird  together w ith  p robab ility  ' . T h is m ay  be 
d is trib u ted  in an y  desired way and  still achieve the  m axim um  capacity .

F or in te rm edia te  values of p  th e  channel capacity  will lie betw een log 
2 and  log 3. T he d istinction  betw een th e  second and  th ird  sym bols conveys 
som e inform ation b u t n o t as m uch as in the  noiseless case. T h e  first sym bol 
is used som ew hat m ore frequently  th a n  the o ther two because of its freedom 
from noise.

16. T h e  C h a n n e l  C a p a c it y  in  C e r t a i n  S p e c ia l  C a s e s

If th e  noise affects successive channel sym bols independently  it  can be 
described by  a set of transition  probabilities p a  . T h is is the p robability , 
if sym bol i is sent, th a t  /  will be received. T h e  m axim um  channel ra te  is 
then  given by the  m axim um  of

Z  Pi Pa  log Z  P i Pa ~  Z  P i Pa  log p a
i.j i i.j

w here we vary  the  subject to  2 P t- =  1. T h is leads by  th e  m ethod  of 
L agrange to  the equations,

Z  Pa  log f 7 7  =  M 5 =  1, 2 , ■ • • .
j ¿—i 1 * Pa

i

M ultip ly ing  by  P ,  and sum m ing on 5 shows th a t n  =  — C. L e t the inverse
of psj (if it exists) be h,t so th a t  Z  h,tp ,j = 8 tj ■ T hen :

8

Z  h*tPa  log Pa  ~  log Z  P *pu  = — C  Z  .
s,i i •

H ence:

Z  Pi pit =  exp [C z  lot +  Z  K t Pa  log Pa \
i s s.j

or,

Pi =  Z  ha  exp [C Z  hti +  Z  h.t p sj log p SJ].
t 8 8,j

T his is the  system  of equations for determ ining the  m axim izing values of 
P i , w ith  C to  be determ ined  so th a t  S P ,-  =  1. W hen th is is done C will be 
the  channel capacity , an d  the  P i  the  p roper probabilities for th e  channel 
sym bols to  achieve th is capacity .
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If  each in p u t sym bol h as the  sam e set of probabilities on the lines em erging 
from  it, and  the sam e is tru e  of each o u tp u t sym bol, the  capacity  can be 
easily calculated. Exam ples are shown in Fig. 12. In  such a case I l x{y) 
is independent of the d istribu tion  of p robabilities on the inpu t sym bols, and 
is given by — 2  p i  log p i  where the p i  are the values of the transition  p ro b a­
bilities from  an y  inpu t sym bol. T he channel capac ity  is

M ax [II (y) -  I I x{y)]

=  M ax I I (y )  +  2  p { log p i .

T he m axim um  of I I(y )  is clearly log m  where m  is the num ber of o u tp u t

a b c
Fig. 12—Examples of discrete channels with the same transition probabilities for each 

input and for each output.

symbols, since it  is possible to  m ake them  all equally  probable by m aking 
the in p u t sym bols equally  probable. T h e  channel capacity  is therefore

C  =  log m  -f- 2  p i  log p i .

In Fig. 12a it would be

C =  log 4 — log 2 =  log 2.

T his could be achieved by  using only the  1st an d  3d sym bols. In  Fig. 12b

C =  log 4 -  § log 3 — ^ log 6 

=  log 4 — log 3 — s log 2 

=  log s 23.

In  Fig. 12c we have

C  =  log 3 -  \  log 2 -  log 3 -  I  log 6

=  l0 g  2* 3 ^ 6 “ •
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Suppose the sym bols fall in to  several groups such th a t  the  noise never 
causes a  sym bol in one group to  be m istaken  for a  sym bol in an o th er group. 
L e t the capac ity  for the  wth group be C„ w hen we use only the  sym bols 
in th is group. T hen  it  is easily show n th a t, for b est use of th e  en tire  set, 
the to ta l p robab ility  P n of all sym bols in the wth group should be

J> — _____
X 2 Cn ‘

W ith in  a  group the  p robab ility  is d is trib u ted  ju s t as i t  w ould be if these 
were the only sym bols being used. T he channel capac ity  is

C =  log 2 2 c\

17. A.v E x a m p l e  o f  E f f i c i e n t  C o d in g

T h e following exam ple, although  som ew hat unrealistic, is a  case in  which 
exact m atch ing  to  a noisy channel is possible. T here  are two channel 
sym bols, 0 an d  1, and  the  noise affects them  in blocks of seven sym bols. A 
block of seven is e ith er tran sm itte d  w ithou t error, o r exactly  one sym bol of 
th e  seven is incorrect. These eight possibilities are equally  likely. W e have

C  =  M ax [II(y) -  I I x(y)\

=  \  [7 +  f  log §]

=  y  b its /sy m b o l.

An. efficient code, allowing com plete correction of errors an d  tran sm ittin g  a t  
th e  ra te  C, is th e  following (found b y  a m ethod  due to  R . H am m ing):

L e t a block of seven sym bols be Ah, A h ,. . .  Ah- Of these X 3, A 5, Ah and  
X j  a re  m essage sym bols an d  chosen a rb itra rily  b y  the  source. T h e  o ther 
th ree  a re  re d u n d a n t an d  calcu lated  as follows:

A.) is chosen to  m ake a  =  Ah +  A 5 +  Ah +  X 7 even

Ah> “ “ “ “ /3 =  A , +  A , +  A G +  Ah “

Ah “  “ “ “ 7  =  A , +  Ah +  A , +  A - “

W hen a  block of seven is received a,  j3 an d  7  are calculated  and  if even called
zero, if odd called one. T h e  b inary  num ber a  ¡3 7  then gives the  subscrip t 
of the  A ,• th a t  is incorrect (if 0  there was no error).

A P P E N D IX  1

T h e  G r o w t h  o f  t h e  N u m b e r  o f  B l o c k s  o f  S y m b o l s  W i t h  A 
F i n i t e  S t a t e  C o n d it io n

L e t N i (L )  be the num ber of blocks of sym bols of length L  ending in s ta te
1. T hen  we have

X j ( L )  =  £  N i ( L  -  b \ f )
is
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where b \ j , b 'a , . . . b”)  are the length of the sym bols which m ay be chosen 
in s ta te  i  an d  lead to  s ta te  j .  These are linear difference equations and  the 
behavior as L  —» w m ust be of the type

N j  =  A j  W L 

S ubstitu ting  in the difference equation

A j W l =  X  A i l V ^ u

Aj = X AiW~b‘i )
i S

X  ( X  W -hV  -  S¡j)Ai = 0 .
i  S

For th is to  be possible the determ inan t

D ( W )  =  | a l71 =  |X  W ~ * W  -  3 y |
S

m ust van ish  and  th is determ ines W ,  which is, of course, the  largest real root 
of D =  0.

T he q u a n tity  C  is then given by

C = L i m l ^ ^  =  lo g IF
L-+oo L

and  we also note th a t  th e  sam e grow th p roperties resu lt if we require th a t  all 
blocks s ta r t  in the sam e (a rb itra rily  chosen) sta te .

A P P E N D I X  2

D e r i v a t i o n  o f  I I  =  —2  p i  log />,

L e t I I  ^ • • • , =  /1 (h ). From  condition (3) we can decompose

a  choice from  s"‘ equally  likely possibilities in to  a  series of m  choices each 
from  x equally  likely possibilities and  obtain

A (sm) =  m A  (s)

Similarly

/1 ( f )  =  h A  (/)

We can choose n  a rb itra rily  large and  find an m  to  satisfy

sm <  ln <  i (m+1)
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T h u s, tak ing  logarithm s an d  dividing by  n  log s,

m  ^  log I ^  m  1
11 ~~ log s ~  it n

or
in
n

log I
log i

<  e

w here e is a rb itra rily  small.
N ow  from  th e  m onotonic p ro p erty  of A  (n)

A ( s m) <  A ( tn) <  A  (sm+1)

m  A  (s) <  iiA (t) <  (m  +  1) A  (s)

H ence, dividing by  uA  (a),

► A ( t )nt ^  A (Í) ^  in 1
n  ~  H (j)  — it n

or <  e

m
^ ( 5)

log I 
log s

<  2e

A (s )

A  (/) =  — K  log /

where K  m u st be positive to satisfy  (2).
N ow  suppose we have a choice from n  possibilities w ith  com m easurable prob-

71'
abilities pi  =  —  where the »,• are integers. W e can break  down a choice 

2 « ;
from  2 11 { possibilities in to  a choice from  n  possibilities w ith  probabilities 
p i . . .  p n an d  then , if the i th  was chosen, a  choice from  n ,• w ith  equal p ro b ­
abilities. U sing condition 3 again, we equa te  the to ta l choice from 2  
as com puted by  two m ethods

K  log 2«,- =  I I ( p i , . .  . ,  pn) +  K A  pi log iii

H ence

I I  =  K  [2 Pi log 2  m  -  2  Pi log 

iii-  — K H  Pi log —  =  -  A' p i  log p i  .

If  th e  pi  are incom m easurable, they  m ay  be approxim ated  b y  ra tionals ar.d 
the sam e expression m ust hold by  our con tinu ity  assum ption. T hus the 
expression holds in general. T h e  choice of coefficient K  is a m a tte r  of con­
venience and am ounts to  the choice of a un it of m easure.

A P P E N D IX  3

T h e o r e m s  o x  E r g o d ic  S o u r c e s

If  i t  is possible to  go from  any  s ta te  w ith  P  >  0 to  any  o th e r along a p a th  
of p robab ility  p >  0 , the system  is ergodic and  the  strong  law  of large num ­
bers can be applied. T hus th e  num ber of tim es a  given p a th  p a  in the  n e t­
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w ork is traversed  in a  long sequence of length  N  is ab o u t p ropo rtional to  the 
probab ility  of being a t  i  an d  then  choosing th is p a th , P ip u N .  I f  N  is large 
enough the p ro b ab ility  of percentage error db S in th is  is less th an  e so th a t  
for all b u t a  se t of sm all p ro b ab ility  the  ac tu a l num bers lie w ith in  th e  lim its

( P i p a  ±  i ) N

Hence nearly  all sequences have a  p robab ility  p  given by

p  =  n ^ iPii±5)"

log p
and is lim ited  by 

N

l° g P  -  ^ ( P i P a  ±  6 ) log Pa
N

or
log p

-  X P rp i j  log pi] <  V-N

This proves theorem  3.
T heorem  4 follows im m ediately  from  th is  on calcu lating  upper an d  lower 

bounds for n(q) based on the  possible range of values of p  in T heorem  3.
In  the  m ixed (no t ergodic) case if

L  =  2  Pi L {

and the  entropies of the com ponents are I l x >  112 >  . . .  >  I I n we have the 

Theorem: L im  =  <p(q) is a decreasing step  function,
N-+oo iV

8 —  1 8

<p(q) =  I I ,  in the  in te rv a l T a , -  <  q <  a,- ■
i i

To prove theorem s 5 an d  6 first note th a t  F n is m onotonic decreasing be­
cause increasing N  adds a subscrip t to  a  conditional en tropy . A sim ple 
su b stitu tio n  for pBi (5y) in the definition of F.x shows th a t

I F  =  N G „  -  (.N  -  1) Gtf-i

and  sum m ing th is for all N  gives GN =  2  I F  . H ence GN >  I F  and  GN

m onotonic decreasing. Also th ey  m u s t approach  the  sam e lim it. B y  using 
theorem  3 we see th a t  L im  Gy = H.

V - *  CO

A P P E N D IX  4

M a x im i z i n g  t h e  R a t e  f o r  a  S y s t e m  o f  C o n s t r a i n t s

Suppose we have a  se t of constra in ts  on sequences of sym bols th a t  is of 
the fin ite s ta te  type  an d  can be represen ted  therefore by  a  linear graph.
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L e t be the  lengths of the  various sym bols th a t  can occur in passing from  
s ta te  i  to  s ta te  j .  W h a t d istribu tion  of probabilities P i  for the  different 
s ta te s  and  p \Sj for choosing sym bol s in  s ta te  i  an d  going to  s ta te  y m axim izes 
the  ra te  of generating  inform ation under these constra in ts? T h e  constra in ts  
define a discrete channel and  the  m axim um  ra te  m u s t be less th a n  or equal 
to  th e  capac ity  C of th is channel, since if all blocks of large leng th  were 
equally  likely* th is ra te  would result, and  if possible th is  w ould be best. W e 
will show th a t  th is ra te  can be achieved by p roper choice of the  P i  an d  p i)- .

T h e  ra te  in question is

L e t i n  =  X  (■<)■■ E v id en tly  for a m axim um  p\)- =  k exp ())■. T h e  con-

s tra in ts  on m axim ization  are L /fi =  1, X  Pa  =  L 2  P i  (pa  — 5,;) =  0 .
i

H ence we m axim ize

d £  =  
d p a  ~  

Solving for p a

V  =

Pa  =  A i B j D ~ Ci

Since

X  Pi¡ =  f i A t  =  X

s

T h e correct value of D  is th e  capacity  C  and  the  Bj are so lu tions of

B i  =  S

for then

or
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y  F < r - ( >> -  p ’
* B < C -  B,

So th a t  if X i satisfy

2  y i C~l i i  =  7 / 

P i = BiY i

B oth of the  sets of equations for B i  an d  7 ; can be satisfied since C  is such th a t

I C~e<i -  5n | =  0

In  th is case the  ra te  is

XPi P i j  log 

2  P i  P a  ( a

Z P iP i i  log f_ r* *
2  Pt  p i T i i T

but

2 P f io ( lo g  B j -  log B i)  =  £  Pi  log B j  -  V P i  log Be =  0
i

Hence the ra te  is C  a n d  as th is could never be exceeded th is is the m axim um , 
justify ing the  assum ed solution.

(To be continued)



An Aspect of the Dialing Behavior of Subscribers and Its Effect 
on the Trunk Plant

By CHARLES CLOS 

I n t r o d u c t i o n

I  \U R I N G  the  w ar it becam e necessary for th e  Bell System  C om panies 
to  lower m any  service standards. Am ong these was the s ta n d a rd  for 

the  provision of tru n k s for handling  subscriber-dialed calls. In  the  in te rest 
of econom y the num ber of tru n k s for a  given volum e of traffic w as lowered. 
I t  is ev iden t th a t  for an y  given case there is a lower lim it to  th e  num ber 
of tru n k s th a t  should be provided for handling  subscriber-dialed calls. 
Below th is  lim it congestion of calls gets beyond control. T h e  contro l of 
congestion is im portan t. In  th e  case of operator-handled  calls it is possible 
to  contro l congestion by filing tickets  an d  placing  calls in an  orderly  fashion. 
In  th e  case of subscriber-dialed calls the  subscriber m ay  w ith  im pun ity  
m ake m any , indeed very  m any , successive d ialing a tte m p ts  to  com plete a 
call th a t  is blocked due to  a  shortage of trunks. If, in  a  p a rticu la r  office 
enough subscribers do th is  sim ultaneously , a  sender shortage m ay  develop 
w ith  its resulting  reaction  on the whole office,

F rom  th e  foregoing it is ev iden t th a t  th e  s ta n d a rd  of service for prov id ing  
trunks in tru n k  groups handling  subscriber-dialed calls is of im portance. 
D uring  the  w ar years, th e  N ew  Y ork  T elephone C om pany undertook  a 
s tu d y  to  determ ine the  lim its below which it would be undesirable to  degrade 
th e  service. T h is  s tu d y  w as designed to te s t the reasonableness of the 
reduction  in  th e  inter-office tru n k  s ta n d a rd  from  the  pre-w ar basis of p ro ­
viding enough tru n k s to  delay  only  one o u t of a  hundred  calls in the  busy 
hour to  a w artim e basis of p rov id ing  enough tru n k s  to  delay  two calls in 
every hundred  during  the  busy  hour. T he conclusion from  this s tu d y  was 
th a t  it was safe to  use w artim e standards.

T h e  s tu d y  reported  herein is an  analysis of the effect of repeated  a tte m p ts  
when subscriber-dialed calls a re  blocked due to  tru n k  shortages. T h e  d a ta  
upon which the  results a re  based ind icate th a t  dial subscribers a f te r  en­
countering  a busy condition m ake new a tte m p ts  sooner an d  m uch m ore 
often  th a n  has been generally believed. T h e  results indicate th a t  one can 
reconstruct w hat happens w hen tru n k  groups carry ing  subscriber-dialed 
calls encounter serious overloads and  th a t  tru n k  capac ity  tab les for such 
s ituations can be developed.

T h e  s tu d y  is based on extensive service observations taken  a t  the  New
424
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Y ork C ity  Service O bserving B ureaus during  th e  w in ter of 1943-44. These 
observations d ea lt w ith  the  behavior of subscribers w ho encoun ter a  busy 
on a dialed call. T h is behavior is assum ed to  ap p ly  to  the  s itu a tio n  when 
subscribers encoun ter an  all-trunks-busy condition.

I n a d e q u a c y  o f  t h e  P o i s s o n  a n d  E r l a n g  B F o r m u l a e  T o  E x p r e s s  

t h e  S i t u a t i o n  w h e n  S h o r t a g e s  O c c u r  i n  T r u n k  G r o u p s  

H a n d l i n g  S u b s c r i b e r  D i a l e d  C a l l s

In  connection w ith  the  provision of tru n k s in the  exchange p lan t, two sets 
of trunk-call-carry ing-capacity  tab les are cu rren tly  in use. One set of these 
tables is com puted  from  th e  Poisson F orm ula an d  the  o ther from  the  E rlang  
B Form ula. T h e  Poisson tab les are  used for tru n k  groups carry ing  non­
a lte rn a te  ro u te  traffic, w hereas the  E rlang  B tab les a re  used for tru n k  
groups carry ing  traffic sub ject to  a lte rn a te  routing.

T he assum ption  underly ing  the  Poisson F orm ula, when a shortage of 
trunks occurs, is th a t  of a  p a rtia l delay. A call w hich encounters all trunks  
busy w aits b u t n o t longer th a n  a holding tim e in te rv a l for a  tru n k  to  becom e 
available.

T he corresponding assum ption  underly ing th e  E rlang  B F orm ula is th a t  of 
no delay. A call which encounters all trunks busy is cleared ou t. T h e  call 
m ay be abandoned  b y  th e  subscriber or advanced  to  an  a lte rn a te  route.

W ith  respect to  non -a lte rn a te  rou te  tru n k  groups hand ling  subscriber 
dialed calls ne ither of th e  above tw o assum ptions is realized in  practice. 
W hen all tru n k s  are busy , the  d ia l equ ipm ent is arranged  to  re tu rn  an  all- 
trunks-busy  signal to  th e  subscriber ra th e r  th a n  hold  the  call pending the 
outcom e of a  subsequen t te s t for an  idle tru n k . T h e  subscriber upon 
encountering an  all-trunks-busy signal does n o t necessarily abandon the call. 
In  m ost cases he redials the  call.

T he degree b y  which th e  assum ptions are n o t realized depends upon the 
relative num ber of tru n k s  th a t  are' p rovided for a  given volum e of traffic. 
For instance if, du ring  an  hour, 150 calls hav ing  an  average holding tim e of 
100 seconds are su b m itted  to  ten  tru n k s  an d  an  equ ivalen t volum e of traffic 
is subm itted  to  five trunks, th e  following theore tical results follow from  the 
Poisson and  E rlang  B F orm ulae:—

T a b l e  I

T h e o r e t i c a l  R e s u l t s  f r o m  P o is s o n  a n d  E r l a n g  B  F o r m u l a e

150 Calls of 100 Seconds A verage 
H olding T im e S ubm itted  

during  an  hour to

N um ber of C alls th a t A re 
D elayed  on the  B asis of 

the  Poisson F orm ula

N um ber of C alls th a t Are 
C leared O u t on the  Basis 
of th e  E rlang  B F orm ula

10 t r u n k s  
5 t r u n k s

1 .6
60.6

1 . 0
32.0
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T h e values in T ab le  I  ind icate th a t, when a liberal num ber of trunks, i.e., 
ten trunks, is provided, the  num erical difference betw een the  resu lts of th e  
tw o form ulae is sm all and  the  resu lts of e ither form ula can be used as an 
approx im ation  of th e  num ber of calls affected by  an  all-trunks-busy  con­
dition . T here  are  undoub ted ly  repe titious a tte m p ts , b u t because the 
num ber is sm all th e ir  effect can be neglected.

W hen, how ever, the re  is a serious shortage of trunks, as when only  live 
tru n k s  a re  p rovided, th e  num erical difference betw een th e  theoretical resu lts 
of th e  tw o form ulae is large. In  add ition , the  repe titious a t te m p ts  will be 
too num erous to  ignore. Some of the repe titious a tte m p ts  will encounter 
all trunks busy again  and  again. O ther repe titious a t te m p ts  will seize idle 
tru n k s  thereby  causing new calls to  encoun ter all- trunks busy. T h e  effect is 
cum ulative. N e ith er th e  Poisson nor th e  E rlang  B F orm ula ind icates to  
w h a t ex ten t the  repe titious a t te m p ts  ta k e  place no r the ir effect. A p re­
lim inary  glim pse a t  the  results of th is  s tu d y  indicates th a t  150 calls of 100 
seconds average holding tim e w hen subm itted  during  an hour to  five tru n k s 
becom e inflated  b y  99 repe titious a t te m p ts  an d  appear as 249 calls being 
su b m itted  to  the  trunks. Of these 249 calls, 108 encounter all trunks busy. 
Of the  108 calls, 99 becom e th e  aforem entioned repe titious a tte m p ts  and  
nine a re  abandoned . I t  is ev iden t th a t  n e ither fo rm ula p resen ts th is 
p ic ture. F or stud ies considering the  effect of overloads due to  tru n k  sh o rt­
ages, th is  is th e  ty p e  of in form ation  needed. A new  approach  is requ ired  to 
o b ta in  such d a ta . T o  do th is, i t  is desirable to  exam ine the  h ab its  of dial 
subscribers who have encountered  busies.

T h e  D i a l i n g  B e h a v i o r  o e  S u b s c r i b e r s  u p o n  E n c o u n t e r i n g  a  B u s y

In  order to  investiga te  the  grade of service given to  dial subscribers when 
tru n k  shortages occur it is desirable to  know som ething ab o u t the ir behavior 
w hen they  encounter all-trunks-busy  signals. Specifically the re  are four 
item s th a t  need investiga tion ; these a re :—

1. How soon afte r encountering  an  all-trunks-busy  signal does the  sub ­
scriber redial his call?

2. W hat percentage of the subscribers m ake subsequent a ttem p ts?
3. How do the  tim e in tervals betw een successive subsequen t a tte m p ts

com pare w ith  each o th e r; th a t  is, are  th ey  ab o u t th e  sam e or do they  
differ widely?

4. W h a t differences, if any , exist betw een classes of subscribers?
T h e  first th ree  item s are  answ ered from  the  resu lts of service observations. 
T he fourth  item  is answ ered indirectly .

T h e  service observations consisted of 1,107 cases w here line busies were 
observed (except for 35 cases of all-trunks-busy signals). O bservations on
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line  busies w ere used in stead  of all-lrunks-busy  signals because it would have 
taken  too long to  ob ta in  sufficient observations, because i t  is undesirable to  
artific ia lly  degrade the  service in o rder to  ob ta in  sufficient observations and  
because it is assum ed th a t  th e  average subscriber does n o t recognize the  
difference betw een a  busy  and  overflow signal. I t  is considered th a t  the 
d a ta , while collected for busy  signals, accu rate ly  rep resen t the  situation  
w ith  regard  to  overflow signals.

B eginning on D ecem ber 22, 1943 an d  ending on F eb ru ary  29, 1944, a 
special record of 1,107 subscriber-d ialed  calls, w here line busies were ob­
served, w as taken  a t  the  th ree  New Y ork  C ity  service observation  bureaus. 
Up to  a po in t, regu lar service observation  p rac tices were followed and  the 
regular service observing d a ta  concerning th e  calls were en tered  on the 
service-observing records. T h e  d a ta  concerning the  line busies w ere en tered  
on a special fo rm . T h is form  is shown below. In stru c tio n s  for th e  observers 
accom panied these form s; these in struc tions follow the form.

Form S.O. 171
S p e c i a l  R e c o r d s —  B u s y  C a l l s  

C a llin g  N o....................................................  D a te ....................................................
E n te r in space under a tte m p t num ber, the  cum ulative seconds from the s ta rt of the 

original a tte m p t to the s ta rt of the a tte m p t indicated. In addition for the  last a ttem p t 
show disposition.

A ttem pt Num ber

1 2 3 j 4  | 5 | 6 7 ! 8 9 i ° :

11 12 13 ! 14 13 16 17 18 19 20

1 1 1

Disposition of the  ca ll...............................................................................................................................
D ata  for a ttem p ts  over 20 should be entered on the reverse side.

Special service observing form used to collect d a ta  concerning the dialing behavior of 
subscribers upon encountering a  busy.

Instructions A pplying to the Use of Form S.O. 171

These in struc tions app ly  to  th e  use of F orm  S.O. 171 which has been de­
veloped in connection w ith a s tu d y  of the  behav io r of custom ers upon en­
countering a busy  signal.

T his s tu d y  will no t include observations orig inating  on P .B .X . tru n k s  or 
on coin lines. On all o the r calls encountering  a busy  signal or an  overflow 
signal th e  observer will hold  the line in the observing position  un til one of 
the following conditions occurs:

(1) Call is disposed of by  reaching the  desired num ber.— Code OK
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(2) 10 m inu tes h av e  elapsed since th e  la st a t te m p t for th e  desired num ­
ber.— Code AB

(3) Call is disposed of by  being given to  the  opera to r.— Code P R
(4) Call is disposed of by  receiving a “ D o n ’t  answ er” on an a tte m p t to

reach th e  desired num ber— C ode D A
All a t te m p ts  m ade during  the  period th a t  an  observation  is ord inarily  

held will be en tered  on the service observing de ta il sheets in the regular w ay. 
In  add ition , these en tries and  en tries show ing an y  o ther a ttem p s to  reach the 
desired num ber toge ther w ith  the  p roper code listed above to  show th e  final 
disposition of the call will be recorded on F orm  S.O. 171.

In  order to  m inim ize the num ber of cases n o t com pleted  a t  th e  end of an 
observer’s trick, no cases will be recorded on th e  special record on w hich the  
original busy  signal is received a fte r •} hour p rio r to  the  finish of an y  trick .

F rom  the  instruc tions it m ay be no ted  th a t  observations o rig inating  on 
P .B .X . tru n k s  or on coin lines were n o t included. T h e  reason for th is  is, 
w hen a  busy is observed on a  call o rig inating  on a P .B .X . tru n k  the  subse­
q u en t a t te m p t m igh t be m ade on one of th e  o ther P .B .X . trunks, th u s  th e  
subsequent a t te m p t w ould be missed. Also, a t  a  P .B .X . tw o extensions 
m ay place calls, w ith in  a  few seconds of each other, to  the  sam e busy  line. 
T he service observations on an y  one tru n k  m ight therefore be a  m ix tu re  of 
a tte m p ts  involving tw o or m ore calls. W hen a  busy is observed on a call 
m ade from  a coin line, the  calling p a r ty  will in m any  instances v ac a te  the 
coin box in favor of som eone else, an d  the  subsequent a t te m p t m ay then 
be m ade from  an o th er coin line. F o r these reasons the  observations were 
restric ted  to  business and  residen tia l ind iv idual lines and  to  tw o -p arty  lines 
(12 observations were on tw o-party  lines).

I t  m ay also be no ted  th a t  the observers were in struc ted  to  hold the  line in 
the  observing position  un til ten m inu tes have  elapsed since th e  last a t te m p t 
for the desired num ber. T h is was a d ep a rtu re  from  regular service observing 
practices when a line is held un til 1 m in u te  has elapsed.

T ab le  I I  is a  tabu la tion  of the  d a ta  observed a t  the  M a n h a tta n  Service 
O bserving B ureau on M a n h a tta n  dial subscriber lines. T h e  observations 
are arranged  in th e  order of increasing m agn itude of the tim e in tervals 
betw een th e  s ta r t  of the  first a t te m p t an d  the  s ta r t  of th e  second a ttem p t. 
Of in te rest is observation  num ber 197 w here a subscriber m ade 25 a tte m p ts  
in abou t an hour.

D a ta  sim ilar to  th a t  observed on M a n h a tta n  dial subscriber lines were 
likewise observed on B ronx-W estchester an d  on B rooklyn-Q ueens dial 
subscriber lines.

F igure 1(a) shows graphically  the d a ta  listed  in T ab le  I I .  T h is g raph 
shows, b y  dots, the cum ulative percen tage of the  451 M a n h a tta n  observa-



■ A t

bser
atioi
Vo.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51

DIALING BEHAVIOR OF SUBSCRIBERS

T able  II
Results of Observations on 451 D ial Subscribers in  M aniiatt 
ids elapsing between sta rt of previous a tte m p t and s ta r t of a ttem p t lis

Attempt No. Total
1 2 3 4 5 c, 7 8 9

Seconds

0 13 24 13 11 20 81
0* 16* 10* 26
0 16 48 54 82 108 308
0 18 18
0 19 19
0 19 19
0* 20 20
0 20 20
0 20 64 189 273
0 21 21
0* 21 21
0 21 21
0 21 208 229
0 22 30 28 80
0 22 22 44
0 22 26 189 18 25 280
0 23 23
0* 25 25
0 25 28 33 86
0 25 341 44 410
0 25 25
0 25 28 22 69 63 82 271 560
0 26 188 214
0 27 35 35 29 38 36 42 43 53 338
0 27 27
0 27 27
0 28 28
0 28 28
0 29 110 22 161
0 30 30
0 30 31 23 20 20 86 20 54 26

51 361
0 30 440 470
0 30 30
0 31 52 31 591 705
0 31 45 76
0* 31 31
0 31 105 66 202
0 31 31
0 31 98 129
0 32 32
0 32 32
0 32 32 64
0 32 32
0 33* 33
0 33 35 41 43 57 209
0 35 35
0 35 358 393
0 36 88 124
0 37 53 40 130
0 39 39
0 39 39

rflow signal.
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T able II (Conl'd)

A tte m p t N o.

20
16

409

45
45

122
40

32

179
64

51
96

574
200

.XI
84
68
52

47

251

31
191

85 ¡ 151

85
195

209

432

52

38

34

62

27

259

40

71

43
43 27 170*
20 61 36 103

117 57

84
74 81

139 84 163 62

139

31 95 28 20
126 470 85 167
61 67 84 67
45 63 63 161

482
173 172
66 72

25

69

60

127

Total
Seconds

634
688
449

40
245
170
232
432

44
46 

269
47 

477 
112
49 

350 
336

50 
50

286
50
50
51
51
52 

346 
248

53 
53 
98

295
276
230

56
140
212

58
633

60
199
60
60
61
61
63

237
912
343
396
547
411
204
66
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T a b l e  I I  (Cont'd)

Obser­
vation

No.

Attempt No. Total
Seconds

Disposition 
of the Call

1 2 3 4 5 6 7 8 9 10

105 0 68 66 134 O.K.
106 0 68 330 380 778 O.K.
107 0 69 69 AH.
108 0 70 70 O.K.
109 0 71 71 AH.
110 0 71 95 166 O.K.
111 0 72 112 184 AH.
112 0 72 72 O.K.
113 0 74 74 O.K.
114 0 74 184 93 351 AB.
115 0 75 75 O.K.
116 0 75 75 O.K.
117 0 75 67 203 345 O.K.
118 0 76 76 O.K.
119 0 76 76 AB.
120 0* 77 77 O.K.
121 0 78 78 O.K.
122 0 78 78 O.K.
123 0 78 253 107 38 476 AB.
124 0 79 53 132 O.K.
125 0 80 80 O.K.
126 0 80 50 130 O.K.
127 0 80 80 AH.
128 0 80 117 197 O.K.
129 0 81 81 AH.
130 0 81 81 O.K.
131 0 83 83 O.K.
132 0 84 84 O.K.
133 0 85 85 O.K.
134 0 85 33 294 115 527 O.K.
135 0 88 88 AH.
136 0 88 88 O.K.
137 0* 89 89 O.K.
138 0 90 50 120 260 AH.
139 0 90 90 O.K.
140 0 90 90 A B.
141 0 90 51 39 46 226 AH.
142 0 91 78 169 O.K.
143 0 91 91 O.K.
144 0 91* 48 139 O.K.
145 0 91 116 207 O.K.
146 0* 91 91 O.K.
147 0* 92 92 O.K.
148 0* 92 92 O.K.
149 0 93 93 AB.
150 0 93 34 228 117 472 O.K.
151 0 94 94 75 91 354 AB.
152 0 95 95 AB.
153 0 95 95 O.K.
154 0 97 86 175 358 O.K.
155 0 97 143 240 O.K.
156 0 100 100 O.K.
157 0 100 100 O.K.
158 0 100 100 AB.
159 0 100 100 O.K.
160 0 102 115 198 415 O.K.

*Overflow signal.
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T able I I  (Cont'd)

Obser­
vation

No.

Attempt No. Total
Seconds

Disposition 
of the Call

1 2 3 4 5 6 7 8 9 10

161 0 102 80 96 152 430 O.K.
162 0 103 103 O.K.
163 0 104 17 121 O.K.
164 0 105 105 O.K.
165 0 105 105 O.K.
166 0 106 340 446 O.K.
167 0 10S 98 140 346 O.K.
168 0 111 111 O.K.
169 0 111 111 AB.
170 0 111 94 125 330 O.K.
171 0 113 113 O.K.
172 0 114 114 O.K.
173 0 116 116 O.K.
174 0 116 116 O.K.
175 0 117 117 O.K.
176 0 120 120 O.K.
177 0 122 122 O.K.
178 0 124 131 209 464 O.K.
179 0 124 124 O.K.
180 0 125 354 479 O.K.
181 0 130 130 O.K.
182 0 130 130 O.K.
183 0 130 125 255 O.K.
184 0 130 56 101 287 O.K.
185 0 131 309 440 O.K.
186 0 134 134 O.K.
187 0 137 147 134 146 564 O.K.
188 0 139 125 264 AB.
189 0 139 139 AB.
190 0 139 139 O.K.
191 0 140 172 60 372 O.K.
192 0 140 400 540 A.B.
193 0 141 141 O.K.
194 0 143 143 O.K.
195 0 143 157 300 -O .K .
196 0 144 144 O.K.
197 0 144 187 194 308 115 310 104 165 45

69 90 69 88 87 59 239 277 69 94
90 159 193 71 237 3,463 A B .

198 0 146 146 O.K.
199 0 146 146 O.K.
200 0 146 184 217 547 AB.
201 0 148 148 O.K.
202 0 149 149 O.K.
203 0 149 28 38 42 46 303 O.K.
204 0 149 121 84 354 A .B.
205 0 150 150 A .B.
206 0 150 26 142 119 437 A .B.
207 0 151 272 423 O.K.
208 0 152 90 95 89 79 505 O.K.
209 0* 155 155 O.K.
210 0 156 156 O.K.
211 0 156 156 O.K.
212 0 156 47 52 217 472 A.B.
213 0 160 160 A .B .
214 0 160

1 I 160 O.K.

*Overflow signal.
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T a b l e  I I  (Coat’d )

O bser­
vation

N o.

A tte m p t No.
T o ta l

Seconds
D isposition  
of th e  Call1 2 3 4 5 6 7 8 9 10

215 0 160 160 O.K.
216 0 160 160 O.K.
217 0 161 161 A .B.
218 0 164 164 O.K.
219 0 164 164 O.K.
220 0 165 165 A .B.
221 0 168 168 O.K.
222 0 169 169 O.K.
223 0 170 170 O.K.
224 0* 170 170 O.K.
225 0 171 171 O.K.
226 0 175 175 O.K.
227 0 179 179 O.K.
228 0 180 180 O.K.
229 0 181 181 O.K.
230 0 181 360 541 A.B.
231 0 182 182 O.K.
232 0 183 183 O.K.
233 0 183 312 33 528 P.R .
234 0 185 185 O.K\
235 0 186 251 437 A.B.
236 0 192 238 430 A.B.
237 0 195 477 672 O.K.
238 0 198 198 A .B.
239 0 202 202 O.K.
240 0 205 80 • 285 O.K.
241 0 208 208 O.K.
242 0 209 209 O.K.
243 0 209 209 O.K.
244 0 210 210 O.K.
245 0 214 50 33 29 34 79 439 O.K.
246 0 215 520 735 O.K.
247 0 215 215 A .B .
248 0 217 217 O.K.
249 0* 219 219 D .A .
250 0 219 219 O.K.
251 .0 220 163 263 186 123 99 59 105 1 .218 AB.
252 0 220 162 382 O.K.
253 0 222 222 O.K.
254 0 226 226 O.K.
255 0 228 228 O.K.
256 0 230 230 AB.
257 0 231 27 258 P.R.
258 0 232 232 O.K.
259 0 235 235 O.K.
260 0* 235 235 O.K.
261 0 238 238 O.K.
262 0 242 242 O.K.
263 0 245 245 O.K.
264 0 246 246 O.K.
265 0 252 252 A B .
266 0 252 252 AB.
267 0 258 258 O.K.
268 0 260 333 593 O.K.
269 0 267 193 460 AB.
270 0 272 219 88* 579 AB.
271 0 278 278 O.K.

^Overflow signal.
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T a b l e  I I  (Cant'd)

O bser­
vation

No.

Attempt No. Total
Seconds

Disposition 
of the Call

1 2 3 4 5 6 7 8 9 10

272 0 281 281 O.K.
273 0 287 287 O.K.
274 0 288 288 O.K.
275 0 289 256 545 O.K.
276 0 290 290 O.K.
277 0 296 296 O.K.
278 0 306 306 O.K.
279 0 319 319 O.K.
280 0 320 320 O.K.
281 0 320 320 AB.
282 0* 322 322 O.K.
283 0 331 331 O.K.
284 0 332 332 DA.
285 0 338 338 AB.
286 0 339 339 AB.
287 0 347 347 O.K.
288 0 351 454 805 O.K.
289 0 351 351 O.K.
290 0 363 363 O.K.
291 0 365 365 O.K.
292 0 369 369 DA.
293 0 376 376 O.K.
294 0 378 378 O.K.
295 0 382 382 O.K.
296 0 395 395 O.K.
297 0 398 398 O.K.
298 0 398 398 AB.
299 0 400 400 O.K.
300 0 402 402 O.K.
301 0 409 409 O.K.
302 0 416 416 O.K.
303 0 448 448 O.K.
304 0 449 449 O.K.
305 0 455 455 O.K.
306 0 473 473 O.K.
307 0 484 484 O.K.
308 0 484 484 A.B.
309 0 498 498 O.K.
310 0 505 505 O.K.
311 0 509 509 O.K.
312 0 510 510 A.B.
313 0 513 513 O.K.
314 0 526 526 O.K.
315 0 535 456 541 1,532 O.K.
316 0 543 543 O.K.
317 0 556 249 805 O.K.
318 0 561 389 950 O.K.
319 0 568 568 O.K.
320 0 569 569 O.K.
321 0 570 570 O.K.
322 0 586 586 O.K.
323 0 605 (over 600 seconds) 605 A.B.
324 0 624 (over 600 seconds) 624 A.B.
325 0 (At 30 seconds received on incoming call from the party A.B.

desired)
326-334 0* (9 observations) A.B.
335-451 0 (117 observations) A.B.

’"Overflow signal.
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tions th a t  equalled  or exceeded p articu la r tim e in tervals betw een the s ta r ts  
of the  first an d  second a tte m p ts . F igure 1(b) shows sim ilar g raphical d a ta  
for 211 B ronx-W estchester observations an d  F ig. 1(c) shows sim ilar g raph i­
cal d a ta  for 445 Brooklyn-Q ueens observations. E ach  of these th ree  graphs 
is com pared w ith  a com posite curve for 1107 observations. T h is  com posite 
curve is developed from  the  d a ta  on Fig. 2(a).

F igure 2(a) shows, b y  dots, th e  cum ulative percen tage for 1107 observa­
tions, which are com prised of the  451 M a n h a tta n , 211 B ronx-W estchester 
and  445 B rooklyn-Q ueens observations, th a t  equalled or exceeded p articu la r 
tim e in tervals  betw een the s ta r ts  of' the  first and second a tte m p ts . A sm ooth 
curve w as draw n th rough  these p lo tted  d a ta . T h is curve is also shown on 
o ther figures, for the  purpose of visual com parison of the various p lo ts of 
d a ta  w ith  the  overall results.

F igure 2(b) shows a g raph  concerning 465 observations of th e  to ta l 1107 
observations. T hese a re  the  cases w here a busy w as observed on a  second 
a ttem p t. (Of the  1107 to ta l observations, 817 resu lted  in a  second a tte m p t 
w ithin ten  m inu tes an d  290 w ere classified as abandoned . Of th e  817 
second a ttem p ts , 327 cases w ere able to  com plete the ir calls, 16 resu lted  in  a 
don’t  answer, 9 w ere referred to  an  o p era to r an d  465 encountered  a busy.) 
F igure 2(b) shows, by  dots, the  cum ulative  percen tage of th e  465 second 
a ttem p ts  th a t  equalled  or exceeded p articu la r tim e in te rvals  betw een the 
s ta rts  of th e  second and  th ird  a t tem p ts . T h e  g raph  of Fig. 2(b) does n o t 
differ significantly  from  the  com posite curve for 1107 observations. T h is 
fea tu re  ind icates th a t,  w hen observations concerning subscriber busies are 
m ade, it is n o t necessary to  have  the  first observed a tte m p ts  coincide w ith  
the first ac tu a l a tte m p ts . T h e  observations can begin w ith  an y  a tte m p t.

F igures 3 an d  4 are  g raphs sim ilar to  th a t  show n on Fig. 2(a), th e  dif­
ference being in the  graphical o rd inates used in order to  p resen t additional 
p ic to rial rep resen ta tions of th e  d a ta  an d  to  p ro jec t th e  curve beyond  the 
observed lim its.

T he percen tage of subscribers who dial the ir calls again a fte r encountering  
busies is es tim ated  from  Figs. 3 and  4 to  be 90% . T h e  d a ta  on Fig. 3 are 
p ro jec ted  to a tim e in te rva l of 1,500 seconds (25 m inutes). Judg ing  b y  eye, 
beyond th is po in t, i t  appears th a t  th e  curve is asym pto tic  to  th e  10%  
horizontal line. T h is  m eans th a t  10%  of th e  subscribers abandon  the ir 
calls an d  90%  try  again. T h e  p a r t of the curve on Fig. 4 th a t  p ro jec ts 
beyond the lim it of th e  observed d a ta  crosses th e  10%  line a t  6,400 seconds, 
an in te rva l of I f  hours. T h is  seem s to  be a  very  long tim e for a  subscriber 
to  w ait before redialing his call. I t  is un likely  th a t  m an y  a tte m p ts  are m ade 
beyond th is period.

T able I I I  was p repared  to  determ ine the  disposition of th e  calls on second 
a tte m p ts  an d  to  see if a correlation  exists betw een certain  tim e intervals,
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Fig. 1—Results of observations taken a t  three New York C ity service observing bureaus concerning the dialing behavior of subscribers 
upon encountering a busy.
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Fig' 2— Composite results of 1107 observations concerning th e  dialing behavior of subscribers upon encountering a busy on a  first a tte m p t 
and  results of 465 observations concerning the dialing behavior of subscribers upon encountering a  busy on a  second a ttem pt.
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Fig. 3—Composite results of 1107 observations concerning the  dialing behavior of subscribers upon encountering a busy.
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Fig. 4—Composite results of 1107 observations concerning the  dialing behavior of subscribers upon encountering a busy.
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nam ely, betw een the  first and  second a tte m p ts  and  betw een the second and 
th ird  a ttem p ts . T his tab le  was developed b y  allocating  the  817 observa­
tions w here a  second a tte m p t occurred in to  5 ranges of tim e in tervals  be­
tw een the  first and  second a tte m p ts  of ab o u t 163 observations each. F or 
each range of tim e in terval the  num ber of calls th a t  were respectively
O .K ., D A , P R  and AB is listed. W here a  th ird  a t te m p t occurred, the 
num bers of calls are  tab u la ted  b y  ranges of tim e in tervals betw een  the 
second and th ird  a ttem p ts . T he ranges of tim e in tervals  are the  sam e as

T a b l e  I I I
D is p o s it io n  o f  S f.c o n d  A t t e m p t s  a n d  C o r r e l a t io n  o f  T im e  I n t e r v a l s  B e t w e e n  

D a ta  C o n c e r n in g  817 O b s e r v a t io n s  H a v in g  a S e c o n d  A t t e m p t

R ange of 
T im e 

In te rva ls  
in Seconds 

Between 
the  F irs t 

and  Second 
A ttem p ts

T o ta l 
X um ber of 
O bserved 

Second 
A ttem p ts

D isposition  of the  Second 
A tte m p t: N um ber of Second 

A ttem p ts  th a t

C orrelation  of T im e In te rv a ls  Between 
A ttem p ts : N um ber of Second A ttem p ts  
E ach  of W hich R esu lted  in a Busy  and 

w hich w as Followed by a T h ird  A ttem p t 
W ith in  the  R ange of Seconds L isted  in 

the  Colum n H eadings Below

W ere
OK

Were
DA

W ere
P R

W ere
AB 0-45 46-78 79-130 131-226 227-600

0 -  45 164 36 7 5 26 43* 17 12 S 10
46- 78 164 44 1 2 24 14 26* 28 13 12
79-130 164 71 2 2 21 6 14 24* 11 13

131-226 162 83 2 0 27 a 9 5 15* 16
227-600 163 93 4 0 28 6 0 4 5 23*

817 327 16 9 126 74 66 73 52 74

* T he asterisk m arks the item s th a t had the same range of time in tervals between the 
first and second a ttem p ts  and between the second and third a ttem pts.

those, used betw een the  first an d  second a tte m p ts  in o rder to  see if a  correla­
tion exists. T he significant facts concerning these d a ta  a re :—

1. The degree of success in obtaining an  O.K. call was be tte r for those subscribers who
w aited longer before m aking a  subsequent a ttem pt. Only 22% of the subscribers 
who waited from 0 to 45 seconds were successful as against 57%  who w aited from 
227 to 600 seconds.

2. T he num ber of calls referred to the operator or where don’t answers occurred are not
significant to the problem in hand.

3. T he incidence of abandoned calls appears to be uniform for the five ranges of time
intervals. T his means th a t the 90%  figure estim ated from Fig. 3 can be con­
sidered to apply w ith equal effect to all subscribers w ithout regard to the previous 
time interval between dialing a ttem pts.

4. T he correlation da ta  indicate a  tendency for subscribers to establish a tempo or pace
which they  follow when redialing their calls. If  this tempo did no t exist the items 
on Table I I I  th a t are m arked with asterisks would not be larger than the surrounding 
items.

I t  w as previously ind icated  th a t  no observations w ere taken  on P .B .X . 
and  coin lines. An earlier a t te m p t to  collect d a ta  concerning th e  behavior 
of subscribers when encountering  busies p roduced d a ta  th a t  showed fewer 
subsequent a tte m p ts  th a n  was believed to  be the  case. T h e  differences 
betw een the earlier d a ta , which included a high p roportion  of observations on 
P .B .X . an d  coin lines, and the  d a ta  developed herein a re  believed to  be fully
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accounted for an d  it  is believed th a t  the  P .B .X . an d  coin lines have the  sam e 
basic characteristics regarding dialing behav io r upon encountering  busies 
as have the  subscribers who were observed. N o significant differences 
between the resu lts for residen tia l and business offices w ere noted . F rom  
these ind irect facts, it is concluded th a t  no significant differences exist be­
tween classes of subscribers..

E f f e c t  o n  t h e  T r u n k  P l a n t

As explained earlier, neither the Poisson nor the E rlan g  B form ula gives 
an accurate  p ic tu re  of th e  fac ts  w hen tru n k  shortages occur on tru n k  groups 
handling subscriber-d ialed  calls. In bo th  form ulae it is assum ed th a t  only 
one a t te m p t is m ade per call. In  the  case of th e  Poisson form ula, the call is 
assum ed to  be held b y  th e  dial equ ipm ent u n til a  tru n k  becom es available or 
until the subscriber hangs up, and  in the  case of the  E rlang  B form ula, the 
call is assum ed to  clear ou t. T h e  d a ta  developed from  the service observa­
tions, concerning the d ialing behavior of subscribers when encountering  
busies, indicate th a t subscribers usually  m ake m any  subsequent a tte m p ts  
when a busy is encountered . Also the dial equ ipm ent w ith  which we are 
fam iliar clears o u t th e  calls b y  giving an  all-trunks-busy signal. In  o rder to 
determ ine w h a t a tru n k  capac ity  tab le m igh t be like th a t  takes in to  account 
the hab its  of subscribers an d  the  lim ita tions of the  dial equ ipm ent a  s tudy  
based on sim ulated  traffic w as m ade. T h is s tu d y  consisted of 150 CCS 
(hundred call seconds per hour) of traffic offered to  a tru n k  group vary ing  
from 5 to 12 trunks. T h is  s tu d y  utilized the d a ta  developed from the 
service observations.

A stu d y  based on sim ulated  traffic is a  m ethod used to  s tu d y  the  capacities 
of trunk ing  arrangem en ts w here a form ula is no t available. T his ty p e  of 
s tudy  is based on the  idea th a t  calls are p laced a t random , th a t  holding tim es 
of the calls follow an exponential law, an d  th a t  these characteristics can be 
sim ulated by  random  num bers d raw n from  an  ap p ro p ria te  source.

