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Theory of R elation  b etw een  H o le  C oncentration and  
C haracteristics of G erm anium  P o in t C ontacts

By J . BARDEEN
{Manuscript Received Apr. 7, 1950)

The theory of the relation between the current-voltage characteristic of a 
metal-point contact to «-type germanium and the concentration of holes in the 
vicinity of the contact is discussed. I t is supposed that the hole concentration has 
been changed from the value corresponding to thermal equilibrium by hole in­
jection from a neighboring contact (as in the transistor), by absorption of light 
or by application of a magnetic field (Suhl effect). The method of calculation 
is based on treating separately the characteristics of the barrier layer of the con­
tact and the flow of holes in the body of the germanium. A linear relation be­
tween the low-voltage conductance of the contact and the hole concentration is 
derived and compared with data of Pearson and Suhl. Under conditions of no 
current flow the contact floats a t a potential which bears a simple relation, 
previously found empirically, with the conductance. When a large reverse 
voltage is applied the current flow is linearly related to the hole concentration, 
as has been shown empirically by Haynes. The intrinsic current multiplication 
factor, a, of the contact can be derived from a knowledge of this relation.

I .  I n t r o d u c t io n

TN DISCUSSIONS of the theory of rectification a t metal-semiconductor 
contacts, it is usually assumed that only one type of current carrier 

is involved: conduction electrons in «-type material or holes in p -type 
material.1 In the case of metal-point contacts to high-purity «-type 
germanium, such as is used in transistors and high-back-voltage varistors, 
>t is necessary to consider flow by both electrons and holes. A large part 
°f the current in the direction of easy flow (metal point positive) con­
sists of holes which flow into the «-type germanium and increase the 
conductivity of the material in the vicinity of the contact.2,: The con­
ductivity is increased not only by the presence of the added holes but 
also by the additional conduction electrons which flow in to balance the 
positive space charge of the holes. There is a small concentration of_holes 
normally present in the germanium under equilibrium conditions with no

1 For a discussion of the nature of current flow in semi-conductors see the “Editorial 
■'ote ’ in Bell Sys. Tech. Jour. 28, 335 (1949).

J. Bardeen and W. H. Brattain, Bell Sys. Tech. Jour. 28, 239 (1949).
W. Shockley, G. L. Pearson and J. R. Haynes, Bell Sys. Tech. Jour. 28, 344 (1949).
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current flow. When the contact is biased in the reverse (negative) direc­
tion, these holes tend to flow toward the contact and contribute to the 
current. The hole current is increased if the concentration of holes in the 
germanium is enhanced by injection from a neighboring contact or by 
creation of electron-hole pairs by light absorption.

Much has been learned about the effect of an added hole concentration 
on the current voltage characteristics of contacts from studies with 
germanium filaments. P art of this work is summarized in a recent article 
of W. Shockley, G. L. Pearson and J. R. Haynes.3 These authors have 
investigated the way the low-voltage conductance of a point contact to a 
filament of «-type germanium varies with the concentration of holes in 
the filament and have shown tha t there is a linear relation between con­
ductance and hole concentration. They have shown th a t the current to a 
contact biased with a large voltage in the reverse direction varies linearly 
with hole concentration. Suhl and Shockley4 have shown th a t by applying 
a large transverse magnetic field along with a large current flow holes 
may be swept to one side of the filament. Changes in hole concentration 
produced in this way are detected by measuring changes in the con­
ductance of a point contact.

Shockley5 has suggested tha t the floating potential measured by a con­
tact made to a semiconductor in which the concentration of carriers is 
not in thermal equilibrium m ay depend on the nature of the contact and 
differ from the potential in the interior. Pearson6 has investigated this 
effect for point contacts on germanium filaments, and has shown that the 
floating potential is related to the conductance of the contact. This effect 
provides an explanation for anomalous values of floating potentials meas­
ured by Shockley6 and by W. Pi. B rattain .6 They found that potentials 
measured on a germanium surface in the vicinity of an emitter point 
biased in the forward direction may be considerably higher than expected 
from the conductivity of the material.

The purpose of the present paper is to develop the theory of these rela­
tions. We are particularly interested in effects produced by changes in 
hole concentration in «-type germanium resulting from hole injection or 
photoelectric effects. The equations developed also apply to i n j e c t e d  

electrons in p-type semiconductors with appropriate changes in signs of 
carriers and bias voltages. The methods of analysis used are similar to 
those which have been employed by B rattain  and the author in a dis­
cussion of the forward current in germanium point contacts2.

J H. Suhl and W. Shockley, Phys. Rev. 74, 232 (1948).
s W. Shockley, Bell Sys. Tech. Jour. 28, 435 (1949), p. 468,
6 Unpublished.



HOLE CONCENTRATION A N D  P O IN T  CONTACTS

The problem may be divided into two parts, which can be treated 
separately:

(a) The first deals with the current-voltage characteristics of the space 
charge region of the rectifying contact. The current flowing across the 
contact is expressed as the sum of the current which would flow if the 
hole concentration in the interior were normal and the current which 
results from the added hole concentration.

(b) The second is concerned with the current flow in the semiconductor 
outside the space charge region. In general, both diffusion and conduction

TfS-TT- j l = I 0(Vc)

r b-. * V=Vp
lyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyA igyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy,

A T O U TE R  BOUNDARY 
OF S P A C E -C H A R G E  LA Y E R F

P=Pbo> n = nbo = ^ f + Pbo 
V= V;

-vc = vp-vL

DEEP IN IN TE R IO R :
p=Po, n=n0=Nf+p0 
V  = 0

(a) EQ U IL IB R IU M  CO NC EN TRATIO N OF H O LE S IN IN TE R IO R

| l = l 0 (Vc ) - e p b a va  A /4

* v=Vp
^yyyyyyyyyyyyyyyyyyyyyyyzyy7y 'ĵ yy/z/yyyyyyyyyyyy/yyyyyyyyyyyyyyyy

AT OUTER BOUNDARY 
OF S P A C E -C H A R G E  LAYER *.-"
P = Pbo +  Pba* n = n bo + Pba
V = V i  DEEP IN IN TE R IO R :

P = Po +  Pa, n  = n o + Pa 
v=o

( b )  AD D E D  C O N C EN TR A TIO N  OF H O LE S  IN IN TE R IO R  

Fig. 1.—Model and notation used for calculation of current flow in low-voltage case.

are important in determining the flow of carriers, although, depending on 
conditions, one may be much more im portant than the other. In case the 
applied voltage and current flow are small, holes in an «-type semi­
conductor move mainly by diffusion. This situation applies to the prob­
lems discussed in the first part of the memorandum. In  Section IV we 
discuss the opposite limiting case of large voltages in which the electron 
current flowing is so large tha t the hole current is determined by the 
electric field and diffusion is unimportant.