T he s tu d y  of 150 CCS of sim ulated  traffic w as based on 1,000 calls offered 
to  a  tru n k  group during  a  ten -hour period. T he average holding tim e per 
call was 150 seconds, w ith the to ta l holding tim e being 150,000 seconds or 
41.66667 hours. Sub-divisions of an  hour w ere expressed in decim al term s, 
the sm allest division being a hundred -thousand th  p a rt. T h ree  sets of 
random  num bers were used for the following purposes:

1. To determ ine a t w hat tim e in the ten -hour period a p a rticu la r call is
offered to  the tru n k  group.

2. To furnish th e  holding tim e of a p a rticu la r  call.
3. To define for each call the  p a tte rn  of resubm ission of th e  call to  the

tru n k  group should an  all-trunks-busy be encoun tered  by the  call.
In  each instance th e  num bers were tak en  from  th e  ta il-end  po rtions of
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successive en tries of 19 significant figures of ex (Tables of the  E xponential 
F unction— W PA — 1939). T h e  num bers draw n an d  the ir functions in the 
s tu d y  are as follows:

A se t of 1,000 six-digit num bers w as taken  from the  la st six d igits of 
en tries of cx from  x  =  0.4000 to x  =  0.4999. T hese 1,000 six-digit num bers 
were arranged  in num erical o rder to  give the  p lacing tim e of 1,000  sim ulated  
calls. T h e  first d ig it in every  num ber w as used to  represen t the  hour and 
the la st five d ig its the  hund red -thousands p a r t  of the  hou r when a  p articu la r 
call w as placed. T h e  random ness of th is p a rticu la r d raw  was checked by 
determ in ing  th e  differences betw een successive p lacem ent tim es an d  then 
arrang ing  the  differences in num erical order. T h e  results were p lo tted  on 
a cum ulative basis on Fig. 5, w here a v isual com parison can be m ade w ith 
theoretical results.

A set of 1,000 seven-digit random  num bers betw een 0,000,000 to  4,166,667 
inclusive were taken  from  the  la s t seven digits of en tries of ez from  x  — 0.5000 
to x  =  0.7344. N um bers above 4,166,667 were d isregarded. These seven­
d ig it num bers w hen arranged  in num erical o rder accounted  for the  to ta l 
holding tim e of all the  calls. T h e  difference betw een successive num bers 
a rranged  in  num erical order, furnished 1,000  ind iv idual holding tim es.

A th ird  set of 1,000 random  num bers were taken  from  tw o sources hi 
the  ex tab les. These 1,000 num bers con tained  a variab le  num ber of digits. 
T hese num bers were for use when calls encountered  all trunks busies in order 
to determ ine w hich calls were to  be resubm itted  and  to  determ ine th e  tim e 
in te rva l for resubm itting  a call. P reviously, it w as estim ated  from  Fig. 3, 
th a t  90%  of th e  subscribers afte r encountering  a busy redial the ir call. 
T h is estim ate  w as used by assigning to  th e  num erals 1 to  9 in the  th ird  se t of 
random  num bers th e  characteristic  th a t  a call m ay m ake a subsequent 
a t te m p t if i t  encounters an all trunks busy an d  b y  assigning to  the  num eral 0 
the  characteristic  th a t  the  call d rops o u t if it encounters an  all trunks busy. 
A bou t 10%  of th e  1,000 num bers show a num eral 0 in the  first p lace and 
hence no fu rth e r  d ig its are  needed because the  call d rops out. T h e  rem ain­
ing 90%  of the  num bers show num erals from  1 to  9 in the  first place and 
hence m ay m ake a second a tte m p t. If an  all trunks busy is encountered  on 
the second a ttem p t, a num eral from  1 to  9 in the  second place determ ines 
th a t  a  th ird  a tte m p t m ay be m ade while the  num era l 0  determ ines th a t  the 
call drops ou t. T h is process is repeated  for each p lace of each num ber in 
the  th ird  set of 1,000 random  num bers un til the  num era l 0 appears. T he 
num ber of consecutive places show ing only  num erals from  1 to  9, ind icates 
the to ta l num ber of a tte m p ts  th a t  a  p a rticu la r  call m igh t m ake before it 
drops ou t. T h u s for a p a rticu la r num ber th e  num erals m igh t be 4720. 
In  th is  case, th ree subsequent a tte m p ts  can be m ade. A nother num ber 
m ight be 834650. In  th is case, five subsequent a tte m p ts  can be m ade.
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T h e effect of using num erals in th is  w ay is th a t  90%  of th e  calls encountering  
all trunks busies appear as subsequen t a ttem p ts .

T h e  num eral in th e  first place of each of the  th ird  se t of random  num bers 
was used to  establish  the tim e in te rv a l for resubm itting  each call. T h e  tim e 
in tervals  were developed from  the  d a ta  on Fig. 4 b y  div id ing th e  vertical 
scale in to  10%  bands. T h e  tim e in te rv a l corresponding to  the  m idpo in t of 
each b an d  was used as applicable to  the  10%  of th e  calls th a t  fell w ith in  th a t  
band . T h e  m idpo in t values, the  corresponding tim e in tervals, and  the 
random  num erals used are as follows:

T a b l e  N o. IV

M idpoin t V alues of the 
10% B ands of figure 4

Corresponding Tim e 
In te rv a ls  in  Seconds

E q u iv a len t H undred- 
T housand th  P a r t  

of an  H our
A ssignm ent of R andom  

N um erals

a b i  =  1 t  .036 d

95 25 700 9
85 46 1,300 8
75 67 1,900 7
65 93 2,600 6
55 132 3,700 5
45 195 5,400 4
35 320 8,900 3
25 665 18,500 2
15 2,250 62,500 1
5 Infinite Call drops ou t 0

B ased on the  resu lts  ind icated  by  T ab le  I I I ,  th a t  subscribers tend  to  m ake 
repe titious a tte m p ts  a t  a uniform  pace or tem po, th e  tim e in te rv a l de­
te rm ined  by  th e  num eral in the  first place of a  p a rticu la r  num ber of the  
th ird  set of random  num bers was repeated  each tim e th a t  a  p a rticu la r call 
w as resubm itted .

T h e  resu lts of the s tu d y  of sim ulated  traffic are as follows:

T a b l e  V

T runks
P rov ided

A tte m p ts  
(Calls Offered 

P lu s  All 
S ubsequent 
A ttem p ts)

O verflows (Calls 
E ncoun tering  

A ll T runks  
Busies)

R atio s  of 
Overflows to  

A tte m p ts
Calls

H andled
C alls

A bandoned
A pprox .

CCS
H andled

a b c d = c-r- b t  =  6 — c /  =  1000 -  e S =  .150«

5 1,658 720 .4343 938 62 141
6 1,287 319 .2479 968 32 145
7 1,147 155 . 1351 992 8 149
8 1,071 75 .0700 996 4 149
9 1,027 28 .0273 999 1 150

10 1,011 12 .0119 999 1 150
11 1,005 0 .0050 1,000 0 150
12 1,000 0 .0000 1,000 0 150
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T he ratios of overflows to  a tte m p ts  com pared w ith theoretical resu lts for 
the Poisson an d  E rlang  B form ulae for 153 CCS of offered traffic are as 
follows:

T a b l e  VX

Trunks Provided
Study of Simulated 

Traffic: Ratios of Over­
flows to Attempts

Theoretical Results

Erlang B: Ratio of Calls 
Lost to Calls Offered

Poisson: Ratio of Calls 
Delayed to Calls Offered

5 .4343 .2139 .4037
6 .2479 .1293 .2414
7 .1351 .0715 .1288
8 .0700 .0359 .0617
9 .0273 .0163 .0268

10 .0119 .0068 .0106
11 .0050 .0026 .0038
12 .0000 .0009 .0013

T he ra tio s of overflows to  a tte m p ts  are  ap p a ren tly  very  close to  the 
Poisson results. N o fu rth e r conclusion should be d raw n  from  th is, a t  th is  
time, w ith o u t fu rth e r study .

S u m m a r y

D a ta  concerning the  d ialing  behavior of subscribers who encoun ter busies 
have been ob ta ined  for N ew  Y ork  C ity  subscribers. These d a ta  ind icate  
q u an tita tiv e ly : (1) how soon afte r ob ta in ing  a busy, a  subscriber redials his 
call; (2) w h a t percentage of subscribers m ake subsequen t a tte m p ts ; and 
(3) the  p a tte rn  of tim e in tervals  betw een successive subsequen t a ttem p ts . 
These d a ta  ap p ear to  have d irec t app lication  in th e  developm ent of tru n k  
capacity  tab les for tru n k s hand ling  subscriber-d ialed  traffic w hen tru n k  
shortages occur.
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Spectra of Quantized Signals

By W. R. BENNETT

1. D is c u s s io n  o f  P r o b l e m  a n d  R e s u l t s  P r e s e n t e d

SIG N A LS w hich are quan tized  b o th  in  tim e of occurrence an d  in  m agn i­
tude  are in fact qu ite  old in  the com m unications a r t. P rin tin g  tele­

g raph  is an  o u ts tan d in g  exam ple. H ere, tim e is d iv ided in to  equal divisions, 
a n d  the  num ber of m agn itudes to  be d istinguished ' in an y  one in te rv a l is 
usually  no m ore th a n  two, corresponding to  the  closed or open positions of a 
sending sw itch. I t  is only  in  recen t years, however, th a t  the  developm ent 
of high speed electronic devices has progressed sufficiently to  enable q u an ­
tizing techniques to be applied  to  rap id ly  changing signals such as p ro ­
duced by  speech, m usic, o r television. Q uantizing of tim e, or tim e division, 
has found applica tion  as a  m eans of m ultip lexing telephone channels .1 
T h e m ethod  consists of connecting the  d ifferent channels to the  line in  se­
quence by  fast m oving sw itches synchronized a t  the tran sm ittin g  an d  re­
ceiving ends. In  th is w ay  a transm ission m edium  capable of handling  a 
m uch w ider b an d  of frequencies th a n  requ ired  for one telephone channel can  
be used sim ultaneously  by  a group of channels w ith o u t m u tu a l interference. 
T h e  p lan  is the  sam e as th a t  used in m ultip lex  te legraphy . T h e  difference 
is th a t  o rd inary  ro ta tin g  m achinery  suffices a t  th e  re la tive ly  low speeds em ­
ployed by  the  la tte r, while the  high speeds needed for tim e division m u lti­
plex telephony can be realized only  by  p rac tica lly  inertialess electron 
stream s. Also the  w id ths of frequency b an d  required  for m ultip lex  tele­
phony  are enorm ously g rea ter th a n  needed for th e  te legraph, an d  in  fac t 
have becom e technically  feasible only w ith  the  developm ent of w ide-band 
radio  an d  cable transm ission  system s. As far as an y  one channel is con­
cerned the resu lt is the  sam e as in te legraphy , nam ely th a t  signals are  re­
ceived a t  discrete or quan tized  tim es. In  the  lim iting case w hen m any  
channels are sen t the speech vo ltage from  one channel is p rac tica lly  con­
s ta n t  during the  brief sw itch closure and,, in  effect, we can send only one m ag­
n itude for each con tac t o r q u an tu m  of tim e. T h e  m ore fam iliar w ord 
“ sam pling” will be used here in terchangeably  w ith  th e  ra th e r  form idable 
te rm  “ quantizing  of tim e” .

Q uantizing the m agn itude of speech signals is a  fairly  recen t innovation . 
H ere  we do n o t perm it a  selection from  a  continuous range of m agn itudes 
b u t only certa in  d iscrete ones. T h is m eans th a t  th e  orig inal speech signal
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is to  be replaced b y  a  w ave construc ted  of quan tized  values selected on a 
m inim um  error basis from  th e  discrete se t available. C learly  if we assign 
the q u an tu m  values w ith  sufficiently close spacing we m ay m ake the quan ­
tized w ave ind istinguishable b y  the  ear from  the  original. T h e  purpose of 
q uan tiza tion  of m agn itudes is to  suppress the  effects of in terference in  the  
transm ission m edium . By th e  use of precise receiving in strum en ts  we can 
restore the  received q u a n ta  w ith o u t an y  effect from  superposed in terference 
provided  the  in terference does no t exceed half th e  difference betw een a d ­
jacen t steps.

B y com bining q u an tiza tio n  of m agn itude an d  tim e, we m ake i t  possible 
to code the  speech signals, since transm ission  now consists of sending one of 
à  d iscrete s e t of m agnitudes for each d is tin c t tim e in te rv a l .2 •3’4 :5-6 ’7 T he 
m axim um  ad v an tag e  over interference is ob ta ined  b y  expressing each dis­
crete signal m agn itude in  b in a ry  n o ta tio n  in  w hich th e  only sym bols used 
are 0 an d  1. T h e  num ber w hich is w ritten  as 4 in  decim al n o ta tio n  is then  
represen ted  by 100, 8 b y  1000, 16 by  10,000; etc. In  general, if we have N  
d igit positions in  th e  b in a ry  system , we can co n stru c t 2-Y different num bers. 
If we need no m ore th a n  2N d ifferent d iscre te  m agn itudes for speech tran s­
mission, com plete in form ation  can be sen t by  a sequence of N  on-or-off 
pulses during each sam pling in terval. A ctua lly  a  to ta l of 2-v! different 
coding p lans (sets of one-to-one correspondences betw een signal m agnitudes 
and  on-or-off sequences) is possible. T h e  stra igh tfo rw ard  b in a ry  num ber 
system  is taken  as a  rep resen ta tive  exam ple convenient for e ither theoretical 
discussion or p rac tica l in stru m en ta tio n . W e assum e th a t  absence of a pulse 
represents the  sym bol 0  an d  presence of a pu lse rep resen ts th e  sym bol 1 . 
T he receiver then  need only d istinguish  betw een two conditions: no tran s­
m itted  signal an d  full s tren g th  tran sm itted  signal. B y spacing the  re­
peaters a t  in te rvals such th a t  interference does n o t reach half th e  full 
s treng th  signal a t  the  receiver, we can  tran sm it th e  signal an  indefinitely 
great d istance w ith o u t an y  increm ent in  d isto rtion  over th a t  originally 
in troduced  b y  the quan tizing  itself. T h e  la tte r  can be m ade negligible by  
using a sufficient num ber of steps.

To determ ine the  num ber of quan tized  steps requ ired  to  tran sm it specific 
signals, we require  a know ledge of the  re la tion  betw een  d is to rtion  an d  step  
size. T h is  problem  is the  sub ject of the  p resen t paper.*  W e divide the  
problem  in to  two p a r ts : (1) quan tizing  the m agn itude only and  (2) com bined 
quantizing of m agn itude an d  tim e. T h e  first p a r t  can  be trea ted  by  a  sim ple 
m odel: th e  “ sta ircase tran sd u cer” , which is a  device hav ing  the  in s ta n ta n e ­
ous o u p u t vs. in p u t curve shown b y  Fig. 1. Signals im pressed on  th e  sta ir-

* O ther features of the quantizing and coding theory are discussed in forthcoming 
papers by Messrs. C. E . Shannon, J .  R . Pierce, and B. M . Oliver.
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case transducer are  so rted  in to  vo ltage slices (the  tread s of the  staircase), 
and  all signals w ith in  p lus or m inus half a step  of the m idvalue of a  slice are 
replaced in  th e  o u tp u t by  th e  m idvalue. T h e  corresponding o u tp u t w hen 
the  in p u t is a  sm oothly  vary ing  function  of tim e is illu stra ted  in  Fig. 2. 
T h e  o u tp u t rem ains co n stan t while the  in p u t signal rem ains w ith in  the  
boundaries of a tread  an d  changes ab ru p tly  b y  one full step  w hen the  signal 
crosses the boundary . I t  is n o t w ith in  the  scope of th e  p resen t p ap e r to 
discuss the  in te rna l m echanism  of a sta ircase transducer, w hich m ay  have 
m an y  different physical em bodim ents. W e are concerned ra th e r  w ith  the 
d isto rtion  produced  b y  such a  device w hen opera ting  perfectly .

E 0 x
4
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O>
1-D
CLh-3o

- 4
xEq

_ i_

En x- _± n 1  ^  L ï v cp ° 2  2 2 2 2 °
5 3

' 2  ~  2 2
IN PU T  VO LT A G E, E,

Fig. 1—Quantizing characteristic

T h e d isto rtion  or error consists of the  difference betw een the in p u t and  
o u tp u t signals. T h e  m axim um  instan taneous value of d isto rtion  is half of 
one step , an d  the to ta l range of varia tio n  is from  m inus half a  step  to  p lus 
half a step . T h e  error as a  function  of in p u t signal vo ltage is p lo tted  in 
F ig. 3 an d  a  typ ical v a ria tio n  w ith  tim e is ind icated  in  Fig. 2. I f  there is a 
large num ber of sm all steps, the  error signal resem bles a  series of s tra ig h t 
lines w ith  vary ing  slopes, b u t nearly  alw ays extending over th e  vertical 
in te rva l betw een m inus an d  p lus half a step . T h e  exceptional cases occur 
when the  signal goes th rough  a m axim um  or m inim um  w ith in  a step . T h e  
lim iting  condition  of closely spaced steps enables us to  derive q u ite  sim ply
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an approx im ate value for th e  m ean square error, which will la te r be show n to 
be sufficiently accurate  in  m ost cases of p rac tica l im portance. T h is  ap ­
proxim ation consists of calculating  th e  m ean  square value of a s tra ig h t line 
going from  m inus half a  step  to  p lus half a step  w ith  a rb itra ry  slope. If

T IM E

Fig- 2— A quantized signal wave and the corresponding error wave.
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Fig. 3—C haracteristic of the errors in quantizing.

E o is the  vo ltage corresponding to  one step , an d  s  is the  slope, the equation  
of the typ ica l line is:

, Eą Eo
“ ■ ~ T s <2s (1.0)

where « is the  error vo ltage an d  t is the  tim e referred  to  the  m idpo in t as 
origin. T hen  the  m ean square  error is

,(, , )
-C'O V— E o /2 a

or one tw elfth  the  square  of the  step  size.
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N o t all the d isto rtion  falls w ith in  the signal band . T h e  d isto rtion  m ay  
be considered to  resu lt from  a  m odu la tion  process consisting of th e  app li­
cation  of th e  com ponent frequencies of the  original signal to  th e  non-linear 
sta ircase characteristic . H igh  order m odu la tion  p ro d u c ts  m ay  h av e  fre­
quencies qu ite  rem ote from  those in  th e  original signal an d  these can  be ex­
cluded by  a filter passing only th e  signal band . I t  becomes of im portance, 
therefore, to  calculate the spectrum  of the error wave. T h is we shall do in 
th e  nex t section for a generalized signal using the  m ethod  of correlation , 
which is based on the fac t th a t  the  pow er spectrum  of a  w ave is the F ourier 
cosine transfo rm  of th e  correlation  function . T h e  resu lt is th en  applied  to a 
p a rticu la r  k ind  of signal, nam ely one hav ing  energy uniform ly d is trib u ted  
th ro u g h o u t a  definite frequency b and  an d  w ith  th e  phases of th e  com ponents 
random ly  d istribu ted . T h is is a pa rticu la rly  convenient type of signal 
because it  in  effect averages over a  large num ber of possible d iscre te fre­
quency com ponents w ith in  the band . Single or double-frequency signal 
waves are  aw kw ard for ana ly tica l purposes because of th e  ragged n a tu re  of 
the  spec tra  produced. T h e  am plitudes of p a rticu la r  harm onics or cross- 
p ro d u cts  of discrete frequency com ponents are found to  oscillate v io len tly  
w ith  m ag n itu d e  of in p u t. T h e  use of a  large num ber of in p u t com ponents 
sm ooths o u t th e  irregularities.

T h e  ty p e  of spec tra  ob ta ined  is show n in  F ig. 4. A n tic ipating  b inary  
coding, we have show n resu lts in  term s of the num ber of b ina ry  d ig its used. 
T h e  num ber of d ifferent m agn itudes availab le  a re  16, 32, 64, 128, an d  256 
for N  =  4, 5, 6 , 7 an d  8 d igits, respectively. H ere  a  w ord of explanation  is 
needed w ith  respect to  th e  placing of th e  scale of quan tized  voltages. A 
signal w ith  a  continuous d is trib u tio n  of com ponents along th e  frequency 
scale is theoretically  capable of assum ing indefinitely  g rea t values of in stan ­
taneous vo ltage a t  in frequen t in s tan ts  of tim e. A n ac tu a l quan tizer (sta ir­
case transducer) has a finite overload value w hich m u st n o t be exceeded an d  
hence can  h av e  only  a  finite num ber of steps. T h is  difficulty is resolved 
here b y  th e  experim entally  observed fac t th a t  therm al noise, which has the  
type of spectrum  we have assum ed for our signal, has never been observed 
to  exceed appreciably  a  vo ltage four tim es its  root-m ean-square value. 
Flence we have placed th e  roo t-m ean-square value of the  in p u t signal a t  
one-fourth  the  overload in p u t to  the  staircase. T h is  fixes the rela tion  be­
tw een step  size an d  th e  to ta l num ber of steps. In  the  ac tu a l calculation  
the  num ber of steps is tak en  as infinite; th e  effect of the  assum ed additional 
steps beyond  2-v is negligible because of th e  ra r ity  of excursion in to  th is range.

T h e  curves of Fig. 4 a re  draw n for the  case in  which the signal b and  s ta rts  
a t  zero frequency. T h e  original signal b an d  w id th  is rep resen ted  b y  one 
u n it on  th e  horizon tal scale. T h e  re la tive ly  wide sp read  of th e  d isto rtion  
spectrum  is clearly  show n. As th e  num ber of dig its (or steps) is increased
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FREQ U EN CY /  S IG N A L  BAND  WIDTH

Fig. 4—Spectrum  of distortion from quantizing the magnitudes of a random  noise 
wave. Full load on the quantizer is reached by peaks 12 db above the r.m.s. value of 
input.
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the  spectrum  becom es fla tte r  over a  w ider range, b u t  w ith  a  sm aller m axi­
m um  density . T h e  area  under each curve represen ts th e  to ta l m ean power 
in  the  corresponding error w ave an d  is found to agree qu ite  accurate ly  
w ith  the  approxim ate resu lt of E q . (1.1). T h e  d isto rtion  pow er falling in 
the  signal b an d  is rep resen ted  by  the  area  included under th e  curve from  
zero to u n it abscissa.

Q uantizing  the  m agn itude only is n o t a technically  a t tra c tiv e  m ethod  of 
transm ission because of th e  w ide frequency b an d  requ ired  to p reserve th e  
d iscre te values of the  q u an ta . T h u s  in  a  128-step system , a  fu ll load sinus­
o idal signal passes th rough  64 different steps each  q u a rte r  cycle an d  hence 
would require tran sm ittin g  256 successively d ifferent m agn itudes during  
each period of th e  signal frequency. W e therefore consider the  second p rob ­
lem— th a t  of sam pling th e  quan tized  m agnitudes.
’T h e  theory  of periodic sam pling of signals is a  lim iting  case of com ­

m u ta to r  m odu la tion  theory  as previously  shown by  the  a u th o r .1 W e m ay 
th ink  of a  periodically  closed sw itch in series w ith  the  line an d  source as 
producing  a m u ltip lication  of the  signal b y  a sw itching function . T h e  
sw itching function  has a  fin ite value  during  th e  tim e of sw itch closure an d  is 
zero a t  o th e r tim es. I t  m ay  be expanded in  a  F ourier series contain ing a 
te rm  of zero frequency, the  rep e titio n  frequency of sw itch closure, an d  all 
harm onics of th e  la tte r . M ultip lica tion  of th e  signal b y  th e  F ou rie r series 
represen ting  the  co n s tan t com ponent of th e  sw itching function  gives a  te rm  
propo rtional to  th e  signal itself. M ultip lica tion  of the  signal by  th e  fu n d a­
m en ta l com ponent of the  sw itching function  gives up p er an d  lower side­
b ands on  th e  repetition  frequency. L ikew ise m u ltip lication  b y  the  h a r­
m onics gives sidebands on each harm onic. T h e  signal is separab le from  the 
sidebands on a  frequency basis if th e  signal b an d  does n o t overlap  th e  lower 
sideband  on th e  repe tition  frequency. T h is leads to  th e  condition  for no 
d is to rtion  in  tim e division: the  h ighest signal frequency  m u st be less th a n  
one-half the  rep e titio n  frequency.

T o app ly  th e  above theory  to in stan taneous sam pling we le t the  du ration  
of sw itch closure in one period approach  zero. W e then  approach  the  con­
d ition  of one signal value in  each period, so th a t  th e  rep e titio n  frequency 
now becom es th e  sam pling frequency. C learly  th e  sam pling frequency 
m ust slightly  exceed tw ice the  h ighest signal frequency. W e also no te  th a t 
as the  co n tac t tim e tends tow ard  zero, the  sw itching function  approaches a 
periodically  repeated  im pulse. T h e  im p o rta n t term s of th e  F ou rie r series 
represen ting  the  sw itching function  accordingly becom e a  se t of harm onics 
of equal am p litude w ith  a co n s tan t com ponent equal to  half the  am p litude 
of th e  typ ica l harm onic. On m u ltip lication  of th is  series by  th e  signal, we 
g e t a set of sidebands of equal am p litude  including th e  one corresponding to 
th e  orig inal signal itself, th e  sideband  on  zero frequency.



T hese resu lts m ay  be app lied  to  the  sta ircase transducer. T h e  o u tp u t 
m ay be resolved in to  th e  in p u t signal p lu s  th e  error. T h e  sam pling fre­
quency is assum ed to  exceed its  m in im um  requ ired  value of tw ice the  top 
signal frequency. T h e  com ponent of the  o u tp u t th a t  is equal to  the  origi­
nal signal can  therefore be sep ara ted  a t  th e  receiver b y  a  filter passing the  
original signal band . A  sim ilar s ta te m en t canno t be m ade for th e  error 
com ponent, for i t  has been found to  ex tend  over a  v as tly  g rea ter range th an  
th e  original signal. T o  ca lcu late  the  to ta l d isto rtion  received in  th e  signal 
band , we can m u ltip ly  the  d is to rtion  spectrum  b y  the  sw itching function  an d  
sum  up  all sideband  con tribu tions to  the  original signal band . E ach  har-

SPECTRA OF Q U A N TIZE D  S IG N A L S  453

Fig. 5—T otal distortion in signal band from quantizing and sampling a  random  noise 
wave. Full load on the  quantizer is 12 db above the r.m.s. value of input.

m onic of th e  sw itching function  m akes such con tribu tions b y  b ea tin g  w ith  
a  band  of the  error spectrum  above an d  below the  frequency of the h a r­
monic. T hese con tribu tions ad d  as pow er when the  sam pling frequency is 
independen t of the  ind iv idual frequencies con tained  in the signal. T he 
to ta l error pow er accepted  b y  the signal b an d  filter decreases as the  sam pling 
frequency is increased because each harm onic of th e  sam pling frequency  is 
thereby  pushed  upw ard  in to  a  less dense p o rtio n  of the  erro r spectrum . In  
the lim it as the  sam pling frequency is m ade indefinitely  large, we re tu rn  to  
the non-sam pled case, th a t  of th e  sta ircase transducer only.

F igure 5 shows th e  calcu la ted  curves of d is to rtion  in th e  signal b an d  
p lo tted  as a  function  of ra tio  of sam pling frequency to  signal b an d  w idth . 
T he curves have  dow nw ard slopes approaching  asym pto tes corresponding 
to th e  area  from  zero to  u n ity  under th e  corresponding curves of F ig. 4.
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T h e  in itia l p o in ts  a t  the  m in im um  sam pling ra te  a re  determ ined  on  th e  o ther 
h an d  b y  th e  to ta l area  under th e  curves of F ig. 4, since th e  accep ted  side­
bands on th e  harm onics in  th is  case exactly  fill o u t the  en tire  error spectrum . 
T hese in itia l p o in ts  a re  therefore given q u ite  accu rate ly  b y  E q . (1.1), which, 
as p o in ted  o u t before, is a  good approx im ation  for th e  to ta l areas. W e can 
also give a  d irec t dem onstra tion  of the  app licab ility  of E q . (1.1) to  th e  
in itia l p o in ts  of th e  curves of Fig. 5 b y  m eans of the  following theorem :

Theorem I .  T h e  m ean  square  value of th e  response of an  ideal low-pass 
filter to  a  tra in  of u n it im pulses m ultip lied  b y  in stan tan eo u s sam ples occur­
ring a t  double th e  cutoff frequency  is equal to  th e  m ean  square  value  of the  
sam ples prov ided  no harm onic of th e  sam pling frequency  is equal to  tw ice 
th e  frequency of one com ponent o r equal to  the  sum  o r difference of two 
com ponent frequencies of th e  sam pled  signal. P roof of the  theorem  is given 
in  A ppendix  I. T o  app ly  it  here we resolve th e  in p u t in to  tw o com ponents: 
th e  tru e  signal an d  the  error. T h e  form er is rep roduced  w ith  fidelity  in  th e  
o u tp u t because i t  con ta ins only  frequencies below half th e  sam pling ra te . 
T h e  erro r com ponent in th e  o u tp u t rep resen ts th e  response of th e  low-pass 
filter to  th e  erro r sam ples. E x cep t for v e ry  special types of signals, the  error 
sam ples are uniform ly d is trib u ted  th ro u g h o u t th e  range from  m inus half a 
step  to  p lus half a  step . C alcu lation  of th e  m ean  square  value  of such a 
d is trib u tio n  gives E q . (1.1).

W e have ta c itly  assum ed above th a t  th e  sam pled values applied  to  the 
filter in  th e  o u tp u t of the  system  are  infinitesim ally  narrow  pulses of heigh t 
p ropo rtional to  the  sam ples. I n  ac tu a l system s i t  is found  advan tageous to  
hold th e  sam pled values co n s tan t in  the  ind iv idual receiving channels u n til 
the  nex t sam ple is received. T h is m eans th a t  th e  in p u t to  th e  channel filter 
is a  succession of rec tangu la r pu lses of heigh ts p ropo rtiona l to  th e  sam ples. 
T h e  resu lting  m agn itude  of recovered signal is m uch  larger th a n  w ould  be 
ob ta ined  if very  sh o rt pulses of th e  sam e heigh ts w ere used; stre tch ing  the  
pulses in tim e produces in effect an  am plification. T h e  am plification  is 
ob ta ined , how ever, a t  the  expense of a  varia tio n  of channel transm ission  
w ith  signal frequency. In fin itesim ally  sh o rt pulses have  a fla t frequency 
spectrum , w hile pulses of finite d u ra tio n  do no t. T h e  frequency ch arac ter­
istic in troduced  b y  lengthening  th e  pulses is easily  calcu la ted  by  determ ining 
th e  s teady  s ta te  ad m ittan ce  function  of a  netw ork  w hich converts im pulses 
to  the ac tu a l pulses used. T h e  general form ula for th is ad m ittan ce  w hen a 
u n it im pulse in p u t is converted  in to  an  o u tp u t pulse g{l) is easily show n to

w here j s is the repe tition  frequency  an d  w is the  angu lar signal frequency.

be:

(1 .2)
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We shall call th is T heorem  I I  an d  give the  proof in  A ppendix I I .  T h is 
relation  is sim ilar to th a t  found  in  television an d  te lepho tography  for the  
“ap e rtu re  effect” , o r v a ria tio n  of transm ission  w ith  frequency caused b y  the  
finite size of the  scanning ap e rtu re . T h e  pu lse shape g{t) is analogous to  a 
varia tion  in  ap e rtu re  heigh t g(x), w here a; is d istance along the  line of scan­
ning. H ence i t  has becom e custom ary  to  use th e  te rm  “ ap e rtu re  effect”  in 
the theo ry  of restoring  signals from  sam ples. T h e  ap e rtu re  effect asso­
ciated w ith  rec tangu la r pulses lasting  from  one sam ple to the  nex t am oun ts 
to an  am plitude  reduction  of ir/2  o r 3.9 db a t  the  top  signal frequency (one 
half the sam pling ra te ) com pared  to  a  signal of zero frequency. T here  is 
also a  co n s tan t delay  in troduced  equal to  half th e  sam pling period. T h e  
la tte r  does n o t cause a n y  d is to rtion  an d  th e  am plitude  effect can  be corrected  
by p roperly  designed equalizing netw orks.

T he fac t th a t  m an y  pu lse spec tra  can  be sim ply expressed in  term s of a  
flat spectrum  associated  w ith  sharp  pulses an d  an  ap e rtu re  effect caused by  
the p a rticu la r shape of pulse used does n o t appear to  have  been recognized 
in the  recen t lite ra tu re , a lthough  app lica tions w ere m ade b y  N y q u is t in  a  
fundam ental p ap e r5 of 1928. P re m a tu re  in tro d u c tio n  of a specific finite 
pulse n o t only  com plicates the  work, b u t  also restric ts  the  generality  of the 
results.

D isto rtio n  caused by  quan tiz ing  errors produces m uch the  sam e so rt of 
effects as a n  independen t source of noise. T h e  reason for th is  is th a t  the  
spectrum  of th e  d is to rtion  in the  receiving filter o u tp u t is p rac tica lly  inde­
penden t of th a t  of the signal over a  w ide range of signal m agnitudes. E ven  
when the  signal is w eak so th a t  on ly  a few quan tizing  steps are opera ted , 
there is usua lly  enough residual noise on ac tua l system s to  determ ine the  
quantizing noise an d  m ask the rela tion  betw een it  an d  the  signal. E q . 
(1.1) yields a  sim ple ru le  enabling one to  estim ate  th e  m agn itude of the  
quantizing noise w ith  respect to  a  full load sine w ave te s t tone. L e t th e  full 
load te s t tone h av e  p eak  vo ltage E ;  its  m ean  square v a lue  is th en  E 2/ 2. 
T he to ta l range of th e  q u an tize r m u st be 2E  because the  te s t signal swings 
betw een — E  an d  + E .  T h e  ra tio  2 E / E 0 =  r is a  convenien t one to  use in  
specifying th e  quan tiz ing ; i t  is th e  ratio  of th e  to ta l vo ltage range  to  the  
range occupied b y  one step . T h e  ra tio  of m ean square  signal to m ean  square 
quantizing noise vo ltage is

-E V 2 _  J j p y  _  3_H 

£o /1 2  =  4 £ 2/ r 2 "  2

A ctual system s fail to reproduce the full b and  / , / 2  because of th e  finite 
frequency range needed for tran sitio n  from  pass-band  to  cutoff. If  we in­
troduce a fac to r k  to  rep resen t th e  ra tio  of equ ivalen t rec tangu la r noise b and
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t o / s/2 ,  the  ac tu a l received noise pow er is m ultip lied  by  k. T hen  the signal- 
to-noise ra tio  in db for a  full load te st tone is

3 2
D =  10 logio ^  db (1.4)

Lk

In  p rac tica l applications the  value of k  is a b o u t 3 /4  which gives th e  con­
ven ien t rule:

D  =  20 log1(> r  +  3 db (1.5)

In  o ther w ords, we ad d  3 db to  th e  ra tio  expressed in  db of peak-to-peak
quan tizing  range to  th e  range occupied by  one step . F or various num bers
of b in a ry  digits th e  values of D  are:

T a b l e  I

Number of Digits D

3 21
4 27
3 33
6 39
7 45
8 51

F rom  T ab le  I  we can  m ake a  qu ick estim ate  of the  num ber of d ig its re­
quired  for a  p a rticu la r  signal transm ission  system  prov ided  th a t  we have 
som e idea of th e  required  signal-to-noise ra tio  for a  full load te s t tone. T he 
la tte r  ra tio  m ay  be expressed in  te rm s of th e  full load te s t tone which the 
system  is required  to  handle and  th e  m axim um  perm issible unw eighted 
noise pow er a t  the  sam e level po in t. Since quantizing  noise is uniform ly 
d istribu ted  th ro u g h o u t the  signal band , its  in terfering  effect on speech or 
o th e r p rogram  m a te ria l is p robab ly  sim ilar to th a t  of therm al noise w ith  the 
sam e m ean  pow er. R equ irem en ts given in  term s of noise m eter readings 
m ust be corrected  b y  the  p roper w eighting fac to r before applying th e  table. 
I f  the  signal tran sm itte d  is itself a m ultip lex  signal w ith  channels a llo tted  
on a frequency division basis, the noise power falling in each channel is the 
sam e fraction  of th e  to ta l noise pow er as th e  b and  w id th  occupied by  the 
signal is of th e  to ta l band  w id th  of the  system .

W e have th u s far considered only th e  case in which the  quan tized  steps are 
equal. In  ac tua l system s designed for transm ission of speech it  is found ad ­
van tageous to  ta p er the  steps in such a  w ay th a t  finer divisions are available 
for w eak signals. F or a given num ber of to ta l s teps th is m eans th a t  coarser 
quan tiza tion  applies near th e  peaks of large signals, b u t the  larger absolute 
errors are to lerable here because they  are sm all rela tive to  th e  bigger signal 
values. T apered  quan tiz ing  is equ ivalen t to  inserting  com plem entary  non­
linear transducers in th e  signal b ranch  before an d  a fte r  the  quan tizer. In
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the usual case, the  transducer ahead  of th e  q uan tize r is of th e  "com pressing” 
type in  w hich th e  loss increases as th e  signal increases. If  the  full load sig­
nal ju s t covers all the  linear quan tiz ing  steps, a  w eak signal gets a  bigger 
share of the  steps th a n  it  w ould if th e  tran sd u cer w ere linear. T h e  tra n s ­
ducer a fte r the  quan tizer m u s t be of the  “ expand ing” ty p e  which gives de­
creased loss to  th e  large signals to  m ake th e  overall com bination  linear.

O n th e  basis of the  theory  so far discussed, we can say th a t  th e  erro r spec­
trum  o u t of the  linear q uan tize r is v ir tu a lly  the  sam e w hether or n o t the  sig­
nal in p u t is com pressed. T h e  opera tion  of the  expandor then  m agnifies the  
errors produced  w hen th e  signal is large. W hen w eak signals a re  applied, 
the m ean square  erro r is given by  E q . (1.1), as before, b u t w hen the  signal 
is increased an  increm ent in  noise occurs. T h e  m ean square value of noise 
voltage under load m ay  be com puted  from  the  p ro b ab ility  density  of the 
signal values an d  th e  o u tp u t-v s-in p u t characteristic  of the  expandor, or its 
inverse, the  com pressor. A first o rder approxim ation , valid  when th e  steps 
are n o t too fa r a p a r t, replaces (1.1) b y :

where Qi an d  Q-> a re  th e  m inim um  an d  m axim um  values of the  in p u t signal 
voltage E i , pi (E i ) is the  p ro b ab ility  density  function  of the  in p u t voltage, 
and F'{Ei)  is the  slope of F{Ej) ,  th e  com pression characteristic .

Some experim ental resu lts ob ta ined  w ith  a labo ra to ry  m odel of a q u an ­
tizer are given in F igs. 6-9 . Figs. 6-7 show m easurem ents on the  th ird  
harm onic associated  w ith  6-d ig it quan tizing . As m entioned  before, th e  
am plitude of an y  one harm onic oscillates w ith load. T h e  calcu lated  curves 
shown were ob ta ined  b y  stra igh tfo rw ard  F ourier analysis. In  th e  m easure­
m ents i t  w as convenient to  sp o t only  the  successive nulls an d  peaks.

In  Fig. 6  th e  b ias was se t to correspond to  th e  sta ir-case curve of Fig. 1, 
while in Fig. 7 th e  origin is m oved to  th e  p o in t (Eo/2, E 0/2 ) ,  i.e., to  the m id­
dle of a  riser instead  of a  tread . T h e  peaks of ra tio  of harm onic to  fu n d a­
m ental decrease stead ily  as the  am p litude of th e  signal is increased to  full 
load, w hich is ju s t  opposite to  the  usual behavior of a com m unication  sys­
tem. I t  is difficult to  ex trapo late  experience w ith  o th e r system s to  specify 
quality  in term s of th is  ty p e  of harm onic d isto rtion .

F igure 8 shows m easurem ents of th e  to ta l d isto rtion  pow er falling in  the  
signal b an d  w hen th e  signal is itself a flat b and  of the rm al noise. T h e  
technique of m aking  such m easurem ents has  been described in  earlier a r ­
ticles .9 ’10 M easurem ents are shown for quan tiz ing  w ith  b o th  equal and  
tapered  steps. T h e  p a rticu la r  ta p er used is ind icated  by  th e  expandor 
characteristic  of F ig. 9. T h e  com pression curve is found  b y  in terchanging

(1.6)
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horizon tal an d  v ertical scales. T h e  m easurem ents were m ade on a q u an ­
tizer w ith  32, 64, an d  128 steps, an d  a sam pling ra te  of 8,000 cycles p er sec-
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Fig. 7—Third  harmonic in 64-step quantized ou tp u t w ith bias a t  mid-riser. The 
smooth curves represent computed values.

ond. T h e  applied  signal w as confined to  a  range below 4,000 cycles p e r 
second. W ith  equal steps th e  d is to rtion  pow er is p rac tica lly  independen t 
of load as shown b y  th e  db-for-db s tra ig h t lines. W ith  tapered  steps, the  
d isto rtion  is less fo r w eak signals, and  only slightly  g rea te r for large signals.
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T he v ertica l line designated  “ full load random  noise in p u t” represen ts the 
value of noise signal pow er a t  which peaks begin  to  exceed th e  quantizing
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Fig. 8—T otal distortion in signal band from quantizing w ith equal and tapered steps.

Fig. 9— Expanding characteristic applied to noise in tapered steps of Fig. (8).

range. T h is  occurs when th e  rm s value of in p u t is 9 db  below  th e  rm s value 
of the sine w ave which fu lly  loads th e  quan tizer.
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F la tness of the  d isto rtion  spectrum  w ith  frequency  w ith in  the  signal b an d  
is dem onstra ted  b y  Fig. 10. Two k inds of in p u t were used here— a flat 
b an d  of therm al noise an d  a  set of 16 sine w aves w ith  frequencies d is trib u ted  
th ro u g h o u t the  band . R esu lts  in  the two cases were p rac tica lly  the  sam e. 
T h e  theore tical levels of d isto rtion  pow er for the  b an d  w id ths of the  m easur­
ing filters (95 cps) are shown b y  the  horizontal lines.

In  th e  experim ental resu lts  given here use has been m ade of labo ra to ry  
stud ies by  M essrs. A . E . Johanson , W . A. K lu te , an d  L. A. M eacham .
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Fig. 10—Spectral density of distortion in signal band from quantizing and sampling.
T he quantizing steps were equal and the quantizer was fully loaded by a random  noise
or 16-tonc input signal with mean power =  —2.5 dbm.

2 . T h e o r e t i c a l  A n a l y s i s

T h e  correla tion  theorem  discovered b y  N . W iener11 m ay  be s ta te d  as 
follows: L e t tpT rep resen t th e  average value  of the  p ro d u c t +  t ) ,
w here / ( / )  is th e  value  of a  variab le  such as cu rren t o r vo ltage a t  tim e t, 
a n d  / ( /  +  r )  is th e  value  a t  a  tim e r  seconds la te r. M a th em atica lly :

h  =  +  r)  =  L im  ~  [  l ( 0 l ( t  +  r) dl
T  — * o o  i  J O

(2 .0)

F rom  analogy w ith  s ta tis tica l theory , is called th e  correla tion  of I ( l)  
w ith  itself, or the  au tocorre la tion  function  of th e  signal. Since we shall n o t 
d ea l here w ith  the  correla tion  of two signals, we shall shorten  ou r te rm s and  
call î v sim ply the  correla tion  of / ( / ) .  L e t w / d f  rep resen t the  m ean  pow er in 
the  o u tp u t of an  ideal ban d p ass  filter of w id th  d f  cen tered  a t / .  W e assum e 
th a t  th e  ideal filter is designed to  w ork betw een resistances of one ohm  each 
an d  th a t  th e  in p u t signal / ( / )  is delivered  to  th e  filter from  a  source w ith  
in te rn a l resistance of one ohm . (T he use of u n it  resistances does n o t re ­
s tr ic t th e  generality  of th e  resu lts, since equ ivalen t transm ission perform ance
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of an y  linear electrical c ircu it is ob ta ined  by  m ultip ly ing  all im pedances by  
a  co n s tan t fac to r. A ll vo ltages are m ultip lied  an d  all cu rren ts  d iv ided by  
th e  sam e fac to r. B y  assum ing u n it values of resistance we are  able to  use

C O R R E L A T IO N  F U N C T IO N  O F  S IG N A L  =  tt 

Fig. 11— Correlation function of 7-digit quantizing errors.

squared  values of vo ltages an d  cu rren ts  to  rep resen t pow er.) T h e  theorem  
sta te s  th a t  w j  an d  \// are  re la ted  by  th e  equa tion :

IV/ — 4 / ipT cos 2t / t  dr  (2.1)
Jo

Proof m ay  b e  found  in  the  references cited . W hen  th e  signal con tains p eri­
odic com ponents, th e  in tegral in (2 .1) becom es d ivergen t in  the  o rd in ary  or 
R iem ann sense, b u t  th is difficulty m ay  b e  overcom e b y  e ither app ly ing  the 
theory  of d ivergen t in tegrals o r replacing R iem ann b y  S tieltjes in teg ration . 
W e shall n o t require these m odifications here because we shall base ou r an a ly ­
sis on signals w ith  a  continuous spectrum . W e no te  th a t  ÿo is the  m ean
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square  value  of th e  signal itself. W e also p o in t o u t th a t  th e  inversion for­
m u la  for th e  F ourier in teg ra l enables us to  express \[/T in  te rm s of w j  , th u s:

iPr =  f  w /  cos 2 irrf d j  (2 .2)
Jo

I t  also m ay  be show n th a t  the  ra tio  4/t/'I'o can n o t h av e  values ou tside the 
in te rv a l from  — 1 to  + 1.

T h e  correla tion  theorem  furnishes a  pow erful an a ly tica l tool for the 
solu tion  of m odu la tion  problem s because the  calcu lation  of the  average \pT 
is o ften  a  s tra igh tfo rw ard  process, while d irec t ca lcu lation  of w /  m ay  be a 
very  devious one. O nce i/v has  been ob ta ined , E q . (2.1) b rings the  h ighly 
developed theory  of F ou rie r in teg rals to  b ea r  on  th e  com p u ta tio n  of w / .

W e shall give the  deriva tion  of Wf for quan tiz ing  noise m ak ing  use of the 
co rrela tion  function . In  th e  analysis we shall app ly  a  num ber of o th e r 
needed theorem s w ith  ap p ro p ria te  references given for proof.

O ur first prob lem  is th a t  of calcu lating  th e  spectrum  of th e  o u tp u t of the 
sta ircase transducer, Fig. 1, w hen the  spectrum  of the in p u t signal is given. 
L e t Wf rep resen t th e  pow er spectrum  of th e  in p u t signal an d  tpT th e  a u to ­
correla tion  function . T h e  two q u an titie s  are  re la ted  b y  (2.1) an d  it  is 
sufficient to  express o u r resu lts in  term s of e ith e r one. If  th e  in stan taneous 
value of th e  in p u t signal is rep resen ted  b y  E\, an d  th a t  of the  o u tp u t by  
E i ,  th e  sta ircase function  m ay  b e  defined m athem atica lly  by :

„  2m  — 1 2 m  +  1 _
E i  — u tE o , ------ —  Eg <  E\  <  — - —  E o ,

2  2 (2.3)

VI — 0, d b l, ± 2 ,  • • •

T h e  erro r is the  difference betw een  Ei an d  Eg an d  m ay  be w ritte n  as

e(0  =  E i -  E ,  =  E i -  m E o , — 1 E 0 <  E x < E 0 (2.4)

T h e  error characteristic  is p lo tted  in  F ig. 3.
One app roach  depends on a  know ledge of the  p ro b ab ility  density  function  

p(Vi ,  V2) of the  variab les V\ =  Ex a t  tim e Z an d  V? = Eg a t  tim e I r . 
T h e  definition of th is function  is th a t  p(Vx, Vg) d\'\dVg is the  p ro b ab ility  th a t  
Vi an d  Vg lie in  a  rec tang le  of dim ensions dVx an d  dVg cen tered  on  the  
p o in t Vi, Vg of the  I'h l'V p lane. T h e  function  p(Vi,Vg) has been calcu lated  
for certa in  types of signals an d  in  theory  could be com puted  for an y  signal 
by  s ta n d a rd  m ethods. If  i t  is assum ed know n, we m ay  determ ine the



correlation  function  of th e  erro r. L e t

F{V\, Vg) = «(*)«(/ +  r) =  {Vi -  mEo)(Vg -  nEo),

~ ~ Y ~  Eo <  V i  <  E 0 , 2U- ~ ~  E 0 <  Vg <  2̂ ± 1  E g , (2.5)

in, n  — 0 , =b 1 , ± 2 , ■ • ■

Eq. (2.5) defines F (F i ,  Vg) as a  definite co n stan t value in  each square of 
w idth  Eo in the  V\ Fa-plane. B y  elem en tary  s ta tis tica l theory , th e  correla­
tion function  f r of the erro r w ave is now

/ cc /% oo

F(Vi , Vt)p{TT , Vt) dVi dVg (2.6)
■ 00 00

T he correlation  m ay  therefore be calcu lated  since F an d  p are know n 
functions. T h e  pow er spectrum  9./ of the error w ave is then  equal to  the 
righ t-hand  m em ber of (2 . 1) w ith  £r su b stitu te d  for p T •

W e are in te rested  in  the  case in  w hich th e  signal vo ltage has a sm oothly 
varying spectrum  over a specified band . T h is  is a  p ro p e rty  of a  random  
noise function  w hich has  a  norm al d is trib u tio n  of in stan taneous voltages. 
The tw o-dim ensional p ro b ab ility  density  function  of such a w ave is know n12. 