The model which is used to investigate the low-voltage case is illus­
trated in Fig. 1. For purposes of mathematical convenience, the contact 
15 represented as a hemisphere extending into the germanium. Recom­
bination, both a t the surface of the semiconductor and in the interior, is



472 B E LL  S Y S T E M  TECH NICAL JO U RN AL

assumed to be negligible so th a t the lines of current flow are radial. The 
spherical symmetry of the resulting problem simplifies the mathematics. 
A calculation is given in an Appendix for a model in which the contact is 
a circular disk and recombination takes place a t the surface. The latter 
does not give results which are significantly different from the simplified 
model.

Figure 1(a) applies to the case in which the hole concentration deep in 
the interior has its normal or thermal equilibrium value, p0. The sub­
script zero is used to denote values which pertain to this situation. Of a 
voltage Vp applied to the contact, a part Vc occurs across the space- 
charge barrier layer of the contact and a part F,- occurs in the body of 
the semiconductor. Thus V P represents the voltage of the contact and F; 
the voltage in the semiconductor just outside the barrier layer, both 
measured relative to a point deep in the interior. I t  should be noted that 
VP does not include the normal potential drop which occurs across the 
barrier layer under equilibrium conditions with no voltage applied. In 
the examples with which we shall deal in the present memorandum, the 
spreading resistance is small compared with the contact resistance, so 
tha t Vi is small compared with V P. Obviously,

V P =  Vc +  Vi. (1)

When a current is flowing to the contact the hole concentration, pbo, 
measured just outside of the barrier layer, differs from the concentration 
deep in the interior, p„. I t  is the concentration gradient resulting from 
the difference between pM and pa which produces a flow of holes from the 
interior to the contact. In the forward direction, p ^  is larger than pa; 
in the reverse direction, pm is less than pa.

The total current, I q(Vc),flowing across the contact includes both elec­
tron and hole currents. I t  will not be necessary to distinguish between 
these two contributions to the normal current flow across the barrier 
layer in the subsequent analysis.

Figure 1(b) applies to the case in which the hole concentration deep in 
the interior has been increased to po +  p a by adding a concentration pa 
to the normal concentration, p0. The concentration just outside the barrier 
layer is increased to pm +  pba. In addition to the normal current, h(Vc), 
flowing across the contact, there is an additional current of holes resulting 
from the added hole concentration, pba, a t the barrier.

The magnitude of this added hole current is determined in the follow­
ing way. I t  is assumed tha t all holes which enter the barrier region are 
drawn into the contact by the field existing there. The number of holes
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entering the barrier region per second is given by the following expres­
sion from kinetic theory:

pbvaA / 4, (2)

where va is the average thermal velocity, 2{2kT/-Km)w , of a hole and A 
is the contact area. This expression gives the average number of particles 
which cross an area A from one side per second in a gas with concentra­
tion pb. I t follows tha t the current due to the added holes is:

Ipa =  -CpbaVaA/  4. (3)

Since, by convention, a current flowing into the semiconductor is positive, 
a current of holes flowing from the interior to the contact is negative.

The diffusion current resulting from the added holes depends on the 
difference between pba and p a■ We shall show in Section I I I  thatw hen p a 
is small compared with the normal electron concentration,

I  pa 2irrtikl Hp{pba ~~ pa), (4)

where rb is the radial distance to the outer boundary of the barrier layer 
ai'd is the hole mobility. The value of pba is found by equating (4) 
and (3), i.e., the added current flowing from the interior to the barrier 
layer and the current flowing across the barrier layer. This gives

Pba/pa =  a /  (1 +  a), (5)

where a, defined by

a =  A(kT/erb)nP/v a, (6)

!S the ratio of the velocity acquired by a hole in a field 4kT/erb to thermal 
velocity. This ratio is generally a small number so that the a in the de­
nominator of (5) can be neglected in comparison with unity. Equation 
(3) then becomes:

/pa eapav„A/4 pakT^ipA/yb. (/)

If pa is not assumed small, a similar procedure may be used but the 
expressions for I pa in terms of pa are more complicated than (4) and (7) 

It is possible that the added hole current, I pa, will affect the contact in 
such a way as to change the normal current flowing. If there is such a 
change, one might expect it to be proportional to I pa as long as I pa is 
sufficiently small. The total current flow may then be expressed in terms 
°f an “intrinsic a ” for the contact as follows:

I  =  i o ( F c )  -  «  Ipa{pa). (8)
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There is no good theoretical reason to expect tha t a  is different from unity 
for small current flow in normal contacts unless trapping is important.

Equation (8) is used as the basis for the analysis of the low-voltage 
data. One im portant consequence of the equation is th a t if pa is different 
from zero, there is a voltage drop across the barrier layer even though 
no net current flows to the point. The presence of the added holes in the 
interior produces a floating potential on the point. The magnitude of this 
floating potential, VCf, is obtained by setting I  =  0 in Eq. (8) and find­
ing the value of Vc which solves the equation. This potential can be 
observed on a voltmeter and is analogous to a photovoltage.

Associated with the floating potential is a change in conductance of 
the contact. The conductance near I  =  0, given by

G =  ( d I / d V e) v c- Vcf =  ( d h / d V c) Vc„ Vcf, (9)

is just the conductance for normal hole concentration in the interior at an 
applied voltage equal to Vcf. In  setting the conductance equal to the 
derivative of I  with respect to Vc, we have neglected the difference, 
Vi, between Vc, the voltage drop across the barrier, and Vp, the total 
drop from the contact to the interior. This corresponds to neglecting the 
spreading resistance in comparison with the barrier resistance.

Equation (8) may be used to relate the floating potential with change 
of conductance of the contact. The appropriate equations, together with 
applications to data of Pearson and of Brattain, are given in Section II. 
In Section I I I  we derive Eq. (4) which relates the added hole current 
with the added hole concentration in the interior. This relation is used 
to show tha t the point conductance G varies linearly with tlie added hole 
concentration, pa. The theoretical expression for conductance is compared 
with data of Pearson and of Suhl.

In section IV we discuss the dependence of the current-voltage char­
acteristic at large reverse voltages on hole concentration. Under these 
conditions it is the electric field rather than diffusion which produces the 
hole current in the body of the germanium. The electron and hole currents 
are then in the ratio of the electron to hole conductivity. With introduc­
tion of an “ intrinsic a ” for the contact, a simple relation is derived for the 
dependence of current on hole concentration for fixed voltage on the 
point. This relation is used to determine a for several point contacts from 
some data of J. R. Haynes.

II . F l o a t in g  P o t e n t ia l  o f  P o in t  C o n t a c t

In  order to get analytic expressions for the floating potential and ad­
mittance, it is necessary to make some assumption about the normal cur­
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rent-voltage characteristic, Io(V0). I t  is found empirically7 that as long 
as Vc is not too large (a few tenths of a volt for a point contact on n- 
type germanium), it is a good approximation to take:

h  (Vc) =  I c (expOSeVc/kT) -  1), (10)

where /„ is a constant for a given contact. Except for the factor 0 , this
is of the form to be expected from the diode theory of rectification. The
empirical value of (3 is usually less than the theoretical value of unity 
in actual contacts.

If (10) is inserted into (8), the following equation is obtained for the 
current when there is an added concentration of carriers, pa, in the in­
terior:

I  = I 0 (expG3eVc/kT )  -  1) -  a l pa. (11)

Setting I  =  0 and solving the resulting equation for the floating po­
tential, Vc =  Vcf, we find:

V c  =  (kT/efi) log [1 +  a (Ip. / /<•)]. (12)

The floating potential may be simply related to the conductance cor­
responding to small current flow. Using Eqs. (9) and (11), we find:

G = (dI0/d V c) r^ v c, = (fieldkT)  exp (fieVc, /k T ) .  (13)

Since the normal low-voltage conductance is just

Go =  M d k T ,  (14)

we have

G =  Go exp (f ieV JkT ).  (15)

fly using (12), G can be expressed in terms of pa■ This relation is given 
and compared with experiment in Section III. Equation (15) may be 
solved for the floating potential:

Vc,  = (kT/ei3) log (G/Go). (16)

It should be noted tha t (16) does not involve pa directly. Thus it is pos­
sible to determine Vc,  from a measurement of the change in conductance 
without direct knowledge of the added hole concentration. I t  holds for 
large as well as small pa.

fllie logarithmic relation (16) between floating potential and conduc­
tance has been demonstrated by an experiment of Pearson. Theexperi-

‘ See H. C. Torrey and C. A. Whitmer, “Crystal Rectifiers”, McGraw-Hill Company, 
«ew York, N. Y., (1949), p. 372-377.
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Fig. 2.—Schematic diagram of experiment of G. L. Pearson to investigate relation be- 
ween floating potential and impedance of point contact.

E M IT T E R  C U R R E N T  VARIED 
E M IT T E R  D IS T A N C E  VARIED

O.S 1.0 1.5 2 .0  2 .5
FLO A TIN G  P O T E N T IA L , V f .

3 .0  3 .5  4 . 0  4 .5
IN T E R M S  OF K T /e

mental arrangement is illustrated in Fig. 2. Holes are injected into a 
germanium filament by an em itter point and the circuit is closed by 
allowing the current to flow to the large electrode at the left end. The 
right end of the filament is left floating. Some of the injected holes diffuse

FLOATING P O T E N T IA L , V n r ,  
AN D  C O ND UC TAN CE , Y , 

HOLES IN JEC TED  M EASUR ED

 llll* 1

down the filament and increase the local concentration in the neighbor­
hood of the probe point. This concentration can be varied by changing 
the em itter current and also by changing the distance between emiUer
and probe. Both the floating potential and the c o n d u c t a n c e  betw een the 
probe point and the large electrode on the right end were m e a s u re d .  

Under the conditions of this experiment, the potential drop in the m-

Fig. 3.—The relationship of admittance ratio to potential, measured at a point on a 
germanium filament into which holes are emitted, with no current flow, from G. L . Pear­
son’s data of September 21, 1948.
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lerior of the floating end of the filament is small. The small drop which 
does exist results from the difference in mobility between electrons and 
holes. Almost all of the potential difference between the probe and the 
right end is the floating potential, Vc/, across the barrier layer of the 
probe point.

Pearson’s data are plotted in Fig. 3. The data can be fitted by an equa­
tion of the form (16) with =  0 .5 .

The difference in potential between a floating point contact and the 
interior which exists under non-equilibrium conditions explains anoma­
lously high values of probe potential which were sometimes observed by 
Shockley and by B rattain  in the vicinity of an em itter point operating in 
the forward direction. As an example of a case in which the effect is

T a b l e  I

Measurements of probe potential, Vr/, a t a contact on an etched germanium surface 
•005 cm from a second contact carrying a  current I. The conductance of the probe point 
is GP, The voltage drop across the probe contact, Vp/  — Vi, a t zero current is calculated 
from Vv! - V i  = 2.5(kT/e) log (G„/Go). Data from W. II. Brattain.

I
amps Vvolts

V / /
ohms <bmhos Gp/Gn log Vpl -  V¡ -

.062 log
(iy y .)

Vi
volts SUL

2.0 x  10“3 0.189 94 8.3 X 10~4 6.9 1.93 0.120 0.069 35
1.0 0.141 141 5.0 4.2 1.435 0.090 0.051 51
0.5 0.096 190 3.3 2.8 1.030 0.064 0.032 64
0.2 0.052 260 2.2 1.8 0.588 0.037 0.015 750.1 0.030 300 1.7 1.4 0.336 0.021 0.009 90

-0.1 -0 .0096 96 1.2 1.0
-0 .2 -0 .0 1 8 6 93 1.2 1.0
—0,5 -0 .0 4 4 88 1.25 —

-1 .0 -0 .1 0 100 1.35 —

targe, some data of B rattain  are given in Table I  for the experimental 
arrangement of Fig. 4. Two point contacts were placed about .005 cm 
apart on the upper face of a germanium block. The surface was ground 
and etched in the usual way. A large-area, low-resistance contact was 
Placed on the base. The potential, V P, of one point, used as a probe, 
"as measured as a function of the current flowdng in the second point. In 
this case, the potential on the probe point is produced in part by the 

cf term and in part by a potential, Vi, in the interior which comes from 
the IR  drop of the current flowing from the em itter point to the base 
electrode. Reasonable values are obtained for F,- from measurements of 

e >f a correction for F c/  is properly made.
The first column of Table I  gives the current and the second column 