I t  is
>o(Ff +  V\) -  2pr Vi Vg'
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(2.7)
2(^5 -  PI)

By inserting  th is  value an d  th a t  of F { V x, Vg) from  (2.5) in (2.6), m aking  the 
change of variab le :

Fi — viEo = Eox/2\

Vg — nEo =  E0y/2) 
and adopting  the  no ta tion ,

k =  E o /Po, a  =  p T/Po, G(a)  =  £,/po, (2.9)

we ob ta in  the  following in tegral determ in ing  £T ,

(2.8)

k2
G(a)  =

oza-qc -

f 1 i 1 1Ti  ̂ — k(x +  y — 2axy) ^ j
• L  L xyI1{x’ y) exp — 8(1 -  o2)— dx dy

3 2 tt( 1 -  a 2) 1/2
2 , 2 (2.10)

H { x , y ) =  J 2  1L
m=n—oo n = —c

— k \ i .
' CXP " 2 (1  -  a 2)

— k\m  +  m (x  — ay)  +  n  +  n ( y  — ax)  — 2 ctmn]



T h e pow er density  spectrum  of the errors is, from  (2.1),

f y  ~  ^  [  & cos 2t/ t d r  
Jo

=  4^o [  G (a ) cos 2tt/ t d r  (2.12)
Jo

I f  th e  signal b an d  is fla t from  /  =  0 to  /  =  Jo, w ith  no energy ou tside th is 
band ,

1 f /0 o /  u  sin W 0 T (1 1a  = -  / cos 2 tttJ  d f  =  /  (2.13)
Jo Jo 2irf0T

L ettin g  7  =  f / fo ,

i i o ( T )  =  =  -  f C cos yz  dz, (2.14)
Y o  tc Jo \  z  /

T o com plete the calculation , we m u st eva lua te  th e  in teg ral (2.10). T he
first step  is to transform  th e  double sum m ation  (2 .11) in to  p ro d u cts  of single
sum s b y  th e  change of indices:

(
_  in' +  n \

>U 2

, I (2-15)
m  — n

n  =

T h e  rea rrangem en t is perm issible because th e  double series is absolutely  
convergent. T h e  new indices m '  an d  n '  also run  from  m inus to  p lus infinity, 
b u t  m u st be e ither b o th  even or b o th  odd  because m '  ±  n '  is even. On 
dropping  th e  prim es a fte r th e  su b s titu tio n  is com pleted, we find

Tj/ s Y ' — k[2m(x  +  y)  +  4m2] -<p
H \x ,  y)  — JL  exp  A   2-,

m—  CO 471 -f- a)  B—  to

r ..n ~ k [ 2 n ( x  -  y)  +  A n\
P 4(1 -  a )  +

(2.16)
• exp ~~ k{{2ni -(- l ) ( x  4 * y)  +  (2m +  1) ] y '

464 B ELL S Y S T E M  TECH NICAL JO U RN AL

• exp

4(1 +  a)

- I‘[2 n -\- l ) ( . f  — y)  -f- (2n  1) “
4(1 — a)

A fu rth e r sim plification resu lts from  a  change of the variab les of in teg ration  
to  elim inate th e  te rm s in xy.  T h is is done by  se tting
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By calculating  the  Jacob ian  of the  transfo rm ation , we find d x  dy  =  2 du dv. 
T he region of in teg ra tion  in  the  «w-plane is a rhom bus bounded  by the  lines 
u  ±  v =  ± 1 .  W e then  have:

If we su b s titu te  u  =  — x  in th e  first double in tegral, m  = — in' in  the first 
series, an d  m  =  — m ' — 1 in  th e  th ird  series, we see th a t  th e  tw o double 
integrals a re  equal. W e therefore drop the  first double in teg ral an d  m ultip ly  
the second b y  tw o. T h e  inner in teg ral m ay  th en  be sp lit in to  p a r ts  w ith 
lim its from  v =  0  to v =  1 — u  an d  v — u  — 1 to  v =  0 . S u b stitu tin g  v = — y  
in the second p a r t  and  trea tin g  th e  series as before, we find th a t  the two p a r ts  
give equal con tribu tions, so th a t  th e  b rack eted  in teg ral term s becom e

applied to  th e  in teg rand .
T he series in  (2.18) m ay  be w ritten  as T h e ta  F unctions, an d  the  im aginary  

transfo rm ation  of Jaco b i th en  used as an  a id  in  reduction . W e m ay 
proceed in  a m ore d irec t m anner, however, b y  apply ing  Poisson’s Sum m ation  
F o rm ula :13

(2.19)

W e thereby  show th a t
oo

T . exp {— a m (x  +  2m)} =

(2.20)
00

5 3  exp [— a(2m  +  1) (*  +  2m  +  1)]

- m V /4a mirx  cos —— (2 .2 1 )
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W hen th e  series in  (2.18) of type  corresponding to  th e  le ft-hand  m em bers of
(2 .20) an d  (2 .21) are replaced b y  the  equ ivalen t rig h th an d  m em bers, positive 
exponents contain ing  the  squared  variab les of in teg ra tio n  are in troduced  
w hich cancel th e  negative exponents a lready  p resen t in  th e  in teg rand . T h e  
resu lting  in teg ra l m ay  be w ritte n :

G (a) =  j  f  du [  (u2 — +  ce, m)/i(1 — a, v)
4  J o Jo

+  yh(l +  a, i i ) /a ( l  ~  «j ®)] du, (2.22)

where
00 2 2

r ( \ i I o V* ~~m  T a Vl7rX OONf i{a ,  x)  =  1 +  2 ¿ -4  exp — ——  cos — -  (2.23)
tn-l ¿ k  2

CO 2 2
I t  \  < I « V  /  ~ m  ft a m ftX *,|\M a> x) -  l  +  2 2 ,  ( - )  exp — ——  cos -—  (2.24)

m_l ¿ k  I

T h e  in teg ra tio n s m ay  now be perform ed w ith o u t difficulty. T h e  com plete 
resu lt, w hich as we shall im m edia te ly  show is h a rd ly  ever necessary to  use 
in full is:

2 2\  ¿ 2 24»  7r ar (  . k A  1 /  4 « V \  . .
G{a)  =  — 2 ^  - ,  exp I -  7  ) sinA

X -  n - 1  II \  k  /

, * V V' / x 1 ~4(”‘ +  »V+  - ,  Ł ,  L ,  (m  ^  « ) 7 -1 --------y;-e x p  ------ —X“ m,.l n=al («Ï2 — W2) «
,1 / 2 2 x 2 7 00 00 ^

—  M  j7T CK k  V - '  X V 1. . — n  )tv a  k v - ' , , %
s m 4  1  , § (m *  ” > ( »  -  4 )> -  ( „  -

exp -  s in i  4l h i . . ~  -  <“  -  *’) ! / «  (2.25)

A n a lte rn a tiv e  deriva tion  of (2.25), subsequen tly  suggested  b y  M r. S. 0 .  
R ice, is based on th e  fac t th a t  e(t) as defined b y  (2.4) o r F ig. 3 is ap e rio d ic  
function  of Ei  which can  b e  expanded  in  a  F ourier series w ith  period  ¿Jo- 
S u b stitu tin g  th e  series in  (2.5) leads to  an  expression for e(t) e (t +  t )  as the 
p ro d u c t of tw o F ourier series. A fter proof th a t  i t  is perm issible to  w rite 
th is  p ro d u c t as a  double series an d  to  calcu late  the  average sum  as the  sum 
of the  averages of the  ind iv idual term s the  problem  is reduced  to  a  double 
series in  w hich th e  typ ica l term  is p ropo rtiona l to  the  average value of exp 
i ( u V  1 +  v V 2) w here u  an d  v a re  co n stan ts  depending on th e  position  of the 
te rm  in  th e  series. R ice has show n12 th a t  th e  average value of such a  te rm  
is exp [— (k2 +  vi)\po/2 — uv\pT], Sum m ation  of these te rm s leads again 
to  (2.25).
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F rom  th e  defining equa tion  (2.9) we no te  th a t  k  is a  sm all q u a n tity  when 
m ore th a n  a  v ery  few steps are used in th e  q uan tize r so th a t  exponentials 
w ith exponent contain ing  the  fac to r — \ / k  a re  very  sm all except when the 
factor is m ultip lied  by  a num ber near zero. I t  will be seen th a t  th is  can 
only h appen  in  th e  first series an d  th en  only  w hen a  approaches th e  value 
unity . W e recall th a t  a  lies in  th e  range — 1 to  + 1  and  i t  is a p p a re n t from  
(2.25) th a t  G(a)  is an  odd  function  of a. W e th u s need consider only  posi­
tive values of a  v ery  slightly  less th a n  u n ity . O nly the  com ponent of the 
sink w ith  positive exponent is th e n  significant, an d  we w rite  the  very  
accurate approxim ation  for G(a):

r (  \ ■ ^  V  * —4 »27r‘( l  — a)  , .G (a ) =  =-5  2-, - 2 e x p   ----------  (2.26)
Z7T" nel M k

A typ ica l curve of G-{a) vs. a  for a  fixed value  of k  is shown in  F ig. 11. T he 
rap id ity  w ith  w hich it falls aw ay a t  th e  left of th e  p o in t a  =  1 is such th a t  
the curve can only  be p lo tted  b y  g rea tly  expanding the  scale of a  in  th is 
region. T h e  physical significance of the  spike-shaped curve is th a t  G(a)  
is a m easure of the  correla tion  of the  errors as a  function  of the  correlation  
of the applied  signal. W hen the re  a re  m an y  steps the re  is v irtu a lly  no 
correlation betw een  errors in  successive sam ples except w hen there is com ­
plete correla tion  of successive signal values.

Use of th e  approx im ation  (2.26) enables us to  derive a  convenient form ula 
for th e  spectra l density  of the  errors in  a  fla t b an d  in p u t signal. Sub­
s titu tin g  (2.26) in  (2.14) we o b ta in :

0 .(7 )  >  - 3 Z - 2 f e x p  
7r3 n= i n 2 J o

■4n ir2 (  ̂  s in s. -  , cos yz  dz (2.27)
k \  z

The in teg rand  is negligible except w hen s is nea r zero, an d  in  th is  region we
m ay replace (sin z ) / z  b y  the  first two term s of its  pow er series expansion.
We then  find

n  t  n • k  V  1 r  ( ~ 2 n \ 2 i \  j
n °(7) =  ?  £  7» I  exp \ — y r - ) c o s t: :  *

_  „ (2.28)
k t /3k v  1 . (~3kA

2 TT3 y  2 t  ¿ 1  n 3 CXp \ 8 ; j 2 7t2 /  '

Only one se t of calcu lations from  th e  infinite series need be m ade since we 
m ay define a  function  of one variab le

7 3 ( s ) = Z ^ - \  (2.29)
,,=i n3

Then

*  2̂ 1/ 1 * ( S ’)  ■ (2'30>
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T h e curves of Fig. (4) were ob ta ined  in th is w ay. T h e  rela tion  betw een k 
an d  the num ber of d ig its N  is based on the  assum ption  of the  rm s value of 
signal reaching one-fourth  the  in stan tan eo u s overload  vo ltage of the  
quan tize r. Since zero signal vo ltage is in th e  m iddle of the  quan tizing  
range 2yE 0 , th e  overload signal m easured  from  zero is 2A_JEo- T h e  m ean 
square  signal in p u t is \p0 ■ T herefore

2*~1E 0 =  4 V f 0 (2.31)

or from (2.9)

k =  1 /4 ‘v~ 3 (2.32)

W e th u s  have ob ta ined  the  spectrum  of the  quan tiz ing  errors w ith o u t 
sam pling. T o app ly  our resu lts  to  th e  sam pling case we sum  up all con­
trib u tio n s from  each harm onic of the sam pling ra te  b ea tin g  w ith  th e  noise 
spectrum  from  quan tiz ing  only . T h e  resu lting  pow er spectrum  is given by  

00

A i  — « /  +  E  (« » / ,- /  +  «>./,+/), 0  <  /  <  f a/ 2 .  (2.3.3)
n _ l

If y  is th e  ra tio  of sam pling frequency  to  signal b an d  w id th  an d  A  o(y) is the 
ra tio  of quan tiz ing  pow er received in  th e  signal b an d  to  the  app lied  signal 
power,

oo

ylo(y) =  i2o(l) +  E  [Oo(«y +  1) +  «o(ny  -  1)]. (2.34)
n - l

T h is  is th e  equa tion  used in calcu lating  the  curves of Fig. (5).

A P P E N D IX  I

R e l a t i o n  B e t w e e n  M e a n  S q u a r e s  o f  S i g n a l  a n d  I t s  S a m p l e s

W e have a lready  show n th a t  the re  is a  un ique rela tionsh ip  betw een a 
signal occupying th e  b an d  of all frequencies less th a n  f c , an d  th e  sam pled 
values of the  signal tak en  a t  a ra te  f s =  2fc . I f  we a re  given th e  signal wave, 
we can  obviously determ ine th e  sam ples; and  if we are given th e  sam ples, 
we can  determ ine th e  signal w ave since i t  is the  response of an  ideal low-pass 
filter of cutoff frequency f c to  u n it im pulses m ultip lied  b y  th e  sam ples. If 
we app ly  sam ples of a  signal contain ing  com ponents of frequency  g reater 
t h a n / c , the  o u tp u t of th e  filter is a new signal w ith  frequencies confined to 
th e  b an d  from zero to  /„  an d  yield ing th e  sam e sam pled values as th e  original 
w ideband  signal.

W e now  consider th e  problem  of determ in ing  th e  m ean  square  value of the 
sam ples of an  a rb itra ry  function  f i t ) .  L e t th e  sam ples be tak en  a t  I =  
iiT, n =  0, ±  1, ±  2, • • ■ , w here T  =  1/2f c =  1 / /* .



W e m ay  w rite  an  expression for th e  squared  sam ples as a  lim it of the
product of the  squared  signal an d  a  periodic sw itching function  of infinitesi­
mal co n tac t tim e, th u s

/ 2(«/0) =  L i m / 2( / ) 5 ( r , /) ( I— 1)
T—.0

w here:
/ 1 , —r / 2  <  t <  r / 2  \

S ( r ,  I) =  (1- 2 )
\ 0 ,  t / 2  <  t <  T  -  r / 2 /

S ( t ,  1 +  T )  =  S (t, /), »  =  0, dfc 1, ±  2, ■ ■ • (1— 3)

B y stra igh tfo rw ard  F ourier series expansion:

S i r ,  0  =  s; +  E  2 sl---;-? T//r  cos 2m%f,t. ( I— 4)
i  m = .l  «?7T

The m ean square  value  of the  sam ples is the lim it of th e  average value of 
p S  taken  over the  co n tac t in te rv a ls  of d u ra tio n  r . T h e  average value of 
P S  taken  over all tim e, including the  b lank  in tervals, is in  the  lim it a fraction  
r / T  of the average over the  co n tac t in te rva ls  only. T herefore
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/  (nlo) =  L im  - p ( t ) S ( r ,  t)
t - o  r

=  L im  f ( l )  +  X ) - - - - - - - - - - -  f { l )  cos 2mirfs l (I— 5)
t —*0 m=1 1H-KT

=  7 ( 0  +  L im  E  2 r s i l U , ! n / r / «  cos 2W7r / ,h
r — 0 m _ l  » ¡ I T

Now the long tim e average value of p ( l )  cos 2»nrfJ_ m ust van ish  u n le s s /2(/) 
contains a  com ponent of frequency  m f , . T his could no t happen  except 
where/ ( / )  itself con tains a com ponent of frequency m fs/2  o r two com ponents 
/ i  and / 2 such th a t

I / i  ±  / 2 1 =  w/ 8 (I— 6 )

W hen no such rela tion  of dependency  exists:

f ( n t o )  =  f i t ) .  ( 1 - 7 )

As poin ted  o u t before i f / ( / )  con tains no frequencies above / c , the  response 
of the ideal low -pass filter to  the  sam ples is / ( / ) ,  an d  f(nlo)  rep resen ts the 
samples of f i t ) .  If  f ( t )  does con tain  frequencies ex ceed in g /,,, the  response of
the filter is 4i(/), w here 4>i0 is w holly confined to  the  b and  0 to  f c an d  yields
the sam e sam ples a s / ( / ) ,  i.e.,

4>i>ito) =  f i j i t o ) ,  n  -  0, ± 1 ,  ± 2 ,  • ■ • (I— 8)
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E q . (I— 7) applied  to  4>(t) gives the  resu lt:

Anto) = A D - ( 1 - 9 )

B y  com bining (I— 8) an d  (I— 9), we o b ta in

j \ n k )  =  A O -  (I— 10)

A P P E N D IX  I I

F u n d a m e n t a l  T h e o r e m  o n  A p e r t u r e  E f f e c t  i n  S a m p l i n g

If we sam ple the  w ave Q cos ql a t  a  ra te  f s , a n d  m u ltip ly  each sam ple by  
a sho rt rec tangu la r pu lse of u n it heigh t an d  d u ra tio n  r  cen tered  a t  the 
sam pling in stan ts , we ob ta in  b y  reference to E q . (1-4) replacing 2 t t / , by

F {ti) =  Q cos ql S ( t , t) =  ^  Q cos ql

q Y )  -in  i i i t t t  T  (Htoj _|_ q ) i -|_ c03 ( /;>ù)s _  ç)/]
m » l  VlTT

T h e  fac t th a t  pulse m odu la tion  is sim ilar to  the  m ore fam iliar carrier 
m odu la tion  processes is b ro u g h t o u t b y  th is equation ; th e  sam pling frequency 
is in fac t th e  carrier. T h e  w rite r has found th a t  th e  m eth o d  of calculation 
he published  in 1933,14 in which the  signal an d  carrier frequencies are taken 
as independen t variables, is ideally su ited  for calculations of pulse-m odulated  
spectra . A rtificial an d  cum bersom e devices such as assum ing the  signal 
an d  sam pling frequencies to  be harm onics of a  com m on frequency are thereby  
avoided.

A u n it im pulse 8(t) has zero d u ra tio n  an d  u n it  a rea ; hence we m ay  w rite: 

8(t) =  L irn . ( I I — 2)
r -* 0  X

A tra in  of sam ples in  which each sam ple is m ultip lied  b y  a u n it im pulse 
m ay  therefore be w ritten  as

T . Q cos ql8(l — tn) =  L im
T— 0

cos ql

CO . -  (n - 3)
_1_ - 4 n . ,;l 7rT ^  [c 0 3  ( W Us ql)  -) -  c o s  ( WCJs _  q)i]

1M TT

Suppose we app ly  the  tra in  of w aves ( I I -3 )  to  a  linear electrical netw ork 
w hich delivers the  response g(t) w hen th e  in p u t is a u n it im pulse 8(t). T he 
stead y  s ta te  ad m ittan ce  of the  netw ork  is given b y 10

To(fco) =  [  g(l)e-iut dt ( I I — 1)
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and the  response of the  netw ork  to  ( I I—3) is therefore:

1(0  =  j ,  I To(iq) I cos [ql +  ph Y 0(iq)] 

o  05
(| Yo(imoia -f- iq) | cos [(wiw, +  q)t ( I I — 5)

J- J/Jssal

+  ph Y 0(imo;s +  iq)] +  | Y 0(imwa — iq) | cos [(?««„ — q)t 

+  ph Y 0(imw$ — iq)]).

B u t 1(1) ev iden tly  rep resen ts a tra in  of pulses in w hich the pu lse occurring 
a t I — t iT  is equal to  th e  nth  sam ple m u ltip lied  b y  g(t — n T ) . W e have thus 
ob ta ined  th e  spectrum  of a se t of sam ples in  w hich the  pu lse represen ting  a 
un it sam ple is th e  generalized w ave form  g(t). F u rth e rm o re  if th e  signal 
frequency q is less th a n  o>s/ 2 , an  ideal low -pass filter w ith  cutoff a t  cos/ 2  
responds only to  th e  first com ponent of ( I I — 5).

T he “ ap e rtu re  effect” o r varia tio n  of transfer ad m ittan ce  w ith  signal 
frequency is thus given by

Y(iq)  =  ^  Y 0(iq) =  / .  Y 0(iq).  ( I I— 6)

This is T heorem  I I .  Since the  system  is linear w hen th e  signal frequency 
does no t exceed half the  sam pling frequency, the  princip le of superposition  
m ay be applied  to  com posite signals. In  th e  case of d is to rtion  from  q u an tiz ­
ing errors the  ap e rtu re  effect applies to  the error com ponent delivered b y  the  
low-pass o u tp u t filter. F or a n  im perfect low-pass filter in  the  o u tp u t we 
m ultip ly  th e  ap e rtu re  ad m ittan ce  function  b y  the  ac tu a l transfe r ad m ittan ce  
of the filter.

A theorem  equ iva len t to  the above has been derived b y  a different m ethod  
in a recen t pap e r10 published  a fte r com pletion of the  above w ork.
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Analysis and Perform ance of W aveguide-H ybrid Rings 
for M icrowaves

By H . T. BUDENBOM

This paper presents an analytical treatm ent of waveguide hybrid rings for 
microwaves, considered as re-entrant transmission lines. T he resulting lines 
are transform ed into equivalent “ T ” or “ lattice” network sections, and deter- 
m inantal m ethods are applied in analyzing these equivalent network assemblies 
for their transmission properties. Some experimental results obtained from a 
carefully constructed sample of each of two specific types are given. A satis­
factory agreem ent is obtained between the values predicted by theory and 
experimental results.

I n t r o d u c t i o n

T N  A recen t p ap e r1, M r. W . A. T y rre ll has described two general types of 
w aveguide or w aveguide/coaxial s truc tu res whose p roperties include 

bridge or nu ll balance characteristics analogous to  those of th e  hyb rid  coil 
common in voice-frequency com m unication  practice . One type, the  hy ­
brid  junction , is a  p a rticu la r  orthogonal junc tion  of four rec tangu lar w ave­
guides. C ertain  p roperties of th e  hyb rid  junc tion , no tab ly  its  im pedance 
characteristics, have been the  sub ject of a B ritish  publication2. T h e  presen t 
paper p resen ts a  m ethod  for detailed  analysis of th e  o ther general s truc­
ture described b y  T yrre ll, th e  h y b rid  ring. T h is la tte r  s tru c tu re  is essen­
tially an  an n u la r ring or annu lus of w aveguide, a t  p resen t usually  an  in­
tegral num ber of q u a rte r  w avelengths in circum ference, and  fitted  w ith an 
appropriate num ber of series o r sh u n t b ranch  taps. In  th is  article , phrases 
such as “q u a rte r  w aveleng th ,” etc., describing ta p  spacing or m ean annulus 
perim eter, refer to  w avelength  in  the guide, n o t to  free space w avelength.

T he m ethod  of analysis em ployed herein  is essentially  to  tre a t the  tapped  
annulus as a re -en tran t transm ission line. C ertain  circuit equivalences and  
quarte r w ave im pedance transfo rm ations were used b y  T yrre ll in  his paper 
to develop, w ith  th e  a id  of th e  reciprocity  theorem , m any  basic properties 
of hybrid  circles an d  hyb rid  junc tions. In  th e  p resen t pap e r “ T ” or “ la t­
tice” equivalen ts (neglecting dissipation) are  developed for each section of 
the annulus, an d  th e  m ethod  of determ inan ts is applied.

The hyb rid  junc tion  (known also as the  “m agic tee”) cam e in to  use in  the  
newer radars in  th e  la tte r  p a r t  of th e  w ar. One of its  uses, th a t  of provid ing

1 “H ybrid Circuits for M icrowaves,”  W. A. Tyrrell, Proc. I. R. E ., Novem ber 1947.
2 “The Theory and Experim ental Behaviour of R ight-Angled Junctions in Rectangular- 

Section W ave Guides,” I .  E . E . Jour., September 1946, p. 177.
473
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as o u tp u ts  th e  sum  an d  the  difference of two in p u t voltages*, is show n on 
Fig. 1. M atch ing  s tubs a t  th e  crossing, as ind icated , a re  requ ired  to  re­
duce stand ing  w aves to a  reasonable value. T h e  corresponding ty p e  of 
h y b rid  ring for p rov id ing  sum an d  difference o u tp u ts  is likewise shown, to-

O U T P U T  E |-E 2

Fig. 1—H ybrid  junction and hybrid circle or ring.

gether w ith  a  d iagram  dim ensioned in term s of w avelength . Since th e  p a th  
lengths from  each in p u t to th e  o u tp u t betw een them  are equal, th is  o u tp u t 
gives the ir sum ; the  p a th  lengths to  the rem aining o u tp u ts  differ by  one half 
w avelength, consequently  th is o u tp u t feeds ou t th e  difference of the two in-

* M ore exactly, of two input powers.
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puts. N o m atch ing  s tubs are required  to  achieve a fairly  good stand ing  
wave ra tio ; however, the  b an d w id th  over w hich the  ring operates differen­
tially is inheren tly  narrow er th a n  th a t  of the  junc tion . T h e  rings have con­
siderably higher pow er capacity .

T he use of hybrids, b o th  junc tions an d  circles, has been noted , as applied 
to bo th  duplexer an d  m ixer design3.

T here follows a  circu it analysis of hyb rid  rings, p rim arily  of the  series 
type. -The m ethod  used is to  consider the  annu lus as a  continuous line 
closed on itself. T he sections betw een series tap s are then  tre a te d  as being 
m ade up of in tegral single or m ultip le  q u a rte r  w ave line sections. E qu iv ­
alent T  or la ttice  sections are derived for 1, 2, 3, an d  4 quarter-w avelength  
sections, ignoring line dissipation . These equivalences are used to  draw  
equivalent m esh netw orks. T h e  m esh netw orks are then  solved by deter- 
m inantal m ethods. T o  s tu d y  some effects of frequency sh ift off the design 
center, w here th e  m ean periphery  of th e  ring  departs  from  an  exact in teg ral 
num ber of quarter-w avelengths, th e  increm ents in  th e  elem ent values for a 
quarter-w ave equ ivalen t T  section are calcu lated  an d  utilized. T h e  ex­
ample s tud ied  is a ring  of 1§ X m ean perim eter w ith  3 an d  4 taps.

T he general p rocedure neglects possible fringing effects a t  the junctions. 
I t  also neglects the  fact th a t  each tap  em braces a leng th  of ring which is dis­
tinctly m ore th a n  a  sm all fraction  of a  w avelength. N evertheless, the  re­
sults appear in  every  case to  give a  good first approxim ation. T h e  w riter is 
indebted to  M essrs. J . T . Caulfield an d  J .  F . P . M a rtin  for checking th e  cal­
culations.

T hroughout the  analysis represen ts guide im pedance an d  Z  represents 
annulus im pedance. I t  will be no ted  th a t  the  ana ly tica l m atch  condition 
listed is y / 2  Z  =  Zo for the 1 | X rings.

T he varia tion  of the  m ethod  necessary to  tre a t the case of sh u n t tap s is 
indicated.

I .  C i r c u i t  A n a l y s i s

T he rings stud ied  herein a re  of th e  series type. T h is  ty p e  is the  one which 
results when w aveguide is b en t in th e  I I  p lane, in to  a circle, an d  tap  connec­
tions are m ade to  the  b road  ou te r face. T h is type  of ring is used, for ex­
ample, in the  “ ra t race” plum bing.

Such rings m ay be considered on the  basis th a t  th e  annu lar slo t is a  tran s­
mission line, whose characteristic  im pedance will here be called Z  an d  propa-

3 E. G. Schneider, Proc. I. I(. E .,—August 1946, p. 528 e t seq.—see page 550 e t seq. 
and Figs. 40, 42 and  47.
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galion  co n stan t P.  T h e  transm ission  line is closed upon itself. Series con­
nections a re  m ade by  th e  w aveguide connections. T h e  w aveguide ou tle ts  
a re assum ed, b y  v ir tu e  of the ir leng ths a n d /o r  term inations, to  p rese n t wave-

Fig. 2a—Series type hybrid ring as re-en tran t transmission line.

Z  TAN H P I Z  T A N H P I

-A A V ■AAAr
+ j  Z  TAN ~  + j Z T A N Í | L

-A /V V - v w -

• S IN H  P I

W H IC H  F O R  A 
L O S S - F R E E  

L IN E  IS :
_z - j z

• j  S IN  B l ~ S IN  Bt

Fig. 2b—T  Network equivalent to a  line section.

°— w v  
+ jż

-AAA/— ° 
+ jź

’- j z

4- A

. 34
°— w v -  

- j ż
-AAA »

-J '2

>+j 2

LENGTH = 4

*  D E R IV E D  F R O M  E Q U IV A L E N T  L A T T IC E

Fig. 2c—N etworks equivalent to particular lengths of loss—free line.

* For I his case the T  becomes indeterm inate. However, the needed equivalence can be 
proved by using the equivalent lattice. If we call Z„ and Zt, the respective series and 
sh u n t arm s of the T, then the equivalent lattice has series arm s =  Z a and diagonal arms 
Za +  2 Zjt .

guide charac teris tic  im pedance to  th e  ring; th is  will herein  be called Zo- 
D iagram m atically , the  s itu a tio n  is as in Fig. 2a. In  th e  course of th e  fol­
lowing, the line sections will be replaced b y  equ ivalen t netw orks, assum ed 
non-dissipative.
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I I .  E q u i v a l e n t  L i n e  S e c t i o n s

T he first m ethod  following evaluates the  line sections betw een ou tle ts. 
The second views each line section as m ade up of the necessary num ber of 
quarter-w ave sections, each represen ted  by its equ ivalen t T.

Method 1—T h e equ ivalen t T  for a recu rren t s tru c tu re4 of constan ts Z  
(characteristic im pedance) an d  P  ( =  A  +  j B )  p ropagation  co n stan t per 
unit leng th  is as show n in Fig. 2b.

T here resu lt the equivalences sketched in Fig. 2c.
Once the  circu it is diagram m ed using th e  above equivalences, i t  can be 

reduced to sim pler form  by  successive com binations of Ts,  by  well know n 
formulae.

Method 2— D eterm inan ts. W e now consider the line to  be m ade up of the 
appropriate num ber of quarte r-w ave sections, w ith series taps. T h u s  we 
will have Fig. 3.

T he sh u n t im pedances are identical; call each F . T he series im pedances 
are m ade iden tical by  first assum ing a  ta p  a t  each quarte r-w ave ju n c tio n ;

Fig. 3—R e-en tran t line as succession of equivalent (quarter wave) T  networks and 
series taps.

call each series leg 5 . T hen  the  (skew sym m etrical) circuit determ inan t 
for the  case where N  =  10, (or a  2 \  w avelength ring) is

( 5 + 2 F )  - F  0 0 0 0 0 0 0 — F
- F  ( 5 + 2 F )  - F  0 0 0 0 0 0 0

0 - F  ( 5 + 2 F )  - F 0  0 0 0 0 0
0 0 - F  ( 5 + 2 F ) - F  0 0 0 0 0

7ho= 0 0 0 - F  ( 5 + 2 F )  - F  0 0 0 0 I I -
0 0 0 0 - F  ( 5 + 2 F )  - F  0 0 0 2.1
0 0 0 0 0 - F  ( 5 + 2 F )  - F  0 0
0 0 0 0 0 0 — F  ( 5 + 2 F )  - F  0
0 0 0 0 0 0 0 — F  ( 5 + 2 F ) - F

- F  0 0 0 0 0 0 0 - F  ( 5 + 2 F )

Now, for the  case of an  exact in teg ral num ber of q u a r te r  w avelengths 
around the ring, all F i_„ =  —j Z  and  all 5 i_ n =  Z-a +  2jZ ,  so all S  +  21  =  
Z  o.

1K. S. Johnson, “ Transmission Circuits for Telephone Communication ” Book 
published by D Van N ostrand Co., New York, N. Y.
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T h e d e te rm in an t then  becom es

D  to —

Zo +  j Z 0 0 0 0 0 0 0 +  j ż E¡
+ J Ź Z q + J Ż 0 0 0 0 0 0 0 E¡

0 +  j Z Zo +  j ż 0 0 0 0 0 0 E s
0 0 +  j ż Zo + j ż 0 0 0 0 0 E,
0 0 0 +  JZ Zo +  j ż 0 0 0 0 Eo
0 0 0 0 j ż Zo +  j ż 0 0 0 e 6
0 0 0 0 0 +  j ż Zo +  j ż 0 0 El
0 0 0 0 0 0 +  j ż Zo +  j ż 0 Es
0 0 0 0 0 0 0 +  j ż Zo +  j ż Eo

+  j ż 0 0 0 0 0 0 0 +  j Z Zo E\o

I I -
2.2

F or a  1|- X ring, n  =  6 an d  the  system  shrinks to

D6 =

Zo + j ż 0 0 0 + j z
+ j ż Zo + j ż 0 0 0

0 + j z Zo + j ż 0 0
0 0 + J Z Zo + j ż 0
0 0 u + j ż Zo + J Ż

+ J Z 0 0 0 + j z Zo

II— 2.3

F or the  s tu d y  of th e  effects occurring if we m ove off the  design center, 

we can m odify the individual Ts  to  a length  C =  ^  ±  . E ach series arm ,

assum ing no line d issipation , an d  N  large so A  «  X, is:

j Z  tan =  j Z  tan
'2tt /X  ^
2X \ 4  N N

,-p 1 ±  tan  7r /Y  
_  J J r= F  ta n  tt/ N

Sim ilarly, each sh u n t arm  is:

Z  Z

=  JX  ta n  [ j  

j Z ( l  ±  2-k/ N )  =  j Z {  1 ±  A)

I I — 2.4

J  Łin Y MA

- j ż

j  sin
2tt I  C X
\  U  Ñ

j  sin
7T 2ir
2 Ñ

I I — 2.5

sin j  cos

_  J Z J Z  - J Z  Ä _  «  /  A*\ ^  _
2 -  cos A 1 -  A2/ 2 J V 2 /  J

So the sh u n t a rm  is, to  a first approx im ation , n o t affected b y  a  sm all shift 
off design cen ter. O ur shun ts  Y  th u s rem ain  —j Z  and

S  +  2 Y  =  Z 9 +  2j Z  d= 2;A Z  -  2j Z  =  Z 0 ±  2jA Z .
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Therefore, d e term inan ts  I I — 2.2 an d  I I — 2.3 can be used by  m erely consider­
ing Z o +  j 2 k Z  as a  special value of Z 0.

As is well know n ,5'6 th e  cu rren t solutions are ob ta ined  by w riting  in an 
external colum n the  driv ing voltages, opposite the ir associated  meshes, 
as is done a t  the righ t of I I — 2.2. In  the  p resen t case the num ber of driv ing 
voltages is usually  one, never m ore th a n  tw o; so the colum n will be zeros, 
save for one (or two) m eshes. T h e  cu rren t in  an y  m esh is a fraction having 
D  as denom inator, an d  as num era to r the m inor form ed from  D  by  su b stitu t-

Fig. 4a— R e-entrant line with shunt taps.

Fig. 4b—R e-entrant line w ith shun t taps—T  networks as line equivalents.

Fig. 4c—Elem ent typical single shunt tapped section.

mg the e.rn.f. colum n in the  colum n corresponding to  th e  m esh w here the  
current is desired, i.e., colum n n  if I n is desired.

Since D  is com m on to all m esh cu rren t expressions, questions of rela tive 
power division betw een b ranches or of null balance can be hand led  by  
operations perfonned  en tirely  w ith  the  num era to r m inors.

Some slight ad v an tag e  in  eva lua ting  the  num era to r m inors is gained by 
proceeding w here possible so as to  m ake 1 1 o r J n the desired curren t.

5 E. A. Guillemin, “ Com munication Networks,”  Vols. I  and II . Books published by 
John \ \  ¡ley and Sons Inc., New York, N. Y.

6 E. Silberstein, “ Synopsis of Applicable M athem atics.”  Book published by  D. 
Van N ostrand Co., New York, N. Y.
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A lte rna tive ly , m eshes w here Z a =  (I can be chosen. A nother needed

q u a n tity  is driv ing p o in t im pedance. Since /„  = E  • dn 
D  ’

then \
Z d .p .

and Z Dp — y  . T he resulting  im pedance will include an  ex tra  Z0 , the
L) (In,
generator im pedance, to  w hich we m u st m atch .

I t  m ay  be of in te rest to  show how the  re e n tra n t transm ission line analysis 
can be extended to the  case of hyb rid  rings involving sh u n t taps. F or the 
re ite ra tiv e  sh u n t case we have the  conditions illu stra ted  in  Fig. 4a. W ith  
su b stitu tio n  of quarte r-w ave equivalences Fig. 4a becomes Fig. 4b. Clearly 
de term inan ts  analogous to I I — 2.1 e t seq. can  be w ritten  for th is  structu re . 
A lte rna tive ly  we can sp lit each Za in to  two parallel im pedances, each 2Z o, 
y ielding a typ ical sym m etrical section w hich can be reduced to  a sim ple 
T  or 7r b y  well know n transfo rm ation  m e th o d s1 as shown in Fig. 4c.

Fig. 5— V/ 2  X ring—3 arm —equivalent mesh circuit.

I I I .  D e t a il e d  A n a l y s is  o f  S p e c if ic  C a s e s  o f  S e r i e s  T y p e  R in g s

Case A .  1 \  X Ring— 3 A r m — .1 s Power Divider— Two W a y
T his is m ost sim ply  analyzed using equivalen ts from  M ethod  1. T he

equ ivalen t c ircu it is show n in  Fig. 5. I t  is im m ediately  clear th a t:

a. Pow er fed in  a t  S  will d iv ide equally  betw een E i  an d  £ 2 .
b. A lthough E x and  E« are  in p roper w avelength  relationship  for isolation

relative to each other, they  are effectively in  series and  the re  will 
no t be cancellation. T h e  p a rticu la r  w avelength  spacing is thus a 
necessary b u t no t sufficient condition.

c. W ith  a voltage E  a t  (5 ) we will have

E  =  h Z o  -  I s( - 2 j Z )

0  =  - h ( - 2 j Z )  +  7 ,(2 Z 0)

E

or

Za

1 loc. cit. page 282.
0 + 2j Z

+ 2 jZ

2Zn

I I I — 1
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so

h  
E  =

and the m esh im pedance a t  5  is

2Z0 

2Zo +  4Z 2

Z l  +  2Z 2 _  ;  , 2Z 2
 ~y  -  Z 0 -h —  •

■¿0 ¿0

Therefore an  im pedance m a tch  is secured if

V 2 Z  =  Z 0 . I l l — 2

d. F or a  vo ltage e a t  E \  , th e  cu rren t a t  £ 2 m ay  be ob ta ined  from

2Z 0 - 2 j Z

- 2 j Z  Z 0

and is

eZ0

2Z5 +  4Z  •
I I I — 3

U nder the im pedance m a tch  condition V 2 Z  =  Z o , th is is e/4Zo w hich is 
ju st half the cu rren t w hich could be draw n through a load Zo connected to a 
source Z 0 w ith  in te rn a l vo ltage c. T herefore, the  “ loss” from  E \  to  £ ’2 
is 6 db.

Case B.  X — 4 A rm s— A s  Power Divider and N u l l  Device

/Is  power divider— Two W a y  (F ig . 6). Using the  d e term in an ta l m ethod, 
let £'1 be in  m esh 1. T hen  D  is in  m esh 4, £ 2  in  m esh 5 an d  S  in  m esh 6 . 
Z 0 =  0 for m eshes 2 an d  3. T hen  the d e term inan t of I I — 2.3 an d  its  m inor 
for m esh 5 ( £ 2 in  F ig. 6) w ith  vo ltage applied  a t  E \ , are  respectively , from  
I I — 2.3:

D \  =

and

d '  5 =

¿0 + J Z 0 0 0 JZ
+ j z 0 + j z 0 0 0

0 + J Z 0 + j z 0 0
0 0 + j z Zo + J Z 0
0 0 0 + J Z Zo + / Z

+ j z 0 0 0 + J Z Zo

+ j z 0 + J Z 0 0
0 + j z 0 + j z 0
0 0 + J Z Zo 0
0 0 0 + J Z + J Z

+ j z 0 0 + j z Zo

I I I —3

II I —4

U pon expansion d'-a is found  to  be 0. T herefore, by  adding  o u tle t D,  we 
have iso lated  b ran ch  E i  from  branch  £> . (C om pare w ith  case A .) Since
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i t  is well know n for th is  s tru c tu re  th a t  D  is iso lated  from  in p u t a t  S ,  i t  m ust 
follow th a t  an  in p u t a t  S  will still d ivide equally  betw en  E \  an d  E « .

A s  N u l l  Device (7|-X— 4 Arm s).  W e now associate E  w ith  m esh 1, Ei  
w ith m esh 2, D  w ith  m esh 5, E^ w ith  m esh 6 (see Fig. 7) w hich leads to :

z„ + JZ 0 0 0 + j Z
+ JŻ Zo + J Ż 0 0 0

0 + JŻ 0 + JÂ 0 0
0 0 + JŻ 0 + JŻ 0
0 0 0 + JŻ Z q + J Ż

+ j 2 0 0 0 + JÂ Zo

Fig .6 Fig. 7
Fig. 6— 1 Y> X ring-—4 arm —tap  spacing and identification for power division analysis 

by determ inants.
Fig. 7— \]A  X ring—4 arm —tap  spacing and identification for determ inantal analysis 

as null device.

W ith  voltage applied  a t  5 , mesh 1, the  m inor for cu rren t a t  D, m esh 5 is:

+ j z Zo + j z 0 0
0 + j z 0 + JŻ 0
0 0 + j z 0 0
0 0 0 + j z + JZ

+ JŻ 0 0 0 Zo

where the  5(E) ind icates th a t the  vo ltage is a t  5  and  the cu rren t is sought a t 
m esh 5. C orresponding m inors for the  cu rren t in mesh 5(D),  due to  v o lt­
ages a t  E i  and  E-> are:

Zo + j z 0 0 + JZ
0 + j z 0 + J Ż 0
0 0 + j z 0 0
0 0 0 + J Ż + j ż

+ j z 0 0 0 Zo

Zo + j z 0 0 + j z
+ JZ Zo + J Ż 0 0

0 + j ż 0 + j z 0
0 0 + J Ż 0 0
0 0 0 + j ż + j z
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E valuating , we find d 5(S) =  0, showing D  is isolated from  S .  T he o ther 
two expansions give

ihcÉo =  ( + j Z ) l 2 Z 4 — Z~ Zo\

and

dvB.) =  ( + j Z ) \ Z 2z l  -  2Z \  I I I — 5.4

So the difference betw een the  voltages a t  E 1 and  E 2 is tran sm itte d  to D. 
H ereafter we will opera te  on a single vo ltage a t  S .  N ote, incidentally , 
th a t if th e  S  arm  were n o t te rm inated  the Z 0 in  colum n 1, row 1 of ¿scEp 
and dnE„) w ould be zero, in which case

d m 0 =  -  (+ j Z ) (2ZZ) an d  =  +  ( + j Z )  (2ZJ) I I I — 5.5

To s tudy  frequency shift on cu rren t from  5  a t  I)  we can w rite I I I — 5.1
as

+jz Z o + 2 jA Z
0 + J Z

¿ 5 ( A )  = 0 0
0 0

+jz 0

+ j Z  0 0
2 jA Z  + j Z  0

+ j z .  2jAZ  0 
0  + j Z  + j Z
0 0 Z „ + 2 jA Z

I I I— 6

=  2Z2( — Z 2 j A Z  +  2Z0AZ2 +  4 jN Z 3) =  - 2  Z ' - ù Z .  I l l — 7.1

Match Condition. T h e  im pedance m a tch  condition  is read ily  show n to be 
V 2  Z  = Z 0 as for th e  th ree-arm  1|X ring.

C o n s t r u c t i o n  o f  T e s t  S a m p l e s

From  th e  draw ing of the hybrid  circle (Fig. 1), it will be seen th a t  th e  
m ultiple soldering of guides in to  the  ring can p resen t difficulty in fab rica­
tion, especially w here num erous branches are requ ired . I n  add ition , early  
m easurem ents ind icated  the  necessity of accurate  dim ensions, b o th  linear 
and angular. As a  consequence, the experim ental hyb rid  circles w hich were 
used in the  m easurem ents rep o rted  herein were m illed from  brass cylinders. 
Figure 8 shows a  4-branch  ring opened so th a t  in te rio r deta il can  be seen. 
This form  of experim ental construction  enables dim ensions to be held to 
average values of ab o u t half a  th o u san d th  of an  inch an d  ten  m inu tes of arc. 
The m ating  surfaces a re  fiat to  w ith in  th is tolerance. H ow ever, no cu rren ts 
resulting from  the field ten d  to  flow in th e  d irection  crossing th e  gap an d  no 
loss ensues from  th is source. T hese m echanical tolerances are  essential 
only to  a basic experim ent of th e  n a tu re  here described; larger tolerances 
could undoub ted ly  be specified in practice.
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E x p e r i m e n t a l  R e s u l t s

T here  follows a ta b u la tio n  of som e experim ental d a ta  on sam ples of the  
specific series types analyzed. T h e  a tte n u a tio n  figures are  p robab ly  good 
to  ±  .25 db up to  10 db, to  ±  .5 db  up  to 50 db. T h e  SW R  figures m ay  not 
be b e tte r  th a n  ±  .2 db.

Fig. 8— \]Ą  X ring—4 arm —photograph of m achined test sample.

T h e  d a ta  are for s tru c tu re s  b u ilt in  term s of .900 inch b y  .400 inch rec­
tan g u la r guide size (inside) an d  the  te s t w avelengths* are in the 3-centim eter 
region. T he design w avelength* is Xo, the  te s t w avelength  X*.
Case A :  lfX ; T h ree  A rm s; Im pedance M atch  \ / l ' Z  — Zo ; Reference 
F ig . 9a:

* These are space wavelengths.

Fig. 9a—-0/2 X ring—3 arm —as power divider.
Fig. 9b— 1 X r i n g ^  arm —as power divider and null device.
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E xperim ental values a t  % (X — Xo)/Xo

“ 6% - 3 % 0 + 3 % + 6%

Power Division. In p u t a t I .  Relative 
power ou tpu t a t  0 . or 0 2 in db  (approx. 
constant over band)

Transmission Loss (Isolation) between Oi 
and 6 2  in db (approx. constant over band). 
I  term inated.

Standing W ave R atio  (SWR) in db a t I. 
Outlets Ot and 0 2 term inated.

- 3 .7 ( 0 . )
—3 .5 ( 0 , ) '

6 . 0

.841 .1 0 2.32 1.50 I 1.20

Case B: 1§X; F our A rm s; Im pedance M a tch  \ / 2 Z  = Z a \ Reference Fig. 9b:

- 6 % - 3 % 0 + 3 % + 6%

Power Division. In p u t a t  I .  Relative 
power ou tpu t a t  Oi or 0 2 in db (approx. 
constant over band).

- 3 .5 ( 0 , )
- 3 .5 ( 0 , )

Transmission Loss (Isojation) between 0 . 
and 0 ,  in db I  and D  term inated.

20.3 48 .5 19.7

Transmission Loss ̂ Isolation) between S  and  
D  in db  Oi and 0 , term inated.

24 .0 47.7 22.2

Standing W ave R atio  (SW R) in db a t  I  (S). 
Outlets a t  0i, 0 , and D  term inated.

3 .50 1 . 20 .66 .77 2.20

Experim en tal values a t  100(X — Xo)/Xo

C o m p a r is o n  B e t w e e n  T h e o r y  a n d  E x p e r im e n t

From  the experim ental results, we can  now cite in  su p p o rt of th e  theory  
the following areas of agreem ent betw een theo ry  an d  experim ent, a t  th e  
design w aveleng th :

R i n g  T v p e  a n d  P r o p e r t y T h e o r y E x p e r i m e n t

Case A : 1 J X; Three Arm s 
Relative power a t  Oi and 0 ,  for input a t  I. 
Impedance m atch (SWR)
Observed center wavelength versus mean annulus 

perimeter guide wavelength 
Transmission loss (Isolation) from 0 , to 0 ,. I  ter­

minated.

Case B: 1 J X; Four A n n s  
Relative power a t  Oi and O2 for inpu t a t  I  
Impedance M atch  (SWR)
Transmission Loss (Isolation) 5  to D. 0 , and O2  

term inated
Transmission Loss (Isolation) 0 . to Ot. D  and I  

term inated

-3  db 
Odb

-3 .6  db 
.84 db

Agreement to about 1%

6.0  db

— 3 db 
O db 

Conjugacy

Conjugacy

6.0  db

- 3 . 5  db 
.66 db 

47 .7  db

4 8 .5  db
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C o n c l u s io n

I t  is concluded th a t  the theory  developed provides calcu lated  resu lts in 
sa tisfac to ry  accord w ith  experim ent.

I t  will be recalled th a t  the  approxim ation  was in itia lly  m ade th a t  the  line 
sections w ere loss free. T h e  theory  could doubtless be extended to  include 
d issipation  b y  reta in ing  a sm all real com ponent in  th e  p ropaga tion  constan t 
P  of Fig. 2b. N o d o u b t th is real com ponent could, in  tu rn , be included to 
ad eq u ate  accuracy in the  equivalences of Fig. 2c by  the add ition  of. real 
com ponents in the series arm s only. T h a t  is, the series arm  for a  X/4 sec­
tion  would be Z  (r +  j l )  =  r Z  +  j  Z  where r «  1. Since such te rm s appear 
as p a r t  of the ( 5 + 2  F ) ’s in  the  basic d e term in an t I I —-1, w hich is the  sam e 
as in series w ith  the Zo’s in  d e term in an t I I — 2, the inclusion of dissipation 
would appear to be form ally straigh tforw ard .

»



M ethods of Electromagnetic Field Analysis*

By S. A. SCHELKUNOFF

T his paper presents a  discussion of ideas involved in various m athem atical 
m ethods of electrom agnetic field analysis and  of the  inter-relations between 
these ideas. I t  stresses the  poin ts of con tact between circuit and field theories 
and their m utually  com plem entary character. W hile the  field theory  focuses our 
a tten tio n  on the  electrom agnetic s ta te  as a  function of position in space, the  
generalized circuit theory is preoccupied with the  electrom agnetic sta te  as a 
function of tim e. T h e  points of contact between the field and circuit theories are 
m any. Thus, M axwell’s equations are identical with K irchhoff’s equations 
(really Lagrange-M axw ell equations) of certain  three-dim ensional netw orks in 
which only the  ad jacen t meshes a re  coupled. T he integral equations for the 
electrical cu rren t in conductors em bedded in dielectric m edia are also Kirchhoff 
equations of certain  netw orks containing infinitely m any meshes w ith a  coupling 
between every two meshes.

From  th e  p o in t of view of electrical perform ance the  difference betw een a 
physical netw ork of lum ped elem ents and a  continuous netw ork, such as a  
resonator, is due to a  certain  difference in the  d istribution  of the  zeros and poles 
of associated im pedance functions in  th e  complex im pedance plane. Similarly, 
the  difference between ordinary  transm ission lines and  w ave guides is due to  a 
difference in th e  d istribution  of n a tu ra l propagation constants.

T he paper ends w ith a  general discussion of the  d iscontinuities in wave guides, 
idealized boundary  conditions for sim plification of electrom agnetic problem s, 
and the  analy tical character of field vectors regarded as functions of the  complex 
oscillation constant.

TN T H E  la s t few years engineering applications of electrom agnetic field 
theory  have been g rea tly  expanded. F ield theory  has becom e essential 

for the  solu tion  of m an y  p rac tica l problem s an d  in  p lanning  engineering 
experim ents. N ew  app lica tions have influenced the theo ry  itself and  have 
led to  new conceptions. T h e  chasm  betw een the  circuit theory  of low 
frequency electrical phenom ena an d  the  field theo ry  of high-frequency 
phenom ena has  d isappeared . T h e  two theories have m e t in w ave guides 
and the ir m erger has becom e essential. T h is  pap e r is a  discussion of the 
essential ideas underly ing  various m athem atical- m ethods of analysis of 
electrom agnetic oscillations an d  w aves in  th e  ligh t of new app lica tions and  of 
the m erger of th e  originally  d is tin c t c ircu it an d  field theories.