' e probe potential, V P> measured relative to the base. The third column 
gives values of VP/ I .  In the reverse direction (negative currents) V P/ I



478 BELL S Y S T E M  TECH NICAL JO U R N AL

is approximately constant a t a little less than 100. Values of V P/ I  in the 
forward direction are much larger, starting a t 300 for /  =  0.1 ma and 
decreasing to 94 a t I  =  2 ma. If anything, one would expect a decrease 
rather than an increase in V P/ I  in the forward direction as injection of 
holes lowers the resistivity of the germanium in the vicinity of the point. 
We shall show tha t V i / I  actually does decrease and tha t the anomalously 
high values of V P/ I  in the forward direction result from the drop, Ve;,

FLO ATING  P O T E N T IA L ,V D f ,
AN D  CO NDUCTANCE, Y ,

Fig. 4.—Schematic diagram of experiment of W. H. Brattain for measuring floating 
potential and admittance a t point near emitter.

across the barrier layer between the contact point and the body of the 
germanium. Thus,

Vi  =  V P -  Vcf. (17)

Values of Vcj can be estimated from the change in conductance corre­
sponding to small currents in the probe point. The conductance increases 
with increasing forward em itter current. Values of VCf, calculated from

V d  =  2.5 (kT/e) log (Gp/G 0), (1S)

are given in column 6 . The value 2.5, chosen empirically to give reason­
able values of Vi, is not far from the value 2.0 required to lit Pearson s 
data in Fig. 1. Values of V,  obtained from Eq. (17) are given in column <• 
The ratios V ¡ /I  given in column 8 are reasonable. The decrease in Vi/1 
with increasing forward current is caused by a decrease in the resistivity 
of the germanium resulting from hole injection.

In another case, in which no such anomaly was observed in the for­
ward direction, it was found that Vc!, calculated from the change w 
conductance, was small compared with Vp.

There have as yet been no measurements which permit a c o m p a r is o n  

of the values of required to correlate probe potential and conductance
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with values of [I obtained directly from the current-voltage characteristic 
of the probe. Such a comparison would provide a valuable test of the 
theory.

I I I .  L o w  V o l t a g e  C o n d u c t a n c e  o r  P o in t  C o n t a c t s

In this section we calculate the hole current flowing in the body of the 
germanium from diffusion and find an expression relating change of con­
ductance with added hole concentration. The results shall be applied to 
data of Pearson and of Suhl. We need to derive Eq. (4) which gives the 
hole current in terms of the added hole concentrations, pia, measured just 
outside the barrier layer, and pa, measured deep in the interior.

The model which is used for the calculation is illustrated in Fig. 1. 
The diffusion equation for hole flow is to be solved subject to the bound­
ary conditions that p = pb just outside the barrier layer and p  =  pi at 
large distances from the contact in the interior. I t  is assumed tha t the 
total current flow is zero or small.

We shall first derive the more general equations8 which include flow 
by the electric field as well as by diffusion in order to show the conditions 
under which the electric field can be neglected. In the body of the semi­
conductor, conditions of electric neutrality require that the electron con­
centration, it, be given by:

n = N f -f  p, (19)

where Nf , the net concentration of fixed charge, is the difference between 
the concentrations of donor and acceptor ions. We shall assume that 
T/ is constant so that

grad n = grad p. (20)

Ihe general equations for electron and hole current densities, in and i p, 
are:

in = An (enF +  k T  grad n) (21)

ip =  A„ (epF -  k T  grad p), (22)

where F  is the electric field strength. By using (19) and (20), and setting 
h  ~ Pap, we can express in in the form:

i n =  (e{Nf  +  p) F +  k T  grad p). (23)

The magnitude of F for zero net current,

i  =  ip  +  in =  0, (24)
.. .* ‘}- discussion of the  equations of flow is given in the article by W. van Roosbroeck in
«us issue of the Bell System Technical Journal.
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can be obtained by adding (22) and (23) and equating the result to zero. 
This gives:

k T = ~  N / b +  p(b +  1) grad P' (2j)

The field vanishes for b =  1, corresponding to equal mobilities for holes 
and electrons. For b greater than unity and for equal concentration 
gradients of holes and electrons, the diffusion current of electrons is 
larger than tha t of holes. The field is such as to equate these currents by 
increasing the flow of holes and decreasing the flow of electrons.

If (25) is substituted into (22), the following equation is obtained for

U 7i + > (t+ -i) + ‘ J *■ (26)
If recombination is neglected, the hole current is conserved and

div ip =  0 . (27)

Using this relation, an equation of the Laplace type can be obtained for 
p which may be integrated subject to the appropriate boundary condi­
tions. This derivation is given in Appendix B. The results do not differ 
significantly from those obtained below for p assumed small.

Rather than continue with the general case, we shall a t this point
assume that p «  N /  so tha t the first term in the parenthesis of Eq.
(26) is negligible in comparison with unity. This amounts to setting F = 
0 in Eq. (3) and assuming tha t the holes move entirely by diffusion. 
This is a very good approximation in most cases of practical interest and 
is valid for small i as well as for i = 0. We then have

ip =  —kTfip grad p. (7^

The condition div ip =  0 gives Laplace’s equation for p:

VV =  0 . (29)

Equation (29) is to be solved subject to the appropriate boundary 
conditions. For the model illustrated in Fig. 1 we can assume that p
depends only on the radial distance r and that

p =  pb a t r — rb,

p =  pi a t r = oo .

The solution of (29) which satisfies (31) is:

P =  Pi  +  {Ip/2*kTnpr) ,  <32)
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in which I P is the total hole current. The boundary condition (30) gives 
the relation between I p and p b:

pb = p i  +  (Ip/2-ivkTnpri,). (33)

Since the equations are linear, an equation of the form (33) applies to 
the hole current due to the added holes as well as to the entire hole 
current. For the former we have:

pba = pa +  (Ipa/2irkTnPrb),  (34)

which is equivalent to Eq. (4).
In the derivation of Eq. (34) we have neglected recombination a t the 

surface as well as in the interior. In the Appendix we give a solution for a 
contact in the form of a circular disk and assume that recombination 
takes place a t the surface. The hole concentration then satisfies Laplace’s 
equation subject to more complicated boundary conditions a t the surface. 
The results are not significantly different from those of the simplified 
model.9

Equation (34), or rather its equivalent, Eq. (4), was used in the deriva­
tion of Eq. (12) for the floating potential, VCf ■ If this value for Vcf 
is inserted into Eq. (15), an equation relating the conductance directly 
with the added hole concentration is obtained:

G = Go +  (ae2avaA0pa/4kT).  (35)
This expression may be simplified by substituting for a from Eq. (6):

G =  Go +  afinpeA pa/rt- (36)
By using the expression for the normal conductivity:

co =  bfipcno, 1 (37)
the conductance can be given in the form:

G =  G0 +  (al3croA/brb)(pa/iio)- (38)
If c0 is in practical units (mhos/cm), G is in mhos.

We shall compare (38), which gives a linear variation between G and p a, 
with experimental data of Pearson10 and of Suhl. The arrangement used

’ In the applications, these equations are applied to situations in which the contact is
°na germanium filament and there is a flow of current along the length of the filament in
audition to the flow to the contact. A question may arise as to whether it is justified to 
neglect the filament current when discussing flow to the contact. There is no difficulty 
as long as pa/n o is small compared with unity because the equations are then linear and

e solution giving the flow to the contact can be superimposed on the solution giving the
°". aj°ng the jength of the filament. The neglect of the filament current cannot be rigor- 

n , pfi^dfied >n case pa/n<, is large, as is assumed in the calculations of Appendix B. I t is 
diflere ^owever’ I a t die exact treatment would yield results which are significantly

10 See reference 3, p. 356 and Fig. 6.
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Fig. 5.—Experimental arrangement used by G. L. Pearson to investigate relation be­
tween admittance and hole concentration in germanium filament.

0 .0 5  m a

by Pearson is shown in Fig. 5. Two probe points were placed about 
.009 cm apart near one end of a germanium filament. The concentration

P O TEN TIAL D IFFE R E N C E AND 
HO LES IN JEC TED  CONDUCTANCE M EAS U R ED

0 O.l 0. 2 0 . 3 0. 4 0. 5 0 . 6  0. 7 0. 6 0. 9 <-0
HOLE DENSITY IN TE R M S OF p / n Q

Fig. 6.—The relationship between point admittance and relative hole concentration, 
for a germanium filament from G. L. Pearson’s data of September 28, 1948.

of holes was varied by current from an em itter point near the opposite 
end of the filament. There was an additional current flowing between
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electrodes at the two ends so tha t the field pulling the holes along the 
filament could be varied. The concentration of holes was determined from 
the change in resistivity of tha t segment of the filament between the two 
probes. Measurements of admittance were made by passing a small current 
between the two probes connected in series. The area of the filament is 
about 1.6 X 10-4 cm2 and the normal resistance between the probes 
about 1800 ohms. The normal conductivity is thus

<r0 =  .009/(1800 X 1.6 X 10-4) =  0.03 (ohm cm)“ 1. (39)

As shown in Fig. 6 , Pearson finds a linear relation between G and pa.
The line best fitting Pearson’s data is

G =  Go +  (8 X 10~6) (pa/nc) (mhos). (40)

The theoretical value of the coefficient may be obtained from Eq. (38). 
Taking

a — I, 13=  0.5, oo — 0.03

b = 2.0, A = 10~6 cm2, r =  5 X 10“4 cm, (41)

we get

afia0A /b  rt, = IS X 10-6 mhos. (42)

Pearson’s data, represented by (40), apply to the conductance < f two 
point contacts in series, and the conductance of each one may be about 
twice that given by (40). Thus the theoretical value is in good agreement 
with the observed. There is no indication th a t a differs from unity a t low 
voltage.

Suhl varied the concentration of holes in the vicinity of probe points by 
application of a transverse magnetic field as well as by injection from an 
emitter point. The experiment is illustrated in Fig. 7. He used a filament 
with a cross-section of about .025 X .025 cm. Four probe points were 
placed along the length of the filament at intervals of about .04 cm. A 
total current of 4 ma flowed in the filament.

In one experiment, none of this current was injected, so that the con­
centration of holes was normal in the absence of the magnetic field. 
Measurements were made of the floating potentials and of the conduct­
ances of the probe points. Then a transverse magnetic field was applied 
and the conductances measured again. We are interested here only in the 
case of a large field (30,000 gauss) in such a direction as to sweep the 
holes to the opposite side of the filament. Suhl believes that under these 
conditions the concentration of holes near the probe points is practically 
zcro. The difference between the conductances with and without the field
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then ,'gîvfes tire contribution to the conductance from the normal concen­
tration of holes.

In a second experiment 1 ma of the current of 4 ma flowing in the fila­
ment was injected from an em itter point near one end of the filament. 
From the probe potentials, estimates have been made of the change in

PROBE PO INTS

(a )  NO M AG N ETIC  F IE L D , N O R M A L H O LE C O NC EN TRA TIO N

• I I I• I I I

( b )  M A G N ETIC  F IE LD  S W E EPS H O LE S TO O PPO SITE SIDE 
O F F IL A M E N T

Fig. 7.—Schematic diagram of experiment of H. Suhl lo investigate relation between 
hole concentration and impedance of point contacts.

resistivity and thus of the added hole concentration at the different probe 
points. Changes in hole concentration from injection have been correlated 
with changes in adm ittance of the probe points.

The filament with dimensions .025 X .025 X 0.4 cm has a resistance of 
4,600 ohms. The normal resistivity, pa, is then about 7.2 ohm c m .  Since 
the concentration of electrons corresponding to 1.0 ohm cm is about
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1.8 X 1015, the concentration corresponding to a resistivity of 7.2 ohm cm 
is11:

no =  1.8 X 1015/7 .2  =  2.5 X 10I4/cm 3. (43)

The product of the equilibrium concentrations of electrons and holes is
about 4 X 1026 in germanium a t room tem perature12. Thus, for this sample,

pa =  4 X 1020/ 2.5 X 1014 =  1.5 X 1012/cm 3. (44)

If there is, an added concentration of holes, pa, resulting from injection, 
the added conductivity is:

<ra — (1 +  b) cnhpa =  8.4 X 10-16 pa . (45)

The resistivity is changed to:

P =  PO<ro/(<To +  Co) CX PO (1 — ffaPtt), (46)

the approximate expression holding if the relative change is small. The 
resistance per unit length of filament is:

R  =  1.15 X 104 (1 -  oaPo). (47)

The change in voltage gradient, dV /dx  =  RI,  resulting from hole injec­
tion is, for a current of 4 X 10'~3 amps,

A (dV/dx) = d(AV)/dx  =  46po<Jo . (48)

Suhl measured the change in probe potential, AF, which resulted when 1 
Ma of the total current of 4 ma was injected from the em itter instead of 
having the entire 4 ma flowing between the ends of the filament. His 
values of AF for the four probe points are given in Table II. We have 
Made a plot of these as a function of position and have estimated the 
gradients at each of the four probe positions. Using these values we have 
calculated oa from Eq. (48) and the corresponding injected hole concen­
tration from Eq. (45). These are given in the last column of the table.