C ir c u i t  T h e o r y

C ircuit theo ry  is a  m a th em atica l m ethod  an d  i t  should  n o t be confused 
with circuits. E m p ty  space is ne ither a circu it no r a netw ork ; b u t as we 
shall soon see, for th e  purposes of analysis th e  em p ty  space can be trea ted  as 
a netw ork. I t  is perfec tly  tru e  th a t  u n til recen tly  c ircu it th eo ry  was con-

_* This paper was originally delivered as a  lecture a t  a  m eeting sponsored by the Basic 
Science Group of th e  Am erican In s titu te  of E lectrical Engineers, April 12, 1945.
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cerned alm ost exclusively w ith  aggregates of “ c ircu it e lem en ts” in te r­
connected  in  various ways. I t  is also tru e  th a t  th e  m ost fam iliar form  of 
c ircu it equations is th a t  which is sim ilar to  K irchhoff’s equations for the 
s te ad y  cu rren t flow in netw orks of conducting  rods, published1 in A pril 1845.

T h is form  is applicable only to  circuits. H ow ever, th e  app lica tion  of 
these “ K irchhoff equations”  to  a lte rn a tin g  cu rren ts , n a tu ra l as i t  m ay  seem 
to  us now, was n o t obvious one h und red  years ago. T h e  first eq u a tio n  for a 
sim ple circu it consisting of a  capacito r, an  inducto r, and  a resisto r in series 
was published  in 1853 by  L ord  K elv in .2 In te res tin g ly  enough his approach  
is based on the  ideas applicable b o th  to  conventional circu its and  to  high- 
frequency resonators. I f  q is th e  electric charge on one p la te  of th e  ca­
p ac ito r, th e  energy stored  in  the  capac ito r is qi/2 C , w here th e  coefficient C 
depends on th e  geom etry  of the  capac ito r. T h e  m agnetic energy of the  
c ircu it is L q!, w here q is the  tim e ra te  of change of the charge, th a t  is, the  
cu rren t in the circu it, an d  L  is a  coefficient depending on th e  geom etry  of the 
c ircu it. T h e  ra te  of energy transfo rm ation  in to  h e a t is Rq2, w here I? is a 
coefficient depending on th e  geom etry  of the  conductors (and of course on 
th e ir  resis tiv ity ). T h e  law  of conservation  of energy dem ands th a t

|  [?*/2C +  \L(fJ = —Ref. (1)

W hen th e  d ifferen tia tion  is perform ed an d  q is cancelled, the  usual form  of 
the  equation  is ob ta ined . T h e  coefficients of p ropo rtiona lity , th a t  is, the  
inductance L , th e  capac itance C, an d  the  resistance R  sum  up and  stress the 
really  im p o rta n t electrical characteristics of th e  c ircu it; the  details of the  
construc tion  of th e  circu it are  suppressed.

I t  w as M axw ell who fo rm ulated  the  general equa tions for electric n e t­
w orks b y  ex tending  th e  app lica tion  of a  m ethod  developed b y  L agrange for 
m echanical system s. T h is  M axw ell d id  in  h is  la s t tw o lectures. In  the  
w ords of h is s tu d e n t, J .  H . F lem ing:3 “ M axw ell, b y  a process of ex tra ­
o rd inary  ingenuity , extended th is  reasoning (the  m ethod  of L agrange) from  
m aterio -m otive forces, m asses, velocities an d  k ine tic  energies of gross m a tte r  
to  the  electrom otive forces, qu an titie s , cu rren ts , an d  electrok inetic energies 
of electrical m a tte r, an d  in so doing ob ta ined  a sim ilar equa tion  of g reat 
generality  for a ttac k in g  electrical p rob lem s.”

Before discussing the  L agrange-M axw ell m ethod  m ore com pletely, le t us 
see if we can  co n stru c t a netw ork whose electrical p roperties would be the 
sam e as those of a  continuous m edium .

1 Annulett der P hysik.
2 Philosophical Magazine.
3 Philosophical Magazine, 1885.
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N a t u r a l  N e t w o r k  M o d e l s  o p  C o n t in u o u s  M e d ia  a n d  
M a x w e l l ’s  D i f p e r e n t i a l  E q u a t io n s

T ransm ission line theo ry  rep resen ts a  well know n exam ple of th e  app lica­
tion of c ircu it theo ry  to  continuous system s. Tw o-w ire transm ission lines 
are subdivided in to  infin itesim al sections b y  p lanes perpend icu lar to  the 
lines. E ach  section is rep laced b y  a  capac ito r whose capacitance is so 
chosen th a t,  for a  given vo ltage across th e  transm ission line, the  electric 
charges on th e  p la tes  of th e  capac ito r are correspondingly equal to  the 
charges on th e  sections of th e  w ires co n stitu tin g  the line. T h e  leads con­
necting th e  te rm inals of these capac ito rs a re  th en  assum ed to  possess an 
inductance an d  a  resistance b u t no capacitance. T h u s th e  electric flux or 
d isplacem ent is “ sw ep t” in to  tin y  capacitors, an d  the  m agnetic  flux or 
displacem ent in to  tin y  inductors.

This rep resen ta tion  is good only  a t  low frequencies because i t  depends on 
the assum ption  th a t  th e  electric d isplacem ent is only  in  one direction, 
nam ely a t  r ig h t angles to  th e  transm ission  line. In  effect, th is  rep resen ta­
tion neglects th e  capacitance betw een different p a r ts  of the  sam e conductor 
and includes only  th e  capacitance betw een th e  opposite segm ents of d ifferent 
conductors. T h a t  is, while we h av e  recognized th a t  th e  inductance an d  
capacitance are d is trib u ted  in  th e  d irection  parallel to  the  transm ission line, 
we have ignored the  fac t th a t  th ey  are also d is trib u ted  a t  rig h t angles to  th e  
line. In  th e  general rep resen ta tion  we should  subdivide th e  m edium  in to  
infinitesim al blocks an d  devise a  three-dim ensional netw ork la ttice  of 
infinitely sm all m eshes, Fig. 1. T h e  displacem ent cu rren t can be sw ept 
equally in to  tin y  capacito rs. I f  th e  m edium  is dissipative, the  resistors 
m ay be inserted  in para lle l w ith  th e  capacito rs to  tak e  care of the  con­
duction cu rren ts  in  th e  m edium . T h e  m agnetic flux is sw ept equally  in to  
tiny  coils in the  corners of each m esh. H ow ever, th e  resulting  netw ork  is 
not homogeneous. Besides m eshes of ty p e  A consisting of four capacito rs 
and four inductors, i t  con tains m eshes of type  B consisting of inducto rs only; 
and y e t we s ta r te d  w ith  a  hom ogeneous m edium . G abriel K ro n  solved the 
difficulty by  in troducing  ideal transform ers (w ith one-to-one tu rn  ratio ) w ith  
their w indings in  series w ith  the  coils a t  th e  opposite corners of each A-m esh. 
These transform ers do n o t affect the  electrical perform ance of th e  A-m eshes 
b u t in troduce infin ite im pedance in to  B-m eshes an d  th u s  effectively elim i­
nate them .

As a m a tte r  of fac t, such transform ers should  p roperly  be included in the  
network rep resen ta tions of two-wire lines. In  fac t, b y  im plication  th ey  are 
included as soon as we s ta te  th a t  th e  d irec t an d  re tu rn  cu rren ts in th e  line 
are equal and  opposite. W ith o u t an infinite im pedance to  cu rren ts  flowing 
in the sam e direction  we canno t have the  balance. P ursu ing  th e  m a tte r
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fu rth e r, we should say th a t  all th is  is in  accord w ith  physical facts. T he 
inductance per u n it length  of an  in fin itely long iso lated  wire is infinite. 
T he m u tu a l inductance betw een tw o parallel wires is also infinite. T h e  two 
wires are the  “ w indings” of an  ideal transfo rm er an d  a  finite im pedance is 
p resen ted  only  to  equal an d  opposite cu rren ts . In  th e  case of wires of finite 
leng th  the  essentially  three-dim ensional ch arac ter of th e  s tru c tu re  m anifests 
itself, an d  o ther m odes of p ropaga tion  have to  be considered.

iz

I t  is ev iden t th a t  th e  hom ogeneity  of the m edium  is n o t a p rerequ is ite  for 
the  existence of its  netw ork  m odel. H av ing  th e  values of L  an d  C  a t  our 
disposal, we can  choose them  to  reflect the  dependence of the  perm eability  
n  an d  the  d ielectric co n s tan t t  on position .

I f  we div ide the  m edium  in to  sm all blocks of volum e A x A y  As, th e  capaci­
tance C'i of the typ ical capac ito r in those branches of th e  netw ork  w hich are 
parallel to  th e  r-ax is  is Cx =  t  Ay A z/A x , w here « is th e  dielectric constan t. 
T h e  conductance in parallel w ith  th is  is Gx =  g A y A z /A x .  T h e  inductance 
of the  typ ica l coil in th e  ay-p lane is L iy =  n A.vAy/4Ar. T h e  vo ltages across 
the  capacitors are E xAx, E yA y, E zAs, w here E x, E y, E ,  are  th e  electric 
in tensities, th a t  is, th e  voltages p e r u n it leng th  in  the  respective directions. 
T h e  cu rren ts  in th e  coils s itu a te d  in th e  .vy-plane are equal to  H xA z ; sirni-
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larly the cu rren ts  in  the  o th e r coils are I I x A x  an d  I I y A y. I t  is to  be no ted  
th a t the capac ito rs are  associated  w ith  the  corresponding longitudinal com ­
ponents of th e  electric field while th e  inducto rs go w ith the  transverse com ­
ponents of th e  m agnetic field. A pplying K irchhoff’s laws to  the  netw ork in 
Fig. 1, we should and  do ob ta in  M axw ell’s field equations. S im ilarly, we 
can construc t netw ork  la ttices in th e  p a tte rn s  of o th e r coord inate system s, 
cylindrical an d  spherical, for exam ple.

Among the  obvious conclusions to  be d raw n from  th is analysis of thé  
network s tru c tu re  of the  m edium  supporting  the electrom agnetic field is the  
valid ity  of certa in  general netw ork  theorem s such as the  R eciprocity  
Theorem  an d  T h ev en in ’s Theorem .

R e d u c e d  N e t w o r k  M o d e l s  a n d  I n t e g r a l  E q u a t io n s  o f  
L o r e n t z  T y p e

So far we have  been concerned w ith th e  electrom agnetic field in its  en­
tire ty . In  o rder to  visualize the  m edium  as a three-dim ensional netw ork we 
have selected the m ost d irec t course: W e have subdiv ided  the  m edium  in to  
blocks of d isp lacem ent cu rren t, com pressed them  in to  capacitors, and 
elim inated d isp lacem ent cu rren ts  from  the  rest of space; sim ilarly , we have

cr       ■ .................
1 i 1 2 1 3 1 4 1 s 1 1 n-2  !n - i1 n 1

Fig. 2—Subdivision of a  s tra ig h t an tenna  for its representation by 
a  reduced network with n meshes.

swept the  m agnetic flux in to  n e a t little  packages. B u t th is  is n o t th e  only 
course open to  us. W e can suppress the  m edium  ju s t as com pletely as we 
norm ally do in the  analysis of elem entary  netw orks. In  o rder to  illu stra te  
this m ethod  le t us consider a  doub le t an ten n a , F ig. 2. W e shall div ide it 
into n  sections. T h e  cu rren t and  charge in an y  one section exert forces on 
the charge in an y  o ther section. W e can regard  each section of th e  an ten n a  
as a m esh of a netw ork  in which every  mesh is coupled to  every  o ther m esh. 
In  each m esh the  vo ltage w hich is necessary to  com pensate for the  electro­
motive force of self-induction of the  m esh itself, for th e  resistance of th e  
mesh (or ra th e r  for th e  in te rn a l im pedance of the w ire), an d  fo r.the voltages 
induced from  all the  o ther m eshes, is the  im pressed voltage. T h e  equations 
assume the  following form :

Z -n h  +  Z n h  +  Z.izh +  • • • +  y - l J n  =  V i ,

Z 21I1 +  y.'llli +  Z23I3 +  • • • +  Z in in  — Fa,  (2)

Znxh +  Z„nJ, +  Znlh +  • • • +  ZnJn = Vn ,
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w here the  / ’s are  th e  cu rren ts  in the  various sections of the an ten n a  an d  the 
I” s are th e  impressed voltages. T h e  Z ’s are the  self-im pedances an d  the 
m u tua l im pedances, and  are  calcu lated  from  the law of force betw een two 
charged particles. In  a  tran sm ittin g  an ten n a  the  im pressed vo ltage is zero 
everyw here except in  a restric ted  region. In  th e  receiving an ten n a  the 
voltage is im pressed on all sections; b u t one section, th e  “ load ,” has a very  
different self-im pedance from  the  rem aining sections.

W hen n is finite, our equations are  approxim ate . I f  we m ake n  infinite 
and  in troduce the im pressed electric in tensity , th a t  is, th e  im pressed voltage 
per u n it length , we convert equations (2) in to  a single in teg ra l equation . 
M ore generally  we m ay  have to  consider the  transverse  dim ensions of the 
an ten n a  and divide the  en tire  surface of the  an ten n a  in to  elem entary  surface 
elem ents, each of w hich will represen t two m eshes in our netw ork . W e have 
to  have two m eshes for each surface elem ent because th e  cu rren t m ay  in 
general change its direction  from  p o in t to  po in t an d  in o rder to  specify it 
com pletely  we m ust consider tw o com ponents of the  cu rren t. T hese m ay 
be taken  as tan g en tia l to  some G aussian coord inate lines d raw n  on the 
surface of the  an ten n a . T h e  exact netw ork  equations will appear as a 
system  of two in tegral equations involving double integrals.

In  th is discussion, we have assum ed th a t  the  m edium  outside the  an ten n a  
is hom ogeneous. X o difficulty is presen ted  by  the  sim ultaneous inclusion 
of a  tran sm ittin g  and  a receiving an ten n a . T h e  two form  ju s t one netw ork 
an d  the voltages im pressed on the various m eshes of the  receiving an ten n a  
represen t sim ply  th e  coupling betw een these m eshes an d  th e  m eshes of the 
tran sm ittin g  an ten n a . All th e  m u tu a l im pedances are calculable from  the 
general equation ,

E  =  — ¡i g rad  V ,  (3)
at

represen ting  the  force p e r  u n it charge due to  a  given m oving charge. I f  we 
so desire, we can tak e  equation  (3) w ith  the  explicit expressions for A  an d  V  
in  term s of electric cu rren t an d  charge as the  fundam en ta l equations of 
e lectrom agnetic theo ry  an d  dispense w ith  M axw ell’s differential equations 
a ltogether. T h is  course is feasible b u t inexpedient. A ctua l app lica tions of 
th is  equation  tu rn  o u t to  be m uch too com plicated  in the g rea t m a jo rity  of 
p rac tica l problem s. I t  is only w hen we a lready  know  th e  cu rren t and charge 
d istribu tion  th a t  (3) becom es really  useful. T h u s in the  accep ted  develop­
m en t of electrom agnetic th eo ry  (3) is subo rd inated  to  M axw ell’s equations 
an d  derived from  them .
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N o r m a l i z e d  N e t w o r k  M o d e l  a n d  L a g r a n g e - M a x w e l l  

E l e c t r o d y n a m i c a l  E q u a t i o n s  .

L et us now re tu rn  to  th e  ideas of L agrange as applied  to  electrom agnetics. 
In dynam ics the  L agrange equa tions are fo rm ulated  in term s of the k inetic 
energy T  expressed as a function  of velocities, po ten tia l energy U  expressed 
as a function  of coordinates, an d  a  d issipation  function  F  expressed as a 
function of velocities. In  netw ork  theo ry  T  is th e  m agnetic energy ex­
pressed as a  function  of cu rren ts , U  is the  electric energy expressed in te rm s 
of charges, and  F  is the  d issipation  function  in  term s of curren ts. L agrange- 
Maxwell equations a re  then  w ritten  in th e  following form

d
dt

~  (T  -  U)
„ V * n

~  (T  -  -U) +  O f  =  V n , (4)C/Çn dln

where /„  is the  typ ica l m esh cu rren t, qn is its  tim e in tegral, an d  V„ is the 
impressed e lectrom otive force, th a t  is, the  electrom otive force n o t accounted 
for by  the m agnetic  induction  and  th e  charges in the  netw ork. T h e  various 
functions in the  equation  are

rr    v  y  1 T J I  ! ' _ y  v  Qn
l  ¿ J n  2 L m n  J m  I  n  f  L  —>Ui —' n >

~ c mn t (5)

F  =  S  S  I R  T Ji  ~ j )n  2 -iV m n  J- m  * n  j

where L mn is the  m u tu a l induc tance betw een two typical m eshes (the  self­
inductance if m  = n), Cmn is th e  m u tu a l capacitance and  R mn is the  m u tu a l 
resistance. T h e  m esh cu rren ts  are in troduced  in order to  insure th a t  the 
to ta l cu rren t e ith er en tering  or leaving a typ ical junc tion  of th e  netw ork 
elem ents is zero. I f  we perform  the d ifferentiations ind icated  in equation  
(4), we shall o b ta in  the  netw ork  equations in the ir usual form.

L et us now suppose th a t  F  =  0 and V„ =  0. In  higher algebra it  is 
shown th a t  b y  a linear transfo rm ation  two qu ad ra tic  functions, T  an d  V  for 
example, can be reduced to  norm al form s in which there are no m u tu a l 
term s

T  =  2« \ L n / ; ,  U  =  S .  q J 2 C n . (6)

In this case equations (4) will assum e th e  following sim ple form

L„ =  0. (7)
dt C n

I t  is as if we had  a  ce rta in  num ber of iso lated  single-mesh circuits. E q u a ­
tions (7) rep resen t th e  normal modes o f oscillation of the  netw ork.
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T ak e  th e  sim ple case of tw o iden tical coupled circuits, Fig. 3. T he 
netw ork equations are

,  d 2h  , h  M d ? h  n 
U p  c  ~  U p  = ' +  (8)

I t  is ev iden t b y  inspection  th a t  there are two possible m odes of oscillation. 
I n  one m ode I \ — Io an d  in the  o ther 7i =  — I t  . T h e  n a tu ra l frequency  of 
th e  first m ode is oh =  1 / y / { L  — M )C  an d  th a t  of th e  second m ode w2 =  
1 / \ / ( L  +  M )C . T h e  m agnetic energy function  is

T  =  \ U \  -  M h  h  +  \L l\  

I i  +  I¡
=  Ï ( L  -  M )

V 2
+  U L  +  M )

' h  -  h '

. V 2  .
(9)

T h u s  the  sum  an d  the  difference of the  cu rren ts  in the  tw o m eshes oscillate 
independently .

M M

I| - lz  II = - lz
Fig. 3—Two possible modes of oscillation in a  sym m etric two-mesh circuit.

M ore generally  a netw ork w ith  n m eshes possesses n  independen t m odes of 
oscillation. In  each m ode the  ratios of the  m esh cu rren ts  L ,  / 2, • • • /„  are 
prescribed b y  the  netw ork  param ete rs an d  the  connections of th e  netw ork 
elem ents, b u t the  re la tive  s tren g th  of th e  oscillation rem ains a rb itra ry . 
W hen we pass to  netw orks w ith  d is trib u ted  param ete rs  such as sections of 
transm ission lines an d  cav ity  resonators, we find m erely th a t the num ber of 
independen t m odes of oscillation is infinite. In  the  case of a nondissipative 
uniform  transm ission line w ith  bo th  ends shorted , the n a tu ra l frequencies of 
th e  various oscillation m odes are  p roportional to  the  sequence of integers: 
1,2,3, . . ..T he cu rren t d istribu tion  for th e  w-th m ode is given b y  sin ( i i t x / C ) ,  

w here I  is the  length  of the  section; b u t the  ac tu a l am p litude rem ains a rb i­
tra ry . F o r th e  g ravest m ode (n =  1) th e  m iddle p a r t  of the line section 
behaves as a  capac ito r and  the ends as inductors. F or th e  higher m odes the 
line is subdivided in to  sections, som e of which a c t p rim arily  as capacitors 
an d  o thers as inductors.

In  the case of cav ity  resonators of some sim ple shapes, such as paral- 
lelopipedal, cy lindrical an d  spherical, the  determ ina tion  of the  oscillation 
m odes is a  fairly  sim ple problem . T h e  dynam ical equations of th e  resonator
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(M axwell’s field equations) are p a r tia l differential equations. T h e ir  so lu ­
tions would norm ally  involve a rb itra ry  functions; b u t since th e  tangen tia l 
electric in ten s ity  vanishes a t  the conducting  boundary  of th e  resonator, the 
solutions assum e a m uch less a rb itra ry  form  involving only an  infinite se t of 
a rb itra ry  constan ts. P a rtic u la r  solutions are sought in the  form  of p roducts 
of three functions, each depending on only one coordinate. F o r para l- 
lelopipedal ca v ity  resonators th e  various com ponents of electric an d  m ag­
netic in ten sity  are assum ed in  the form  X (x )  Y (y ) Z (z ) . B y  su b stitu tin g  in  
M axwell’s equations it  is found— very  fo rtu n a te ly  indeed— th a t X , Y , Z  
m ay be ob ta ined  as solutions of o rd inary  differential equations. T h e  
boundary  conditions a t  the boundaries of the  box x  =  0 ,a\ y  =  0,b- z =  o,c 
are easy to  sa tisfy  because we have to  w ork w ith  only one of these th ree 
functions a t  a tim e.

In  general, how ever, th e  problem  of calculating  oscillation m odes is b y  no 
means sim ple; b u t once these m odes have been determ ined, the  problem  of 
forced oscillations as well as free oscillations is p rac tica lly  solved. F or 
instance, a sm all loop inside a  resonato r is coupled to th e  various m odes and  
the coupling coefficients can be determ ined  by  eva lua ting  the  flux linkages.

E very  physical circu it possesses an  infinite num ber of degrees of freedom  
and circuits w ith a  fin ite num ber of degrees of freedom  are abstractions. 
If we take special m easures to  concen tra te  m agnetic energy as m uch as 
possible in a few regions of the m edium  and  electric energy in a few o ther 
regions, we shall have a physical netw ork in w hich a finite num ber of oscilla­
tion m odes will be well separated  on the frequency scale from  all th e  rest. 
If we are concerned only  w ith  the  frequencies com parable to  the  n a tu ra l 
frequencies of th is cluster of modes, we can ignore all the  higher m odes an d  
for our purposes we m ay regard the netw ork as a finite netw ork. A t these 
frequencies th e  infinitely  sm all m eshes into which we could subdivide the 
individual “ inducto rs” (regions of m agnetic energy concentra tion) and  
“capacitors” (regions of electric energy concentration) will oscillate in 
unison in groups.

Briefly we can sum m arize th e  above m ethods of analysis as follows: 
The m edium  supporting  the  electrom agnetic field m ay  be regarded  as a 
three-dim ensional netw ork  of infinitely  sm all m eshes in w hich every  m esh is 
coupled only to  th e  ad jacen t m esh. C ircu it equations applied  to  th is  
network lead to  M axw ell’s differential equations. In  c o n tra s t w ith th is 
“natural network model o f the m edium ” we can construc t a reduced network 
model in which only  the  conductors of th e  m edium  are subdivided in to  
meshes. T h e  m edium  surrounding  the  conductors is concealed in  the  
m utual im pedances of the  co n s titu en t m eshes. E v ery  m esh is coupled to  
every o ther mesh an d  th e  m u tu a l im pedance (or the  coupling factor) is
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determ ined  from  the law of force exerted  by  a  m oving charge on a s ta ­
tionary  charge. T h is  approach  leads to  one or tw o in teg ral equations which 
can  be approx im ated  b y  a  system  of linear algebraic equations. W hile the 
la tte r  m ay  seem  m uch sim pler th a n  the  differential equations ob ta ined  
from  the  n a tu ra l netw ork m odel, in rea lity  th e ir  solution would often consti­
tu te  a  m uch m ore difficult ana ly tica l problem . T h e  n a tu ra l netw ork  model 
in  which each m esh is coupled only  to  th e  ad jacen t m eshes is in  harm ony 
w ith  th e  idea of continuous p ropagation  of elec trom agnetic d istu rbances; 
while the  reduced netw ork m odel conform s to  the  ac tion  a t  a  d istance 
philosophy. T he difference is m erely in the  language an d  ideas and  n o t in 
substance.

Fig. 4—Two possible modes of propagation  in a  sym m etrically shielded parallel pair.*

F inally , th e  th ird  m ethod  is based  on th e  idea th a t  a t  certa in  frequencies, 
called th e  n a tu ra l frequencies, various p a r ts  of a  closed system  oscillate in 
phase or 180° o u t of phase, th a t  th e  m ost general n a tu ra l oscillation is the 
sum  of such oscillations, an d  th a t  th e  m ost general forced oscillation can be 
expressed in  te rm s of fields asiocia ted  w ith  th e  n a tu ra l m odes of oscillation. 
W e m ay  call th is  the  normalized network model of the electromagnetic field. 
T h u s  far we have described it w ith  reference to  closed system s or cav ity  
resonators. In  effect we have assum ed th a t  the  am o u n ts  of m agnetic and 
electric energy are finite or else we could n o t ta lk  ab o u t T  and  U  functions. 
T h e  m ethod  can be extended to  open system s of w ave guides.

L e t us begin w ith  a coaxial transm ission line. E veryone is fam iliar with 
the  p a rticu la r m ode of transm ission  in which equal an d  opposite curren ts 
flow in th e  tw o conductors. T h e  c ircu it is com pleted  th rough  the  dielectric 
w here th e  d isp lacem ent cu rren t flows from  one conductor to  the  other. 
N ex t, consider a  shielded parallel pair. I f  th e  s tru c tu re  is sym m etric , we 
shall recognize a t  once two m odes of transm ission, Fig. 4. In  one m ode, the 
balanced m ode, th e  cu rren ts  in the  wires are  equal an d  opposite; th e re  are 

* In  the  upper p a r t  of th is figure one of the  directional arrows should be reversed.

a:
= L

M o d e s  o f  T r a n s m i s s i o n
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also equal an d  opposite cu rren ts  in  th e  shield which, however, are n o t equal 
to the corresponding cu rren ts  in  th e  wires. In  th e  o ther mode, th e  cu rren ts 
in the wires are equal and  sim ilarly  d irected , the  re tu rn  p a th  being th rough 
the shield; th is  m ode is sim ilar to  th e  coaxial m ode since th e  wires a c t in 
parallel, effectively as one conductor. In  the  case of n  w ires the re  are n  
d istinct m odes of transm ission. E ach  m ode is characterized  b y  the  ra tio  
of cu rren ts in th e  w ires an d  by  th e  field p a tte rn  th a t  goes w ith  it.

In  all these m odes th e  longitud inal cu rren t p a th s  are conductive; b u t 
there is no reason w hatsoever w hy th e  circu it closure should n o t tak e  place 
through th e  dielectric. E ven  in  those m odes of transm ission in  which all 
longitudinal cu rren t p a th s  are conductive, we have to  depend on th e  d ielectric 
for com pletion of the c ircu it; th is  should p repare  us for the  idea th a t  con­
ductors are n o t essential for w ave transm ission. I f  we include the  dielectric, 
the num ber of possible longitud inal tubes of flow becom es infinite an d  so 
does the num ber of possible transm ission  m odes; b u t as the  cross-section 
of each ind iv idual tu b e  decreases the  longitud inal capacitance also de­
creases, an d  these m odes will p a rtic ip a te  in th e  transfe r of pow er over 
substan tia l d istances only  a t  correspondingly  h igher frequencies. I t  is 
not m erely th a t  a t  low frequencies the  longitud inal im pedance becom es 
very h igh ; it is capac itive  and  causes high a tten u a tio n . T h e  effect is 
analogous to  the a tte n u a tio n  in h igh-pass filters below the  cutoff.

;The m a th em atica l analysis which lends q u a n tita tiv e  substance to  these 
ideas is sim ilar to  th a t  involved in  th e  cav ity  resonator problem . Once all 
the m odes of transm ission have been found, the n ex t problem  is th a t  of 
the excitation  of these m odes b y  a given source, th a t  is, of coupling of the  
source to  various m odes.

To sum m arize: A physical transm ission line or a w ave guide has alw ays 
an infinite num ber of transm ission  m odes e ither independen t or su b stan ­
tially independen t of each o ther. I t  is as if we had  a system  of single-m ode 
transm ission lines w ith o u t couplers. F o r each transm ission m ode th e  
structure behaves as a  high-pass filter. I f  n  is th e  num ber of conductors, 
there are n  — 1 transm ission m odes w ith  the  cutoff frequency equal to  
zero. Since the  lowest non-zero cutoff frequency corresponds to  a w ave­
length com parable to  the  transverse  dim ensions of the  guide, i t  is clear th a t  
in system s w ith  tw o or m ore conductors we have a certa in  finite num ber of 
transm ission m odes w hich are well separa ted  on th e  frequency scale from  
all the rest. F o r th is  reason we m ay ignore all th e  higher m odes w hen we 
are concerned w ith  transm ission  of low frequencies only, b y  “ low ” m eaning 
the frequencies well below th e  frequency  equal to  th e  velocity  of ligh t 
divided by  th e  largest transverse  dim ension of th e  transm ission  line.

Analysis of w aves in  free space proceeds along sim ilar lines. An electric
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“ dipole” is th e  source of the  sim plest spherical electrom agnetic w ave. W e 
m ay  p ic tu re  th is  dipole as a p a ir  of sm all spheres connected  by  a  th in  rod. 
U nder th e  influence of an  im pressed force th e  charge is m ade to  surge back 
an d  fo rth  betw een the  spheres. W e can n o t have a  sim ple source like a 
uniform ly expanding an d  con tracting  sphere as in th e  case of sound waves. 
T h e  electric charge is conserved, an d  th e  only  w ay we can a lte r the  charge 
in  one place is to  transfe r i t  to  som e o th e r place. A m ore sym m etrical 
dipole w ould be a  single sphere on th e  surface of w hich th e  charge is m ade 
to  m ove back an d  fo rth  betw een two hem ispheres. L e t us call these 
hem ispheres respectively  th e  “ n o rth e rn ” and  the “ so u th e rn ” . W hen the 
positive charge accum ulates on the  n o rth ern  hem isphere, the  rad ia l dis­
p lacem ent cu rren t flows ou tw ards from  it. A t th e  sam e tim e an  equal 
rad ia l d isplacem ent cu rren t flows tow ard  th e  sou thern  hem isphere. T he 
situ a tio n  is analogous to  the  balanced m ode of transm ission  along parallel 
wires, w ith  th e  tw o half spaces ac ting  as “ th e  w ires” . T h e  d istance along 
the line is th e  d istance from  th e  dipole. T h e  rad ia l transm ission  line is 
capacitively  loaded b u t th e  series capac itance increases as the  square  of 
th e  rad iu s an d  therefore th e  capacitive series ad m ittan ce  decreases as the 
reciprocal of th e  square  of the  radius. H ence, a t  som e d istance from  the 
dipole, th e  w ave p ropaga tion  will be q u ite  un im peded  ju s t  as in  o rd inary  
transm ission lines free from  loading. N ea r th e  dipole the  series capacitance 
is high, an d  th e  pow er carried  b y  the w ave in com parison w ith  th e  energy 
sto red  is sm all.

In  th e  nex t spherical m ode of transm ission  th e  po la r regions of the  spher­
ical generato r are sim ilarly  charged while the  opposite charge is concen­
tra te d  in  the  equa to ria l zone. T h e  zonal ch arac ter of th e  rad ia l cu rren t 
d is trib u tio n  persis ts a t  all d istances from  the  generator. As m igh t be 
expected the  reactive  field in  th e  v ic in ity  of a  sm all “ tripo le” generato r is 
even stronger th a n  in th e  case of the  dipole source.

T h e  sequence of zonal m odes of transm ission  can be continued  indefinitely. 
N ex t we could im agine tu b u la r  m odes in which the space su rround ing  the 
generato r is subdiv ided  in to  conical tubes w ith  th e  rad ia l cu rren t in ad jacen t 
tubes flowing in  opposite d irections. T h is  p ic tu re  is essentially  physical; 
b u t i t  corresponds very  closely to  the  m a th em atica l expansion of th e  general 
so lu tion  of M axw ell’s equations in spherical harm onics.

F i e l d  R e p r e s e n t a t i o n  i n  T e r m s  o f  F i e l d s  o f  S p e c i a l  T y p e s

F rom  the  m a th em atica l p o in t of view  th e  m ethod  which we have ju st 
been considering is based on the idea of rep resen ta tion  of the  general field 
in  term s of p a rticu la r  fields hav ing  certa in  re la tive ly  sim ple properties. 
T h e  m ethod  is analogous to  th a t  em ployed in c ircu it theo ry  w hen the
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response to  the general e lectrom otive force is expressed in term s of responses 
to the u n it s tep  function , or the u n it im pulse function , or the steady  s ta te  
responses a t  various frequencies.

There are num erous varia tio n s of the  sam e general idea, some of which 
are m ore su itab le  to  one class of problem s an d  o thers to  ano ther class. 
If the d istribu tion  of electric charge and  cu rren t is know n, then  in m any 
cases (b u t n o t in all) i t  is best to  subdiv ide it in to  sm all volum e elem ents. 
Except for a possible s ta tic  electric charge d istribu tion , th e  elem ents will 
be dipoles. T h e  en tire  field can th u s  be regarded  as the  re su lta n t of spherical 
waves generated  b y  dipoles of given m om ent an d  position. T o sim plify 
the in teg ration  involved in th is  m ethod  certa in  auxiliary  functions, called 
the re ta rded  p o ten tia ls , a re  in troduced . One should no t try  to  ascribe 
to these aux ilia ry  m a th em atica l functions an y  physical significance and  one 
should alw ays rem em ber th a t  on certa in  occasions p o ten tia l functions, 
other th a n  the re ta rd ed  po ten tia ls , tu rn  ou t to be m ore useful. W e should 
also keep in m ind  th a t,  in o rder to  ap p ly  th is m ethod, we have to  know  th e  
com plete d is trib u tio n  of electric conduction  cu rren ts an d  as a  general rule 
we do no t have th is  in form ation . Consider, for instance, the  problem  of 
electrom agnetic shielding. T h e  cu rren t in  the  coil is given; b u t th a t  in 
the shield has to  be determ ined . T here  are m ethods for calcu lating  the 
induced cu rren t; b u t  these m ethods give a t  the sam e tim e the shielding 
effectiveness, an d  th a t  w ithou t em ploying re ta rd e d  p o ten tia ls . I t  is in 
approxim ate stud ies of rad ia tio n  p a tte rn s  of an ten n as  an d  an ten n a  arrays 
tha t the re ta rd ed  p o te n tia l m ethod  is d isplayed to the  b est advan tage.

The re ta rded  p o ten tia ls  are  based on rep resen ta tion  of fields in te rm s of 
spherical coord inates; th a t  is, in term s of fields associated w ith  h ypo the tica l 
point sources a t  th e  origin of the coordinate system . G eneral fields can 
also be expressed in te rm s of cylindrical coordinates and, consequently , in 
terms of fields associated  w ith  hy p o th e tica l line  sources s itu a te d  along the  
axis of the  coord ina te system . Likewise, fields can be expressed in cartesian  
coordinates; th a t  is, in te rm s of “ p lane w aves” . All such represen tations 
have useful app lica tions. T h e  cu rren t in the  coil is given.

D i s c o n t i n u i t i e s

In  the analysis of th e  various transm ission  m odes for a given w ave guide 
it is assum ed a t  first th a t  the  boundaries of th e  w ave guide are ana ly tic  
functions of the coord inates. A ny d iscon tinu ity  or irreg u la rity  has to  be 
treated separate ly , sim ply  because the re  is no th ing  in th e  an a ly tic  p a r t  
of the wave guide to  suggest th a t  a  d iscon tinu ity  m ight occur, or to  prescribe 
the properties of th is  d iscon tinu ity . D iscontinu ities m ay  be accidental, 
unavoidable or in ten tiona l. A kink in a  w ire is an exam ple of an accidental



d iscon tinu ity . O pen a ir  w ire lines have to  be sup p o rted  on poles which, 
toge ther w ith th e  insu lators, co n s titu te  unavoidable d iscontinu ities. T he 
beginning an d  the  end of a line are  alw ays p resen t. U sually  these la tte r  
discontinu ities a re  sim ply  unavo idab le; b u t, in radio , a t  least one d is­
co n tinu ity , th e  an ten n a , is m ade to  serve a  useful purpose. I t  is clear 
th a t  the  genera to r a n d  the  load connected  b y  a two-wire line, F ig. 5, are 
dipoles w hich will generate  spherical w aves as well as the  w ave guided by 
th e  transm ission  line. A t low frequencies the  leng th  of the  dipoles is so 
sm all com pared  w ith  the  w avelength  th a t  the field does no t reach ou t into
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Fig. 6—An antenna.

the  region w here the  rad ia l capac itance becom es negligible an d  w here the 
spherical w ave s ta r ts  carry ing  off all the  energy th a t  gets th e re . Spherical 
w aves generated  a t  th e  beginning an d  the  end of the  transm ission  line are 
p rac tica lly  s ta tio n a ry  w aves an d  co n s titu te  m erely  local reactive  reservoirs 
of energy. T h e  energy is w ithdraw n from  the  generato r or th e  transm ission 
line during  one half of the  cycle only to  be re tu rn ed  du ring  th e  o th e r half. 
A t low frequencies the  energy th u s  exchanged back  an d  fo rth  is so small 
th a t  norm ally  we d o n ’t even th in k  a b o u t it. T h e  an ten n a , F ig. 6, is designed 
to  be a  m ore efficient transfo rm er of th e  p lane  w ave guided b y  th e  parallel 
p a ir in to  the  spherical w ave which will ca rry  off pow er to  d is ta n t po in ts .

Q uite frequen tly  d iscontinu ities are in troduced  in ten tio n a lly  in order to
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discrim inate ag a in st som e frequencies. A capac ito r in  para lle l w ith  th e  
wave guide or an  in d u c to r in  series w ith  it  w ill favor transm ission of low 
frequencies a t  th e  expense of high frequencies. T hese  d iscon tinu ities are 
deliberately  designed to  be sufficiently large to  p roduce noticeable effect. 
A frequency filter is a  m ore e labo rate  s tru c tu re  m ade up  of capac ito rs and 
inductors designed to  achieve desired frequency  d iscrim ination .

D iscontinu ities in  h igh-frequency w ave guides are also e ither acciden ta l, 
unavoidable or in ten tiona l. T h e  p rinc ipa l difference is in th e  o rder of 
m agnitude— any  irreg u la rity  of ap p a ren tly  sm all physical dim ensions m ay  
represent a  large v ir tu a l reservoir of energy. Am ong the  sim plest types 
of in ten tiona l d iscon tinu ities in  w ave guides are “ irises” , F ig. 7. Local 
fields a re  c reated  in th e  v ic in ity  of th e  irises. U nder th e  influence of a 
wave trave ling  along th e  guide, electric charge an d  cu rren t are  induced in 
the m eta l p a rtitio n . O n e ith er side of th e  p a r ti t io n  th e  com plete field is 
the resu lt of the  superposition  of fields rep resen ting  various transm ission 
inodes. T h e  cutoff frequencies of these m odes m ay  be arranged  in an

(a) (b) (c)
Fig. 7—Inductive, capacitive, and resonant irises.

increasing sequence. I f  th e  opera ting  frequency  is betw een the  lowest 
cutoff frequency  an d  th e  nex t h igher, th e  p ro p ag a tio n  co n s tan ts  of all 
inodes except th e  dom inan t are real and  th e  corresponding  fields will n o t 
extend very  far from  th e  iris. D u rin g  one-half cycle th e  local field w ith ­
draws energy from  th e  do m in an t w ave— this being th e  only  source of energy 
— and during  th e  rem ain ing  half th is  energy  is re tu rn ed . T h e  local field 
acts as a  virtual source of pow er— “ v ir tu a l”  since i t  opera tes on borrow ed 
power. On accoun t of sym m etry  th e  do m in an t w aves generated  b y  th is  
v irtual source an d  trave ling  in  opposite d irec tions w ill b e  of equal in tensities. 
I  he scattered wave trave ling  tow ard  th e  source of th e  in c id en t w ave is 
called the wave reflected fro m  the iris;  on the  o th e r side th e  sca tte red  and  
incident w aves m erge in to  th e  transmitted wave. T h e  sto rage of energy 
in the local field depends on the  frequency— hence, the  frequency selec­
tivity.

In  th e  case show n in F ig. (7a) th e  flow of cu rren t in  th e  p a r titio n  is u n ­
impeded an d  the re  is no tendency  for an y  local concen tra tion  of charge in 
the p a rtitio n ; th e  local field is largely  m agnetic  an d  the  iris rep resen ts an
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inductive reactance. Since an y  v a ria tio n  of the  m agnetic  field w ith  tim e 
alw ays creates an  electric field, the re  will be som e capacitance in  parallel 
w ith  th e  inductance. T h e  sam e idea m ay  be expressed by  say ing  th a t  the  
induc tance of th e  iris is n o t qu ite  independen t of the  frequency. T h is 
lack of constancy  is n o t pecu liar to  u ltra -h ig h  frequencies; it is tru e  of 
coils a t  low frequencies. Likewise, even a t  very  low frequencies the  in­
ductance varies w ith  th e  frequency  because of skin effect.

In  th e  iris show n in F ig . (7b) the re  are a lte rn a tin g  charge concen tra tions 
on th e  upper and  lower p a rtitio n s . T h e  local field is largely electric and 
the  iris is capacitive. A feeble m agnetic field associated  w ith  charging 
cu rren t is unavoidable , of course; th is  is also tru e  of capac ito rs a t  low 
frequencies b u t th is  tim e the  effect is g rea ter. F inally , an  iris of the  type 
shown in F ig. (7c) m ay  be designed to  behave as an  an tireso n an t circuit.

In  th a t  frequency range in which only the  d o m in an t w ave is an  effective 
carrie r of pow er to  g rea t d istances, an y  d iscon tinu ity  will behave as a 
reactive T  or Il-netw ork— assum ing th a t  observations are m ade a t  some 
d istance from  the iris w here the  local field is too feeble to  count. This 
could n o t be otherw ise since there are  th ree param ete rs  a t  our disposal: 
tw o reflection coefficients for w aves trave ling  in opposite d irections and 
one transm ission  coefficient across the d iscon tinu ity . T h e  R eciprocity  
T heorem  requires th a t  th e  transm ission  coefficients in the  tw o directions 
b e  equal. T hese th ree  pa ram ete rs  determ ine th e  ra tio s of th e  reactance 
elem ents of th e  equ ivalen t T  o r 11-network to  th e  characteristic  im pedance 
of th e  guide.

I f  th e  opera ting  frequency  exceeds th e  second cutoff frequency, other 
w aves besides th e  do m in an t becom e effective carriers of pow er and  the 
equ ivalen t netw ork  for the  iris becom es m ore com plicated . T h e  iris behaves 
no t only  as a  d issipative im pedance to  th e  dom inan t w ave b u t also as a 
negative resistance, to  one or m ore higher o rder waves.

B o u n d a r i e s

■ So far we have p a id  little  a tte n tio n  to  the  boundaries of the  electro­
m agnetic field. S tric tly  speaking, in an y  ac tu a l s itu a tio n  the field always 
extends to  in fin ity ; the  only boundaries the re  are, are the geom etric bound­
aries betw een m edia w ith different electrom agnetic  p roperties. This 
m eans th a t  we should  solve electrom agnetic  equations for each homogeneous 
region, o r region w ith  an a ly tica lly  vary ing  p roperties, an d  th en  m atch 
the solutions a t  th e  boundaries. In  m an y  cases, how ever, th is  procedure 
would be very  com plicated  an d  q u ite  unnecessary . In  the  case of a cylin­
drical m e ta l tu b e  w ith a  dipole as a  source of pow er th e  exact so lu tion  may 
be represen ted  as a p a rticu la rly  form idable in teg ra l; b u t  experim entally
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we would n o t be able to  d e tec t an y  difference betw een th e  “ ex ac t” solution 
and  a m uch sim pler app rox im ate  solution.

In  th e  case of rec tangu la r tubes we d o n ’t  even know  how to  o b ta in  the 
“exact” solution in an y  form ; b u t good app rox im ate  solu tions are exceed­
ingly sim ple. T h e  w ord “ ex a c t” is in q u o ta tio n  m arks because the re  can 
be no really  exact so lu tions of ac tu a l physical problem s. I n  th e  first place 
the p roperties of m ateria ls a re  n o t know n exactly ; th e  boundaries betw een 
media do n o t exist in  th e  exact sense of th e  te rm ; an d  we ju s t d o n ’t  know 
the exact laws of n a tu re . All we really  w an t of an y  so lution  is to  be ac­
curate  enough fo r som e p a rtic u la r  purpose. A nd here is w here the  idea 
of idealized boundaries helps in th e  form ulation  of sim plified, clear-cut 
m athem atical problem s. T h e  idea lends flesh an d  blood to  idealized 
m athem atical b oundary  conditions. Perfect conductors h av e  long been 
m entioned in  lite ra tu re  as idealizations of good conducto rs; b u t  o ther 
types of boundaries are of m uch m ore recen t origin. P erfec t conductors 
are boundaries o f zero surface impedance; th ey  su p p o rt electric cu rren ts  of 
finite s tren g th  when th e  ta n g en tia l electric in ten sity  is zero. A t these 
boundaries the  tan g en tia l m agnetic  in ten s ity  is d ifferent from  zero. T he 
na tu ra l co u n te rp a rt is a  boundary o f in fin ite impedance a t  w hich the  ta n ­
gential m agnetic  in ten s ity  van ishes b u t th e  ta n g en tia l electric in ten sity  
does no t. T h e  fu rth e r  generalization  is a  b o u n d ary  w ith  a  given fin ite 
surface im pedance w hich is defined as th e  ra tio  of tw o m u tu a lly  perpend ic­
ular tan g en tia l com ponents of the  electric an d  m agnetic  in ten sity . T he 
boundary  m ay  be isotropic, w ith  its  surface impedance th e ' sam e in all 
directions; likewise, the boundary  m ay be aelotropic. T h e  surface im ped­
ance is defined as the  ra tio  of th e  tan g en tia l com ponents of E  an d  II .  Since 
it is necessary to  ad o p t a  conven tion  regarding “ positive d irec tions” of 
E  and II ,  these are so chosen th a t  a  righ t-handed  screw  will advance in to  
the boundary  if i ts  hand le  is tu rn ed  th rough  90° from  th e  positive d irection  
of E  to  coincide w ith  th e  positive d irection  of II . In  accordance w ith  th is 
convention the positive  rea l p a r t  of th e  surface im pedance is associated  
with an  average flow of pow er in to  th e  b oundary— th a t is, w ith  a passive 
boundary. A n active boundary is a bou n d ary  w ith  a negative surface re­
sistance; such boundaries m ay  be used to  rep resen t idealized generato rs of 
electrom agnetic w aves and  to  elim inate from  explicit consideration  the  
internal m echanism s of these generators.

F i e l d  E q u a t i o n s

T hus far I  have tried  to  p resen t th e  ideas beh ind  th e  physical an d  m a th e ­
matical analysis of elec trom agnetic  transm ission phenom ena. T hese are 
broader th a n  th e  electrom agnetic  laws them selves and , w ith som e super­
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ficial m odifications, w ould app ly  to  sound w aves, for instance. T h ere  are 
tw o fu n d am en ta l equations of transm ission  of an  electrom agnetic s ta te , 
expressing F a ra d a y ’s law  of induction  of an  electrom otive force b y  a m ag­
netic  d isp lacem ent cu rren t an d  A m pere-M axw ell’s law of induction  of a 
m agnetom otive force by  an electric cu rren t. In  the ir m ost general m a th e­
m atical form  the  equations are

(10)
f  H . ds =  j  I  Pv„ d S + J f  g E n dS  +  ~  / /  e£„ dS ,

w here th e  subscrip t s ind icates com ponents tan g en tia l to  a  closed p a th  of 
in teg ra tion  an d  the  subscrip t n  designates com ponents norm al to  any 
surface bounded  b y  th is  closed p a th . T h u s  on the  left we have “ sum s” of 
infinitesim al em f’s an d  m rnf’s as we trav e l round  som e closed curve either 
on the  surface of a  wire or ju s t in  free space, an d  on th e  rig h t we have to ta l 
m agnetic  and  electric cu rren ts linked  w ith  th is  curve. A ccording to  our 
p resen t physical conceptions th e  m agnetic  cu rren t is alw ays a  displacem ent 
cu rren t defined as th e  tim e ra te  of change of m agnetic  flux or “ d isp lacem ent” . 
N o t th a t  the re  is a n y th in g  inconceivable a b o u t an  ac tu a l flow of m agnetic 
charge; i t  is sim ply th a t  so fa r the re  has been no sa tisfac to ry  evidence of 
its  existence. In  the  m a th em atica l analysis i t  has long been a custom  to 
consider m agnetic  charges of opposite signs as if th e y  existed; b u t th is  is 
m erely for convenience.

T h e  electric cu rren t, on th e  o th e r hand , consists of th ree  com ponents: 
th e  convection current whose density  is the  p ro d u c t of th e  electric charge 
density  p an d  the  velocity  v; th e  conduction current w hose density  is p ro­
portiona l to  the electric in te n s ity  (the  gE  te rm  in th e  above equation) and 
th e  displacement current defined as th e  tim e ra te  of change of th e  electric 
d isplacem ent. S tric tly  speaking, th e  conduction  cu rren t is a  convection 
cu rren t b u t of such a k ind  th a t  it would be extrem ely  aw kw ard  to  th in k  of 
it in te rm s of charged particles an d  th e ir  velocities.

A t th e  sam e tim e the  s ta tis tica l resu lt of th e  irregular m ovem ents of 
these partic les can  be expressed, for purposes of transm ission  of an  electro­
m agnetic s ta te , as a  con tinuous m ovem ent of charge encountering  some 
resistance. T here  are , of course, such phenom ena as resistance noise which 
are th u s  au to m atica lly  excluded from  consideration .