Suhl’s measurements of conductances, G, of the probe points are given 
nr Table III. Also given are differences, AG, from the normal values with 
no magnetic field and no injection and also these differences multiplied by 
'Wpa- Values of pa for the case of hole injection were obtained from 
Table II. Values of AG(un/pa) are to be compared with the theoretical 
value,

AG (no/p a )  = af3oaA /crb , (49)

117 hese values are based on taking y.n — 3500 cniVvolt sec and nP =  1700 cm2/volt 
sec>û Vnr^asured by J. R. Haynes. They correspond to room temperature (295°K).

Inis value is obtained from an intrinsic resistivity of about 60 ohm cm for Ge at 
temperature and the mobility values in reference 11.
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from Eq. (38}. Taking a  =  1, /3 =  0.5, <r0 =  0.14,6 =  1.5, A =  10_6and 
fb — 5 X 10~4, we get

G(no/pa) ~  100 micromhos. (50)

This value is of the same order as the values obtained from Suhl’s data 
listed in Table III . There is a large scatter in the latter and the values are

T a b l e  II
Calculation of hole concentrations from probe potential measurements. AK measures 

potential difference resulting from hole injection of 1 rna when total current is kept at 4 
ma; data from H. Suhl.

Point No.
Relative
Position

(cm)
AK (volts)

d \v
dx

(volts/cm)
fWo <ra (mhos) Pa (cm-*)

# 6 0 - . 0 4 - 0 . 6 .013 .0018 2.2 X 10"
# S .044 - .0 7 3 - 1 .1 0 .024 .0033 4.0
H 4 .084 - . 1 3 - 1 . 8 .039 .0054 6.5
iff 3 .12 - .2 1 - 2 .5 .055 .0077 9.0

T a b l e  I I I
_ Changes In conductance resulting from application of magnetic field and from hole 

injection. Units are micromhos. D ata from H. Suhl.

No Field I With—30,000 gauss field W ith hole injection

Point
G G A G

iG ( 4 )  i g
AG i AG> . 'Pi

%6 17.2 16.4 - 0 . 8 130 ■ 22.5 7.8 i 880
»5 6.55 4.35 - 2 .2 365 7.0 0.45 28
« 4 3.7 3.2 - 0 . 5 80 i 5.1 1.4 54
# 3 13.0 9.2 - 3 . 8 630 19 6 165

not consistent. I t  has been suggested tha t the abnormal values may result 
from local sources of holes.

I V .  H o l e  F l o w  f o r  a  C o l l e c t o r  w i t h  L a r g e  R e v e r s e  V o l t a g e

Haynes has shown that there is a linear relation between the current 
to a collector point operated in the reverse direction and the concentra­
tion of holes in the interior of a germanium filament. Under the conditions 
of his experiment, the current flowing to the collector point is small com­
pared with the total current flowing down the filament, so that the col­
lector current does not alter the concentrations very much. Holes are 
injected into the filament by an em itter point placed near one end, and 
the concentration is determined from the change in resistance of the 
filament in the neighborhood of the collector point.
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Haynes’ measurements may be fitted by an empirical equation of the 
following form:

I  — /oil +  ypa/ik>)\, (51)

in which / 0 is the normal collector current flow for a given collector volt­
age, I  is the collector current flowing for the same collector voltage when 
the hole concentration is increased by pa , and n0 is the normal electron 
concentration. Values of Io and 7  for four different formed phosphor- 
bronze collector points are given in Table IV. The collector bias is —20 
volts in each case. I t  can be seen tha t the variations in 7  are much less 
than those in / 0. I t  will be shown below that 7  is related to the intrinsic 
a of the point contact.

CO LLECTO R
EM ITTE R  Vc = - 2 0  VOLTS

Fig. 8.—Experimental arrangement used by J. R. Haynes to determine relation be­
tween hole concentration and current to collector point biased with large voltage in re­
verse direction.

In Haynes’ experiment, holes are attracted to the collector by the field
produced by the electron current and diffusion plays a minor role. In
contrast to the preceding examples, the terms involving the field F in 
Eqs. (21) and (22) are large and the diffusion terms represented by the 
concentration gradients are small. I t  follows from (21) and (22) th a t the 
ratio of electron to hole current density is then:

in/ip =  bn/p, (52)
which is equal to the ratio of the electron and hole contributions to the 
conductivity. If « and p do not vary with position, the ratio is the same
everywhere and equal to the ratio of total electron and hole currents,
h  and I v:

In/Ip  =  in/ip = bn/p. (53)
Ihe currents /„  and I v can also be related to the intrinsic a for the con­
tact by use of an equation of the form:

I  =  Ino +  Ctlp, (54)
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in which 7„o is the electron current for zero hole current. The electron 
current is:

h  =  ho  +  (a -  1 )7 ,. (55)

Thus we have

— _  I  no ~h (« ~  l)Tp _  bn _  b{N f  +  p) ^
h  Ip P P

This equation may be solved for I p to give:

Iv  =  pIno/(bN, +  (a -  1 -  b)p). (57)

The term (a — 1 — b)p is generally small compared with bN/  and may
be neglected. We thus have approximately for p /N f small and N /  — no,

I  =  ho  +  oclp — 7„o[l +  {ap/bno)]. (58)

When expressed in terms of the normal current,

Io =  /„o[l +  («Po/bno) ], (59)

the equation for /  is of the form (51):

I  =  Io [1 +  (ctpa/bna)\. (60)

From a comparison of (51) and (60) it can be seen that:

y  =  a/b  or a = by. (61)

Values of a  determined from empirical values of y  for the four point 
contacts of Haynes are given in Table IV. The values are of a r e a s o n a b le  

order of magnitude for formed collector points.
An estimate of the importance of diffusion can be obtained by compar­

ing the hole current in Haynes’ experiments with the hole current which
would exist if the electron current were zero, so that holes move by diffu­
sion alone. Equations (28) to (33) apply to the latter case. In addition to 
(33) we need an equation which expresses the hole current flowing into 
the contact in terms of the hole concentration, pb, a t the contact. If the 
reverse bias is large, no holes will flow out and the entire hole current is 
th a t from semiconductor to metal as given by an equation similar to (3):