In  general to  these electrom agnetic  transm ission  equa tions we should 
ad d  the  dynam ical equa tions of m otion of electric charge; th is  is essential 
w hen dealing  w ith  vacuum  tubes. B u t, in  considering passive transm ission 
system s, we e ith er om it th e  convection  cu rren t altogether, o r else assume
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th a t th e  velocities of th e  charged partic les  a re  specified, an d  th a t  the  forces 
which th e y  exert on each o ther a re  com pletely  neu tra lized  b y  the  forces 
external to  th e  field, in w hich case th e  convection  cu rren t appears m erely 
as an  “ im pressed c u rre n t” .

E xcep t for the  above restric tions, equa tions (10) form  a  com plete se t; 
b u t for m a th em atica l convenience tw o o th e r equations a re  usua lly  ad ­
joined. T hese are

J  j  e E n d S  = q,

( U )

J  f  ix H n d S  =  0,

where th e  double in teg ra tio n  is ex tended  over a  closed surface. T h e  first 
of these equations s ta te s  th a t  th e  to ta l electric d isp lacem ent th rough  a 
closed surface is equal to  the  n e t enclosed electric charge; the  second denies 
the physical existence of m agnetic charge. T hese equa tions can be derived 
from (10) an d  for th is reason are n o t q u ite  on the  sam e footing w ith  them .

B Vbd -  o D
(1 1

T *

v a b !
1 VABD *  VACD jVCD

(1 1
A *< o II o c

Fig. 8-—A p a ir of parallel wires.

E quation  (10) tells us th a t,  except w hen th e  field is s ta tic , we canno t 
speak of th e  electrom otive force or the  vo ltage betw een tw o p o in ts  w ithou t 
specifying th e  p a th  along w hich we ad d  up th e  elem en tary  voltages. In  
fact, equation  (10) gives us the  difference betw een th e  vo ltages along two 
different p a th s  connecting  th e  sam e p a ir  of po in ts . T o  illu stra te , consider 
a wave along a p a ir  of perfec tly  conducting  wires, Fig. 8. V oltages V AC 
and V BD along th e  w ires a re  equal to  zero; transverse  vo ltages V AB an d  V Cd 
are usually  unequal; hence V  ABD ^  V A c d  ■

If  two p o in ts  a re  infin itely  close, th en  we can  define th e  vo ltage un ­
am biguously as th e  p ro d u c t E sds of the  electric in ten s ity  an d  the  d istance 
between the  po in ts . T h e  difference betw een th is  vo ltage and  the  vo ltage 
along an y  o th e r infin itesim al p a th  is an  infin itesim al of the  second order, 
being dependen t on th e  a re a  enclosed b y  th e  tw o p a th s . In  p rac tice  two 
points are  sufficiently close if th e  d istance betw een  them  is sm all com pared 
with one q u a r te r  w avelength .

Since, except in e lec trosta tics, we can n o t speak  of the  vo ltage betw een 
two po in ts  w ith o u t specifying th e  p a th , we ca n n o t speak  of th e  potential
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difference. In  m ath em atica l te rm s we should say  th a t  th e  d ifferential 
vo ltage in  a  v ary in g  electrom agnetic  field is n o t an  exact differential. T o 
illu stra te : 2x dx  -f- 2y  dy  is an  exact differential equal to  d(:v2 +  y l) and 
for th is  reason its in tegral depends only  on the  difference betw een the  values 
of (x 2 +  y-) a t  the  end po in ts of the  p a th  of in teg ra tio n ; b u t 2x dx  +  2x dy  
is n o t an  exact differential an d  canno t be in teg ra ted  except when y  is given 
in te rm s of a: so th a t  the  p a th  of in teg ra tion  is prescribed.

If  equations (10) are applied  to  infin itesim al closed curves, the  following 
d ifferential equa tions are  ob ta ined :

curl E  = — n , curl I I  =  gE  +  t . (12)
at at

T h e  expressions curl E  an d  curl I I  are  m erely the  sym bols for the  m axim um  
em f’s an d  m m f’s per u n it area. T hese equations a re  n o t as general as (10) 
because th ey  assum e th a t  E  an d  I I  are continuous an d  a t  least once differ­
en tiab le. T h e  equations do n o t hold across the  bou n d ary  betw een different 
m edia, w here th ey  h av e  to  be supp lem ented  b y  th e  so-called boundary 
conditions which are o b ta in ed  from  (10). E q u a tio n s  (12) do n o t hold  a t  a 
w avefron t w here E  an d  I I  are d iscontinuous; the re  also we have to  supple­
m en t them  by  ap p ro p ria te  bo u n d ary  conditions, w hich connect th e  solutions 
on th e  tw o sides of th e  w avefront.

A n a l y t ic  F u n c t io n s

An advance of fun d am en ta l im portance is m ade w hen the  field in tensities 
are rep resen ted  b y  com plex q u an titie s  E  e1“1 and  I I  e3“‘ w here w is th e  fre­
quency  in rad ians. T h e  equa tions becom e

curl E  =  — ju>n I I ,  curl I I  — (g +  ju e )E , (13)

an d  are th u s  freed from  one independen t variab le , th e  tim e /. T h is  does
n o t m ean th a t  we have restric ted  our analysis to  s te ad y  s ta te  fields; Fourier 
analysis supplies a general rule for passing from  s te ad y  s ta te s  to  an y  sta te  
w hatsoever. C om p u ta tio n al difficulties are  g rea t b u t no g rea ter th a n  they 
would be in  an y  o th e r m ethod .

A s till m ore im p o rta n t advance is m ade w hen th e  field in tensities are 
represen ted  by  E  evi, I I  ep‘, w here th e  oscillation constant p  =  £ -j- j u  is a 
com plex num ber. T h e  equations becom e

curl E  = — ptxH, curl I I  = (g +  p  e)E . (14)

T h e  solutions of these equations are  an a ly tic  functions of th e  complex 
variab le  p  an d  a  w ay  is open for app lica tion  of th e  theo ry  of functions of a 
com plex variab le.
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T h u s if we w rite

E  =  i c np \  11 = ± h np \  (15)
n«0 7i=*0

and su b s titu te  in (14), we ob ta in

curl e0 =  0 curl en+\ =  — m h„,
(16)

curl h0 = geo, curl hn+l =  gcn+x +  te „.

If  these equations a re  solved su b jec t to  the  prescribed  b oundary  conditions, 
E  an d  I I  will be expressed as pow er series in  th e  oscillation co n s tan t p- 

T h e  function  th eo ry  has a lready  been used successfully in th e  restricted 
circuit theory, th a t  is, in  the  th eo ry  of fin ite netw orks com posed of ideal 
(independent of th e  frequency) resistances, inductances an d  capacitances. 
Likewise, som e very  general theorem s have been estab lished  concerning 
any physical in p u t im pedance. W hereas th e  poles and  zeros of a  function  
can be anyw here in  th e  com plex /»-plane, th e  poles an d  zeros of th e  in p u t 
im pedance of a  passive system  never lie to  the  r ig h t of the  im ag inary  axis. 
This leads to  a theorem  to  th e  effect th a t a ll poles an d  zeros on the  im aginary  
axis are sim ple. T h e  resistance com ponents of the in p u t im pedance on 
the im aginary  axis determ ine th e  reactance com ponent and  hence the 
com plete im pedance function  except for a pu rely  reactive im pedance. T h e  
zeros an d  poles of an im pedance occur alw ays in con jugate  pairs. These 
are some of the  general theorem s of im pedance analysis. N o t very  long 
ago I  cam e across an  expression for the  in p u t im pedance of a spherical 
an tenna w hich was ob ta ined  by  w h a t appeared  superficially  as a s tra ig h t­
forw ard conven tional m ethod ; b u t  as soon as I observed th a t  som e poles 
were s itu a te d  to  th e  rig h t of th e  im ag inary  axis, I  knew  th a t  th e  expression 
had to  be false. T h e  existence of poles in th is  region m ean t a possib ility  
of oscillations w hich w ould increase indefinitely  of th e ir  own accord.

The difference betw een fin ite an d  infinite netw orks consists in th a t  the 
former possess a fin ite num ber of zeros an d  poles. A ll physical s tru c tu re s  
always possess an infinite num ber of such singularities; b u t a finite num ber 
of them  m ay form  a c luster in  the  v ic in ity  of th e  origin, fa r rem oved from  
all o ther zeros an d  poles. W hen th is happens we h av e  a physical finite 
network. In  a  reactive netw ork  all zeros an d  poles lie on th e  im aginary  
axis. In  a  sligh tly  d issipative system  these zeros an d  poles m ove a  little  
to the left of th e  im ag inary  axis. T h is happens, for instance, in  th e  case 
of a th in  an ten n a . T h e  field in the  v ic in ity  of a th in  w ire is large an d  the 
radiated  power is only a  sm all fraction  of th e  s to red  energy. T h e  d is trib u ­
tion of poles (th e  solid circles) and zeros (the  hollow circles) is illu stra ted
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in  F ig. 9. T h e  zero frequency  is alw ays a  pole for an  open ty p e  an ten n a  
an d  a  zero for a  perfec tly  conducting  loop an tenna . As th e  frequency 
passes th rough  a  zero, th e  an ten n a  im pedance passes th rough  a  m inim um . 
As the frequency  goes th rough  a pole, th e  an ten n a  im pedance passes th rough  
a  m axim um . T h e  disposition of zeros and  poles gives us a  q u a lita tiv e  idea 
of th e  behavior of th e  im pedance as the  frequency  varies.

As th e  rad ius of th e  an ten n a  increases, th e  zeros an d  poles m ove fa rth er 
to  th e  left of th e  im aginary  axis. A t th e  sam e tim e som e zeros an d  poles, 
w hich for a  th in  an ten n a  are so fa r to  th e  le ft th a t  th ey  have very  little  
effect on th e  im pedance, m ove nearer the  origin. F o r spherical an tennas 
th e  num ber of zeros an d  poles around  th e  origin is considerably  la rger th a n  
for th in  doublets.

o

o

Fig. 9—D istribu tion  of zeros and poles in a  dipole a n te n n a : solid circles 
represent poles; hollow circles zeros.

C ir c u it  a n d  F i e l d  E q u a t io n s

I n  conclusion I  should  like to  m ake a few rem arks on th e  relationship  
betw een K irchhoff’s circuit equa tions an d  M axw ell’s field equations. Are 
the  form er approx im ations; and , if so, in w h a t sense? T h e  answ er depends 
on w hat is m ean t b y  K irchhofPs equations, for th e ir  m eaning has changed 
w ith  passing years. I t  was exactly  a  h u n d red  years ago th a t  K irchhoff 
s ta te d  his equations in  a  k ind  of p o s tsc rip t to  h is p ap e r in  Poggendorf 
A nnalen; b u t he con tem plated  on ly  th e  d-c netw orks. Y e t now adays 
we in te rp re t these equations in  such a  w ay  th a t  th e y  are applicable to  a-c 
circu its. Some th ir ty  years w ent b y  before M axw ell th u s generalized the 
original K irchhoff equations w ith  th e  a id  of L ag range’s concepts. M axwell 
w rote his circu it equations (no t th e  field equations) in  a fo rm  applicable 
only  to  netw orks w ith a finite num ber of degrees of freedom ; b u t  now adays
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we in te rp re t these equations in such a  w ay th a t  we can  ap p ly  them  to one- 
dim ensional transm ission lines. In  so doing we refrain  from  m aking a p ­
proxim ations w hich we norm ally  m ake w hen app ly ing  K irchhoff laws to 
netw orks of lum ped elem ents. In  th e  la t te r  case i t  is usua l to  ignore the  
inductance of th e  connecting  leads or ra th e r  the  inductance associated 
with th e  loop form ed b y  th e  leads; b u t in th e  case of tw o-wire transm ission 
lines the  “ connecting leads” co n s titu te  the  en tire  netw ork  and  the  loop 
inductance is no longer ignored. In  the  case of lum ped netw orks the 
capacitance betw een the  connecting leads is norm ally  neglected; b u t  th is  
capacitance is scrupulously  included in the  analysis of two-wire lines since 
in th is case th e  “ lead  cap ac itan ce”  is a ll th e  capac itance there is. A nd I 
have a lready  referred  to  a  recen t co n tribu tion  of K ro n ’s who p resen ted  a 
three-dim ensional netw ork  such th a t  if we app ly  K irchhoff’s laws to  it, we 
shall ob ta in  M axw ell’s field equations. T h e  m erger betw een th e  tw o po in ts 
of view is now com plete. In  its  g row th, each theo ry  has developed concepts 
peculiar to  itself. T h e  n e t resu lt is th a t  we are  now in a  position  to  un d er­
stand electrom agnetic  phenom ena b e tte r  th a n  ever.



The Evolution of the Quartz Crystal Clock*

By W A R R E N  A. M A R R ISO N

Q O M E  of the earliest docum ents in hum an h isto ry  re la te  to  m a n ’s in te rest 
in  tim ekeeping. T h is  in terest arose p a r tly  because of his curiosity  abou t 

the  visible w orld a round  him , an d  p a r tly  because the a r t  of tim e m easure­
m en t becam e an  increasingly im p o rta n t p a r t  of living as the  need for cooper­
ation  betw een the  m em bers of expanding groups increased. T here  are still in 
existence devices believed to  have been m ade b y  the  E g y p tian s six thousand  
years ago for the  purpose of te lling tim e from  the  sta rs, and  the re  is good 
reason to believe th a t  they  were in qu ite  general use by  the  b e tte r  educated  
people of th a t  period .1 Since th a t  period the re  has been a continuous use 
and im provem ent of tim ekeeping m ethods and devices, following som etim es 
q u ite  independen t lines, b u t developing th rough  a  long series of new  ideas 
and  refinem ents in to  th e  v e ry  precise m eans a t  our disposal today .

T h e  a r t  of tim ekeeping an d  tim e m easurem ent is of v ery  g rea t value, both 
from  its  d irec t social use in p erm ittin g  tim e tab les an d  schedules to  be m ade, 
an d  in its  rela tion  to  o th e r a r ts  an d  th e  sciences in w hich th e  m easurem ent 
of ra te  an d  d u ra tio n  assum e ever increasing im portance. T h e  early  history  
of tim ekeeping w as concerned alm ost en tire ly  w ith  the  first of these and  for 
m any  cen turies the  chief purpose of tim ekeeping devices w as to  provide 
m eans for the  approx im ate  subdivision of the day , p a rticu la rly  of the  day­
ligh t hours.

T h e  m ost obvious even ts m ark ing  the  passage of tim e were th e  rising and 
se tting  of the  sun an d  its  con tinuous ap p a re n t m otion  from  east to  west 
through th e  sky. T h e  first p ractical m easure of the position of the  sun of 
w hich a n y  record is know n w as the position or the  length of shadow s of 
fixed objects, resu lting  th rough  a long period of developm ent in th e  well- 
know n sundial in its  m any  form s. B u t the sundial w as in no sense an 
in stru m en t of precision and  in no sense could be considered as a tim e keeping 
device. E ven  a fte r the  deve lopm en t w hich resulted  in m oun ting  the 
gnom on parallel w ith  the axis of the  ea rth , th e  largest, m ost elaborate , and 
m ost carefully  m ade in stru m en ts  could a t  b es t ind icate local solar time. 
F urthe rm ore , the  sund ia l has value only in day ligh t hours an d  then  only on

* T he subject m atter of this paper was given before the B ritish Horological In stitu te  in 
London on the occasion of the  presentation of the  Horological In s titu te ’s Gold M etal for 
1947 to M r. M arrison in consideration of his contribution toward the developm ent of the 
quartz  crystal clock. The present text is substantially  as published in the  Horological 
Journal.
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days w hen th e  sun  shines clearly  enough to  cast a  shadow . T hese sh o rt­
comings becam e m ore and  m ore im p o rta n t w ith  advances in society and, 
for m easuring du ration , m an soon began inven ting  tim ekeeping m eans th a t  
would w ork w ith o u t benefit of th e  sun.

T he evolution  of tim ekeeping devices m ay be d iv ided in to  th ree m ain 
periods, each em ploying a  specific type  of m ethod , a lthough  overlapping to 
some degree in the ir app lications, and characterized  b y  increasing orders of 
accuracy.

A graphical rep resen ta tion  of th is evolution , ind icating  these th ree periods 
of developm ent, an d  show ing the  rela tion  betw een som e of the  m ajo r con tri­
butions to  tim e keeping an d  the resu lting  accuracy  of tim e m easurem ent, is 
shown in Fig. 1. T h e  m ethods em ployed chiefly during  these th ree  periods 
may be classified b road ly  as C O N T IN U O U S  F L O W  from  the  beginning up 
until ab o u t 1000 A .D ., as A P E R IO D IC  C O N T R O L  from  then  u n til ab o u t 
1675 A .D . and  as R E S O N A N C E  C O N T R O L  from  th a t  tim e u p  to  the 
present. K eeping in  m ind th e  logarithm ic n a tu re  of the  tim e an d  accuracy 
scales used in th is  g raph , i t  can  be seen read ily  th a t  m ost of the  advance­
ment has been m ade in a very  sm all p a r t  of the  to ta l tim e, corresponding to 
the resonance control epoch.

T h e  E p o c h  o f  C o n t in u o u s  F l o w

Perhaps due to  a feeling th a t  the passage of tim e w as like the  flow of some 
medium, the  first tim e measuring  devices were those depending  on th e  flow 
of w ater in to  or o u t of su itab le  basins. I t  was recognized th a t, w ith  an 
orifice properly  chosen, the  tim e required to  fill or em p ty  a given basin should 
be abou t the  sam e on repe tition , and  hence w as born the  first reliable m eans 
for m easuring tim e a t  n igh t or on overcast days. A g rea t v a rie ty  of devices 
operating on th is p rincip le were construc ted  and  used, some of th e  earliest 
having been m ade by  the  B abylonians and  the E g y p tian s  3500 years ago.

Some of these w ate r clocks, or clepsydra as they  were called, had  floats 
or o ther ind icato rs which were in tended  to  subdiv ide a u n it of tim e in to  
substan tia lly  uniform  divisions. O thers were construc ted  so th a t  successive 
fillings of the  basin  would be counted  or w ould opera te  a stepping  device, 
associated w ith  a  dial or o the r indicator. T hrough  the  cen turies g rea t 
num bers of such devices were construc ted , w ith some.of th e  la te r ones hav ing  
elaborate m echanism s for s trik ing  th e  hours or for an im ating  figures of 
people or anim als.

For use in places w here w ater was no t read ily  availab le and  w here sand 
was plentiful, clepsydra w ere developed th a t  would opera te  w ith the  flow 
of sand in m uch th e  sam e w ay as w ith  th e  flow of w ater. T h e  basic ideas 
were no t g rea tly  different, th e  su b stitu tio n  being m erely  one of expedience.
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F ig . 1— T h e  accu racy  of tim ekeep ing  th ro u g h  h isto ry .
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The hour glass, an d  its  sm aller co u n terp arts , is one of th e  m ost convenien t 
forms of th is device an d  u n til q u ite  recen t tim es served a  useful purpose 
where accuracy  w as of no g rea t im portance. T h e  hou r glass show n in Fig. 2 
was used b y  a  p as to r  in  th e  early  eighteen hundreds to  d eterm ine th e  leng th  
of his serm ons. T h e  average v a ria tio n  am ong a se t of ten  one-hour de­
term inations m ade recen tly  w ith  th is glass was 3 m inutes, or ab o u t 5 p e r cen t.

T he clepsydra th a t  w ere designed to  rep e a t and  to ta lize an  endless succes­
sion of cycles w ere especially ad ap tab le  to  th e  m easurem ent of ex tended  
intervals of tim e, a lthough  w ith  v e ry  poor accuracy  as we now th ink  of it.
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Fig. 2—H our glass.

By suitable design an y  desired num ber of cycles could be m ade equal to  the 
natural large un it, th e  day , so th a t  an y  fraction  of a d ay  w ith in  th e  accuracy  
of a given in s tru m en t could be determ ined  sim ply b y  counting  off the 
number of cycles from  a  p a rticu la r  s ta rtin g  p o in t such as sunrise, sunset, or 
high noon. I t  w as possible w ith these devices to  opera te  w ith o u t calib ra­
tion over periods of several days, although  the cum ulative error inev itab ly  
was very  large.

An error of a few hou rs w as of sm all im portance in th e  days w hen th e  
speed of com m unication  and travel alike depended on pack  an im als or th e  
caprices of th e  w ind. A nd so, in sp ite  of the inaccuracies of th e  w ate r clocks 
and sand clocks, th e y  served th e ir  purpose well th rough  m an y  centuries.
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In  fact, i t  w as n o t u n til the  te n th  cen tu ry  A .D . th a t  an y  really  novel effort 
w as m ade to  im prove upon them  as tim ekeepers. T h e  first efforts to 
im prove upon them , m aking  use of falling w eights for m otive pow er and 
various frictional devices to  control th e  ra te  of fall, were n o t very  successful 
because no sa tisfac to ry  m eans were know n to  keep a friction-contro lled  
device sufficiently co n s tan t for th e  job. C locks so construc ted  w ere no 
b e tte r  tim ekeepers on the  whole than  th e  trad itio n a l clepsydra. T h ey  had, 
how ever, th e  hope of com pactness, an d  m uch ingenuity  w as exercised in 
th e ir  design over several centuries.

Also in the category  of continuous flow devices should be m entioned the 
m ethods depending on the ra te  of bu rn ing , such as in tim e candles, tim e 
lam ps an d  the ir num erous varia tions. Such tim ekeepers are n o t very 
accurate  b u t are tho roughly  reliable in d ry , q u ie t places, even providing 
the ir own illum ination  a t  n ight. Such tim ekeepers are  know n to  have  been 
used before the  ten th  cen tu ry  A .D . an d  certain  v a ria tio n s still are used by a 
few isolated  tribes, especially in the  tropics.

T h e  E p o c h  o f  A p e r i o d i c  C o n t r o l

In  or abou t the  y ea r 1360 the invention of an escapem ent m echanism  for 
controlling an  a lte rn a tin g  m otion from  a s tead y  m otive power, such as a 
suspended w eight, w as the  first really  im p o rta n t step  in th e  h isto ry  of pre­
cision clock developm ent, an d  m arks the  beginning of th e  second m ajor 
epoch in tim ekeeping evolution. T h e  escapem ent in one form  or another 
w as soon applied  in p rac tica lly  all tim ekeepers, the m ost o u ts tand ing  example 
of an  early  application being a clock construc ted  by  H enry  D e Vick for 
C harles V of F rance in or ab o u t the  year 1360 A .D . and still in use— with 
extensive m odifications -in the P ala is de Ju stice  in Paris.

T h is invention  w as im p o rtan t, no t because D e V ick’s clock, or any  of its 
im m ediate  successors, w ere good tim ekeepers, b u t because th is was the 
first tim e th a t  v ib ra to ry  m otion in a m echanism  w as used deliberately  to 
contro l th e  ra te  of a tim e-m easuring  device. All precision clocks depend in 
one w ay or an o th er on using energy to produce v ib ra to ry  m otion, an d  on 
using th e  ra te  of th a t  m otion to  regulate  su itab le  dials and  o th e r m echanisms.

N o sim ple im provem ent on D e V ick’s clock could ever have produced a 
precision clock in the  m odern sense, how ever, because the  essential rate- 
controlling fea tu re  w as still lacking. H is invention  consisted of the  use of 
a  verge escapem ent which produced oscillatory  m otion in a dynam ically  
balanced  m em ber, know n as a  foliot balance, hav ing  essentially  only  mo­
m en t of ine rtia  and  friction. T h e  ra te  of oscillation, therefore, depended to 
a large ex ten t on the  applied  force exerted  b y  the falling w eight through a 
tra in  of wheels, an d  upon th e  friction  of the  escapem ent p a r ts  and  of the 
oscillating m em ber itself.
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T his so rt of operation  is know n som etim es as relaxation  oscillation arid 
appears in  m any  form s. In  the clock, the rate -con tro lling  fea tu re  depends 
upon the length  of tim e it  takes a m em ber hav ing  a given m om ent of ine rtia  
to  m ove from  one angu lar position  to an o th er u n d er a given applied to rque. 
T hus, th e  ra te  depends to  first o rder on the applied  torque.

A lthough D e V ick’s clock w as one of the  m ost fam ous in all h istory , it w as 
not because of its  good record of tim ekeeping. In  its  original form , it is 
said th a t  it often varied  as m uch as two hours a  d ay  from  tru e  tim e. O u t­
w ardly, th is clock on the  P ala is de ju s tic e  appears ab o u t the sam e as it 
did originally, b u t th e  “ w orks” have been m odernized and  it keeps m uch 
b e tte r  tim e now.

T h e  h isto ry  of tim ekeeping during  th e  nex t th ree hundred  years consisted 
m ainly in im provem ents an d  in a  g rea t v a rie ty  of app lica tions of the  p rin ­
ciples con tained  in D e V ick’s clock. D u rin g  th is period g rea t num bers of 
clocks of all sizes, from  tow er clocks to po rtab le  tab le  clocks were m ade, 
controlled by  various form s of the crown wheel, verge and  foliot balance. 
All of these tim ekeepers belong to  th e  class th a t we have ju s t called aperiodic. 
Their accuracy, in general, w as still poor and the ind icato r on the ir dials 
consisted of b u t one h and— the hou r hand . I t  was not un til the  invention  
and app lica tion  of the pendulum  th a t the  nex t m ajo r im provem ent was 
born in tim ekeeping.

T i i f . E p o c h  o f  R e s o n a n t  C o n t r o l

All th a t  has been said  so far is a  prelude to the sh o rtes t b u t by  far the  m ost 
productive epoch in tim ekeeping, th a t of resonant control. T he h e a r t of 
every precision clock is an oscillatory  device which depends upon resonance 
for its constancy  of ra te . T h e  h is to ry  of precision clock developm ent con­
sists largely of the  choice and  design of stab le  resonan t elem ents an d  of 
devising m eans for using them  so th a t  as far as possible the ir inheren t 
properties alone control the ir ra tes  of oscillation. Once in stab le  oscilla­
tion, it is only  necessary to  contro l the ind icating  of dials and  o th e r su itab le 
mechanism s in order to co n s titu te  a com plete clock.* P resum ably  this 
can alw ays be done, b u t in som e cases it is m ore convenient to do th an  in 
others, as will appear.

The resonan t elem ent m ay be any  of a  wide v arie ty  of form s, m echanical 
or electrical, all characterized  by  the single p ro p e rty  th a t, if deform ed from  
a rest condition and  released, the  sto red  energy is transform ed back  and 
forth from  p o ten tia l to  k inetic a t a ra te  depending chiefly on the effective 
mass and  the  effective stiffness, or o the r like p roperties, a sm all p roportion

* Encycl. B rit. 14th Ed. “ A clock consists of a train  of wheels, ac tuated  by a  spring or 
weight or o ther means, and provided with an oscillating governing device which so regulates 
the speed as to render it uniform .”
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of th e  energy being lost in in te rn a l fric tion  a t  each oscillation. Some 
resonan t elem ents w hich have been used in tim ekeepers are illu stra ted  in 
Fig. 3.

T h e  sim plest appearing  of all these is th a t  of a  m ass, M , suppo rted  by  a  
spring  w ith  stiffness, S . F rom  the  equation  of m otion

S x  =  M
ł x
dP

ELEC T R IC A L  R ESO N A N T  
C IRCU IT

II

QUARTZ RESO NATO R

STEEL OR QUARTZ 
T u n in g  f o r k

S t e E l  o r  q u a r t z  r o d  
in  f l e x u r e  o r  

Lo n g it u d in a l  v i b r a t io n

H A IR SPR IN G  AND 
B A LA N C E

TO RSIO N
PEN DU LU M

Fig. 3—Typical resonant elem ents used in timekeeping, 

the  period of oscillation m ay  be derived sim ply  and  is found to  be

r = 2* t / \

Sim ilarly for the  sim ple electrical resonan t circuit w here cu rren t flowing 
in an inductance, L , behaves like a m ass, and  cu rren t flowing in a  condenser, 
C, behaves like the reciprocal of a stiffness, the  period m ay  be w ritten .

T  =  2 W L C

Sim ilar expressions are  derivab le for th e  periods of oscillation of all sim ple 
oscillating system s, including the  pendu lum  for w hich th e  period (for 
small am plitudes) is given by

T  =  2tt
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where i  an d  g are  respectively  the  length  an d  g rav ity  expressed in the sam e 
system  of un its , for exam ple, th e  c.g.s. system .

W hen an y  such reso n an t elem ent is stra ined  from  its rest condition, and  
released, it will oscillate w ith  gradually  decreasing am p litude u n til all of 
the sto red  energy has been dissipated  in in te rn a l fric tion  or resistance, and  
in the fric tion  or resistance of the  coupling w ith  th e  supports. In  general, 
the resulting  am plitude  of free oscillation m a y  be given as

A  =  A 0 e~kt sin pi

the g raph  of w hich is a  dam ped  sine wave. T h e  ra te  of free oscillation, p, 
is dependen t chiefly on the  effective m ass an d  stiffness and  to  a  sm all degree 
on the effective resistance of th e  elem ent, while th e  ra te  of loss of am plitude, 
th a t is, th e  logarithm ic decrem ent, k, is dependen t on the  ra tio  of effective 
resistance to  effective mass.

If  th e  resistance could be m ade exactly  zero, such a  m otion once s ta rted  
would con tinue forever an d  its  ra te  w ould be contro lled  w holly b y  the 
effective m ass an d  stiffness of the  resonan t elem ent. A ctually , of course, 
such a  condition  canno t be realized in p rac tice  b u t, by  the selection of 
suitable m ateria ls  an d  environm ent, an d  b y  special con tro l m eans, i t  is 
possible to  approach  very  closely to  th e  ideal condition b y  causing the 
oscillation to  be m ain ta ined  almost as though  the re  were no dam ping.

The evolution  of precision tim ekeeping, w hether consciously or no t, has 
centered around  the s tu d y  an d  developm ent of these tw o ideas: to  discover 
resonant elem ents whose ra te -de term in ing  p roperties are  inheren tly  stable, 
and to discover m eans for su sta in ing  them  in oscillation as though  they  had 
no effective resistance; or in em ploying m eans to  circum ven t or to  com ­
pensate for an y  such resistance. T h e  high precision of ra te  contro l th a t 
can now be ob ta ined  has been the resu lt largely  of developm ents in these 
two categories.
The Pendulum

The g rav ity  pendu lum  was the first tru ly  resonan t elem ent to  be used to  
regulate the ra te  of a  clock and  for nearly  th ree  cen turies m ain ta ined  the 
suprem acy for precision m easurem ents of tim e. T h e  pendu lum  wras m ore 
a discovery th a n  an  invention , the popu la r s to ry  of its  origin being th a t, 
while still a  y o u th  of seventeen  years, Gallileo Galilei chanced to  notice 
that a hanging lam p in th e  C a th ed ra l of P isa  seem ed to  swing a t  th e  sam e 
rate regardless of am plitude . T h is he confirm ed approx im ate ly  by  com ­
parison w ith  his pulse, an d  la te r m ade an  extensive s tu d y  of th e  isochronism  
of swinging bodies. These stud ies were in progress as early  as 1583. N ea r­
ly sixty years la te r Gallileo described to  his son Vincenzio how a pendulum  
could be used to  contro l a clock, b u t no concrete resu lt of th is  advice is 
known to have been m ade a t  th a t  tim e. A w orking m odel of th is clock,
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m ade subsequen tly  from  the  original draw ings, is on exhibition in  the  South  
K ensington  Science M useum , L ondon. T h e  first au th en tic  record of the 
ac tu a l use of a pendu lum  in a clock is a ttr ib u te d  to  the g rea t D u tch  scientist, 
C hristian  H uygens, who produced  his first pendu lum  clock in 1657. T his 
was described b y  h im  in the  Horologium  in  1658.2

T h e perform ance of pendulum  clocks w as so good th a t  alm ost im m edi­
a te ly  clocks of all o the r types were modified to  include a  pendulum . So 
com plete w as th is  transfo rm ation  th a t  very  few unm odified clocks a re  now 
in existence w hich a n ted a te  th e  first application  of the  pendu lum  to tim e­
keeping. T his, as a m a tte r  of fact, is one of the  m ajo r reasons th a t  so 
little  is know n ab o u t th e  ac tu a l m echanism s used in m echanical clocks 
th a t were m ade before the in troduction  of the pendulum .

T h e subsequen t h is to ry  of pendu lum  clock developm ent is well described 
in num erous books an d  papers an d  covers a  w ide field. O nly those factors 
th a t  re la te  th e  pendu lum  to o ther m eans of ra te  contro l will be discussed in 
the following.

T he p roperties of a  pendu lum  w hich m ake i t  such a good tim ekeeper are 
easily seen from  a s tu d y  of th e  forces on the  bob as illu stra ted  in Fig. 3. 
Since these forces m ust be in equilibrium  a t  all lim es we m ay w rite  (as­
sum ing no friction)

.fin
M g  sin 6 =  M i  —

6 dt-

T he nearly  isochronous p ro p erty  of the pendu lum  is contained  in this 
rela tionsh ip  since the  period, on solution, is

,,, , f t  ( ,  , 1 . 2 6 , 9 . 4 6 .
1 _  2x  y  -  (^1 +  - sin - +  —  sin -  +  ■

w here 0 is the  m axim um  sem i-am plitude of sw ing expressed in  radians' 
W hen th is  arc is sm all the  period approaches a m inim um . F o r smal* 
angles the na tu ra l period depends alm ost w holly on the ra tio  of (  to  g and 
the s ta b ility  of T  depends chiefly upon the constancy  of (  and  g. F igure 4 
shows the rela tion  betw een period and  the  arc of swing, expressed as seconds 
p e r d ay  d ep a rtu re  from  the theore tical ra te  for zero arc.

T h e  sum  of all the  term s th a t  depend  upon  pow ers of sin 0/2  is know n as 
the circular error, re la ting  to  the fac t th a t  the  bob is constra ined  to  move 
on the  arc of a  circle. I t  w as show n theore tically  b y  C hristian  H uygens3 
th a t if the bob could be constra ined  to  m ove on the  arc of an  epicycloid it 
would be tru ly  isochronous, th a t  is, the  period would be com pletely  in­
dependen t of its  am p litude  of m otion. I t  is of in te res t to  n o te  a t  this 
point th a t  in no o ther resonato r used for precision tim ekeeping is there
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the d irec t co u n te rp a rt of circu lar error, for in all o th e r cases th e  restoring  
force varies linearly  w ith  d isp lacem ent in the  region of operation  an d  n o t as 
a sine function  of it.

In  the  early  stages of p endu lum  clock developm ent it was n o t necessary 
to consider th e  a rc  error because o th e r errors w ere of g rea te r m agnitude. 
B u t i t  is b y  no m eans a negligible factor, an d  in all precision tim ing  by 
pendulum s it m u st be accoun ted  for, e ith er by  allowing for an arc correction, 
as is done com m only in geodetic su rvey  work, or by  keeping the arc sm all 
and precisely contro lling  it. A ccording to  F. H ope-Jones4, referring  to  the 
m aster pendu lum  in th e  fam ous S ynchronom e free-pendulum  clock: “ A 
varia tion  of only 0.01 m m . in th e  e.xcursion of the  bob or 2 secs, of arc will 
by circular erro r a lte r the  ra te  b y  0.00145 sec. per day ,— and  if it arose un-

O 0.5 1.0 1.5 2.0 2 .5  3.0
L A R G E S T  A N G LE  FRO M  VERT ICA L  IN D EG R EES

Fig. 4— R elation between arc and ra te  of pendulum .

perceived an d  w as stead ily  m ain ta ined , i t  w ould produce an  accum ulated  
error of half a  second in a year, so th e  necessity  for th is close observation  
is obvious.”

T he contro l of a rc  has  a lm ost invariab ly  been accom plished b y  keeping 
constant th e  am o u n t of energy applied  per sw ing so th a t the ac tu a l am pli­
tude ob ta ined  is th a t  value  for which all of the  applied  energy is d issipated  
in the pendu lum  system . In  a sense th is m ethod  of contro l of arc p u ts  a 
penalty  on im provem ents in design th a t  would reduce the  friction , because 
the b e tte r  a  pendu lum  becom es in th is  respect th e  less stab le  becom es the 
arc control. Since even th e  b est pendulum s develop unexplainable sm all 
changes in  arc, i t  h as  been com m on p rac tice  in some observatories to  record 
the arc frequen tly  an d  to  m ake allow ance for changes in it  w hen m aking 
the m ost precise tim e determ inations.

T he inheren t constancy  of ra te  of a pendulum , w ith sm all or constan t 
am plitude of swing, depends to  the one-half pow er on the  s ta b ility  of C/g.
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T he changes in  t  an d  g are  qu ite  independen t of each o th e r an d  so can  be 
tre a te d  separate ly . O ther factors th a t  will be described also affect the 
ra te , an d  i t  is the  ob ject in  every  precision clock design to  reduce such 
variab le  effects to  the  abso lu te  m inim um .

Some contro l can  be exercised over every  fac to r except g, w hich rem ains 
a  p ro p e rty  of space an d  is dependen t only on the  p rox im ity  of m a tte r  an d  
on acceleration . As is well know n, th e  value  of g varies over th e  surface of 
the  ea rth  due chiefly to  its  dev iation  from  spherical shape, an d  because of 
the uneven  d is tribu tion  of m a tte r. I t  also varies w ith  vertical d isp lacem ent 
o r tides a t  an y  location to  such an  ex ten t th a t  a g rav ity  clock th a t  keeps 
accu ra te  tim e a t  g round  level will lose a  second a  day  or m ore in a  ta ll 
building. A ctually , i t  is now possible to  c h a rt varia tio n s in  g w ith  high 
precision th rough  m easurem ent of th e  ra te  of a  pendu lum  clock aga in st a 
s ta n d a rd  whose ra te  does n o t depend  upon g rav ity .

M ost of th e  fac to rs th a t  can affect I  h ave been s tud ied  critica lly  and 
m eans have  been found to  reduce them  to very  sm all effects. T h e  chief 
source of v a ria tio n  w as a t  first th e  tem p era tu re  coefficient of th e  pendulum  
rod. W ith  o rd inary  m etals the  rod  expands from  10 to  16 p a r ts  in  a  m illion 
per degree C, causing a  p ropo rtiona te  change in ra te  of half th is  am ount, 
corresponding to  from  one-half to  tw o-th irds of a  second per day. M any  
ingenious m eans were developed to  reduce th is  effect, s ta r tin g  w ith  George 
G raham ’s m ercury-filled bob in 1721, followed b y  Jo h n  H arriso n ’s grid-iron 
pendulum  in 1726, an d  a  g rea t num ber of varia tions on these ideas, all de­
pending on the differential coefficient of expansion of dissim ilar m ateria ls.

A bou t the  y ea r 1895, C harles E d o u ard  G uillaum e of P aris  developed an 
alloy, consisting chiefly of nickel an d  iron, which he called In v a r , because 
it had  a  v ery  sm all tem p era tu re  coefficient of expansion, from  w hich pen­
du lum  rods could be m ade. T h e  use of th is  m a teria l m ade it  unnecessary 
to  resort to  com plex com pensated pendulum s w ith  the ir own inheren t in sta­
bilities, and  the  accuracy  of tim ekeeping w as increased an o th er step . The 
residual tem p era tu re  effects could be m easured read ily , an d  com pensated 
if desired, b y  the  use of a sm all b a r  of alum inum  a ttac h ed  to the  bob.

Some o th e r im p o rta n t fac to rs th a t  affect the  w orking leng th  of a  pendu­
lum  are the  aging of the supporting  rod, the  “ knife edge” or spring  used 
for the suspension, the n a tu re  of the  m ain  suppo rting  colum n or frame, 
an d  some atm ospheric  effects caused b y  changing tem p era tu re  a n d  pressure. 
In  the m ost accu ra te  pendulum  clocks, th e  atm ospheric  effects are greatly  
reduced b y  m oun ting  th e  pendu lum  in p a rtia lly  evacuated , herm etically  
sealed enclosures which can be tem p era tu re  controlled. All of these factors 
and  m an y  o thers are discussed in every  good trea tise  on accu ra te  pendulum  
clocks. T hey  are m entioned  here chiefly for th e  purpose of com parison 
w ith  like factors in th e  q u a r tz  c ry sta l clock an d  to  show how  in m any
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cases the  difficulties in troduced  b y  such  fac to rs m ay  be m ore easily  an d  
more positively  controlled.

In  every  p rim a ry  clock m echanism  th e  resonan t governing device m u st 
be sustained  in oscillation, an d  th e  m an n er in w hich th is  is done h as a  strong  
bearing on its  ra te  regardless of th e  q u a lity  of th e  governing elem ent. T he 
basic requ irem ents a re  the  sam e for an y  k in d  of oscillator, w hether a  pen­
dulum, an  electrically  resonan t circu it com prising inductance an d  capaci­
tance, a  steel tun ing  fork, o r a  q u a rtz  crysta l resonator. T h e  requirem ents 
were first s ta te d  for the case of the pendulum  b y  Sir George A iry in  1827 an d  
it has alw ays been the  aim  in  the  design of every  good pendulum  driv ing 
means to  sa tisfy  A iry ’s condition.

This condition  is convenien tly  illu stra ted  b y  the d iagram  of Fig. 5 which 
shows the  tw o m ost fam iliar rep resen ta tions of dam ped  sinusoidal m otion. 
In order to  p rov ide a convenien t scale in the  draw ing an  im practically  
large dam ping  is rep resen ted , corresponding to  a Q of 20. T h e  Q of a 
resonant circu it is re la ted  to  th e  logarithm ic decrem ent, <5, b y  the re la tion  
Q8 = tt. T h e  fac to r 8 is th e  logarithm , to  base e =  2.718 • • •, of th e  ra tio  
of the am p litudes a t  any  two successive periods. I t  should  be no ted  th a t  
the Q of a good electrically  resonan t circu it is in the  o rder of 200, th a t of a 
good pendulum  from  10,000 to  100,000 an d  th a t of a good q u a r tz  resonato r 
from 100,000 to  5,000,000. T h e  significance of these h igher values of Q 
will be ev iden t from  th e  following discussion.

In  Fig. 5 th e  dam ped  sine w ave shown corresponds, p o in t by  po in t, to  
the phase d iag ram , w hich is sim ply  a  logarithm ic spiral. B y  su itab le  choice 
of scale the  sp ira l can be in te rp re ted  to  rep resen t e ither th e  am p litude  or 
the velocity— in w hich case th e  real am p litude  is v ertica l an d  th e  real 
velocity horizontal. In  th is  rep resen ta tion  the  velocity  is show n m axim um  
when the  am plitude  is zero, w hich is a  v e ry  close approx im ation  to  fac t 
for all p rac ticab le  values of Q. T h e  discussion will cen ter on th e  velocity  
spiral.
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L e t us assum e th a t  the  pendu lum  is susta ined  in oscillation b y  a  succession 
of sho rt im pulses, one for each sw ing applied  a t  some phase angle <pi. If 
th e  im pulse is really  short, the  velocity will be increased to  th e  value th a t 
the pendu lum  had  w hen it  occupied th e  sam e position  du ring  the  la st swing. 
T h is change of condition  is represen ted  b y  the  sho rt horizontal p a th  on the 
velocity-phase d iagram  and, as ind icated , is accom panied by  an advance in 
phase  T h is can be in te rp re ted  as m eaning th a t  th e  period of a  pendu­
lum  susta ined  in  oscillation in th is  w ay  is reduced from  its n a tu ra l period in

the  ra tio  of I t  is obvious from  the d iagram  th a t  A<t> 1 becomes
Z7T

sm aller an d  th a t  th is ra tio  approaches u n ity  as the phase of the  applied 
im pulse approaches th a t  of th e  m axim um  velocity— th a t  is, w hen the 
pendu lum  is in  the  cen ter of its swing; an d  th is  is A iry ’s condition. I t  is 
clear also th a t  if the  im pulse is app lied  a fte r (instead  of before) th e  in stan t 
of m axim um  velocity , th e  period will be correspondingly  increased. From  
the  geom etry  of th e  figure, it can be seen th a t, in the neighborhood of the 
op tim um  condition, the  dev ia tion  from  n a tu ra l period is very  closely p ro­
po rtiona l to  the  am o u n t of the phase departu re .

T h e  closeness of spacing of th e  tu rn s  of th e  sp iral depends d irec tly  on the 
Q of the  resonan t elem ent. F or a  <2 of 200, th e  tu rn s  will be packed ten 
tim es closer th a n  shown, an d  the  corresponding A¡p will be only  one tenth 
as g reat, o th e r conditions being com parable. F or a  Q of a  million or more, 
A<p becom es v ery  sm all indeed, especially w hen <p is p roperly  chosen— and 
the variation  in A<p, which is a m easure of the varia tio n  in ra te  due to  the 
driv ing  m eans, m ay  be m ade vanishingly  small.

T h e  im portance of the above p roperties to tim ekeeping depends upon 
how well conditions can be se t up  to  realize them . A t first w holly m echani­
cal m eans w ere em ployed and , w ith  the ad v e n t of th e  d ead -bea t and  detached 
escapem ents an d  b y  careful design an d  operation , q u ite  rem arkab le  perform ­
ance was ob tained.

A new approach  in tim ekeeping m ethods w as in troduced  by  A lexander 
B ain5 in 1840 when he first used electrical m eans for su sta in ing  a  pendulum  
in oscillation. T he im portance of B a in ’s inven tion  of the  electric clock is 
ind icated  b y  a long con troversy  over the p rio rity  of th e  invention  with 
C harles W heatstone, who w as w orking along sim ilar lines a t  the  sam e time 
as a by -p ro d u c t of his extensive researches on th e  electrical telegraph. 
A brief s to ry  of th is con troversy  en titled  “ T h e  F irs t E lectric  C lock” was 
w ritten  for the one-hundred th  an n iv ersary  of B a in ’s inven tion6. T h e  first 
electric pendu lum  clocks could n o t com pare in  accuracy  w ith  th e  best 
m echanically  driven pendulum s of the period b u t, in sp ite  of a  g rea t deal 
of in itia l skepticism  on the p a r t  of those b ro u g h t up  in the  mechanical
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trad ition , electrical m ain tenance  an d  contro l has  been applied  in th e  m ost 
accurate pendu lum s in th e  world.

T he free-pendulum  clock m akes use of the  idea, first p roposed b y  R udd , 
of allow ing a m aste r pendu lum  to  swing free of all su sta in ing  or o the r 
m echanism  for a considerable num ber of periods and  of im p artin g  to  it, 
afte r each group  of free swings, a  single im pulse large enough to  m a in ta in  
the nex t equal num ber. T h e  ad v an tag e  is th a t  no friction  effects of d riv ing  
m echanism  are  coupled to  the  pendu lum  except du ring  th a t  m inim um  tim e 
required to  im p a rt energy to  it. A ctually , in theory , the  phase error 
introduced b y  one large im pulse a f te r  n  free swings is exactly  th e  sam e as 
the sum  of the phase errors fo r n  sm all im pulses. T h a t  can be deduced 
from th e  phase d iagram  of Fig. 5. B u t experience has show n th a t  a pen ­
dulum  is ac tu a lly  m ore s tab le  w hen the  sustain ing  m echanism  is detached  
from it  the  g rea ter p a r t  of th e  tim e.

T he S ynchronom e free-pendulum  clock includes also th e  basic idea of 
the g rav ity  rem onto ir first app lied  b y  L ord  G rim thorp  (then  Sir E dm und  
B eckett D enison) in  the  design of th e  m echanism  of B ig Ben, London, 
constructed  in 1854— an d  still in continuous operation . T he ingenious 
application of these p rincip les an d  the  electrical m eans devised by  F. H ope- 
Jones and  W . H . S h o rtt for its  accom plishm ent h av e  resu lted  in the  con­
struction  of th e  m ost accu ra te  pendu lum  clocks in th e  w orld b y  th e  Syn­
chronome Clock C om pany  of L ondon. T h e  h is to ry  an d  developm ent of 
the free-pendulum  clock is elegantly  described b y  F. H ope-Jones in his book 
on E lectric Clocks7.

T he p red o m in an t characteristics of a  pendu lum  resonator, as used in a 
clock, have ju s t  been discussed in order to  show the  parallel betw een them  
and the  p roperties of o th e r  resonan t system s. I t  will be shown how some 
of the factors th a t  h av e  been troublesom e in th e  developm ent of pendulum s 
have been ra th e r  easily tak en  accoun t of in o ther types of contro l devices 
and in p articu la r  in th e  q u a rtz  c ry sta l clock.

T h e  E v o l u t i o n  o f  E l e c t r ic  O s c il l a t o r  C l o c k s

I t  alm ost never happens th a t  a result of an y  considerable value is ob ta ined  
at a single stroke or com es th rough  the  efforts of a  single person. M ore 
often even the  m ost im p o rta n t advances come as the clim ax of a long series 
of ideas w hich have  accum ulated  over a period of years un til th e  nex t step  
becomes alm ost self-evident an d  is accom plished e ith er th rough  th e  necessity  
for a new resu lt or as a logical nex t step.

This w as p reem inen tly  th e  case in th e  crysta l clock developm ent and  
involved the p u ttin g  together of a considerable num ber of ideas th a t  had 
been accum ulating  th rough  a cen tu ry  or m ore of rela ted  ac tiv ity . T h e
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chain of even ts w hich led even tua lly  to  the  crysta l clock followed a course 
qu ite  independen t of pendulum  clock developm ent, a lthough  parallel w ith 
it, an d  m eeting it  from  tim e to  tim e on the  w ay. F rom  the  s ta r t , it in­
volved the  use of resonan t elem ents whose frequencies do n o t depend  upon 
g rav ity  for contro lling  the frequency  of oscillations in a positive feedback 
am plifier. F rom  a  ra th e r  sim ple beginning, tak ing  ad v an tag e  of a  series of 
discoveries an d  inventions th rough  ab o u t a  cen tu ry  of progress, there has 
evolved a clock whose s ta b ility  is com parab le w ith  th a t  of astronom ical 
tim e itself, as heretofore defined in te rm s of th e  e a r th ’s ro ta tio n , an d  having 
a  v e rsa tility  far exceeding all o the r existing m eans for th e  precision m easure­
m en t of tim e.

Electric Oscillators

T h e first recorded experim ents th a t  re la te  d irec tly  to  th is developm ent 
were those of Ju les  L issajous8 who, in  1857, show ed th a t  a tu n in g  fork can 
be susta ined  in v ib ra tion  indefin itely  b y  electrical m eans, using an  electro­
m agnet an d  an  in te rru p te r  supported  b y  one of th e  prongs. T h e  idea of 
using an in te rru p te r  to  su sta in  v ib ra tion  w as no t new w ith L issajous, but 
h ad  been inven ted  b y  C. G. P age9 an d  described b y  h im  as early  as April 
1837, to  ob ta in  a regularly  in te rru p ted  electric cu rren t. C red it for this 
im p o rta n t inven tion  is often  given to  Golding B ird 10 or N eeff11 who evidently  
w ere w orking along sim ilar lines concurren tly  a lthough  q u ite  independently  
of each o ther. Page, Golding B ird .an d  Neeff w ere all m edical doctors and 
ev iden tly  were in terested  in the ir devices m ore for the ir th e rap eu tic  in terest 
th a n  for the general scientific value, since “ galvan ic” electricity  w as a t­
tr ib u te d  a t  th a t  tim e w ith  m arvelous healing  powers.

L issajous w as p ro b ab ly  th e  first to  m ake use of the  idea for accurate 
m easurem ents of ra te , being a  prolific experim enter in m echanics and 
acoustics, an d  the  orig ina to r of th e  fam ous m ethod  bearing  his nam e for 
th e  s tu d y  of periodic m otions. Indeed , th e  electrically  opera ted  fork was 
developed especially for use as a  s ta n d a rd  to  be used in s tu d y in g  the  rates 
of o th e r v ib ra to rs. In  principle, the  electrically  opera ted  fork is like the 
pendu lum  drive of A lexander B ain , except th a t  the  ra te  of v ib ra tion  in this 
case is n o t a  function  of g rav ity  b u t  for th e  m ost p a r t  is contro lled  by  the 
effective m ass an d  elastic stiffness of the  v ib ra tin g  m em ber.

T h e  tun ing  fork  itself w as inven ted  in 1711 b y  Jo h n  Shore, a  tru m p e te r in 
H an d e l’s o rchestra12, an d  w as developed to  a  h igh  s ta te  of perfection  by 
the  g rea t in s tru m en t m aker an d  physic ist of P aris , R udo lph  K önig. To 
establish  an  accu ra te  s ta n d a rd  of p itc h  for ca lib ra ting  these forks König 
developed w h a t he te rm ed  a n  “ abso lu te” m ethod  for th e  determ ination  of 
frequency. T h is  consisted of a  tu n in g  fork hav ing  a  frequency  of 64 vibra-
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tions per second, w ith  delica te  m echanical m eans, sim ilar to  a  clock escape­
m ent, for sustain ing  the  fork in v ib ra tio n  and  for counting  th e  num ber of 
v ibrations over an y  desired in te rv a l of tim e. F o r th is purpose, th e  escape­
m ent m echanism  w as geared to  th e  h an d s of a  clock, so th a t  w hen th e  fork 
had its  nom inal frequency th e  clock would keep correc t tim e. D r. K onig 
credits the  invention  of the  fork-clock to  N . N iau d e t13 in  these w ords:

“ Cette disposition avait été réalisée pour la première fois d a n s 'l’horloge à diapason 
que N. N iaudet fit présenter à  l’Académie des Sciences le 10 décembre 1866, e t que à figuré 
aux expositions universelles de Paris 1867 e t de Vienne 1873.” *

T hus, as early  as 1866, the  essential e lem ents had  been developed sepa­
rate ly  from  w hich a clock of the  electric oscillator type could h av e  been 
constructed . B u t i t  w as n o t u n til m ore th a n  half a  cen tu ry  la te r, when 
there was m ore ap p a ren t need for such a clock, th a t  i t  w as ac tu a lly  realized. 
I t  was chiefly for th e  purpose of s tudy ing  tem p era tu re  coefficients an d  like 
properties of tun ing  forks th a t  K onig  co n stru c ted  an d  used his fam ous 
mechanical fork-clock. T here  is no evidence th a t  the re  was a t  th a t  tim e 
any idea of using a fork-clock as a  tim ekeeper.

I t  was for th e  purpose of m ak ing  still m ore precise stud ies of th e  p roperties 
of tun ing  forks th a t  H . M . D ad o u ria n 14 in 1919 m ade use of th e  phonic 
wheel m o to r for th e  first tim e for coun ting  th e  num ber of cycles executed  b y  
a fork over an  ex tended  period  of tim e to  m easure its  ra te . B y m eans of a 
chronograph th e  tim e in te rv a l corresponding to  th e  to ta l of a v e ry  large 
num ber of periods could be m easured precisely in te rm s of a  s ta n d a rd  clock, 
thus p rovid ing  a  d irec t “ ab so lu te” m easure of fork ra te . F o r th is  he found 
already inven ted  for him  all of the  essential com ponent p a rts , including 
the fork w ith  electrom agnetic  d rive, an d  th e  phonic wheel m otor.

T he phonic wheel m otor, w hich in som e m odified form  is an  essential 
p art of nearly  all oscillator clocks, w as inven ted  b y  two investigators, 
apparen tly  q u ite  independen tly  an d  for en tire ly  different purposes. T h e  
first published repo rts  of each appeared  in  1878.

The first of these is an  A m erican p a te n t th a t  w as g ran ted  on M ay  7, 
1878 to  P oul L a  C our15, a D an ish  te legraph  engineer. T h e  application  was 
filed in W ash ing ton  on A pril 9 of th e  sam e year, an d  described a  fork- 
controlled im pulse m o to r sim ilar to  those still used in m any  m odern  syn­
chronous clocks. T h e  o th e r pub lication  w as a  rep o rt in N a tu re  for M a y  23 
of the M arch  30 Physical Society M eeting. In  this, L ord  R ayleigh de­
scribed a  m o to r which he developed to  m easure the frequency of sound b y  a 
stroboscopic m ethod .15 B oth  of these original disclosures ind icated  a

* “This appara tus was realized for the first time in the fork-clock which N . N iaudet 
described a t  the Academy of Sciences on December 10, 1866, and which was shown a t  the 
expositions of the University of Paris in 1867 and the University of Vienna in 1873.”
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considerable am o u n t of p revious study , even including th e  fluid-filled 
flywheel to  reduce hun ting . I t  m ay be im possible a t  th is  tim e to  know  who 
ac tu a lly  p u t  in m otion the  first phonic wheel m otor.

D ifficulties inheren t to  contact-contro lled  devices p reven ted  the  develop­
m en t of h ighly  accu ra te  fork s ta n d ard s  of th is  type, and there is no evidence 
so far th a t  an y  th o u g h t had  been given to  th e  use of a tun ing  fork as a 
tim ekeeper.

T h e  m ethod  of using a m icrophone instead  of a con tac t w as proposed by 
A. an d  V. G uillet 17, in 1900 an d  has been used considerably in  frequency 
s tan d ard s of m odera te accuracy, b u t th a t  too h ad  lim ita tions w hich m ade 
i t  im possible to  u tilize fully  the  inheren t s tab ility  of a good tun ing  fork.

The Use of Vacuum  Tubes

T he first o p p o rtu n ity  for really  precise contro l of the frequency  of a 
m echanical v ib ra tin g  system , an d  the  nex t step  in the oscillator clock 
evolution, cam e w ith the invention  of the therm ionic vacuum  tube  a t  the 
tu rn  of th e  cen tu ry . T he developm ent of the vacuum  tube  has been a more 
or less con tinuous process18 s ta rtin g  w ith  th e  studies of electrical conduction 
in  the  neighborhood of h o t bodies b y  E ls te r and  G eitel, E dison, an d  Flem ing, 
an d  la te r developed in to  the  first p rac tica l devices b y  F lem ing19 and 
D eF orest20 in E ng land  an d  A m erica respectively. T h e  first p a te n t for 
such a device, a tw o-elem ent tube, w as issued to  J . A. F lem ing in 1904.21 
T h e  first p a te n t on a tube con tain ing  th ree elem ents and su itab le for use as 
an am plifier w as issued to  Lee D eF o rest in 1907.22

T h e vacuum  tube  as an am plifier found alm ost im m ediate an d  widespread 
application  in te lephony and , nex t to  the  basic telephone elem ents, w as the 
m ost im p o rta n t single fac to r co n tribu ting  to  long d istance com m unication. 
F or th is  purpose large am o u n ts  of am plification w ere required. Very 
often in the operation  of early  am plifiers, enough signal from  th e  ou tput 
would somehow get coupled in to  the  in p u t circu it to  m ake the  en tire  circuit 
b reak  in to  oscillation on its own accoun t a t  some frequency  for which the 
am plifier an d  feedback circuit were pa rticu la rly  efficient.

A lthough th is  w as v ery  annoying  in an am plifier, i t  led n a tu ra lly  in 1912 
to  the invention  of th e  vacuum  tu b e  oscillator, consisting essentially  of an 
am plifier w ith  coupling betw een the  o u tp u t an d  the  in p u t and  som e definite 
m eans for regulating  the  frequency of oscillation. T h e  first to  seek paten t 
p ro tec tion  in vacuum  tube oscillators w ere Siegm und S trauss23 in Austria, 
M arcon i C om pany in E ng land24, A. M eissner in G erm any, an d  Irving 
L angm uir, E . H . A rm strong  and  Lee D eF o rest25 in A m erica. M a n y  specific 
form s have since been inven ted  an d  w idely used, som e of the  m ore familiar 
types being associated w ith  the  nam es of C o lp itts, H a r tle y  an d  M eissner.
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W ith th e  vacuum  tube  oscillator controlled b y  electric c ircu it elem ents, 
it would h av e  been possible im m ediate ly  to  operate  a clock b y  m eans of a 
phonic wheel m otor. E ven  if th is had  been done, how ever, th e  accuracy 
would n o t h av e  com pared  very  favorab ly  w ith  th a t  of good m echanical 
clocks of th e  period. T h is is because the  rate -con tro lling  elem ent of such 
oscillators w as sub jec t to  large changes due to  tem p era tu re  an d  aging, and 
because m eans w ere n o t y e t know n for avoiding the effects of tube an d  o ther 
variables on the  resu lting  frequency.

T he nex t im p o rta n t step  in our evolution  w as the use of the vacuum  
tube to  sustain  the  v ib ration  of a  tun ing  fork. T h is  m ay  be considered 
either as an  im provem ent on the con tac t-d riven  fork by  the substitu tion  of 
a vacuum  tube re lay  device instead  of th e  con tac t, or as an  im provem ent on 
the vacuum  tu b e  oscillator b y  the  su b stitu tio n  of a m echanical resonator 
for the electrical resonan t elem ent. T h is ach ievem ent w as first announced 
by Professor W. II . Eccles26 in A pril or M ay , 1919, an d  w as followed on 
June 20 by  a no te  b y  Eccles an d  Jo rd an 27 in the L ondon E lectric ian . M ean ­
while, on Ju n e  16 of the  sam e year, a sim ilar announcem ent appeared  in 
Com ptes R endus b y  H enri A braham  an d  E ugene B lock28, show ing th a t  
parallel developm ents were in progress in bo th  E ng land  and F rance. H ow ­
ever, Eccles an d  Jo rd an  in discussing th e ir  w ork a t  the  N atio n al Physical 
L aboratory  s ta te d : “ Several in stru m en ts  of th is k in d  h av e  been se t up  and 
used during  th e  p as t 18 m o n th s .” F rom  this, we m ay  im ply  th a t  they  had 
vacuum  tu b e  driven forks in operation  early  in 1918.

One of the  chief advan tages of the  use of the  vacuum  tube to sustain  
oscillations in a  m echanical system  is th a t  the  variab le  friction of the con tac t 
mechanism is avoided. P reviously  th is  had  been one of the m ain causes of 
instability. W ith  the new m ethod it becam e possible to operate  in a  wide 
frequency range, continuously , an d  a t  sm all am plitude, and  to  deliver 
alternating  cu rren ts  of approx im ate ly  sine w ave form  an d  hav ing  m ore 
constant frequency th an  heretofore had been possible. T he judicious use 
of a vacuum  tube  in delivering pow er to  sustain  th e  v ib ra tio n  of a resonator 
is analogous to  the ideal of the so-called free pendulum  b u t m ay be utilized 
more effectively in freeing the  resonator from  d is tu rb ing  influences associated 
with the driv ing m eans.

A nother im p o rta n t advan tage, which, how ever, w as not realized im ­
mediately, is th e  ease w ith w hich the  phase of the  driv ing  force applied to  
a m echanical v ib ra to r  can be ad ju sted  for g rea test frequency stab ility . 
In a m anner analogous to  th e  pendulum , in which it w as shown th a t  the 
rate is least affected when the  driv ing  im pulse is applied a t  the in s tan t of 
maximum velocity , the cu rren t delivered to  the driv ing electrom agnet and 
hence the force applied to  the v ib ra tin g  elem ent, should be in phase with
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th e  velocity of th a t  elem ent. In  the  vacuum  tu b e  oscillator, i t  is a  rela tively  
sim ple m a tte r  to  design th e  feedback circu its to  m eet th is condition very  
accurately .

In  1921 an d  1922 E ck h a rd t, K archer and  R eiser29' 30 described the 
developm ent of a precise fork an d  vacuum  tu b e  driv ing  m eans, po in ting  
o u t the  following uses: “ As a sound source; as a sm all scale tim e s tan d ard ; 
as a cu rren t in te rru p te r; as a synchronizer.” T h e  chief em phasis seem s to 
have  been on the second item  because in the  sam e y ea r E c k h a rd t described 
a  high-speed oscillograph cam era using the  sam e fork as a  precise tim ing 
device. T he s tu d y  and  im provem ent of the tun ing  fork oscillator were 
carried  on continuously  an d  soon such oscillators were used in several 
na tio n al physical labora to ries an d  com m ercial research in s titu tio n s as s ta n d ­
ards of frequency an d  tim e in terval.

T h e  nex t tw o repo rts  of progress appeared  in 1923, one b y  D . W . D ye 
of th e  N a tio n a l P hysica l L ab o ra to ry  in  T edd ing ton , an d  the  o ther b y  J. W. 
H orton , N . I I .  R icker and  W . A. M arrison  of Bell T elephone L aboratories, 
New  Y ork  C ity . B o th  of these papers disclosed w ork done over a  period 
of two or th ree y ears  an d  described a p p a ra tu s  th a t  h ad  been in operation 
for a  considerable period. D r. D y e  em ployed a. 1000-cycle steel tuning 
fork an d  a  phonic wheel m o to r opera ting  synchronously  from  it  w ith a 
gear reduction  an d  cam  to produce periodic electrical signals w hich he 
com pared w ith  a clock b y  m eans of a  chronograph31. H orton , R icker, and 
M arrison  used a  100-cycle steel fork , a  synchronous m o to r w ith a gear 
reduction  to  produce electrical im pulses a t  one-second in tervals, and  a 
clock m echanism  opera ting  d irec tly  from  these signals32. T h is  appears to 
be the  first tim e th a t  a vacuum  tube-contro lled  oscillator w as ever used lo 
operate  a  com plete clock m echanism . S hortly  the reafte r, a clock was built 
in  w hich the  100-cycle m o to r w as geared d irec tly  to  th e  clock m echanism  
in stead  of opera ting  th rough  a  stepp ing  device. A con tac ting  device was 
reta ined , how ever, for th e  purpose of m ak ing  precise tim e m easurem ents,

F o r precise m easurem ents of ra te  over long tim e in tervals, m eans were 
prov ided  to  com pare th e  seconds pulses controlled b y  the  synchronous 
m o to r d irectly  w ith tim e signals received by  radio  from  th e  N av a l O bserva­
tory . T o  fac ilita te  these com parisons, a  tw o-pen siphon recorder w as built 
b y  m eans of w hich th e  tim e m arks w ere laid  dow n side b y  side on a m oving 
strip  of pap e r in such a w ay th a t  accu ra te  subdivisions of a  second could be 
m ade on an y  p a r t of th e  record.

T his sam e tw o-pen recorder and  100-cycle fork tim e s ta n d a rd  w as used 
during  th e  to ta l solar eclipse of J a n u a ry  24, 1925 to  tim e the  progress of 
the  m oon’s shadow  as observed a t  a num ber of s ta tio n s  in th e  p a th  which 
were all connected  by  a round-robin  te legraph  circu it, th rough  the Bell
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Telephone L abora to ries’ h ead q u arte rs  in  N ew  Y ork  C ity  33,34. A p h o to ­
graph of th e  original records is reproduced in  Fig. 6. T h is  is believed to  be 
the first tim e th a t  a  vacuum  tu b e  oscillator ty p e  of tim e s ta n d a rd  w as ever 
used in  th e  service of astronom y.

D uring  th e  follow ing ten  y ea rs  a  g rea t num ber of im provem ents were 
m ade in tun ing  fork oscillators and  th e y  becam e w idely used as precise 
frequency stan d ard s. T h e  Bell L abo ra to ries’ 100-cycle fork s ta n d a rd  was 
m ounted in a  con tainer which could be sealed a t  co n s tan t pressure or v ac­
uum. I t  w as carefully  tem p era tu re  controlled and provision w as m ade to  
keep the  am p litude w ith in  prescribed lim its. In  describing th is  im proved 
s tandard35, com prising a  synchronous m o to r geared d irec tly  to  a clock 
m echanism , th e  au th o rs  H o rto n  an d  M arrison  m ade the  following s ta te m en t:

“ During tests on this frequency standard , i t  was found th a t  i t  constitu ted  a far more 
reliable tim ekeeper than  the electrically m aintained pendulum  clock which was used to 
obtain the d a ta  already published. T he pendulum  clock was, therefore, dispensed with 
and all m easurem ents of the ra te  of the fork are now made by direct comparison with the 
mean solar day  as defined by the radio time signals sent ou t by the U. S. Naval 
O bservatory.”

In  all fairness to  th e  pendu lum  clock in question , i t  should be s ta te d  th a t 
the labo ra to ry  was s itu a ted  on the seventh  floor of a building adjoin ing a 
busy s tre e t an d  so w as con tinually  sub jec t to  v ib ra tio n  from  traffic, w ind, 
and o ther changing conditions. D istu rbances of th is so rt have little  or no 
effect on s ta n d a rd s  of the electric oscillator type  b u t seriously im pair the 
perform ance of m ost high precision pendulum  clocks. T h e  rela tive im ­
m unity of the oscillator s ta n d a rd  to change of position  an d  shock has an  
im portan t bearing on its  value  in  m a n y  applications.

P robably  the  m ost precise tun ing  fork controlled tim e an d  frequency 
standards ever construc ted  were those developed in  the  N ational Physical 
L aboratory  a t  T edd ing ton , as a  con tinuation  of the  w ork begun there by  
Professor Eccles and  carried  forw ard by D r. D ye an d  his staff. A repo rt 
by D. W. D ye an d  L. Essen in the  R oyal Society Proceedings in  1934s6 
described a  num ber of refinem ents in the  fork and  m ethod  of use som e of 
which had  been suggested b y  D r. D ye as a  resu lt of his stud ies ten  years 
earlier. A m ong these w as th e  use of elinvar in th e  construction  of the forks 
in order to reduce the  effect of variab le tem p era tu re  on the frequency. 
Elinvar is a nickel steel con tain ing ab o u t tw elve per cen t of chrom ium , 
which on p roper trea tm e n t h as  a sm all or zero tem p era tu re  coefficient of 
elasticity. I t  w as inven ted  b y  C harles E d o u ard  G uillaum e37■ss an d  w as 
further stud ied  by  P . C hevcnard39' 40. T h e  excellence of the  N .P .L . fork 
standard  can be apprecia ted  read ily  from  the  conclusion of the  1934 repo rt 
which sta te s  in p a r t:
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“The frequency of the fork in comparison w ith the N .P .L . Shortt clock can be measured 
a t any time with an  accuracy of 5 parts in 10s. I t  is necessary to apply a correction for 
the rate  of the Shortt clock, and the u ltim ate accuracy with which the absolute value of 
frequency is known depends on the accuracy of the time signals which are used to determine 
the rate  of the clock. T he final frequency can, however, usually be ascertained with an 
accuracy of ± 1 .5  pa rts  in 107. In its present condition the tuning fork m aintains a 
frequency stab ility  of the order of 3 p a rts  in 107 over periods of a  week or more.”

A considerable am o u n t of effort has been devoted  to the im provem ent of 
tuning forks, directed  m ostly  tow ard  stabilizing  the  fork itself. P a te n ts  
issued to  H . H . H ag la n d " , A ugust K aro lu s1- an d  B ert E isenhour13 have been 
concerned w ith  the  reduction  of tem p era tu re  coefficient by  various m ethods 
of com pensation in the alloy or in the m echanical s tru c tu re  of the fork. In 
recent years, alloys have been produced  from which forks w ith  a zero coeffi­
cient of frequency can be m achined. T hese alloys have neither a zero ex­
pansion coefficient nor a zero elastic coefficient, b u t the two coefficients are 
so balanced th a t  the ir effects cancel as they  concern the frequency of a 
tuning fork.

One of the  largest residual sources of error in a good fork is th a t  caused by 
the coupling th rough  the  m ounting. A fork which is efficient as a producer 
of sound by coupling th rough  the base would be qu ite  useless as a  precise 
standard  of ra te  due to the losses in troduced  in th is m anner. I t  has been 
shown by S. E . M ichaels41 th a t  the  tines of a  w ell-balanced fork can be so 
shaped th a t  p rac tica lly  no energy a t  fundam ental frequency is tran sm itted  
through the base.

By m aking use of all th a t  is know n ab o u t m ateria ls, shapes and  m ountings 
for tun ing  forks, and  all th a t  is know n abou t stabilized vacuum  tube  cir­
cuits for d riv ing  them , it is q u ite  possible th a t considerable fu rth e r  im prove­
ment could now be ob ta ined  in such a  s ta n d ard . B u t an o th er line of 
developm ent has shown g rea ter prom ise in th is field and  the  u ltim ate  
accuracy of tun ing  fork oscillators has never been pursued.

The Quart i Resonator

D uring the  sam e ten years th a t  the  g rea test advances were being m ade 
in the tun ing  fork a r t, the strik ing  properties of the  q u a rtz  crysta l resonator 
were reviewed and first app lied  in the construction  of frequency and  tim e 
standards. I t s  use in p rim ary  s tan d ard s for the m ost exacting  m easure­
ments of frequency an d  tim e is now alm ost un iversal in national an d  indus­
trial laboratories th ro u g h o u t the  world.

Q uartz c rysta l is the  m ost a b u n d a n t crysta lline form  of silicon dioxide, 
occurring, in some p a r ts  of the  world, in large single crysta ls from  which 
mechanical resonators of useful dim ensions can read ily  be form ed. T he 
physical p roperties th a t  m ake it em inently  su itab le  for use in a  s tan d ard  of 
rate or tim e are its g rea t m echanical and  chem ical s tab ility . H av ing  a
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hardness nearly  equal to  th a t  of ru b y  an d  sapphire , an d  a rig id ity  of stru c tu re  
such th a t  i t  canno t be deform ed beyond  its  elastic lim it w ith o u t fracture, 
it m igh t be expected  to  rem ain  in a  given shape indefinitely  under o rd inary  
conditions of use. B ecause of its  g rea t chem ical s tab ility , its  com position 
is n o t easily m odified by  a n y  o rd inary  environm ent.

In  add ition  to  its  inheren t physical an d  chem ical s tab ility , the  elastic 
hysteresis in q u a rtz  is ex trem ely  sm all. F or th is reason, i t  requires only a 
very  sm all am oun t of energy to su sta in  oscillation an d  th e  period is only 
very  slightly  affected by  variab le ex ternal conditions in  th e  m eans for 
driv ing it.

A s trik ing  illu stra tion  of the im portance of th is p ro p erty  is ind icated  by 
the  num ber of periods th a t  a  resonan t elem ent will execute freely, th a t  is, 
w ithou t an y  susta in ing  forces w hatever, du ring  the  tim e required  for the 
am p litude  to  decrease to  one-half of som e prescribed value. F or a  good 
electrical c ircu it consisting of an  a ir  core inductance an d  an  air condenser, 
th is  num ber is ab o u t 100; for a good tu n in g  fork in  vacuum , i t  is a b o u t 20C0. 
F o r a good cav ity  resonato r under s ta n d a rd  conditions of tem p era tu re  and 
pressure, th e  num ber m ay  be as high as 10,000. T h e  best g rav ity  pendu­
lum s will swing freely from 2,000 to  20,000 tim es before they  reach half 
am plitude. T h e  effect is m ost strik ing  of all in q u artz  crysta l, in which the 
in te rn a l losses a re  extrem ely  low. Professor V an D yke has m easured the 
ra te  of decay of oscillations under a  wide range of cond itions15 and  has found 
th a t, as ord inarily  m ounted , nearly  all of the losses are in the m ounting or 
in the surrounding  atm osphere , if any , or in surface effects. E x trem ely  small 
am ounts of surface con tam ination  will m ore th a n  double th e  decrement. 
R ecen tly 16 M ay n ard  W altz  an d  K . S. V an D yke have m easured the decre­
m ent of one o u t of the first se t of four zero coefficient ring crysta ls ever m ade1' 
and  found th a t, v ib ra tin g  freely in  vacuum  an d  favorab ly  m oun ted , it would 
execute m ore th a n  a m illion v ib ra tions before falling to  half am plitude.

T h e  ad v an tag e  of th is p ro p e rty  is im m ediate ly  obvious because of the 
rela tively  sm all am o u n t of energy th a t  m u s t be supplied ad each oscillation 
to  keep th e  resonato r in m otion. As a lready  discussed in rela tion  to the 
pendulum , th e  am oun t th a t  the ra te  of oscillation m ay  be d istu rbed  in a 
given s tru c tu re  is p ropo rtional to  th is energy and , to  first order, on the 
dep a rtu re  from  the  ideal phase condition  of the  applied  driv ing  force.

T h e  p roperties ju s t enum erated  are sufficient to  assure the  superiority  of 
q u a r tz  c rysta l for the contro l elem ent in a ra te  s ta n d a rd ; no o th e r vibrating 
system  know n a t  th e  p resen t tim e is so sharp ly  resonan t or so stab le . How­
ever, one m ore p ro p erty , its  piezoelectric ac tiv ity , has  added  g rea tly  to the 
convenience of its use in vacuum  tube  devices.

T he piezoelectric effect w as discovered b y  the  C urie b ro th ers  in 1880,'"
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and in th e  years following w as stud ied  extensively  by them 49- 50. T hey  
found th a t  w hen q u a rtz  an d  ce rta in  o ther c rysta ls  are stressed, an electric 
po ten tia l is induced in nearby  conductors and , conversely, th a t when such 
crystals a re  placed in an  electric field, th ey  are deform ed a sm all am oun t 
proportional to  the  s tren g th  and  p o la rity  of th a t  field. T h e  first of these 
effects is know n as the direct piezoelectric effect an d  the  la tte r  as the inverse 
effect. T h e  am o u n t of such deform ation  in  q u a r tz  is ex trem ely  m inu te, a 
sta tic  p o te n tia l g rad ien t of 1 esu (300 vo lts) p e r cen tim eter causing a 
m axim um  extension or con traction , depending  on the  po larity , of only 
6.8 X  10~s cm per cm. I f  a  c ry sta l resonato r is sub jected  to  an a lte rn a tin g  
electric field hav ing  the frequency  for which th e  c ry sta l is resonan t, the 
am plitude of m otion will, of course, be m ultip lied  m an y  tim es. In  p rac­
tice, how ever, th e  ac tu a l am p litudes of m otion are k e p t so sm all, by  lim iting 
the applied electric field, th a t  even w ith  the  largest crysta ls  used they  can
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Fig. 7—E quivalen t electrical circuits for typical q uartz  crystal resonators.

be observed only u n d er a  high pow ered microscope. T his, in conjunction  
with m eans for precise am p litude  control, is one of th e  reasons for the 
rem arkable frequency  s ta b ility  of q u a rtz  c ry sta l oscillators.

In  prac tice , a  q u a r tz  resonato r is m oun ted  betw een conducting  electrodes 
which now m ost often  consist of th in  m etallic coatings deposited  on the  
surface of the  c ry sta l by  evaporation , chem ical deposition or o ther su itab le 
means. E lectrical connection  is m ade to  these coatings th rough  leads 
which also su p p o rt the  c ry sta l m echanically. T h e  resonato rs w ith  which 
we are chiefly concerned in  th is  discussion have only  two electrodes.

I f  such a tw o-term inal resona to r is connected  in to  an y  circuit, it will 
behave there as though i t  consisted of w holly electrical c ircuit elem ents, 
usually of such low loss as can n o t be realized b y  o ther m eans. T h e  equiv­
alent electric circu it for a  q u artz  c rysta l resonator was first described51 by  
K. S. V an D yke in  1925 and , for som e significant cases, is illu stra ted  in 
big. 7. T h e  p a r t of such an  equ ivalen t circu it w hich in m any  cases canno t 
be duplicated by  an y  o rd inary  m eans is the inductance elem ent contain ing 
so little resistance. I t  is as though  an  electric resonato r could be m ade and 
utilized construc ted  of som e supra-conducting  m ateria l.
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A m ong the first serious efforts to  u tilize the piezoelectric effect in  electrical 
circu its w ere those of A lexander M cL ean  N icolson who used rochelle salt 
crysta l in  th e  construction  of devices for th e  conversion of electrical energy 
in to  sound an d  vice versa. H e constructed  loudspeakers an d  m icrophones 
during  several y ea rs  of s tu d y  p rio r to  the  pub lication  of his w ork52 in 
1919— ideas now being used extensively  in phonograph  pickups, m icro­
phones an d  sound  producers. N icolson also w as th e  first to  use a piezo­
ac tiv e  c ry sta l to  contro l the  frequency of an  oscillator. H is p a te n t53, 
applied  for in 1918, shows a circu it which he opera ted  successfully in  1917. 
T h e  first ac tu a l use of resonato rs of q u a rtz  is a t tr ib u te d  to  P . L angevin54- 53, 
who drove large c rysta ls  in  resonance in order to generate  high-frequency 
sound w aves in  w ate r for subm arine signaling and  d ep th  sounding.

The Quartz Crystal Controlled Oscillator

T h e  first com prehensive s tu d y  of the use of q u a rtz  c iy s ta l resonators 
to  contro l the  frequency  of v acu u m  tube  oscillators w as m ade by  W alte r G. 
C ady  in 1921 and  published by h im  in A pril, 192256. T h is w as the  step 
w hich in itia ted  a  m ost extensive and  in tensive research of the  p roperties of 
q u a r tz  c rysta l an d  in to  m ethods for its  use in num erous fields requiring  a 
stab le  frequency  characteristic .

T h e  ex ten t and  im portance of th is research are well ind icated  by  the 
num ber of investiga to rs an d  published con tribu tions to  the a r t. Among 
these, a  paper by  A. Scheibe57 in 1926 lists 28 articles on th e  sub ject, along 
w ith a  descrip tion  of h is  own extensive studies. Tw o years la te r Cady 
published a b ib liography58 on the  sub ject, including 229 sep ara te  references 
to papers an d  books and  84 p a te n ts  in various countries. R . B echm ann in 
19.36 published a review  of the  q u artz  oscillator59 including 26 references to 
o the r original con tribu tions in th a t  field alone. M ore recen tly  there comes 
a t  the  end of C a d y ’s 1946 book69 on “ P iezoelectric ity” , a b ib liography of 
57 books and 602 sep ara te  published articles on th is subject. By any 
m easure th is  represen ts a g rea t am o u n t of detailed  effort for a  single subject 
in so sh o rt a tim e— ju s t a b o u t a q u a r te r  of a  cen tu ry . Of th is g rea t amount 
of m ateria l, i t  is feasible to  review  only  a  sm all num ber of the  outstanding 
ideas re la tive  to  the  evolu tion  of the  q u a r tz  c ry sta l clock.

T h e  first published  quartz -con tro lled  oscillator circu it is reproduced in 
Fig. 8A from  C ad y ’s 1922 article . In  th is oscillator the  “ d irec t” and 
“ inverse” piezoelectric effects w ere em ployed separate ly , m aking  use ot 
tw o separa te  pa irs  of electrodes. T h e  o u tp u t of a  th ree-stage amplifier 
was used to  d rive  a rod-shaped  crysta l a t  its n a tu ra l frequency through 
one p a ir  of electrodes m aking  use of th e  “ inverse” effect, while th e  inpu t to 
the am plifier w as prov ided  th rough  the  “ d irec t” effect from  the o ther pair.
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T he feedback to  sustain  oscillations in the electrical circu it could be obtained 
only th rough  the v ib ra tion  of the  q u a r tz  rod and  hence was precisely con­
trolled b y  it. C a d y ’s resu lts were received w ith  w idespread in terest and 
were duplicated  and continued  in m an y  laboratories, which soon resulted 
in m any  new discoveries and inventions.

(b) P IE R C E  AND  P IE R C E  -M IL L E R  O SC ILLA T O RS

Fig. 8—Typical quartz  oscillator circuits.

Im p o rtan t con tribu tions were m ade by  G. W . Pierce, who, showed in the 
following y ea r th a t  p la tes of q u artz  cu t in a  certain  w ay could be m ade to 
v ibrate so as to  contro l frequencies p roportional to  th e ir  th ickness61. H e 
also proposed som ew hat sim plified circuits for the ir use which soon found 
very general app lica tion  in  the  construction  of w avem eter stan d ard s and  
later for oscillators used to  contro l the  frequency of broadcasting  s ta tio n s 
and for m any  o ther purposes. In  1924, the  G eneral R adio  C om pany of 
Cambridge, M assachusetts, produced a com m ercial in stru m en t based on 
these studies.
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T h e  significance of the unusually  stab le  p roperties of q u a rtz  c rysta l—  
w hich a t  tim es w ere view ed w ith a so rt of aw e and a tendency  a t  first to 
expect too m uch62*— was soon recognized in re la tion  to precise stan d ard s 
of frequency and tim e, and  m any  laboratories m ade experim ents d irected  
tow ard  these applications.

F or som e y ears  these efforts usually  took one of tw o form s: e ither th a t  of 
a  quartz-con tro lled  oscillator used as a  com parison s ta n d a rd  b y  various 
m eans63, or th a t  of using the  q u a r tz  resona to r itself as a p o rtab le  standard , 
the  h igh-frequency co u n te rp art of an  iso lated  tun ing  fork. P robab ly  the 
m ost convenient s ta n d a rd s  of the la tte r  so rt w ere the  lum inous resonators 
first described in 1925 b y  Giebe an d  Scheibe64. T h e  following y ea r they  
proposed the use of such lum inous resonators as frequency s ta n d ard s65 and, 
shortly  following, p o rtab le  frequency  ind icato rs of th is  so rt w ere m ade 
availab le for general use. T he use of such a lum inous resonator for the 
in te rn a tio n a l com parison of frequency s ta n d ard s  w as rep o rted  by S. Jim bo 
in 1930.66 T h e  first in te rn a tio n a l com parison of frequency  stan d ard s 
m aking  use of piezo resonators as iso lated  s ta n d a rd s  w as carried  o u t by 
W alte r G. C ady in 1923, who by m eans of a  set of early  type  resonators com ­
pared  the  existing s ta n d ard s  a t  Rom e, L ivorno, P aris, T edd ing ton , Farn- 
borough, W ashington, an d  C ru ft L ab o ra to ry  a t  H a rv a rd  U niversity67. 
In  the following y ea r the U. S. B ureau  of S tan d a rd s carried  ou t a  sim ilar 
in te rn a tio n a l frequency  com parison, b u t of g rea ter accuracy, em ploying 
p o rtab le  q u a rtz  c rysta l oscillators. T h is com parison and  o ther im portan t 
re la ted  stud ies w ere described by J . FI. D ellinger in 1928— “ T h e S ta tu s  of 
F requency S tan d a rd iza tio n ” 68.

I t  was soon recognized th a t  q u a rtz  oscillators could be bu ilt w ith a 
s tab ility  far g rea te r th an  th a t  of an y  o th e r know n ty p e  an d  th a t  th ey  possess 
qualities very  desirable for a com bined tim e an d  frequency standard . 
H ow ever, all early  q u a rtz  oscillators had  frequencies far too high to  operate 
an y  synchronous m otor and it was not im m ediate ly  obvious how a clock 
could be opera ted  thereby .

The Frequency Divider

T h e illu stra tion  in F ig. 9 from the a u th o r’s notebook for N ovem ber, 1924 
is believed to  be am ong th e  earlies t m eans proposed to  accom plish this. 
In  brief, the  proposal w as to  contro l the  speed of a m otor d riv ing  a high- 
frequency generato r so th a t  a harm onic of th e  generato r o u tp u t, say the

* In 1929, M . G. Siadbei wrote “ Nous pensons que le q uartz  piécoélectrique peut 
trouver un nouvel emploi dans la chronom etrie, é tan t donnée la conservation rigoureuse­
m ent constan t de ses oscillations.”

“ La seul cause de variation de la période d ’oscillation résulte en effect du changement de 
la tem perature. . . . ’
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ten th , would have a  frequency of the  sam e order as th a t  of the  c rysta l b u t 
differing from  it by  a  rela tively  low frequency, _/i. T h is low frequency, 
derived from the m odulator w as to  be used to  drive the synchronous m otor.
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f ig . 9—E arly  suggestion of m eans to control a  ro tating  device such as a clock from a 
high frequency.

I he shaft speed of the m otor-generator w ould, therefore, be in tegrally  
related to the crysta l frequency  and  hence an y  m echanism  geared to  the 
shaft, such as a  clock, would ind icate  tim e as d ic ta ted  by the  crysta l. T his 
m ethod could have been carried  th rough  read ily  b y  a com bination  of m eans 
already developed for o the r purposes, and  the construction  of an  ap p a ra tu s  
based on th is  suggestion w as soon begun. H ow ever, a sim pler m ethod69,
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not involving a  ro ta tin g  m achine in the  control system , was suggested and 
the first q u a r tz  crysta l clock w as construc ted  using the sim pler m eans. 
T h is  a p p a ra tu s  w as described by  H o rto n  and  M arrison70 before th e  In te rn a ­
tional U nion of Scientific Radio T elegraphy  in O ctober, 1927. T he reso-

Fig. 10—50,000-Cycle quartz  resonator, in original mounting, used in first quartz 
clock— 1927.

Fig. 11—Subm ultiple controlled frequency generator used in first quartz  clock.

nato r in its  m ounting, th a t  w as used in th is first m odel is show n in  Fig. 10. 
I t  consisted of a  rec tan g u la r block of crysta l, cu t in th e  m anner usually 
called X -cu t, and  of such size as to oscillate a t  a  frequency of 50,000 cycles 
per second in  th e  d irection  of its  length . T h e  tem p era tu re  coefficient of 
th is  resonator was approx im ate ly  4 p a r ts  in a million per degree C a t  the
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tem peratu re  of operation , which w as controlled a t  a  value  in the neighbor­
hood of 40 degrees C.

T he m ethod  for frequency subdivision used in th is first q u a r tz  crysta l 
clock is illu stra ted  in Fig. 11. T he inductance elem ent of an electric circuit 
oscillator, designed to  opera te  a t  the desired low frequency, has a core of 
variable perm eab ility  so th a t  the frequency can be ad ju sted  over a narrow  
range th rough  the contro l of d irec t cu rren t in an auxiliary  w inding. A 
harm onic of th is  low frequency, generated  in the tube  following the oscil­
lator, is com pared w ith  the incom ing high frequency in the  vacuum  tube 
m odulator. T h e  harm onic chosen has nom inally  the  sam e frequency as 
th a t of th e  control, or c ry sta l oscillator, so th a t  one o u tp u t of the  m odu la to r 
is a d irec t cu rren t whose m agn itude and  sign v a ry  w ith the  phase relation 
between the  in p u ts  to  th e  m odulator. T h e  use of th is m ethod  to  regula te 
the low -frequency oscillator insures th a t  the low frequency  is some exact 
sim ple fraction  of the  high frequency. If, therefore, a  synchronous m otor 
is opera ted  from  the  low frequency th u s produced , its  ra te  represen ts ac­
curately  th a t  of th e  high-frequency source as though it h ad  been possible to 
use th a t  source d irectly .

Several o the r electrical c ircu its were proposed around  1927 for the sub­
division of high frequencies. T h e  m ethod  in m ost general use a t  p resen t is 
an a d a p ta tio n  of the “ m u ltiv ib ra to r” first used by  H enri A braham  and 
Eugene B lock in 1919 for the m easurem ent of high frequencies71. T hey  
used the ir c ircuit to  produce a w ave rich in harm onics and  hav ing  a funda­
m ental th a t  could be com pared d irec tly  w ith  th a t of a tun ing  fork stan d ard . 
By various m eans now well know n the high frequency could be com pared 
with one of the  harm onics of th is special oscillator.

This procedure w as reversed by H ull an d  C lap p 72, who discovered th a t 
the fundam ental frequency could be controlled by coupling the high-fre­
quency source d irectly  in to  the  c ircu it of the m u ltiv ib rato r. This, in fact, 
is a general p ro p erty  of an y  oscillator in which the opera ting  cycle involves 
a non-linear cu rren t-vo ltage characteristic , being m ost pronounced in those 
of the relaxation  type. Van der Pol and Van der M ark  in 1927 reported  on 
some experim ents on “ frequency dém ultip lica tion” using gas tube  relaxation 
oscillators73. T he m u ltiv ib ra to r is, in effect, a re la tive ly  stab le relaxation 
oscillator74, an d  w ith slight m odification has been used extensively as the 
frequency-reducing elem ent in quartz-contro lled  tim e and  frequency s ta n d ­
ards th roughou t the world.

One serious d ifficulty  w ith the m u ltiv ib ra to r type  of subm ultip le  generato r 
has been th a t, if the in p u t fails or falls below a critical level, it will continue 
to deliver an o u tp u t which, of course, will n o t then have the  expected fre­
quency. C ertain  variab les in the circuit, such as tube aging, m ay cause a
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sim ilar result. W ith  th is  in view, a  general m ethod  for frequency conversion 
has  been developed by  R . L . M iller75, in w hich the  existence of an  o u tp u t 
depends d irec tly  on the  presence of the  contro l inpu t. T h e  basic idea in­
volved in this, now know n as regenerative m odulation , w as an tic ip a ted  by 
J . W . H o rto n  in 191976 b u t had  no t been developed prior to  M iller’s in­
vestigations. T he circuit of a regenerative m odu la to r in its sim plest form  
as a frequency div ider of ra tio  “ tw o” is shown in Fig. 12.

Soon a fte r the  announcem ent in 1927 of the  First q u a rtz  c rysta l controlled 
clock,70 the idea w as stud ied  and applied in m any  places no tab ly  in A m erica 
and  G erm any, and  a t  the p resen t tim e it  form s the  basis for precise m easure­
m en ts of tim e and frequency in m any  governm ent physical laboratories 
as well as in m an y  astronom ical observatories and industria l and un iversity  
labora to ries th ro u g h o u t the world.

Fig. 12— Frequency divider for ra tio  TW O employing regenerative m odulation.

A lthough the first resu lts were q u ite  satisfying, it w as the im m ediate 
in te rest of all concerned to  find o u t w h a t im provem ents could be made, 
a n d  these were not long in com ing. As in the  case of the  pendulum  already 
discussed, or w ith an y  o ther oscillator, the constancy of ra te  obtainable 
depends on two k inds of p roperties: those which concern the  inherent 
s ta b ility  of the governing device itself, an d  those concerned w ith  th e  means 
for sustain ing  it in oscillation. Some of the factors in the tw o groups are 
in te rre la ted  an d  m u st be considered together.

T h e  im provem ents in q u a rtz  oscillator s ta b ility  therefore have been 
concerned w ith  two m ain endeavors, nam ely  th a t  of cu ttin g  an d  m ounting 
th e  resonato r so as to  realize effectively the unusually  stab le  p roperties of 
q u a rtz  c rysta l itself, and  th a t  of coupling it to  the electrical circuit in such 
a w ay  as to  avoid th e  effects of such variab les as pow er vo ltage variation , 
aging of vacuum  tubes, and the like, on the controlled frequency. The 
la tte r  effects were n o t obvious a t  first because the tem p era tu re  coefficient 
an d  th e  effects of friction and  change of position in the m ounting  caused

OUTPUT , f
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varia tions of considerably larger m agnitude. I t  w as n a tu ra l, then, to 
see w hat could be done ab o u t these effects.

Zero Tem perature Coefficient of Frequency

W ith  the know ledge th a t X -c u t resonators had negative coefficients, 
frequently  as large as th ir ty  p a rts  in a million per degree C, and  th a t Y -cut 
resonators in  general had  positive coefficients, often in excess of a hundred 
p arts  in a million per degree, the au th o r undertook  to  m ake resonators of 
such shape th a t  the oscillations would occur in bo th  m odes sim ultaneously, 
and so com bine the coefficients, in the hope th a t  th e  resu ltan t could be 
made zero.77

T he first experim ents, m ade on two series of resonato rs bo th  yielded 
encouraging results. T he first w as a  series of rec tangu lar X -c u t p la tes of 
varying thickness shown in Fig. 13. T h e  second was a series of th ree circular 
discs of d ifferent d iam eters, all being cu t w ith  the  large surfaces in the  p lane 
of the Y  an d  Z axes. T h e  th ree  discs w ere m ade from  the same m aterial, 
each sm aller one being trep an n ed  from  the previous one afte r com plete 
m easurem ents had  been m ade upon it. T he set of circular c ry s ta ls  rem ain­
ing afte r these tests  were com pleted is shown in Fig. 14 an d  the slab from 
which th ey  were cu t is shown assem bled w ith the original large crysta l in 
Fig. 15.

Subsequent tests  showed th a t  the an n u lar pieces could be designed for a 
low or zero coefficient an d  such a shape shown in Fig. 16 was em ployed for 
a num ber of years in the Bell System  F requency  S tandard  in N ew  Y ork 
C ity78. As described in th is reference, the  reason for using the ring  in 
preference to  the solid disc or rec tangu lar p la te  was in the convenience of 
m ounting. T h e  rings w ere form ed w ith a ridge in th e  cen tra l p lane of the 
hole so th a t  they  could be supported  on a horizontal pin th u s provid ing  a 
one-point sup p o rt a t  a position  w here the  v ib ra tio n  is very  sm all. T h e  rings 
used in th is first app lica tion  of zero coefficient q u a rtz  resonators havebeen  
called “ d o u g h n u t” crysta ls  for obvious reasons. In  Fig. 17, George H ech t 
is shown m aking a final ad ju s tm en t, by  “ lapp ing” w ith  fine abrasive, on one 
of the four original zero-coefficient ring crystals. M r. H ech t m ade all four 
of these resonators, as well as m any  o thers of various shapes and  sizes used 
in the early  experim ents in th is work.

Supported as described, the rings hang  in a vertical p lane and , as first 
used, they  were supported  freely betw een solid electrodes ra th e r  closely 
spaced to the flat surfaces. T he sm all am oun t of free m otion re la tive  to  the 
electrodes, inheren t in th is  so rt of m ounting , caused occasional changes in 
frequency if the  su p p o rt were d istu rbed , which a t  tim es w ould be as large 
as one p art in ten million. T o  avoid th is difficulty, o the r ring  cry sta ls  were
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construc ted  w ith  a so rt of narrow  shelf a t  th e  cen tra l p lane th a t  could be 
m ounted  in  a  horizontal p lane on p in  supports. T h e  tw o m ethods of sup­
po rting  the  ring  resonato rs are illu stra ted  in  F ig. 18. Such resonators were

Fig. 13—Set of rectangular q uartz  resonators m ade for zero tem perature coefficient study.

Fig. 14— Circular pieces rem aining after tem perature coefficient s tudy  of q uartz  discs 
and rings.

Fig. 15—Large crystal and slab from which low coefficient studies were made.

used in the  .Bell System  F requency  S tan d a rd  u n til 1937 w hen th ey  were 
replaced by  an en tirely  different type  th a t  will be described later.

T h e  rings were ad ju sted  to  oscillate a t  100,000 v ib ra tio n s p er second, 
the  frequency which has been adop ted  in nearly  all oscillators of extrem ely
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Fig. 16— 100-Kilocyclc quartz  ring resonator with zero tem perature coefficient.

Fig. 17— George H echt finishing the first set of zero-coefficient q uartz  rings.

constant ra te . All of these rings were construc ted  to  have a zero frequency- 
tem perature coefficient a t  a  tem p era tu re  in the neighborhood of 40 degrees 
C, the frequency being a  m axim um  a t  th a t  p o in t on an approx im ate ly  para-
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bolic characteristic . T he zero tem p era tu re  coefficient m akes it possible to 
p rac tica lly  elim inate frequency changes caused by  am b ien t tem peratu re  
changes since, by  rela tively  sim ple m eans, it is possible to  contro l the resona­
to r w ith in  ±  0.01 degree C, a t  the tem pera tu re  for w hich the  effect is sub­
sta n tia lly  nil. T h e  reduction  of the effect of tem pera tu re , an d  the  stabiliza­
tion of the m ounting , increased the  s tab ility  of frequency contro l and  oscil- 
lator-clock ra te  beyond  an y th in g  th a t  had  ever been ob ta ined  before. 
S ubsequent im provem ents th a t  will be described la te r produced  even greater 
stab ility .

EL E C T R O D E S

Fig. 18—M ethods of m ounting q uartz  ring resonators.

The Crystal Clock

T h e  s trik ing  s ta b ility  of the  c rysta l oscillator clock led the au th o r to  pro­
pose the  general use of th is  ty p e  of clock for precision tim ekeeping, the chief 
em phasis hav ing  been prev iously  on the deriva tion  of co n stan t frequency. 
A paper en titled  “ T h e  C rysta l C lock ,”79 p resen ted  before th e  N ational 
A cadem y of Sciences in April, 1930, described such a clock and  po in ted  out 
some of its p roperties an d  likely uses.