Ip ~  —epbi'aA/A. (62)

Substituting this value for I p into equation (33) we get an equation which 
may be solved for pb, to give:

pb =  api{ 1 +  a) =* apt, (63)
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with a given by Eq. (6). Using (63) for pb, we get:

I„ =  kTm,p<A/rb =  (kT<f0A/ebrb)(p i/ n 0). (64)

With kT/e  =  .025 volts, <r0 =  brufip.\ =  0.2 (ohm cm)-1, A =  10-6 cm2 
and rb =  5 X 10~4 cm, we get for the diffusion current:

I p -  (5 X 10-6) (pi/iio) amps. (65)

Comparing (65) with (57) we see tha t diffusion of holes will not be im­
portant if

ho  7i> 5 X 10-6 amps. (66)

This condition is satisfied in Haynes’ experiments.
In the case of point contacts formed to have a high reverse resistance 

as diodes, 70 may be of the order of 10~7 to 10-6 amps at room tempera­
ture. Diffusion of holes will then play a role, and the hole current will

T a b l e  IV
Relation between hole concentration and collector current from data of J. R. Haynes. 

Data represented by
/  = 7„(1 +  (yPo/>h))

where I  is current flowing to collector point biased a t —20 volts and pa/tt0 is ratio of added 
hole concentration to the normal electron concentration.

Probe Point /. a = 2.1-y

0 0.94 4.6
2 0.33 4.4
3 0.S4 6.9
4 1.20 4 .6

be larger than indicated by Eq. (53). As discussed in reference (4) there 
is still a question as to the importance of holes in the saturation current 
observed by Benzer in diodes with high reverse resistance. Experiments 
similar to those of Haynes would be valuable to determine the influence 
of hole concentration on reverse current.
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A PPEN D IX  A 

D i f f u s i o n  o f  H o l e s  w it h  S u r f a c e  R e c o m b in a t io n

In the calculation of the diffusion of holes given in Section I I I  of the 
text it was assumed that no recombination of electrons and holes oc­
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curred. In  the present calculation it is assumed that recombination occurs 
a t the surface, but not in the volume. This is a good approximation for a 
point contact on germanium. I t  is further assumed tha t the hole concen­
tration is sufficiently small so that Laplace’s equation (29) may be used.

The model which we shall use is illustrated in Fig. 9. The contact is in 
the form of a circular disk of radius p on the surface of the semiconductor. 
Cylindrical coordinates, r, 6, z, are used, with the origin a t the center of 
the disk and the positive direction of the z-axis running into the semi­
conductor. We calculate the flow due to the added holes, and shall use 
the symbol p without subscript to denote the added hole concentration.

Fig. 9.—Coordinates used for calculadon of hole flow to contact area in form of circu- 
*ar disk.

W ith recombination a t the surface, it is necessary to have a gradient in 
the interior which brings the holes to the surface.

I t  is assumed th a t the rate of recombination a t the surface is:

sp = holes/cm2, (1A)

where the factor 5 has the dimensions of a velocity and p  is evaluated at 
the surface z =  0. According to measurements of Suhl and Shockley, s is 
about 1500 cm/sec for a gerinaniufn surface treated with the ordinary 
etch. The current flowing to the surface is:

(jipkT/e) ( d p / d z ) holes/cm2. (2A)

The boundary condition for p a t the surface z = 0 outside of the contact
area is obtained by equating (1A) and (2A). This gives:

dp/dz = \ p  a t z =  0 , r >  p (3A)

where

X =  se/ppkT, (4A)



has the dimensions of a length. For s =  1500 cm/sec and p,, =  1700 
cnd/volt sec, corresponding to germanium a t room temperature, X is 
about 35 cm-1.

The boundary condition on the disk is similar to (3A) except th a t s is 
replaced by va/ 4 (cf. Eq. (3)). Thus for r <  p,

dp/dz = \ cp z =  0, r < p, (5A)

where

Xe =  vae/4 n„kT. (6 A)

Evaluated for germanium at room temperature, Ac is about 6 X 10*.
In order to have a dependent variable which vanishes a t infinity, we 

replace p by:

y = pa — p +  hpaZ, (7A)

so that p —> p a for z =  0 as r —* °o. The variable y  satisfies Laplace’s 
equation subject to the boundary conditions:

dy/dz  =  \ y  z =  0, r > p (8A)

dy/dz =  X0 {y -  p a) z =  0, r < p (9A)

y  =  0 r , z —> «>. (10A)

An exact solution of the problem is difficult. We shall obtain an approxi­
mate solution which satisfies (8A) bu t not (9A) and which applies when

A p « l « X fp. (11 A)

This approximation is valid for a germanium point contact, since, for p ~  
10~3 cm,

Xp ~  .035, X,p ~  60. (12A)

We shall first discuss the limiting case for which X —> 0 and Ac —> <». 
The former implies neglect of surface recombination and the latter

y  =  p„ for z =  0, r <  p. (13A)

Ibe problem is the same as that of finding the potential due to a conduct- 
mg circular disk. The solution of this problem, which is well known, is:

y  = ( ip j i r )  [  e~zlJo(rt) (14A)
Jq t

I he current flowing to the disk is obtained from integrating:

i, =  kTfip(dy/dz), (15A)

HOLE CONCENTRATION A N D  PO INT CONTACTS  491



over the area of the disk. This gives:

I  pa =  — i p p a k T f l p . (16A)

The analogous expression for a hemispherical contact area of radius 
rb, obtained from (7), is:

I  pa = —2irrbpakTnv. (17 A)

If a comparison is made on the basis of equal radii, (17A) is larger than 
(16A) by a factor of ir/2. On the more reasonable basis of equal contact 
areas, (16A) is larger than (17A) by a factor of 4•/*■.