Chief am ong these properties, of course, is its  inheren t s ta b ility  an d  rela­
tive freedom  from ex traneous effects. T h e  q u a r tz  c ry sta l clock is not 
dependen t on g rav ity  and , w ithou t an y  com pensating  ad ju stm en t, will 
opera te  a t  the  sam e ra te  in an y  la titu d e  an d  a t  an y  a ltitu d e . T h is property 
a lready  has been useful in th e  measurement of g rav ity  and  g rav ity  gradient 
by  m easuring th e  ra te s  of pendulum s on land  an d  a t  sea.80’ S1

T h e crysta l clock is p rac tica lly  im m une to  v a ria tio n s in level and  shock 
an d  can be used as an in s tru m e n t of precision un d er conditions entirely 
u nsu itab le  to  pendu lum  clocks. F o r th is reason it perform s satisfactorily 
in p rac tica lly  an y  location, including ea rth q u ak e  zones, and  m ay  be used in 
tra n s it as in a subm arine, in an  a irp lane or on th e  railroad.
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Some of th e  ou ts tan d in g  p roperties of the  q u a r tz  oscillator clock were dis­
cussed in 1932 by  A. L . L oom is an d  W . A. M arrison82, in  re la tion  to  a  series of 
experim ents com paring the perform ance of q u a r tz  clocks a t  Bell T elephone 
L aboratories in  N ew  Y ork and  a se t of synchronom e free-pendulum  clocks 
operating in  T h e  Loom is L ab o ra to ry  in T uxedo P ark , abou t fifty  miles aw ay. 
The com parison w as effected th rough  a circu it m a in ta ined  betw een the two 
laboratories over which a 1,000-cycle cu rren t controlled b y  a  c ry sta l in N ew  
York was used to  drive the  Loom is C hronograph83 in T uxedo P ark . D uring  
p art of the  tim e, signals from  th e  clocks were sen t b ack  over the  sam e circuit 
and recorded on the Bell L ab o ra to rie s’ S park  C hronograph81.

T he q u a r tz  oscillator assem bly a t  the  Bell T elephone L aborato ries a t  the  
time of these experim ents is show n in Fig. 19. T h e  four ring  crysta ls  in their 
individual tem peratu re-con tro lled  ‘ovens’ are m ounted  un d er herm etically  
sealed bell ja rs  to  avoid  the effects of am b ien t tem p era tu re  and  atm ospheric 
pressure changes. T h e  vacuum  tube  oscillator circu its are im m ediately  
below the bell ja rs ; and  the  control, m onitoring  and pow er supply  equ ipm ent 
in the rem ainder of the  space.

One of the m ost in te resting  resu lts of these cooperative experim ents was 
the m easurem ent of a periodic varia tion  in the  ra te  of the  pendulum  clocks 
in phase w ith the  lunar daily  cycle. T h e  am oun t of th is daily  varia tio n  is 
very small, being only  a  few te n th s  of a millisecond, b u t readily  observable 
in com parison w ith a stab le  ra te  s ta n d a rd  th a t  does n o t v a ry  w ith g rav ity .

Further Refinem ents in  Quartz Clocks

The spectacu lar resu lts from  the use of the  q u a rtz  crysta l clock up to  th is 
time, ab o u t 1932, w ere due in p a r t  to  its  novelty  and  in p a r t  to  th e  fac t th a t  
it is qu ite  independen t of som e of the  variab le  fac to rs th a t  affect conventional 
precision clocks, including g rav ity  itself upon w hich the  ra te  of all pendulum  
clocks depends. T h e  rem arkab le  s tab ility  of p resen t d ay  q u a rtz  oscillators 
and clocks is the  resu lt of a series of developm ents and  refinem ents extending 
over a  num ber of years.

As m entioned previously, th e  factors th a t  cause d ep a rtu re  from  constan t 
rate in the com pleted  opera ting  device fall in to  tw o d is tin c t classes, nam ely  
those which concern the  inheren t o r n a tu ra l frequency of the resonator itself, 
and those w hich concern the  m eans for d riv ing it a t  th a t  inheren t rate .

The first class com prises all those p roperties of the  m oun ted  resonator 
which tend to  rela te  its inheren t ra te  to am b ien t conditions such as tem p era­
ture, atm ospheric pressure, change of position  an d  v ib ration , an d  to  the 
passage of tim e— th a t is, aging. Since the final s tab ility  canno t exceed the 
inherent stab ility  of the m ounted  resonator itself, its s tu d y  is of prim e 
importance.



Fig . 19— Bell S ystem  F req u en cy  S ta n d a rd , 1930.
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T h e second class com prises p roperties of the  m eans for sustain ing  oscilla­
tions in such a resonator w hich re la te  the  resu lting  ac tu a l ra te  to  varia tio n s 
in the electrical circuits, in the pow er voltages, in vacuum  tubes an d  o ther 
like effects. In  the lim it, it is th e  hope th a t the  n e t resu lt of all such effects 
can be elim inated  so th a t the s tab ility  of the q u a r tz  c rysta l alone will rem ain 
the sole governing factor. T h is is the  goal, and  th e  inheren t s ta b ility  of the 
substance, q u a rtz  crysta l, is the lim it tow ard  w hich th e  stab ility  of the 
q u artz  c ry sta l clock will approach  b u t canno t exceed.

T he developm ent of the  q u a r tz  resonato r an d  its  m oun ting  for num erous 
applications is described in some deta il b y  R aym ond  A. H eising and  his 
collaborators85 in the ir recen t book, “ Q uartz  C rysta ls  for E lectrical C ircu its” . 
Of all the types of resonato r described in th is w ork th e  one hav ing  the m ost 
extensive use a t  th e  p resen t tim e, for q u a r tz  clock insta lla tions and  for 
other applications of com parable accuracy, is th e  G T  crysta l resonator 
developed by  W . P . M ason86. T h is  resonato r is cu t from  q u a r tz  crysta l in 
such a w ay th a t  the positive and  negative coefficients are effectively neu tra l­
ized over a range of a b o u t 100 degrees C, so th a t  in an y  p a r t  of th is range the  
resulting tem p era tu re  coefficient of frequency is n o t m ore th a n  one p a r t  in a 
million per degree C. W ith  su itab le  p recau tions in m anufactu re , the 
tangent a t  the p o in t of inflection in the frequency-tem pera tu re  curve m ay be 
m ade horizontal, w hich m eans th a t  th e  tem p era tu re  coefficient m ay  be m ade 
substan tia lly  zero over a considerable range of tem peratu re .

T he G T  crysta l resonato r therefore in troduces two significant advan tages 
in tim ekeeping, nam ely  th a t  g rea ter accuracy of ra te  m ay  be ob ta ined  w ith a 
given accuracy of tem p era tu re  contro l and  th a t  the  value a t  which the 
tem perature is controlled m ay be chosen in a considerable range. In  fact, 
w ithout an y  tem p era tu re  contro l a t  all, th e  ra te  of a clock regu la ted  by  
such a crysta l m ay  be accu ra te  to a  te n th  of a second a  day  over an  am bien t 
range of 100 degrees C. Am ong the m any  q u a r tz  clock insta lla tions now 
using the G T  resonator, all o r in p a r t, are  th e  R oyal O bservatory  a t  G reen­
wich, the B ritish  P ost Office, the U. S. N aval O bservato ry  an d  the U. S. 
Bureau of S tandards.

One of the chief sources of varia tion  in ra te  of q u a rtz  oscillators, in the 
early stages of the ir developm ent, w as in the m eans for m oun ting  an d  in the 
electrical circuit connections. As m entioned previously, a n y  varia tion  in the 
effective resistance or in the  effective m ass or stiffness of a resonato r has a 
direct effect upon its  ra te  of oscillation. T he problem  reduces to th a t  of 
supporting th e  resonato r so th a t  the frictional losses are sm all and  constan t 
and so th a t  the coupling to  the electrical circuit is as nearly  as possible 
invariable.

The m oun ting  of q u a r tz  crysta l un its  is discussed a t  length  by  R . M . C.
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G reenidge in  C h ap te r X I I I  of M r. I ie is in g ’s book referred  to  above.83 T h e  
m ost sa tisfac to ry  m eans by  far th a t  has  been found for m ounting  crysta ls of 
th e  G T  ty p e  is th a t  of ac tua lly  soldering them  to th in  supporting  w ires by  
m eans of sm all discs of silver deposited  on the  crysta l a t  its  nodes. T h is 
m ethod  serves the double role of supporting  the  c rysta l an d  of providing 
electrical connection to  m etal electrodes p la ted  on the crysta l. R esonators 
so supported  m ay  be m ade alm ost im m une to  m echanical shock an d  will con­
tinue in sa tisfac to ry  operation  th rough  accelerations of several tim es g. 
N early  all crysta ls  w hich v ib ra te  in  a  long dim ension are now m ounted  in 
th is  w ay. One m an u fac tu re r produced  ab o u t 10,000,000 crysta ls  of a single

Fig. 20—Pressure-m ounted G T crystal for sealing in a  m etal envelope.

ty p e  so m ounted  in  a  th ree-year period du ring  W orld W ar I I .  P rio r to  the 
use of wire supports, such crysta ls  w ere “p ressu re m o u n ted ” by  m eans of 
sm all m etal jaw s w hich clam ped from  opposite sides a t  th e  nodes. A  GT 
crysta l m oun ted  in th is  w ay  is shown in Fig. 20. C rysta ls  so m oun ted  are 
still in use in the  Bell System  F requency  S tan d ard , being the  First of the  GT 
crysta ls  to  go in to  ac tu a l service. T h is  ty p e  of m ounting  is n o t q u ite  so 
stab le as th e  wire m oun ting  and  is som ew hat m ore difficult to  m anufacture. 
One of the  w ire-m ounted crysta ls  such as developed for L O R A N  an d  other 
oscillators of com parab le accuracy  is shown in Fig. 21.

T he p la tin g  of electrodes on th e  c ry sta l surface has led to  increased 
s tab ility  of frequency control, chiefly because the coupling to  the  electrical 
circu it m ay be k e p t m ore nearly  co n s tan t thereby . W hen separa te  elec­
trodes were em ployed, th e  varia tion  in spacing w as alw ays found to  be a
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source of in stab ility , as m entioned prev iously  in relation  to  the use of the 
first ring  crysta ls. P la tin g  of crysta ls  is n o t a  new  idea b u t the  application  
to q u a rtz  resonators of high Q requires a g rea t am oun t of technical skill in 
order to  ob ta in  coatings which are m echanically  and  chem ically stab le an d  
which utilize the  m inim um  of added  m ateria l. T he use of too m uch m eta l

Fig. 21—W ire-supported G T crystal sealed in a  glass envelope.

will, of course, im pair the  resonator by  increasing its ra te  of energy dissipa­
tion and p robab ly  its aging ra te . T h e  m etal m ost often used for electrodes 
is silver, although  gold and  alum inum  have been used in special cases. E v a p ­
oration in vacuum  has been found to  be the  m ost sa tisfac to ry  m ethod  for 
the ac tu a l p la ting , giving very  ad h eren t coatings and  being sub jec t to 
precise m anufac tu ring  control. T h e  a r t  of p la ting  q u a rtz  resonators is 
discussed in deta il by  IT  W . W einhart and  H . G. W ehe in M r. H eising’s 
book.
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Several o ther factors have h ad  an  im p o rta n t bearing  on the  final s tab ility  
of q u a rtz  resonators. One of th e  m ost im p o rta n t of these is the  care th a t  
m ust be exercised during  fab rica tion  in order to  avoid  se ttin g  up  stresses in 
the  m a teria l th a t  subsequen tly  can be relieved only slowly. B y  slow grind­
ing w ith  adequate ly  fine abrasive such effects can be k ep t very  small. 
E tch in g  w ith  hydrofluoric acid has resu lted  in m uch fu rth e r im provem ent 
th rough  the rem oval of stressed surface m ateria l and  all p o ten tia lly  loose 
m a teria l which, form erly, often caused anom alous aging effects. Artificial 
aging b y  heating , an d  thorough cleaning before and  afte r p la ting , have also 
co n trib u ted  g rea tly  to  the final s tab ility  of the  c ry sta l un it. T h e  resonator 
finally is m oun ted  in high vacuum  in a glass envelope in order to  elim inate 
losses due to  sound rad ia tion  an d  friction, and to  p ro tec t it from surface 
con tam ination  and  chem ical action.
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Fig. 22— Frequency-tem perature characteristics for three types of q uartz  resonators.

E ven  the m ost perfect q u a r tz  resonator, in an  ideal m ounting, is unable 
to  keep tim e unless it is m ain ta ined  in oscillation; and, like a pendulum , its 
ra te  will depend in large p a r t on the m anner in which it is driven. T h e  same 
general princip les apply  to  bo th  cases, except th a t  usually  a pendulum  is 
d riven  by  im pulses w hich should be applied  when the velocity  is m axim um , 
while a  q u a r tz  resonato r is usually  d riven  by a sinusoidal force arising 
th rough  the  piezoelectric coupling, and  so phased th a t  the m axim um  force 
occurs w hen the  velocity  is m axim um . T his, in fact, is a required condition 
for m axim um  ra te  stab ility . T h e  graphical analysis of Fig. 5 applies equally 
for the case of sine w ave drive, since the  sine w ave can be considered as the 
sum m ation  of an im pulse a t  its peak and of sets of pa irs  of im pulses sym ­
m etrically  disposed w ith  respect to  it. O bviously, the  phase errors for each 
such pa ir of im pulses cancel, b ringing us back  to  A iry ’s condition, b u t with 
the b roader view  th a t, for the  feedback or d riv ing  w ave to  have  m inim um  
effect on the ra te  of an oscillator, the force w ave m ust be in phase w ith  the 
velocitv  of th e  resonator.
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N um erous vacuum  lube circu its have  been proposed and  used for m ain­
taining q u a r tz  resonators in oscillation, some of w hich are illu stra ted  in Fig. 
8. T h e  one am ong these w hich a t  p resen t m ost nearly  approaches the ideal 
is th a t developed by  L . A. M eacham , know n as th e  B ridge S tabilized Oscil­
lator.87 T h is  oscillator, in  its  original form  or w ith  slight m odifications, 
is now used alm ost un iversally  in E ng land  and Am erica w here the m axim um  
stability  of ra te  control is required.

In  the bridge stab ilized  oscillator, the  feedback p a th  is through a W h eat­
stone bridge w ith  the  c ry sta l in one arm  and  w ith  resistances in the  o ther 
three. T he frequency of oscillation becom es th a t  for which the  reactance 
of the crysta l approaches zero; the  bridge can only be balanced when the 
crystal behaves electrically  like a resistance. T he unbalance vo ltage from 
the bridge is fed back in to  the am plifier, which should provide a  rela tively  
high gain, as will appear. T h e  g rea t frequency s tab ility  of th is oscillator 
depends upon the  fac t th a t, in the  neighborhood of balance, a  sm all phase 
shift in the resonan t elem ents causes an enorm ously larger phase sh ift in 
the unbalance voltage. B u t the ac tua l am ount of th is  unbalance phase 
shift is lim ited by  the  fact th a t  it m ust be equal an d  opposite to  th a t in the 
amplifier in o rder for oscillations to  be sustained. T h is insures th a t  a t all 
times the phase sh ift in the c rysta l is m uch sm aller th a n  th a t occurring in the 
amplifier w hich itself can be m ade sm all by  su itab le design. T h e  ra tio  of the 
phase shift of th e  bridge o u tp u t to  th a t  of its  in p u t increases as balance is 
approached, m aking it  possible to  p rac tica lly  elim inate the  effect of phase 
shift in the am plifier sim ply b y  increasing the am plifier gain. M ost of the 
variable factors in the  am plifier of an  oscillator circuit affect th e  controlled 
frequency through the  phase sh ifts caused b y  them . I t  is evident, then, 
that the bridge circuit, w hich perm its only a  small fraction  of such phase 
shifts to becom e effective a t  the resonan t elem ent, will su b stan tia lly  free the 
resonator from  variab le  effects in th e  am plifier an d  allow it to contro l a ra te  
determ ined alm ost w holly b y  its own properties.

When th e  above condition is a tta in ed  an d  the  c rysta l resonator, when 
oscillating, ac ts  in the circu it like an  electrical resistance, it ac ts  th a t  way 
because the velocity  is in phase w ith  the applied m echanical force, which, as 
has been s ta ted , is the  condition for m ost stab le ra te  control. In  the crystal 
oscillator, th is ideal condition  is ob ta ined  sim ply by  the au to m atic  balancing 
of a bridge circuit, accom plishing in a m ost elegant m anner the equivalent, 
in the case of a pendulum , of apply ing  driv ing  pulses a t  the exact cen ter of 
swing.

The bridge-stabilized  oscillator includes also an  au to m atic  contro l of 
am plitude. T he v a ria tio n  of frequency w ith  am plitude is v ery  sm all and 
m no w ay com parab le w ith  the  “ circular e rro r” of an  o rd inary  pendulum , b u t 
in the quest for the h ighest a tta in ab le  s tab ility  it m ust be taken  in to  account.
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T he contro l of am plitude is ob ta ined  by the use of a resistance w ith  positive 
tem p era tu re  coefficient in the bridge arm  conjugate to  the crysta l, chosen so 
as to  have exactly  the right value to balance th e  resistance of the crysta l when 
a specified curren t is flowing in the bridge. If  larger th an  norm al curren t 
flows m om entarily  the  resistance is increased, which decreases the  feedback, 
th u s stabilizing the am plitude a t  some p redeterm ined  value. F or the 
h ighest s tab ility  it has been found advan tageous to  opera te  the  c ry sta l a t  a 
very  small fraction  of the  am plitude th a t  norm ally  w ould be used in a  power 
oscillator. In  pow er oscillators th e  c ry sta l som etim es is sub jected  to  strains 
near the frac tu re  po in t, which is no t a  favorab le condition  for precision 
control. T h e  ac tu a l am plitude of m otion of the  c ry sta l is of course extrem ely 
sm all. In  the  G T  crysta l, as cu rren tly  used, th e  m axim um  change of 
dim ensions du ring  oscillation am ounts to  only a b o u t ± 0 .0 0 0 6  per cent.

T he im provem ents in q u a rtz  resonators, an d  in the ir d riv ing  circuits, have 
resu lted  in the construction  of q u a r tz  c ry sta l clocks th a t  will keep tim e w ith 
an accuracy b e tte r  than  0.001 second a  day , so th a t  m easurem ents of time 
of g rea t in terest and  value to  astronom ers an d  geophysicists can now be made 
w ith an accuracy  h ith e rto  u n atta in ab le .

Facility o f Precise T im e M easurement

In  m aking  such precise m easurem ents of tim e it is of im portance, second 
only to  the inheren t accuracy  of the  s ta n d ard s  them selves, to  have  available 
m eans w hereby they  can be carried  o u t w ith  facility  and  w ith in  a  reasonable 
tim e in terval. T he ease w ith  w hich precise tim e m easurem ents, and  precise 
ra te  com parisons, can be m ade is an ou ts tan d in g  fea tu re  of the  quartz 
c rysta l clock and  a lready  has an im p o rta n t bearing  on the use of th is  type of 
clock in astronom ical observatories. T h is facility  depends chiefly on two 
p roperties of the  oscillator clock: first, th a t  continuous ro ta tio n  of controlling 
an d  m easuring devices can be produced having  the s ta b ility  of the prim ary 
contro l elem ent; and , second, th a t  the  period of the  contro l elem ent, and 
therefore of a lte rn a tin g  cu rren t controlled by  it, is of very  sh o rt duration .

T he first of these, th rough sim ple devices contro lled  d irec tly  from  the 
electrical o u tp u t of the  crysta l oscillator, w ith  su itab le  frequency reducing 
equipm ent, perm its of ready  com parison betw een an y  tim e phenom ena in 
the form of electric or ligh t signals, and  of the deriva tion  of precisely con­
tro lled  tim e signals for radio  transm ission  an d  for labo ra to ry  experim ents.

Of prim e im portance am ong these comes the m eans for ra tin g  crysta l clocks 
in te rm s of ste lla r observations using m erid ian  tran s its  or th e  photographic 
zen ith  tu b e88. I t  is possible to  contro l a  m echanism  in the  tim e-sta r observ­
ing equ ipm ent so th a t  the  difference betw een a s ta r  position  predicted  from 
th e  clock ra te , and th e  actual s ta r  position, can be observed d irec tly  or re­
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corded pho tographically  w ith  g rea t accuracy. T h e  difference thus observed, 
after allowing as well as possible for know n system atic  errors, is the  best 
known single check on the  tim e indication  of a clock. A series of such 
observations constitu tes the  b est know n m easure of the  rate of a  clock. 
The g rea t value of th e  m ethod  is th a t  the  com parisons are m ade d irectly  
w ithout the need of an y  in te rm ed ia te  m echanism  th u s elim inating  a large 
p a rt of the “personal e rro r” of observation . T h e  p robable error of observa­
tion as derived from  a num ber of such m easurem ents on a  good n igh t m ay  be 
as small as one or two m illiseconds89. T h e  average ra te  of a  clock thus 
determ ined depends on the  num ber of days over which th e  ra te  is com puted 
and in a  two-week period m ay be com pared w ith the ra te  of the earth , th a t 
is, w ith astronom ical tim e, w ith an accuracy  of one p art in one hundred

million or ab o u t a th ird  of a second a year. All this, of course, is con tingent 
on the s ta b ility  of the  q u a r tz  clock, which, except for long-tim e effects, m ay 
be dem onstrated  independently .

A ro ta ting  m echanism  controlled d irec tly  from  a crystal clock is adm irab ly  
adaptable to  the  transm ission  of precise tim e signals. R h y th m ic  signals of 
any desired s tru c tu re  can be produced readily  by  m eans of cam s, special 
generators, or in te rru p ted  light beam s, and the tim ing  of those signals can 
he adjusted  as precisely as the clock tim e is know n by  sim ply advancing  or 
retarding the signal generators. Such ad ju s tm en t is a tta in ed  readily  b y  
means of differential gearing in the m echanical system , or by  m eans of con­
tinuous phase sh ifters in the  electrical driv ing circuit. T he use of electrical 
phase shifters for th is purpose was first proposed in “ T he C rysta l C lock” 
paper79 previously m entioned. F igure 23, taken  from th a t  paper, illus­
trates the m anner of using the phase sh ifter w ith one type of tim e signal
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generator. E x trem ely  fine control of tim ing  is possible by  m eans of the 
electrical phase shifter since it can he included in the circu it a t  an y  stage of 
frequency subdivision. If, for exam ple, i t  is used a t  the  low est frequency, 
assum ed to be 1,000 cycles, one com plete tu rn  of the phase sh ifte r dial will 
cause a  progressive tim e a d ju s tm e n t of one millisecond. W hen used a t a 
higher frequency, the  precision of a d ju s tm e n t is increased correspondingly. 
C ontinuous phase sh ifters su itab le for such purposes were proposed as early 
as 1925.90 T h e  idea of utilizing  continuous phase  sh ifters for the purpose 
of m aking  contro llable changes in  the  frequency or ind icated  tim e in a 
s ta n d a rd  tim e and  frequency system 91 was first disclosed in a com prehensive 
p a te n t filed in 1934 an d  issued to  W arren  A. M arrison  in 1937. T h e  m ost 
elegant type  of phase shifting elem ent su itab le  for such purposes was de­
veloped b y  L arn ed  A. M eacham .92 T h is  has  been used in m any  transm is­
sion system s requiring  continuous varia tio n  of phase such as in variable 
d irection  radio  beam  system s 93 and  L O R A N .

T he conversion betw een m ean solar tim e an d  sidereal tim e, or for th a t 
m a tte r  betw een an y  tim e system s, m ay  be accom plished very  easily w ith the 
q u a rtz  clock. H av ing  a ro ta tin g  device, such as a dial or com m utator, 
whose ra te  corresponds to  m ean solar tim e, it is only necessary to app ly  a 
gearing or the equ ivalen t to  ob ta in  an o th er ra te  corresponding to  sidereal 
tim e. I t  h as  been shown by  F. H ope-Jones9'1, E rn e s t E sclangon93 and 
o thers how an y  desired ratio , such as the ra tio  of the ra te s  of m ean solar 
an d  sidereal clocks, can be ob ta ined  w ith any  requ ired  accuracy  by  gearing. 
A com bined m echanical and  electrical m ethod  was proposed in the  “ Crystal 
C lock” p ap e r by  m eans of which th is ra tio  can be realized w ith  an accuracy 
of one p a r t in 10u  using sim ple gearing an d  a  continuous phase shifter.

T he po ten tia l value of the  fac to rs ju s t discussed in precision tim e studies 
w as realized early  in the c rysta l clock developm ent. T h is  was ind icated  in 
the  “ C rysta l C lock” paper w ritten  in 1930 which closed w ith  the following 
p a ra g ra p h :

“I t  would thus be possible to combine, in a  single system  mean solar and sidereal time- 
indicating mechanisms, means for ra tin g  the clocks in term s of time sta r observations and 
means for transm itting  lime and frequency signals with the absolute accuracy of the time 
determ inations.”

I t  is of some in te res t to  com pare th is  p red ic tion  w ith the p resen t trend  of 
developm ent. In  describing the q u a rtz  clock installation  a t  the Royal 
O bservato ry  in Greenwich, Sir H aro ld  Spencer Jones s ta te d 89 in 1945:

“ The quartz  clocks being installed a t  the R oyal O bservatory are all adjusted  to give a 
frequency of approxim ately 100,000 per mean time second. By suitable gearing, the syn­
chronous m otor can give impulses every sidereal second and ten ths of seconds. T hus, the 
same clock can be made to serve both as a mean tim e and as a  sidereal tim e standard. 
All time signals are, of course, sent ou t according to m ean tim e; the sidereal time is re­
quired only for the ac tual time determ ination so th a t  it is no t necessary for all the clocks 
to have the gearing to give sidereal seconds.”
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The im portance of the convenient m ethods for m easuring tim e and  tim e 
interval inheren t to  the crysta l clock is em phasized by  the fac t th a t  some 
observatories em ployed crysta l clock m echanism s in connection w ith  stellar 
observations and  in the transm ission of tim e signals before they  were used in 
the ac tua l tim e keeping  d ep a rtm en t88.

T he second p ro p erty  co n tribu ting  g rea tly  to the  convenience of precise 
time m easurem ents is the rela tively  very  sho rt period of the q u a rtz  clock 
control elem ent. T he chief ad v an tag e  lies in the extrem e accuracy with 
which the ra tes  and  indicated  tim es can be com pared by  electrical m ethods. 
An exam ple will suffice to  illu stra te  th is point.

O, -  O SC ILLATO R 100,000.0 CYCLES. A - F IL M  ADVANCING DEVICE.
0 4-O SC IL LA T O R  100,000.1 CYCLES. R -R ELA Y .
5 -C IR C U L A R  TRAN SPAR EN T  SCA LE . SM G -SU B M U L T IP L E  GENERATOR.
G -S P A R K  GAP. B F I -  BEAT FREQUENCY INDICATOR.

_ Fig. 24— Device for comparison of oscillator rates accurate to 1 pa rt in 10,000,000,000. 
(From “High Precision S tandard  of Frequency” , 1929.)

Since the  rale of a  c rysta l clock is the  ra te  of oscillation of the c ry sta l o r of 
the cu rren t d riv ing  it, i t  is only  necessary, in  com paring clock rates, to  
measure the re la tive  frequencies of the oscillators concerned. T his can be 
done by  an y  of the  s ta n d a rd  m ethods for frequency com parison96 b u t, in the 
case of q u a r tz  clocks, since in general the p rim ary  frequencies are high and 
are nom inally  the sam e, special m ethods of extrem e accuracy can be em­
ployed. T h e  ap p a ra tu s  first designed for the u ltra-precise com parison of 
quartz oscillators an d  capable of an accuracy of one p a r t in 1010 was de­
scribed b y  M arrison  in 1929.7S' 97 ■98 T h e  princip le of its  opera tion  is 
shown in Fig. 24, reproduced from  the  paper “ H igh Precision S tan d a rd  of 
F requency” .

Two oscillators to  be com pared  were ad ju sted  so as to  differ b y  ab o u t one 
cycle in ten seconds. T he problem  reduces to  th a t  of m easuring the b ea t 
frequency, nom inally  0.1 cycle per second, w ith  as g rea t accuracy as possible.
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This was done by  m easuring  the d u ra tio n  of each b e a t by  a  photographic 
m ethod. B y  m eans of a  m odulator, a  relay, an d  induction  coil, a  spark  was 
produced a t  the spark  gap a t  a definite phase of each b e a t period. The 
spark  illum inated  the  edge of a  tran sp a ren t scale ro ta tin g  10 revolutions per 
second under contro l of one of th e  oscillators, Oi. T h e  tran sp a re n t scale 
contained  100 num bered  divisions, w hich therefore represen ted  milliseconds 
in an y  tim e in te rv a l so m easured. E ach  tim e a spark  occurred, the portion 
of scale illum inated  was reg istered  on pho tograph ic  film. T hus, th e  dura­
tion of each bea t was registered pho tographically  w ith  an  accuracy  of one 
p a r t in ten thousand . Since the b e a t frequency is one m illionth  of the high 
frequency, the resu lting  comparison of high frequencies is precise to  one part 
in ten  thousand  million, or 1 in  1010. A ctually , i t  w as possible to  estim ate 
fractions of a scale division w hich gave g rea ter precision of m easurem ent 
th a n  w as required  in th e  s tu d y  of oscillators of th a t  date .

L . A. M eacham  in 1940 im proved upon th is m ethod  of frequency  com­
parison b y  su b stitu tin g  an  electronic relay  for the m echanical relay, and  by 
using a d ischarge lam p instead  of a spark  for illum ination. H e used the 
im proved a p p a ra tu s "  for stu d y in g  th e  behav io r of the  then  new and  highly 
stab le  b ridge stabilized  oscillators.

Still fu rth e r  im provem ents in the general m ethod  have been reported  by
H . B. Law  using a  “ phase d isc rim ina to r” to  trigger off a  special chronom eter, 
consisting of a  decim al scaling counter, and th u s  avoiding the photographic 
process100. T he scaling coun ter as used here coun ts the num ber of cycles 
of a 100,000-cycle inpu t tim ing  w ave th a t occur during  an y  one b ea t between 
the two frequencies being com pared, and  registers th a t  num ber, in scale of 
ten , on a  system  of dials th a t  can be read d irectly . In  com paring frequencies 
th a t are free from  interference, th e  accuracy of com parison b y  th is  m eans is 
lim ited chiefly b y  th e  precision w ith  w hich the  “phase d isc rim ina to r” can 
m ark the beginning of successive beats. An accuracy of one p a r t in 10n is 
claim ed. T his is one of the  ra te  com parison m eans em ployed in the fre­
quency an d  tim e s tan d ard s of the  B ritish  P o st Office an d  in m easurem ents 
involving th e  q u artz  clocks of G reenw ich O bservatory  an d  the N ational 
P hysical L aborato ry .

T h e  scaling counter is a p articu la rly  useful device for the precise m easure­
m ent of any  tim e or ra te  phenom ena th a t can be reduced to  the  measure­
m ent of sho rt tim e in tervals. T h e  coun ter idea orig inated  som e years ago as 
a  m eans for coun ting  a lpha-partic les an d  o ther phenom ena associated with 
rad ioactiv ity  studies, one of the  original devices being the well known 
G eiger-M uller counter. T he basic scaling circuit, used in m any  counters, 
was proposed in 1919 b y  W . H . Eccles and  F. W . Jo rd an . An interesting 
h isto ry  of counting  circuits as applied  p rim arily  to the counting  of electron 
and  nuclear particles has been w ritten  by Serge A. K orff in his book on that
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subject published  in  1946.101 T he early  scaling circuits opera ted  on the 
binary system , b u t  recen tly  various circu its have been developed th a t give 
the count in scale-of-ten n o ta tio n  w ith certain  advan tages, chiefly th a t of 
convenience, associated w ith  the  com m on decim al system  of no ta tion . 
A discussion of som e m odern  b inary  and  decade electronic counters102 was 
published by  I. E . Grosdoff in Septem ber, 1946.

M ethods of m easurem ent such as this, and the stab le  p roperties of the 
quartz clock which m ake them  desirable, are of im portance in the precise 
m easurem ent of tim e because th e  nature of varia tio n s in ra te , so sm all th a t, 
if continued unchanged they  would accum ulate to  only one second in a 
thousand years, m ay  be s tud ied  u n d er controlled conditions in the labora­
tory, and  w ith  such facility  th a t  a  com parison w ith  th is  precision can be 
made every ten  seconds.

In  a sim pler m anner, the sh o rt period of one oscillation of the  q u artz  
oscillator is of d irect in te rest to  the astronom er in connection w ith m eans for 
the intercom parison of his clocks in  tim e. T his reduces sim ply to  counting 
the num ber of cycles gained or lost by  one oscillator, referred to  another, 
and m ay be accom plished in a g rea t num ber of ways, yielding, on the  basis 
of whole num bers of cycles, an abso lu te  accuracy  of tim e com parison of 
0.00001 second.

An elegant m ethod  for accom plishing th is103, which also ind icates au to ­
m atically which clock is fast or slow, em ploys a special vacuum  tube circuit 
to produce a  po lyphase cu rren t hav ing  the frequency however small of the 
difference betw een an y  two oscillators nom inally  the same. T h is polyphase 
current is used to  opera te  a special synchronous m o to r whose angu lar posi­
tion corresponds a t  all tim es to the phase angle of the vec to r representing  the 
polyphase cu rren t. T h is rela tion  holds all the  w ay to  zero frequency differ­
ence, in w hich condition th e  angu lar position  of the m otor, now a t  rest, 
indicates th e  phase rela tion  betw een the two high frequencies. I f  the b ea t 
frequency goes th rough zero, the m o to r reverses. B y  th is  m eans, i t  is 
possible w ith very  sim ple equ ipm ent to  set up dial ind icators showing con­
tinuously the tim e com parisons betw een an y  group of q u artz  clocks, taken  
m pairs, w ith  an abso lu te accuracy  of 0.00001 second. Of course, to operate 
other indicators, con tac ts, etc. from th is device is a sim ple mechanical 
problem.

The principle of operation  of the polyphase m odula to r is illu stra ted  in 
I'ig. 25, which shows one of the  m any  possible form s of th is device. O ther 
m odulator elem ents th a n  vacuum  tubes are used in some applications. In  
the form shown here it  is necessary only  to  assum e th a t  the  vacuum  tubes 
produce second-order m odulation , th e  low est-frequency com ponent of which 
is employed. I f  in p u ts  a t  th e  tw o frequencies / i  an d  / 2, w hich are nearly  
the same, are delivered in to  the  tw o balanced m odulators A  and  B  in such a
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Fig. 25—Polyphase m odulator for the absolute comparison of two oscillators of nearly 
the same frequency.

Fig. 26—Spark chronograph—schem atic of operation. 
55S
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way th a t there is a  90-degree phase sh ift betw een the  two in p u t voltages for 
one of the  frequencies, the  low est-frequency com ponent appears as a sinusoidal 
curren t in the o u tp u t circu its 1, 2 ,3  an d  4 separa ted  in  phase  b y  90 electrical 
degrees in  cyclic ro ta tio n . T h e  principal o u tp u t, therefore, is a  4-phase 
curren t hav ing  the frequency of the difference betw een the two inpu ts . If 
the m agnetic circu its are arranged  geom etrically  as shown, the resu lting

Fig. 27— Spark chronograph—close view of mechanism.

m agnetic vec to r will ro ta te  clockwise or counterclockw ise depending on 
which frequency is high, o r will rem ain s ta tionary , ind icating  the  phase 
relation, if the two frequencies are exactly  equal.

M otors have been designed an d  are com m ercially available su itab le for 
operating synchronously from  such polyphase m odulators, an d  form  an 
excellent basis for th e  intercom parison of q u a rtz  oscillators and  clocks w ith 
ultra-high precision.

For m aking records of tim e com parisons the spark  chronograph3'' shown 
in Figs. 26 an d  27 has served a very  useful purpose, com bining in a single
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Fig. 28—Photom icrograph of single spark record showing na ture  of recording on wax- 
coated ch art paper. X 100

convenient in stru m en t the  m eans for com paring recu rren t tim e phenom ena 
w ith  an accuracy  of a  millisecond or two on a continuous ch a rt which shows 
the records for an  en tire  week. E lectrical im pulses, rela ted  to  the  tim e 
phenom ena to  be recorded, operate  trigger tubes w hich discharge condensers 
th rough  th e  p rim ary  of an  induction  coil an d  cause sparks to  ju m p  from 
a ro ta tin g  spiral th rough  a  special ch a rt pap e r hav ing  a  d ark  colored backing

and  coated  w ith  a  very  th in  layer of w h ite  wax. As th e  c h a r t pap e r moves 
slowly under the spiral, corresponding to  the  tim e abscissa, the succession 
of sparks produces read ily  visible traces consisting of rows of tin y  holes w ith 
sm all areas around  them  w here the  wax is m elted  revealing the  d a rk  back­
ground. T h e  holes are so sm all as to  be scarcely visible, the darkened  areas 
constitu ting  the  visible trace. F igure 2S shows an  enlargem ent of the 
record of a single spark  illu stra ting  the  n a tu re  of the  m arking. A  recorder104 
very  m uch  like the  Bell L ab o ra to rie s’ spark  chronograph is used currently  
as p a r t  of the  s tan d ard  frequency an d  tim e b roadcast equ ipm en t of the U. S. 
B ureau of S tandards.
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A p p l ic a t io n s  o p  Q u a r t z  C l o c k s

T he m an y  useful p roperties of the  q u a r tz  c ry sta l clock have  been the 
reason for its  w ide an d  expanding application  for the precise m easurem ent 
of tim e an d  ra te .

F irs t in  h istorical order w as the app lica tion  to  th e  m easurem ent and  con­
trol of frequency  in com m unication. In  this, the  clock, th rough com parisons 
with astronom ical tim e, served as th e  m eans for determ in ing  the frequency 
controlling it, th e  s ta b ility  from  the  ou tse t being g rea t enough over in te rvals 
of a d ay  or m ore so th a t  the  average ra te , as determ ined  by  daily  checks w ith 
time signals, w as a  v ery  close approx im ation  to  the  in stan taneous ra te  a t  
any tim e in tervening. T h e  first of these clocks, a lready  referred to 70, w as 
constructed in 1927 a t  th e  Bell T elephone L aboratories, in  N ew  Y ork C ity , 
prim arily  for use as an  accu ra te  s ta n d a rd  of frequency. Since th a t  first 
experim ent, th ree subsequen t insta lla tions have been b u ilt in replacem ent 
w ith progressively im proved perform ance. T h e  stan d ard  now in operation  
(1947) was installed  in  1937, using the  first lab o ra to ry  model G T  crysta ls 
and the first se t of four b ridge-stabilized  oscillators, and h as  been in opera­
tion continuously  since th a t  tim e. Tw o of th e  four oscillators, m ounted  in a 
tem perature controlled booth , a re  show n in Fig. 29, and  p a r t  of the  auxiliary  
equipm ent, including a clock dial, a  spark  chronograph an d  som e m onitoring 
equipm ent, is show n in Fig. 30. T h is  a p p a ra tu s  serves as the s ta n d a rd  for 
precise m easurem ents of frequency and  tim e th roughou t the Bell System  and 
is used to  regulate  the  te lephone T im e of D ay  Service in N ew  Y ork  C ity. 
I t  is the s ta n d a rd  of reference for the  electric ligh t an d  pow er services in 
M etropolitan  N ew  Y ork103, an d  is used for a  num ber of o the r sim ilar services, 
d istribu ted  th rough  th e  m edium  of a subm aster in sta lla tio n 106 m ain ta ined  
by the L ong L ines D e p a rtm e n t of the  A m erican T elephone an d  T elegraph 
Com pany. T h e  original oscillators in th is  subm aster installation  were 
controlled b y  electrostatically -coupled  4000-cycle steel tun ing  forks in  vacuo 
bu t recen tly  h av e  been replaced by  im proved oscillators controlled by  4000- 
cycle bi-m orph q u a r tz  resonators.

A clock show n in  Fig. 31, which is on display in  a  window of the  A m erican 
Telephone an d  T elegraph  C om pany a t  195 B roadw ay, is contro lled  from  
this source. I t  is som etim es called “ T he W orld’s M ost A ccurate P ublic 
Clock” .

The facility  w ith  which s ta n d a rd  frequency  an d  tim e services can be 
provided an d  d is trib u ted  is an  ou tstand ing  fea tu re  of the q u a r tz  clock 
developm ent. Such services, hav ing  th e  accuracy of the p rim ary  controlling 
standard, m ay  be provided  anyw here th a t  can be reached  th rough  a  su itab le



Fig. 29—Two of the four quartz  oscillators of the Bell System Frequency Standard, 
1937 to date.

m ade availab le th rough p erm an an e t w iring to  all d ep a rtm en ts  concerned. 
A num ber of frequencies in  th e  range from  60 to  10,000,000 cycles, all con­
trolled from  the  sam e crysta l source, will be m ade availab le  a t  some thirty 
locations a t  the M u rra y  H ill L aborato ries, as well as to  o th e r laboratories

com m unication  channel. A sé an  exam ple of th is, a  new p rim ary  s tandard  
equ ipm ent is being construc ted  for insta lla tion  a t  the  M u rra y  H ill, New 
Jersey  location of Bell T elephone L aboratories, the services of w hich will be
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of the Bell System  and, through the Long L ines D ep a rtm en t, to outside 
agencies.

A considerable num ber of q u a r tz  clocks have been b u ilt an d  used in 
laboratories and observatories all over the w orld, some as stan d ard s of
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I'ig. 30— Clock dial and m onitoring equipm ent associated with the Bell System Fre- 
qucncy Standard, 1937 to date.

frequency, some as precise clocks, and  o thers for general use in all m easure­
ments of ra te  and  tim e. I t  would be im possible to  m ention all of these, for 
already there are m any  of them . B u t certain  installations are of especial 
interest and will be discussed briefly.
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W hen th e  C rysta l Clock w as first described as such in A pril 19.30, th e  idea 
was discussed qu ite  widely in  E u rope an d  A m erica, and  it  w as n o t long 
before the w ork w as dup licated  an d  extended in o ther places. T h e  first 
ou ts tan d in g  application  of the  q u a rtz  clock to  astronom y was m ade in

Fig 31— Display clock a t 195 Broadway, New York. T his clock, controlled by the 
Bell System Frequency Standard , shows the same time as th a t of the New York Telephone 
Tim e Service.

G erm any w ith  the insta lla tion  a t  the  P hysikalisch-T echnische R e ic h s a n s ta lt  

T h is  w as described by  Scheibc arid A delsberger in 1932107 and  1934108, and 
repo rts  of its splendid  perform ance continued  periodically. I t  was with 
th is  in sta lla tio n  th a t  i t  w as possible for the  first tim e to  observe and  measure 
v aria tio n s in the  e a r th ’s ra te  occurring  over in te rvals as sh o rt as a  few weeks. 
P revious m easurem ents of such varia tions, involving stud ies of m otion of the 
moon, the p lanets , and Ju p ite r ’s satellites, had  required  years to  obtain
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com parable inform ation which, of course, by  natu re , could never reveal 
short-term  factors.

Soon a fte r  the  inaugura tion  of the  q u a rtz  clocks a t the P hysikalisch - 
Technische R e ichsansta lt, som ew hat sim ilar in sta lla tions were m ade a t  the 
Prussian G eodetic In s titu te  a t  P o tsd am 109, and  a t  the D eu tsche Seew arte in 
H am burg110. T h e  la tte r  has been m oved because of w ar conditions and  is now 
the D eutsche H ydrographische In s t i tu t .  T he q u a rtz  resonators used in these 
installations are believed to  be sim ilar to  those in Clocks I I I  and  IV  in the 
Physikalisch-Technische R e ich san sta lt in sta lla tion  except th a t  some of them 
were m ade for 100 kilocycles instead  of the  original 60 kilocycles. They 
were m ade by  the firm R ohde an d  Schwarz where also is m ain ta ined  a q u artz  
dock installation  of extrem ely  high precision U1.

For a num ber of years the U. S. B ureau  of S tan d ard s a t  W ashington, D . C. 
has m ain ta ined  a  q u a rtz  clock insta lla tion  for the ir extensive constan t 
frequency an d  tim e services. T he early  h is to ry  of th is installation  was 
described in some deta il by E . L. H all, V. E . H eaton  an d  E. G. C lapham  in 
19,35.112 As is now well know n, the  B ureau b roadcasts a num ber of precisely 
controlled carrier frequencies a t  all tim es, all of which ca rry  s tan d ard  tim e 
and frequency m odulations, including audible p itch  stan d ard s and tim e 
signals. T h e  audib le  p itch  s tan d ard s are 4000 cycles an d  440 cycles, white 
the tim e signals consist of a succession of seconds pulses, continuous except 
for certain  om issions for the  purpose of identifying longer tim e intervals. 
All of these rates, including the carrier frequencies, a re  derived d irec tly  from 
crystal oscillators an d  are  know n so well th a t  the ir accuracy as tran sm itted  
is estim ated as one p a r t  in 50,000,000 a t  all tim es. T h e  rela tive ra tes of the 
standard oscillators a re  com pared an d  recorded continuously  a t  the  B ureau 
of S tandards w ith  an  accuracy  of one p a r t  in 10°. T h e  tim e signals involved 
in these transm issions are so precise, an d  so convenient to  use, th a t  they  
may be em ployed for the  high-precision intercom parison of q u artz  clocks 
across the A tlan tic  an d  for studies in astronom ical tim e, heretofore difficult 
or impossible to  accom plish by  an y  o ther m eans.

The p resen t s ta n d a rd  frequency an d  tim e service facilities a t  th e  U. S. 
Bureau of S tandards, w hich have been in s titu ted  under the general direction 
°f J. H . D ellinger, a re  described in  recen t separate  artic les113, 114 b y  V incent 
E. H eaton an d  W . D . George respectively of the  B ureau , bo th  of whom  have 
made very  su b s tan tia l con tribu tions to  th is developm ent. T h e  tran sm ittin g  
station for the s ta n d a rd  frequency broadcasts , w hich com prises a com plete 
set of quartz  oscillators an d  contro l an d  m easuring equipm ent, is show n in 
Fig. 32.

The absolute ra te s  for the crysta l oscillators a t  the B ureau of S tan d ard s 
me determ ined through  cooperation  w ith the  U. S. N av a l O bservatory , also
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Fig. 32—\Y\YV—T he S tandard  Frequency Broadcasting S tation of the U. S. Bureau of Standards.
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at W ashington, w here tim e de term inations of great accuracy are m ade by 
means of a  P hotograph ic Zenith  T ube  and  a se t of q u artz  clocks. A con­
tinuous precise check is m ain ta ined  betw een these organizations by  radio 
com m unication so th a t the N ava l O bservato ry  tim e signals sen t o u t from  
NSS a t  A nnapolis and  o ther N av y  sta tions, and  from  W W V  the B ureau 
of S tandards radio tran sm ittin g  sta tion  a t  Beltsville, M d., as well as all the 
carrier frequencies from  Beltsville, are very  accurately  determ ined and 
m aintained in agreem ent th roughout.

The tim e stud ies of the U. S. N av a l O bservatory  up to  1937 are described 
in two im p o rta n t articles by  J . F . Hellweg, then S uperin tenden t of the 
O bservatory. T he first of th e se"5 in 1932 describes the  s ta te  of the  a r t  just 
before the q u a rtz  clock entered  th e  scene, an d  the second88 in 1937, already  
referred to, tells of som e of the  first im provem ents b rough t ab o u t by  its use 
including the elegant m ethod  for m aking d irect photographic tim e-star 
checks of th e  crysta l clock ra te  by m eans of the P hotographic Zenith T ube. 
M any of the advances involving the use of q u a r tz  clocks a t  the  N aval 
O bservatory have n o t as y e t been published.

The British Post Office and  the N ational Physical L aborato ry  w ith  labora­
tories a t  Dollis Hill an d  T cdd ing ton  respectively, in cooperation w ith the 
Royal O bservatory  a t  Greenwich, have done m uch the  sam e sort of 
thing in E ng land  in rela tion  to  tim e and frequency m easurem ents an d  b road­
cast services as has ju s t been described. Considering the  num ber of crysta l 
units am ong these organizations and  the precise n a tu re  of the in tercom pari­
sons m ain ta ined  betw een them , th is is p robab ly  the  m ost extensive and 
elaborate q u a rtz  clock system  in the  world. In  connection w ith Greenwich 
O bservatory alone, the  com plete installation  includes eighteen or m ore such 
clocks used in  deriving th e  best possible m ean ra te  from  steller observations 
at Greenwich and from  stud ies of o the r tim e observatories th roughou t the 
world.

An outline descrip tion  of the q u a rtz  clocks of Greenwich O bservatory , and 
of their function there, has beeii discussed by  P lum phry M . Sm ith in E lec­
trical T im es116 (London) in M arch  1946. T hese clocks em ploy for the m ost 
part the G T  cu t crysta l, first described b y  W. P. M ason, the bridge stabilized 
oscillator circuit developed by  L. A. M eacham , and  the regenerative m odula­
tor type of frequency div iders sim ilar to those first developed by R. L. 
Miller.

The accuracy of the q u a rtz  clocks exceeds th a t of the best pendulum  
clocks w ith the resu lt th a t q u a rtz  clocks are now used exclusively in the m ost 
precise m easurem ents of tim e. Some of the considerations"7 leading up  to  
the adoption of q u a r tz  clocks a t  Greenwich were discussed in 1937 by  PI. 
Spencer Jones, A stronom er R oyal. Since then, reports have appeared  from  
time to tim e b y  th e  A stronom er R oyal89’ 118 and o thers119 concerning the
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Fig. 33—Crystal chronom eter for geophysical studies, consisting of 100 KC. GT-cut 
crystal, bridge oscillator, and frequency converters to derive precision 500-Cycle output 
to operate tim ing devices.

An o u tstand ing  exam ple of the versa tility  of the q u a r tz  clock has been its 
application  to  the m easurem ent of g rav ity  a t  sea. K now ing of its stable 
p roperties and its independence of g rav ity , Dr. M aurice  Ew ing in December 
1935, asked the Bell T elephone L aborato ries w hether a po rtab le  quartz 
clock could be m ade available for use during  a proposed g rav ity  measuring 
expedition by  subm arine in the W est Indies. Since th is  was in line with 
experim ental work a lready  in progress a t  the tim e, the first po rtab le  “ crystal 
chronom eter” , shown in Fig. 33, w as assem bled for th is  occasion, and was 
taken  by Ew ing an d  his colleagues in the U. S. Subm arine Barracuda  on the 
t r ip 80' 81 which began a t Coco Solo on N ovem ber 30, 1936. T h is was the 
first application  of the  G T  crysta l and  the  bridge stabilized  oscillator in

adoption  and  use of q u artz  clocks there. Some in teresting  sidelights on this 
“ Precision T im ekeeping R evo lu tion” were w ritten  by  F. H ope-Jones in two 
articles120 for the Horological Jou rnal du ring  the sam e year. T h e  quartz  
clock itself, as developed by the B ritish P o st Office for Greenwich O bserva­
tory , w as described121 in some detail by  C. F. Booth in the P .O .E .E . Journal 
for Ju ly  1946. A m ore general trea tm en t involving some of the same 
a p p a ra tu s  was p resen ted122 by  C. F. Booth and  F. J . M . L aver in the I. E. Ii. 
Jou rna l of the sam e m onth .
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portable equipm ent. T h is original c rysta l chronom eter has been on several 
g rav ity-m easuring expeditions an d  is still in active service, having been used 
again under D r. Ew ing’s direction  during  the sum m er of 1947.

G rav ity  determ ina tions a t  sea are m ade by  m easuring the ra te  of a  special 
triple pendulum  th a t  was inven ted  by F. A. Veiling M einesz especially for use 
in unsteady  env ironm ents123. P reviously, the s tan d ard  of ra te  had been 
the usual sh ip ’s chronom eters, b u t Ew ing found th e  crysta l chronom eter to 
be an im provem ent for his purposes, saying in p a r t:  “ T h is chronom eter is not 
therm osta tted , an d  tem pera tu res in a  subm arine change g reatly  during  a 
dive. No elaborate  control over b a tte ry  voltages was used. T he cruise 
started  in the tropics and ended in P hiladelph ia in m id-w inter. It is highly 
significant th a t the in terval betw een X A A -tim e and  the chronom eter-tim e 
never exceeded 0.6 second during  the six-week’s cruise and th a t  the 
variation in th is in te rval is very  regular. T he crysta l chronom eter has 
reduced errors in g rav ity -m easurem ents a t sea, due to the ra te  of the chro­
nometer, to the p o in t where they  are negligible.”

Some years p revious to  the construction  of the crysta l chronom eter, a  self- 
contained q u a r tz  clock was m ade to  illu stra te  the possib ility  of a com pact 
assembly, b u t it w as no t sufficiently po rtab le  for the  subm arine expedition. 
This earlier clock w as regulated  by  a  q u a rtz  sphere such as used by ‘crystal 
gazers’. T h e  frequency of the sphere was no t ad justed , b u t its na tu ra l 
frequency, which happened to be 33212, was adop ted  to operate  a  m ean-tim e 
dial by the choice of a su itab le  gear train . Since th a t  tim e much more 
com pact assem blies have been built using more su itab le crysta ls for control.

T he stab le p roperties of the q u a rtz  clock have been useful in a num ber of 
cases requiring  precise synchronization . P erhaps the m ost no tew orthy  
among these is the application  to  L ong R ange N avigation  known asL O R A N . 
In this application , pa irs  of tran sm ittin g  sta tions, usually  on shore and  sep­
arated by  accurate ly  know n distances, send o u t d istinctive  signals in syn ­
chronism. T h e  tim e in terval betw een these signals, as received b y  a ship, 
identifies the  locus of all the po in ts corresponding to th a t  tim e in terval. 
The set of curves corresponding to  all feasible tim e in tervals defines one of 
the coordinates in  a  tw o-coordinate system . T he o ther coordinate is p ro­
vided in identical m anner by  ano ther pa ir of shore tran sm itte rs  (which 
may have one s ta tio n  in com m on w ith  the first pair). T he resu lting  coor­
dinate system  consists of two families of in tersecting  hyperbolas. F rom  the 
geom etry of these curves, an d  the  constan ts of the  signals, the  com plete 
figure bounded  by  the  ship and  th e  tran sm itte rs  can be determ ined  readily.

The need for s ta b ility  is ev iden t from  the fac t th a t  the relation  betw een 
time error and  location erro r is roughly  5 m icroseconds per mile. In  some 
cases, location w ith in  a  mile is h ighly  desirable even a t  considerable dis-
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lances. Som etim es the two shore s ta tions, operating  as q u a r tz  clock time 
tran sm itte rs , m ust operate  for hours w ith o u t in tersynchron ization , which 
calls for very  g rea t constancy  of ra te . One m icrosecond per hour corre­
sponds to  one p a r t in 3.6 X  109.

T he precise synchronization  of m echanical p a r ts  in rem otely  situated  
s ta tio n s can be accom plished readily. F or a num ber of years, the  5-band 
privacy  system  of the tran sa tla n tic  radio  telephone service has been thus 
synchronized, the ap p a ra tu s  a t  the A m erican te rm inal being controlled by 
th e  Bell System  F requency  S tan d a rd  while th a t  a t  the  E nglish  term inal 
is controlled independen tly  by sim ilar equ ipm ent in the  B ritish  Post 
Office. T h e  accuracy requirem ent for th is p a rticu la r  purpose is not 
very  great. H ow ever, it has  been found possible to m ain ta in  tw o or more 
ro ta tin g  shafts  a t  rem ote and  independent s ta tio n s so precisely controlled by 
independen t q u a rtz  oscillators th a t  they  never d epart, du ring  hours of opera­
tion, b y  m ore th a n  one fifth  of one degree of arc.

A m ajor p ro jec t in which the q u a rtz  clock is destined to take an  im portant 
p a r t  is th a t  of m aking  world-w ide land  and  w ate r surveys in o rder to  locate 
m ore accu rate ly  boundaries and  o ther fea tu res of the  e a r th ’s surface. There 
would be applications to  sea and  air nav igation  and  it w ould be of great 
value to  geophysicists in s tudy ing  the  figure of, an d  changes in, the  e a r th ’s 
surface. B y  the  com bination  of a  w idely d ispersed se t of Photographic 
Zenith T ubes associated w ith  q u a r tz  clocks and  tim e signal m eans for com­
m unication , and  w ith the powerful ranging techniques growing ou t of 
L O R A N  and R A D A R , it should be possible to  ob ta in  a new order of ac­
curacy in long d istance surveying.

T h e  new order of accuracy  of tim e m easurem ent has m ade it possible for 
the  first tim e to s tu d y  d irec tly  the varia tio n s in longitude caused by the 
irregular w andering of the poles. These are sm all effects and  heretofore 
could only be determ ined  by  inference from  observations of apparent 
la titu d e  varia tions a t  rem ote s ta tions. W ith  the added new techniques 
i t  should be possible to  learn  a g reat deal ab o u t these an d  o ther phenom ena 
re la ted  to  real or ap p a ren t varia tions in longitude.

Tw o o ther possible applications, involving the  precise contro l of angular 
m ovem ent so read ily  ob ta inab le  w ith  synchronous m otors opera ted  from 
q u a rtz  crysta l controlled a lte rn a tin g  cu rren t, are  of considerable interest. 
T he first is th a t  of opera ting  the righ t ascension control of a telescope 
d irec tly  from  the  am plified o u tp u t of a  crysta l-contro lled  low frequency. 
V acuum  tu b e  am plifiers and synchronous m otors are com m ercially  available 
w ith w hich th is  could be accom plished b y  su itab le gearing. In  addition , of 
course, i t  w ould be necessary to  include auxiliary  contro ls to  allow for 
atm ospheric  and  o ther tran s ien t effects, an d  for ob ta in ing  ra tes  of motion
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other th a n  sidereal. F or sm all an d  slowly changing effects th is could be taken 
care of v ery  sim ply b y  m eans of electrical circuits now well known for adding 
or su b trac tin g  sm all changes in the contro l frequency.

T h e  o ther application  refers to  a suggestion m ade b y  the  au th o r a few 
years ago124 for th e  m easurem ent of g rav ity , and  changes in g rav ity , by 
com parison of the forces M g  and M oTR. T h e  proposal was based on the 
idea th a t  w can be m easured or produced w ith  an  accuracy two or more 
orders g rea ter th a n  required , and th a t  the problem  reduces to  th a t of balanc­
ing two forces an d  of m easuring a  linear d isplacem ent. T he physical set-up 
would be some form  of conical pendulum  driven a t  constan t angular velocity 
about th e  vertica l axis under contro l of a crysta l. Some such arrangem ents 
are shown in the reference.

F u t u r e  P o s s i b i u t i e s

I t  is p a r t of the n a tu re  of a  sc ien tist to  ex trapo late  ahead of any  curren t 
developm ent an d  to  w onder w h a t lies beyond. T h a t feeling is certain ly  
justified in th e  field of tim e m easurem ent, for the m ajo r advances have 
taken place in so sh o rt a period  an d  so recently , as com pared w ith the 
thousands of years during  which M an  has  been tim e-conscious in some 
degree, th a t it is reasonable to  expect continued advancem ent for m any  years 
to come. Such advancem ent m ay  come as im provem ents and refinem ents 
in existing techniques, or radically  new m ethods m ay be developed w ith 
inherently  m ore stab le  po ten tia lities.
Accuracy o f Rate

In  the first place, it is no t reasonable to  suppose th a t the final accuracy 
th a t can be a tta in ed  w ith  the  q u a r tz  crysta l clock has been reached; in  view 
of the rap id  cu rren t progress ind icated  in the ch a rt of Fig. 1, i t  is m uch too 
soon to  assum e th is, an d  there is considerable evidence th a t im provem ents 
could be m ade by  m aking  fuller use of some of the stab le properties of q u artz  
crystal and  of refinem ents in  the m ounting  and  sustain ing circuits. T he 
quartz oscillator assem blies in m ost general use a t  the p resen t tim e em body 
some com prom ises w hich it would n o t be necessary to  m ake if an all-out 
effort were being m ade to  construc t a few clocks having the h ighest a t ta in ­
able s tab ility  un d er th e  m ost favorab le conditions of operation.

T he first of these concerns the  shape an d  size of the resonator itself and  is 
related to  the  frequency  of oscillation. F rom  the s tan d p o in t of s ta b ility  of 
operation, the  ac tua l frequency th a t  is used in the oscillator is of little  con­
cern because it is now a very  sim ple m a tte r  to  ob ta in  low frequencies, su itab le 
for the operation  of m echanism s, s ta rtin g  w ith  an y  frequency th a t  can be 
controlled by  a  c ry sta l resonator. T h e  choice of 100,000 cycles for th e  first 
zero-coefficient resonato r w as m ade because, as a s tan d ard  of frequency,
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th a t  value  w as a  good m edian  for th e  range of frequencies th en  used in 
electrical com m unication . F or use in  a clock an y  o th e r frequency  would 
answ er ju s t  as well, so the  inheren t s tab ility  of the  resona to r should  be given 
firs t consideration.

One of the  inh ib itions im posed on the design of q u a rtz  resonato rs has 
grown o u t of the dw indling availab le supply  of large pieces of perfec t crystal 
q u artz . W here large q u a n tity  p roduction  is involved th is is an im p o rtan t 
consideration , b u t for the sm all num bers requ ired  in  a  few observatories 
and  n a tio n al labora to ries it should n o t be a lim iting  factor.

E xcep t for w hatever added difficulties m igh t be en tailed  in the  m ounting, 
i t  seem s reasonable th a t  a large resonato r should be m ore stab le  th a n  a  very 
sm all one. T he m ost fundam en tal reason for th is  is the  p ropo rtionate  
change in  effective size th a t  w ould resu lt from  th e  transfe r of an y  surface 
m ateria l including even the  q u artz  itself.

E v ery  substance is supposed to  h ave some vap o r p ressu re a lthough  in some 
cases i t  is v e ry  m inu te . H ow ever, we are concerned w ith  v ery  m inute 
eSects, and  it  is w orthw hile to  consider w h a t w ould h appen  if there were any 
evapo ration  or condensation  of m ateria l. T h e  possib ility  of th is being an 
im p o rta n t effect is ev iden t w hen we realize th a t  the rem oval of a single layer 
of m olecules from  the  end of a resonato r one cen tim ete r long w ould increase 
its  frequency  b y  ab o u t five p a r ts  in a  h u n d red  million. T h e  effect on 
frequency would v a ry  ab o u t inversely as the effective length , which favors 
a  large crysta l. Such a  tran sfe r of m ateria l could be inh ib ited  to  some 
ex ten t b y  opera ting  a t  a low te m p era tu re  an d  b y  seeking equilibrium  between 
the q u a r tz  m ateria l of the resonato r an d  o ther q u a r tz  m ateria l w ith in  the 
sam e envelope. Of oursc, o ther m ateria ls  than  q u a r tz  m ay  be involved in 
sim ilar surface phenom ena an d  should be thoroughly  stud ied  an d  controlled. 
T his has a  strong  bearing, of course, on the use of conductive m aterials 
deposited  on a resonator for the  purpose of electrical coupling to  it.

T h e  sligh test trace of surface con tam ination  has a  deleterious effect on the 
dam ping  coefficient. Professor K . S. Van D yke in 1935 m ade a series of 
m easurem ents on resonato rs of uniform  shape and size b u t constructed  with 
a  considerable range of surface trea tm e n ts45. In  the  construc tion  of different 
resonators used in these te sts  he used d ifferen t grades of abrasive and 
various am ounts of etch ing  w ith  hydrofluoric acid. In  these experim ents he 
opera ted  them  under vary ing  degrees of refinem ent w ith  regard to 
con tam ination  of th e  surfaces an d  found th a t  the  h ighest Q w as obtain­
able only a fte r the u tm o s t care w as exercised in keeping the  surfaces 
free from foreign m ateria l. T he effect is so strik ing , in fact, th a t  it leads 
one to w onder w hether there is any  ac tu a l elastic hysteresis in the  m aterial 
of q u a rtz  crysta l, or w hether the m inu te  energy losses observed are entirely
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surface and  coupled effects. Since, for a given shape, the volum e increases 
with linear dim ension in g rea ter po rportion  th an  the surface area, it can be 
inferred th a t  surface phenom ena would affect a  large resonator less th an  a 
smaller one.

T h is is also a  reason for em ploying a  s tu b b y  shape, in o rder th a t  the volum e 
of crysta l m ay  bear as large a ra tio  as possible to its surface area. From  
this s ta n d p o in t alone a sphere would be ideal b u t for o ther reasons, chiefly 
concerned w ith  th e  tem p era tu re  coefficient, it would be unsuitable. I t  is 
probable th a t  a polished p ro la te  spheroid, properly  oriented  w ith respect to 
the crysta l axes, w ould sa tisfy  b o th  conditions. Such a resonator could 
be supported  by  a  pa ir of wires, serving also as electrical leads from m etal- 
plated electrodes, using techniques a lready  well established.

C rysta l resonators as now used in m any  of the m ost stab le oscillators have 
been construc ted  to  w ith stan d  severe m echanical shock while in operation. 
I t  is likely th a t  a sligh t im provem ent in frequency s tab ility  m ight be ob­
tained by  relaxing a little  on the  m echanical s tab ility  of the p resen t support. 
W here the  g rea test accuracy  of ra te  is desired, such as in national stan d ard s 
laboratories and  in astronom ical observatories, it should be possible to 
provide su itab le  m oun tings for crysta l resonators hav ing  m ore delicate 
supports th a n  those required  in mobile equipm ent. T he G T  crysta l illus­
trated  in Fig. 21 is m oun ted  on eight supporting  wires for applications 
requiring g rea t m echanical stab ility , and a t  the sam e tim e rem ains one of the 
most stab le  frequency  controlling  resonators ever produced. I t  would be 
reasonable to expect a little  im provem ent in frequency s tab ility  a t  the 
expense of some m echanical s tab ility  if four supports were used instead of 
eight.

There is a  good possib ility  also th a t some im provem ent could be obtained 
by reducing the electrical coupling to  the crystal. A t presen t, the p la tes 
are usually prov ided  w ith p la ted  m etal electrodes which cover the en tire 
large surface areas. Some increased s tab ility  in frequency m ight be expected 
by the use of re la tive ly  sm aller electrodes covering only the cen tra l p a r t of 
the resonator w here th e  am p litude of v ib ra tion  is small. A t least two 
advantages m ight be expected  from such a m odification. One is th a t  the 
loading effect is least near the node for v ib ration , ano ther is th a t an y  loose­
ness of m ateria l, or elastic hysteresis, would be least troublesom e w here the 
motion is least. Of course, i t  is chiefly the variations in such effects th a t 
concern us. One would expect, however, th a t if such effects exist a t  all they  
might be m inim ized b y  the  use of sm aller electrodes.

These p a rticu la r  effects m ay be elim inated  com pletely, of course, by  the 
use of isolated electrodes spaced from  the crysta l— b u t a t  the expense of 
other possible varia tio n s re la ted  to  changes in electrode spacing. T here  is
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considerable prom ise in such m eans, the end resu lt depending upon how 
precisely th e  resonato r m ay be held in a  fixed position  b y  m eans th a t  will 
n o t change its  resonance characteristics. Such m eans have, in fact, been 
used successfully in  a num ber of G erm an q u a r tz  clocks such as a t  the 
P hysikalisch-T echnische R e ich san sta lt108, an d  w ith  th e  D y e ring resonator 
developed by D . W . D ye and  L. Essen a t  the N atio n a l P hysical L abora­
to ry 125, 126, E ngland .

F o r an y  given resonator an d  circu it a careful s tu d y  w ould p robab ly  reveal 
an op tim um  am plitude of oscillation th a t  w ould y ield  a m axim um  stab ility  
aga inst residual uncontro llab le variables. W ith  the G T  crysta l, as used 
cu rren tly , the  m axim um  am plitude of m otion is ab o u t 0.00006 m m . I t  
would be possible to  lim it th e  m otion to  a  te n th  or a h u n d red th  of th is value 
if i t  should be found desirable.

F u rth e r  stud ies of the  factors con trib u tin g  to aging of the q u a r tz  m aterial 
also should produce valuable im provem ents. Since resonators, w hich ap ­
p ear to  be alike in  all o the r respects, often  age a t  g rea tly  d ifferent ra tes, some 
being v ery  sm all or su b stan tia lly  zero, i t  would seem th a t  som e reason should 
be discoverable for such varia tions an d  some effective contro l established.

T here  are o ther re la tive ly  m assive shapes th a t  should be investigated  
fu rth e r such as the  ring  crysta l, m en tioned  earlier in th is paper, and  as 
developed an d  stud ied  b y  D y e  an d  E ssen123,125. T h e  ring  m ay  be excited 
in various m odes of v ib ra tion  some of which are m ore favorab le th a n  others 
from  the  s ta n d p o in t of m ounting. B y  choice of o rien ta tion  re la tive  to the 
c ry sta l axes, an d  of dim ensions, certa in  of these can be designed to  have  zero 
tem pera tu re  coefficients in a restric ted  tem p era tu re  region.

A nother shape th a t  holds g rea t prom ise because of its  convenience of 
m ounting, along w ith  the  o ther desirable properties, is the  rec tangu la r rod 
v ib ra tin g  longitud inally  in its  second or higher overtone such as first de­
scribed b y  Scheibe an d  A delsberger10S. Still an o th er possible massive 
shape is a m uch th icker version of the G T  crysta l which would com bine the 
very  favorab le tem peratu re-frequency  characteristic  w ith  th a t  of reducing 
the  ra tio  of surface area  to  volum e.

In  seeking the h ighest possible accuracy  a precise tem p era tu re  control is 
essential in all cases, even w ith  the  G T  type  of resonator w ith its  wide region 
of low -tem perature coefficient. T h e  reason for th is is th a t  the frequency of 
oscillation depends no t only on the  m ean tem p era tu re  of the  resonator but 
also upon th e  tem p era tu re  g rad ien t th ro u g h o u t its  volum e. T hus, even if a 
resonator has  the sam e frequency exactly  a t  different m ean  tem peratures, 
its  frequency will v a ry  a little  while the  tem p era tu re  is vary in g  from  one 
value to  ano ther. T h e  effect of th is  can be reduced by  enclosing the  crystal 
un it in an  envelope w ith  therm al lagging so th a t  such variations as do exist 
a t  the tem p era tu re  contro l layer are p reven ted  from  reaching the  crystal.
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This is no longer a  serious problem  for there are various electronic m eans 
such as described b y  C. F. B ooth  and E . J .  C. D ixon127 for continuous tem ­
perature control, b y  m eans of which the  v a ria tio n s m ay be k e p t very  small, 
and very  effective the rm al lagging m ethods128 are well know n.

The bridge m ethod  for tem p era tu re  control has been applied in m any 
forms. One of the  sim plest and  m ost effective procedures has  been to 
utilize a  b ridge-stab ilized  oscillator of the  type developed by  L. A. M eacham  
for frequency  control, an d  to  use i t  in stead  for temperature control. F or this 
purpose, all four arm s of the bridge are non inductive resistances w ound as 
heaters on the oven to be controlled. In  the feedback circuit of the oscillator, 
a rough frequency  contro l is included sim ply for the  purpose of se tting  up an 
oscillation in the circu it which includes the bridge. T he conjugate pairs  of 
bridge arm s are m ade of resistance wire w ith  d ifferent tem p era tu re  coefficients 
and so p ropo rtioned  th a t  the  bridge balances a t  the desired tem perature . 
The amplitude  a t  which th is bridge oscillator oscillates depends upon the 
tem perature d ep a rtu re  from  the  balance value. Since the a lte rn a tin g  cur­
rent o u tp u t of th e  oscillator flows in the  bridge arm s, the am oun t of heating  
is proportional to  the tem p era tu re  error, and hence the contro l is au tom atic .

Continuity o f Operation

An astronom ical clock, in add ition  to  having as nearly  co n stan t a ra te  as 
can be a tta in ed , should also be able to  operate  over long periods of tim e w ith ­
out change or in te rrup tion . T he reason for th is is th a t m any  of the phe­
nomena th a t  are of in te rest in tim e m easurem ent occur in continuous succes­
sion and  the  g rea test am oun t of inform ation can be ob ta ined  only  by  the use 
of clocks w ith which m easurem ents can be m ade in unbroken sequence. 
Quartz clocks th a t  have  been used for astronom ical purposes to  d a te  have 
not had a very  com m endable record in th is respect an d  a lready  a  good deal 
has been said in  the  clock lite ra tu re  ab o u t th is aspect— as though it  were an 
inherent p ro p erty  of the q u a rtz  clock.

However, it is only  a  m a tte r  of sim ple engineering, m aking use of tech­
niques an d  ap p a ra tu s  a lready  well know n an d  available, to  design a q u artz  
clock which should opera te  continuously  for m any  years. A chain is only 
as strong as its w eakest link—an d  the clock com prises a chain of ap p a ra tu s  
parts every link of w hich m ust function  perfec tly  and continuously. T h is 
chain consists of (1) the crystal-contro lled  oscillator, (2) a  frequency de­
multiplier to  ob ta in  a  low frequency to  operate  a m otor, (3) a  pow er am plifier 
to obtain sufficient cu rren t to  drive the  m o to r an d  (4) the  m o to r itself, associ­
ated w ith an y  of a wide asso rtm en t of tim e signal-producing or m easuring 
equipment. In  add ition  to  th e  links in th is chain, a  power supply  m ust be 
maintained, and  th e  tem p era tu re  of the crysta l m ust be controlled, bo th  
continuously.
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T h e  crysta l itself is no problem  as far as co n tin u ity  of operation  is con­
cerned. I t s  m otion is. so v e iy  sm all the re  is no likelihood a t  all of failure on 
th a t  account. M ountings are v e ry  stab le  an d  in  all likelihood will be 
im proved. T h e  oscilla tor circuit, the  frequency dem ultip lier, the power 
hmplifier and the  tem peratu re-con tro l c ircu it are  all v acuum -tube  devices 
an d  deserve special consideration. In  all of these circuits, vacuum  tubes 
have been used in som e insta lla tions w hich do n o t have  a  v ery  long life, 
some even becom ing defective w ith in  a  y ea r of operation . O n the other 
hand , there are tubes w hich have been developed for use in continuous 
telephone circu its w here failures w ould be troublesom e an d  costly. Some of 
these tubes in cu rren t p roduction  h a v e ,a n  expected  life of m ore th a n  ten 
years. T here is good reason to  believe th a t  a  q u a r tz  clock installation 
equipped w ith  such vacuum  tubes th roughou t, an d  engineered so as to  make 
effective use of the ir special p roperties, w ould opera te  continuously  for ten 
years or more.

T h e  rem aining “ lin k ” in the  chain  is the  synchronous m echanism  operated 
from  th e  crysta l-contro lled  circu its an d  used for to ta liz ing  continuously  the 
oscillations of the  c ry sta l an d  for producing  su itab le  tim e signals a t  specified 
in te rvals of tim e th u s  m easured off in te rm s of the  c ry sta l ra te . This 
m echanism  usually  consists of a  sm all synchronous (phonic wheel) motor 
operated  from  a subm ultip le  of the c rysta l frequency  an d  geared to  com­
m u ta to rs  or cam s or o ther m eans for producing  the electrical signals used 
in m aking tim e m easurem ents. M a n y  of th e  troubles in q u a r tz  clock in­
s ta lla tions have occurred in th is ‘lin k ’. T here  is every  reason to  believe, 
how ever, th a t su itab le  synchronous m oto rs geared  to  cam -controlled elec­
trical co n tac ts  can be b u ilt th a t  will opera te  continuously  th rough  many 
years. T o  insure long operation  i t  w ould be desirable to  em ploy motors 
w ith low ro ta tion  speed in o rder to  reduce bearing  w ear. W ith  the present 
knowledge of bearing  m ateria ls  an d  lubrican ts, i t  should  be a  sim ple m atter 
to design such a m otor th a t  would opera te  w ith o u t failure for ten  years or 
more.

A re la tive ly  trouble-free electrical tim e signal producer, su itab le for 
opera ting  under the contro l of a  q u a rtz  oscillator, w ith  frequeue}' dem ulti­
pliers to  ltXl cycles, could be construc ted  as ind icated  schem atically  in Fig. 
34. T h is  is not in tended  to  be an ac tu a l design, b u t is in tended  to  indicate 
how an  a p p a ra tu s  could be designed th a t  would c ircum ven t some of the 
troubles now experienced w hich p rev e n t long continuous operation .

T he basic a p p a ra tu s  consists of a c rysta l oscillator, p resum ably  100,000 
cycles, w ith a frequency d iv ider to  ob ta in  controlled 100-cycle current to 
drive th e  100-pole phonic wheel m otor a t  one revolu tion  p er second. Ob­
viously, o the r crysta l frequencies an d  step-dow n ra tio s could be used, the
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im portant th ing  being to  ob ta in  a ro ta tio n  speed of 1 rps. T h is  is a  very  
low speed for a  phonic wheel m otor b u t has the obvious advan tage  of g rea t 
simplicity since it perm its of controlling  seconds devices w ithou t the use of 
gearing. O nly one shaft is involved an d  the  bearing  problem  is reduced 
to the sim plest possible term s. A hardened  steel cam , in tegrally  m ounted 
with the phonic wheel ro tor, is used to  opera te  a  single electrical con tac t, so 
connected in to  the circu its controlled by  it  th a t  the  instant of break is the sole 
tim e-determ ining operation . A break signal is preferable to  a  make signal 
chiefly because it  is easier to  avoid  irregular effects, such as resu lt from  
contact ch a tte r, w hen a  circu it is being opened th a n  w hen it  is being closed. 
If a pallet of sapphire or ru b y  is used for th e  m echanical co n tac t on the can^
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Kg. 34— Suggestion of elem ents for a quartz  clock for long time continuous operation.

and if sm all cu rren ts are used th rough  the  contacts, m ade preferab ly  of 
platinum -iridium  or sim ilar alloy, i t  would be reasonable to  expect trouble- 
free perform ance th rough  several h undred  million operations.

Ordinarily, the  “ h u n tin g ” of a  phonic wheel m oto r opera ting  on a fre­
quency as low as 100 cycles would cause tim e errors too large to  neglect in a 
'levice such as ju s t described. H ow ever, by  the use of feedback in the 
motor am plifier circuit, such as ind icated  schem atically  in Fig. 34, the 
effective h u n tin g  can be reduced to  the p o in t w here the tim e errors caused 
by it would becom e negligible for m ost purposes.
■ \  arious circu its could be suggested for m aking use of the b reak  signal for 
timing purposes, the one shown in Fig. 34 being typical and su itab le  for 
'arious m ethods of precise m easurem ent and control. I t  is capable of 
providing an electrical im pulse w ith a  steep w ave fron t and of ad ju stab le  
duration. T he grid of the  vacuum  tu b e  is norm ally biased to  cutoff by  the
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2? g
negative vo ltage, ■ 1 W hile th e  co n tac t is closed, th e  b a tte ry  £•>, with

iv i  | J\.o

resistance I?3 in series, is short-circu ited . B u t a t  the  in s ta n t of opening the 
con tac t, cu rren t flows m om entarily  in th e  c ircu it including E->, C  and  Ri. 
B y  m ak ing  E-> positive, an d  equal to  or la rger th an  E \  num erically , th e  plate 
circuit of the  tube  becom es conducting  for a sh o rt in terval, the  du ra tio n  of 
w hich is determ ined  b y  the  tim e-constan t of the condenser circuit, each time 
th e  co n tac t is opened. A t all o th e r tim es, the  p la te  c ircu it is nonconducting. 
T h e  sharp ly  defined electrical signal th u s produced in th e  p la te  circu it can 
be used b y  w ell-know n m eans for d irec t tim e com parison w ith  signals from 
o th e r sources.

M ak ing  use of the  duration  of th e  im pulse th u s  produced, i t  is possible to 
use i t  as  a  selecting m eans to  iso late  a  single m ore precise signal from a 
continuous chain. F o r exam ple, th e  100-cycle w ave cbntro lled  b y  the 
c ry sta l can be modified b y  a  sim ple vacuum  tube c ircu it to  consist of a con­
tinuous sequence of very  sharp ly  defined im pulses. B y  using the  pulse 
c ircu it ju s t described as a  b ias contro l on an am plifier, i t  w ould be readily 
possible to  select one o u t of every  h und red  of these im pulses an d  th u s  provide 
an  extrem ely  precise seconds signal, the  accuracy  of w hich is determ ined 
w holly b y  electronic m eans.

I t  w ould be read ily  possible to  v a ry  the tim e rela tion  of the seconds signal 
w hile in operation , b y  the  use of electrical phase sh ifters in th e  driving 
circuits, o r by  ro ta tin g  the  s ta to r  of th e  phonic wheel m otor, b u t for long 
continuous operation  it  w ould be desirable to  keep the  num ber of apparatus 
p a r ts  com prising the clock a t  a m inim um .

I t  is n o t necessary, of course, to  employ' a com plete frequency d iv ider and 
phonic wheel a p p a ra tu s  for each q u a r tz  c ry sta l oscillator. As mentioned 
previously, the re la tive  tim e ra te s  of q u a r tz  oscillators can be m easured with 
very  high precision and be very' sim ple m eans th rough  a d irec t com parison of 
the  h igh frequencies.

Other M eans fo r  Precise Rate Control

In  add ition  to  m aking  im provem ents on the q u a r tz  cry'stal resonator, and 
on m ethods for sustain ing  it in v ib ra tio n , the re  a re  tw o o th e r avenues of in­
vestigation  which m ay  yield com parable resu lts, w ith  possibly some addi­
tional advan tages. N o t m uch can be said ab o u t them  a t  th is tim e except to 
p o in t o u t the ir possibilities because no appreciab le work has been done so 
far to  explore the ir m erits as tim ekeepers.

T h e  first is in the  field of very' low tem p era tu re s  w here some qu ite  re­
m arkab le p roperties are ob ta ined . Chief of these for our purpose is the 
sup raco n d u ctiv ity  of som e m etals, an d  the  constancy  of shape of most 
m ateria ls, a t  tem pera tu res  in th e  neighborhood of abso lu te  zero. I t  seems
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reasonable to  suppose th a t  an  electrically -resonant circu it m ain ta ined  a t  a 
tem p era tu re  in  th is  region could be m ade to  have  a  very  high Q, and  very  
stab le dim ensions, an d  so have  the  chief desirable p roperties for ra te  contro l 
th a t ob ta in  in  a  q u a r tz  resonator. R eso n an t cav ities used a t  high fre­
quencies have m an y  of th e  p roperties of o the r electrical resonan t circuits, 
and in p articu la r the ir energy dissipation  for electric oscillations can be very  
substan tia lly  reduced w hen cooled to  superconducting  tem peratu res. In  
some experim ents m ade recen tly  a t  M assachuse tts  In s t i tu te  of Technology129 
it has been shown th a t  a cav ity  resonato r m ade of lead, which for 3-cm. 
waves has a (I of a b o u t 2,000 a t  room  tem peratu res, is so m uch im proved a t  a 
tem p era tu re  of 4 degrees abso lu te  th a t  th e  Q approaches a million. Such a 
resonator could be used as th e  stabilizing  elem ent in an oscillator and  hence 
in a  clock. T h e  re la tive  s ta b ility  over long periods could, of course, be 
determ ined only  by  experim ent.

M ain tenance  of th e  required low tem p era tu re  would add considerably to 
the com plexity  of such a system , b u t if the advan tages were such as to p ro­
duce a new order of stab ility , an d  p articu la rly  if it should m ake possible a 
clock system  w ith sm all o r zero aging, i t  certa in ly  should be justified for 
fu tu re tim e m easurem ent studies.

T he o th e r avenue of approach  is through the application  of certain  
resonance phenom ena in a tom s and  m olecules th a t  do n o t depend upon 
aggregates of m a tte r  as is th e  case w ith all m echanical system s used here to ­
fore in tim e m easuring m eans. T he extrem e fineness of s tru c tu re  and  the 
constancy of atom ic an d  m olecular resonance phenom ena have long been 
recognized th rough  stud ies of line spectra , and  in the field of spectroscopy 
these p roperties have  been used as s ta n d ard s  of w avelength  ever since the 
early s tud ies of Joseph  von F raunhofer, reported  in 1815.130 W avelength , X,

and freq u en c y ,/, are associated by  the sim ple relation f  — ^  where c is equal
X

to the velocity  of light. F or visible rad ia tio n s /  tu rn s  o u t to  be extrem ely  
large, for th e  red light, 6500A, it  is 462 million million v ib ra tions p e r second. 
So far, such high frequencies have n o t been observable or m easurable di­
rectly b u t can only be deduced from  w avelength  m easurem ents as ju s t 
sta ted— which inev itab ly  involve the  use of m an-m ade s tan d ard s of 
length and the  com bined errors of two qu ite  different sorts of physical 
m easurem ents.

I t  has long been the dream  of physic ists to find some w ay to tie in d irec tly  
with the n a tu ra l frequencies of a tom s and m olecules and to  derive from  them  
a d irect m easure of ra te , and , of course, of tim e in terval. I t  has  been 
thought, for exam ple, th a t  the  red  rad ia tion  from  cadm ium  vapor, whose 
wavelength was m easured  by C. F a b iy  and A. P ero t in term s of the  s tan d ard  
m eter as accurate ly  as th a t  s tan d ard  could be defined, would also m ake a
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good s ta n d a rd  for tim e m easurem ents. A step  in the  rig h t direction  .was 
m ade la te r  by  A. A. M ichelson whose precise determ ina tion  of th e  .wave­
length  of th is rad ia tion  m ade possible the  redefinition of the  In te rn a tio n a l 
M e te r as a definite num ber of such w avelengths, m easured in vacuo. -From  
th is  definition, i t  is. now possible to  dup licate  th e  p rim ary  s ta n d a rd  of 
length  w ith  g rea t accuracy, an d  to  check such secular changes as m ay  occur 
in the original s tan d ard , the  d istance betw een two m arks on a  m e ta l bar. 
T he constancy  of the s tan d ard , as defined by  M ichelson, depends upon 
p roperties of p rim ary  partic les of m a tte r, an d  upon p roperties of space, 
which, as far as hum an beings are concerned d irectly , ap p ear to  be qu ite  
independen t of tim e or location. A sim ilar definition of ra te , or tim e in te r­
val, is v e ry  desirable.

A ray  of hope cam e o u t of the im p o rta n t w ork of N ichols an d  T e a r131 who 
p roved  th a t  electric w aves w hich could be produced  electrically  w ere of the 
sam e stuff as rad ia tio n  from  h o t bodies. T h ey  were ab le to  d e tec t rad ia tion  
of e ither so rt by  the  sam e receiving device an d  showed th a t  th ey  b o th  had  
th e  sam e p roperties of refraction , po larization , etc. L a te r, C leeton and 
W illiam s132 w ere able to  produce continuous electric w aves a t  very  high 
frequencies— corresponding to  ab o u t 1 cm. w avelength— an d  to  show th a t 
th ey  also h a d  the im p o rta n t p roperties of ligh t waves. N ow  the  range has 
been extended som ew hat m ore and  the re  are repo rts133 of experim ental 
generators th a t  can produce continuous w aves of a few m illim eters wave* 
length . T h is  is an  ac tive  developm ent and, of course, th e  end is n o t in 
Sight. F rom  continuous w aves of an y  frequency it  is believed possible by 
general techniques now well know n to contro l lower frequencies, and  from 
them  even tua lly  all so rts  of tim e m easuring an d  ind icating  devices as p re­
viously described.

W ith in  the  la s t few years, the m issing link has been discovered which, w ith 
Suitable in stru m en ta tio n , m ay  m ake it  possible to  construc t a clock con­
trolled by  atom ic- or m olecular-resonance phenom ena. T here  are  a  g reat 
num ber of resonance phenom ena associated w ith  th e  m olecules in a  gas, or in 
m olecular beam s, w hich are responsive to  electric w aves th a t  can be pro­
duced continuously  b y  m odern vacuum  tube  m eans. In  some cases, the 
sharpness of resonance is such th a t  changes of frequency of one p a r t  in  108 or 
less can be detected , leading to  th e  idea th a t  such resonance phenom ena m ay 
be u tilized  in some w ay to  control the frequency of a su itab le  oscillator and 
hence, th rough  frequency conversion circuits, to  control frequencies low 
enough to  operate  clocks an d  o ther m echanism s. Some of the resonance 
phenom ena in p o in t are in the one-cen tim eter region, a  field th a t  is rapidly 
being exploited in rad a r  an d  com m unication  applications. I t  is to  be 
expected, therefore, th a t  techniques for dealing  w ith such high frequencies 
will be developed in the near fu tu re  thus fac ilita ting  a s tudy  of th is  new
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approach to 'tim ekeep ing . T h e  idea of utilizing  such resonance phenom ena 
for the  m easurem ent of tim e w as suggested in Ja n u a ry , 1945 b y  Professor
1.1. R abi'o f C olum bia U n iversity  a t  an  address before th e  A m erican Physical 
Society an d  the  A m erican A ssociation of Physics Teachers.

These resonance phenom ena, involving the  in te rac tion  of m icrowave 
electrom agnetic rad ia tion  w ith  a tom s or molecules of m a tte r, have been dis­
covered only  q u ite  recen tly  an d  it  is likely th a t  a g rea t deal m ore will be 
learned ab o u t them  in the  nex t few years. T h e  resu lts already  ob ta ined  are 
very prom ising and  investigations a lready  under w ay  m ay  well lead to  the 
means for creating  an  en tire ly  new ty p e  of s tan d ard  of tim e in terval and 
ra te— b o th  of p rim e im portance in Physics.

T he stud ies of g rea tes t significance for such purposes now in progress fall 
in two m ain  b ranches involving qu ite  different techniques. T h e  actual 
means for regulating  a  clock would be q u ite  different in the two m ethods, 
b u t would be possible in either. W ith  w h a t is know n up to  the  p resen t time, 
however, the  construc tion  of such a clock w ould be a  considerable under­
taking, especially to  m ake one th a t  w ould opera te  over long periods. T he 
two chief phenom ena involving atom ic or m olecular resonances are : (1) the  
absorption of h igh-frequency energy in certa in  m ateria ls, p articu la rly  in 
gases, exhibiting  u ltra-fine absorp tion  spectra ; and  (2) the deflection of 
beam s of atom s or m olecules u nder special conditions of m agnetic and 
electric fields. T h e  earliest reported  w ork on the absorption  of m icrow aves 
in gases w as done by  C. E . C leeton and  N . H . W illiam s134 in 1934. W ith 
the developm ent of im proved high-frequency generators and  m easuring 
techniques th e  w ork h as  been extended considerably during  the  la s t few 
years by  C. H . Tow nes135, W. E. G ood130 and  others. I t  is believed th a t  
w ith m odifications of m ethods, such as used by them , it would be possible to 
control the  frequency  of the  short-w ave generators such as used in m aking  
these studies; and , if th is  can be done, the ad ap ta tio n  for use in tim e-m easur­
ing devices w ould follow n a tu ra lly  as in the  case of an y  o ther stable 
oscillator.

The general m ethod  using m olecular beam s has been a  g radual develop­
m ent over some years, b u t the  first published suggestion of the applications 
which re la tes closely to  th is w ork w as m ade in 1938 when I. I . R abi, J . R. 
Zacharias, S. M illm an an d  P. K usch first used the beam  deflection m ethod for 
m easuring nuclear m agnetic  m om ents.137 Tw o articles138’ 139 in Reviews of 
Modern Physics  in Ju ly  1946 give a  good descrip tion  of the m olecular beam  
m ethod an d  the  resu lts  of some stud ies of fine s tru c tu re  resonance phe­
nomena. T he resonance curve shown in Fig. 35 ob ta ined  recen tly  by  P. 
Kusch an d  I I .  T au b  of C olum bia U niversity , and  h ith e rto  unpublished, 
illustrates th e  resolution  ob ta inab le  b y  m olecular beam  m ethods. A ccording 
to theory, the  ac tu a l width  of the  resonance should be substan tia lly  inde­
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penden t of the applied  frequency an d  th ey  expect to  be able, when em ploying 
frequencies corresponding to  cen tim eter w aves, to  ob ta in  a hundred  or m ore 
tim es th is  resolution. I f  th is  should be realized, i t  suggests the  possib ility  of 
a  clock w ith  an  accuracy  of b e tte r  th an  one p a r t  in 10s.

P erhaps the g rea test ad v an tag e  th a t  m igh t be expected from  such a 
m ethod  lies in  the  possible long-tim e s ta b ility  or freedom  from  aging. 
E v e ry  existing m eans for tim ekeeping involves in some m anner the  m otion of 
large aggregates of m a tte r  which, w hen they  rearrange them selves in an y  way, 
v a ry  the ir ra tes of ro ta tion , or of oscillation, as the  case m ay be, in ways

A f  IN K ILO C Y C LES  PER SECONO 

Fig. 35—Typical resonance curve for a  line in the radio frequency spectrum  of atomic 
K39 observed by the m ethod of molecular beams. Experim ental da ta  supplied by P- 
Kusch and H. T aub, Columbia University Physics D epartm ent.

th a t are not w holly pred ic tab le. I t  m ay  well develop th a t  a m ethod  based 
on the  behavior of single p artic les of m a tte r  will be ageless and, w ith  proper 
in stru m en ta tio n , th a t  it will perm it of se ttin g  up an  absolute s ta n d a rd  of rate 
and  tim e in terval. T h e  ac tu a l value of th is ra te  w ould be inde term inate  by 
a sm all am ount depending on th e  sharpness of resonance an d  the  precision of 
control th a t  could be effected from  it, in add ition  to an y  uncontrollable 
effects of the ac tu a l resonance frequencies such as resu lt from  tem perature, 
pressure, and electrom agnetic an d  g rav ita tio n a l force fields. In  the  case of 
some of the resonance phenom ena all the la tte r  effects are believed to be
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vanishingly sm all. In  any  case, one would no t expect to experience a pro­
gressive change in ra te  as in  the case of the  ro ta tio n  of the earth  which now 
is the m easure and  definition of astronom ical tim e. On the  average the 
earth  is said to be slowing down a t  the  ra te  of a  thousand th  of a second per 
day per ce n tu ry 110 and , according to  the astronom ers89, the day  will continue 
to lengthen un til finally, a t  some tim e in the d is ta n t fu ture , the earth  will 
always face one side tow ard  the  m oon an d  the length of the day  will become 
about 47 tim es as long as i t  is a t  the p resen t tim e.

M eanw hile, if an abso lu te s ta n d a rd  could be established, such as now 
appears feasible th rough  atom ic- o r m olecular-resonance phenom ena, it 
would be possible to  record these changes th rough the  centuries and to 
establish a re la tive ly  stab le  “ second” th a t  could be used for all tim e in 
physical m easurem ents in place of the elastic second of the cgs system  which, 
as now defined, m ust s tre tch  w ith  the inev itab le varia tions in the mean 
solar day.

W hether or no t such an “ ab so lu te” clock becom es a reality  a t some tim e 
in the fu ture , the  q u a r tz  crysta l clock, because of its accuracy, com pactness, 
great convenience and  v ersa tility  is likely to  continue to be a m ost useful 
instrum ent in all precision m easurem ents of tim e.
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Abstracts of Technical Articles by Bell System  Authors

Experim ental Determination o f Helical-W ave Properties}  C . C . C u t l e r .  

The p roperties of th e  w ave p ro p ag a ted  along a  helix used in th e  traveling- 
wave am plifier are discussed. A descrip tion  is given of m easurem ents of 
field streng th  on the  axis, field d is trib u tio n  around  the  helix, an d  the  velocity 
of p ropagation . I t  is concluded th a t  the ac tu a l field in the  helix described 
is slightly w eaker th a n  w ould be p red ic ted  from the rela tions presen ted  by 
J. R. P ierce for a hy p o th e tica l helical surface.

Results o f Microwave Propagation Tests on a 40-M ile Overland Path.'2 A. I.. 
D u r k e e .  T h is  pap e r gives the  resu lts of a series of m icrow ave radio  p rop ­
agation tests  over an  u n o b stru c ted  40-mile overland p a th . T he purpose of 
the tests was to  investiga te  the  transm ission characteristics of such a path  
at cen tim eter w avelengths over a  long period of tim e. S ta tistic s on the 
transm ission results a t  w avelengths ranging  from  1.25 to  42 cm. are given. 
I he tests extended over a  period of ab o u t tw o years.

A Tunable Vacuum -C ontained Triode Oscillator fo r  Pulse Service.3 C . E .  
I 'a y *  an d  J .  E . W o l f e .  A tunab le  push-pull triode oscillator is described 
in which .th e  vacu u m -tu b e  com ponents an d  the en tire  r.f. portion  of the 
oscillator circuit, are  contained  in an evacuated  m etallic  envelope. A 
term inal is p rov ided  for coaxial o u tp u t in to  a  50-ohm  transm ission line. 
1 he oscillator was developed for th e  frequency  range of 390 to  435 M e. 
and is tunab le  b y  m echanical m eans continuously  th rough  th is range. Pulse 
power of above £ m eg aw att is ob ta ined  w ith  pu lse vo ltages of 15 to  17 
kilovolts applied.

•4 Proposed Loudness-Efflciency Rating fo r  Loudspeakers and the Deter­
mination o f System  Power Requirements fo r  Enclosures . '  H .  F. H o p k i n s  and 
N . R . S t r y k e r .  E x p erim en ta l an d  com puted  d a ta  rela ting  to  the loudness 
contribution of various ranges of th e  frequency spectra  of speech and  music 
are correlated w ith  the  corresponding  energy d istribu tion . A rela tively  
simple m easurem ent of sound  pressure and  a know ledge of certain  acoustic 
radiation phenom ena are applied  to  th is  correla tion  to  form  th e  basis of a

\Proc. I .  K. E ., February  1948.
• Prac. I .  R. E ., February  1948.
ZJ ‘j 0C- L  R- E ., February  1948.

Of Bell Tel. Labs.
1 Proc. 1. R. E ., M arch 1948.

589



BELL S Y S T E M  TECH NICAL JO U R N AL

m ethod for p red ic ting  the  loudness estab lished  by loudspeakers in enclosures. 
A loudness-efficiency ra tin g  for loudspeakers is suggested, a n d  its  application  
to  sound-system  engineering problem s is described.

A Sheet o f A ir  Bubbles as an Acoustic Screen fo r  Underwater Noise.5 
D o n a i .d  P . L o y e *  and  Wm. F r e d  A r n d t .  In  P earl H a rb o r, w here there 
often were eigh t h undred  ships of all k inds, th e  u n d e rw a te r  noise level was 
high. N o place w as found  w here noise m easurem ents could be m ade satis­
factorily , an d  therefore it  w as decided th a t  th e  b es t a rrangem en t would be to 
insu late A uxiliary R ep air  D ocks and  m easure the  noise of subm arines while 
they  were in the docks. T h is  w as done b y  the developm ent of a  su itab le  air 
bubble screen across th e  open end  of th e  dock. Such an  acoustic b arrie r was 
com paratively  easy to  install, d id  n o t in te rfe re  w ith  subm arines entering 
an d  leaving, k e p t ocean surface oil o u t of the  dock, in su la ted  aga inst low- 
as well as h igh-frequency noises as was requ ired  and , a f te r  extensive experi­
m en ta tion , the noise of the  screen was reduced  to  a level th a t  d id no t interfere 
w ith th e  noise m easurem ents. T h e  in su la tion  of the  screen upon th e  noise 
of a  nearby  subm arine charging b a tte r ie s  is illu stra ted  by  a  phonograph 
recording.

A M ethod o f D eterm ining and M onitoring Power and Impedance at High 
Frequencies I  J . F . M o r r i s o n  and  E . L . Y o u n k k r . A m ethod  a n d  newly 
developed devices for determ in ing  and  m onito ring  pow er an d  im pedance 
levels in transm ission lines a t  high frequencies a re  explained. P ractical 
considerations influencing accu ra te  de term in a tio n  of pow er and im pedance 
levels are analyzed, an d  the  prev ious an d  new ly developed m ethods of 
m onitoring  these im p o rta n t q u an titie s  un d er changing conditions of load 
are com pared.

Autom atic Volume Control as a Feedback ProblemJ B . M . O l i v e r . 

Feedback am plifier theo ry  is shown to be applicable to  the  usual a.v.c. 
system . Expressions are derived for th e  loop gain in te rm s of the  design 
requirem ents an d  the gain-contro l charac teris tic  of th e  controlled amplifier. 
Using these expressions, the  design of an  a.v .c . system  is q u ite  straigh tfo r­
ward an d  its  charac teristics, such as regu la tion  an d  effect on desired m odula­
tion, a re  read ily  p red ic tab le.

5 Jour. Acous. Soc. Amer., M arch 1948.
* Of W estern E lectric Co.
6 Proc. I .  R. E ., February  1948.
7 Proc. T. R. April 1948.
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