An approximate solution which includes surface recombination can be 
obtained as follows. A solution of Laplace’s equation which satisfies 
(8A) and (10A) is:

y = 2J l  f  e~z‘Ju(rt) dt. (ISA)
TT JO I -f- A

T hat (18A) satisfies (8A) may be verified by direct substitution:

f  — — +  Ay =  —  [  Jo(rt) sin pi dt — 0 for r > p. (19A)
L 02 Jj-0 TV Jp

= (2y0/ir)(p2 — r2)~in for r < p .  (20A)

Expression (18A) satisfies (9A) approximately if X„ is large. Using 
(20A) and neglecting X in comparison with Xc, we have:

y  =  pa — (2yo/xXcXp1 — r2)~m  for z =  0, r < p. (21 A)

Except for r almost equal to p, the second term on the right of (21A) is
very small. I t  is not possible to obtain an explicit expression for y for 
r < p. For 2 =  0, r =  p,

y  =  f  S 'bO  sinpt  dt =  yaF(Xpy  (2 2 A )

TV Jo t  +  A

The integral, F(\p),  can be evaluated from a more general integral m 
W atson’s Bessel Functions, p. 433. We have:

F(k) =  -  r  J~ X) s m * dx =  cos k J 0(k) +  sin k Y0(k). (22B)
TV Jo X +  k

The factor multiplying y0 is unity for Xp =  0, and decreases as X,o increases. 
Since y  is approximately equal to pa, we have, approximately,

>'o =  p JF ( \p ) .  (23A)
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The value of y can also be found for r =  0. For z = 0, r =  0, we have:

y _  3 2  r e i i t l  _  ‘. O M .  (24A)
7r J t +  A ir

The integral can be expressed in terms of integral sine and cosine func­
tions:
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« « .  i  r  f e » * : . 2 r - c o s U s i  t  -  i )
IT Jo X  +  A  7T |_ \  I J

-j- sin & Ci & . (25A)

If £ is not too large, G(k) is nearly equal to F(k), so th a t y  is approximately 
constant over the area of the disk.

The total current flowing from the contact is found from integrating 
kTpp (dy/dz) over the disk:

-  -4 7 V ,,»  [ '  (26A)
Jo Jq t  ~ r  A

A T T  f  p J l ( p O  sin p i  , /OTAX=  -4kTp„ya  / — d/. (27A)
-'o I t  a

The integral can be evaluated with use of the general integral.of Watson, 
to give:

Tpa =  — 4 p k T p , , y 0 n ( \ p ) ,  (28A)

where

//(¿) =  f  A fc) sin x tfs _  v [cos £ /,(£ ) sjn /> 7 ,(6)]. (29A)
Jo .%* +  k L

Using (23A) for y0, we have:

/pa =  — 4pkTpppa[n  ( \P)/F(Ap)]. (30A)

Except for the factor //(Xp)/F(Xp), this expression for the current is 
identical with (16A). This factor, which gives the effect of recombination 
on the current, is plotted in Fig. 10. Recombination gives an increase in 
current flow, but the effect is small for the normal rate of surface recom­
bination, which corresponds to k  = Ap ~  .035.

A PPEN D IX  B

C a l c u l a t io n  o f  H o l e  F l o w  f o r  A r b it r a r y  H o l e  C o n c e n t r a t io n

In the text it was assumed that the concentration of holes was suffi­
ciently small so that the first term in the brackets of Eq. (26) could be 
neglected in comparison with unity, yielding Eqs. (28) and (29). We give
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here the general integration of Eqs. (26) and (27) for p arbitrarily large. 
Equation (26) may be written in the form:

where

k l

ip =  -g r a d  <p,

2bp b(b -  1)N, , ( ,  , ( b +  l ) p \
-  '»s +  - m r ) .l b  +  1 (b +  l )2 

Equation (27) then becomes:

V Y  =  0.

The radial solution of this equation corresponding to a total current I r 
is:

’/ '  =  >/'« +  / P/ 2 x r .  (4 B )

( l b )

(2B)

(313)

1.6

1.5

1.2

1.)

PLOT OF R ( k ) =
-7 7 /2  [ J< ( k )  c o s  k  +  Yt ( k )  S IN  k ]

J 0 {k)  c o s  k  +  V0 (K) s i n  k

! 1 1 i » i ! 1 1 1 -

Fig. 10.—Correction factor for surface recombination.

The constants I p and are determined from the boundary conditions 
(30) and (31) of the text corresponding to r =  r& and r = °°. These con­
ditions give:

kTn 2bpi 2 (b -  1)A
b +  1 (6 +  l )2

I p =  2 ivrb Y (r0) -  p„),

log ( l  +  (Ö ++  D M '
bN, )_

2b(p„ -  pi) __ b(b -  l )N f bN, +  (b +  1 )a '
b +  1 (b +  l )2 bN, +  ( b +  1) p¡.

(SB)

(613)

This equation is the appropriate generalization of Eq. (33) of the text. 
Since the equations are no longer linear, they do not apply strictly to the 
added hole concentration. However, if the normal hole concentration, po, 1S 
small, po will be negligible in comparison with pba and p a when the equa-
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tions are not linear. Accordingly, to a close approximation, we may take 
for the added hole current:

J pa 2 Try i,
2b (pi,a — pa) _  b(b — 1) bA1 f  +  (b +  1 )pba (7B)

b +  1 (b +  l )2 bN, +  (b +  1 )pa J

which is the generalization of Eq. (34) of the text.
The value of p ba and thus of I pa may then be found by equating this 

expression with tha t of Eq. (3) for I pa. This procedure yields the trans­
cendental equation:

pba —
'2b(pba -  Pa) _  b(b -  l )N f  ]oa bA7  +  (b +  l)p, (SB)

b +  1 (b +  l )2 ° b N { +  (b +  1 )pa .

where a is again defined by Eq. (6) of the text. This equation m ust be 
solved in general by numerical methods for a particular case. The equa­
tion simplifies for p a either large or small compared with N /  . The latter 
case is treated in the text. The opposite limiting case of large hole con­
centrations is treated below.

For pa large compared with N s , the logarithm m ay be neglected, so 
that

pita =  —2ab(pba — pa)/(b +  1). (9B)

If, as in the text, it is assumed th a t a is small in comparison with unity,
there results:

pba =  2 abpa/(b  +  1), (10B)

and, using (3):

I Pa = —[2b / ( b +  1 )]pakTnPA /r b . (1 IB)

This differs from (7) by a factor 2b/(b -f- 1). The equation corresponding to 
(8) will have this additional factor, and also the expression for the con­
ductance, G,  which, for large hole concentrations is:

G  =  Go +  [2 b/(b +  VKaPcoA/brJiPa/no), (12B)

in place of (38) of the text. Equation (16) which relates floating potential
and conductance is general, and applies for arbitrary hole concentration.
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T N  DEVELOPING microwave relay systems for frequencies around 
4000 megacycles, one of the major problems is to provide an amplifier 

tube which will meet the requirements on gain, power output, and dis­
tortion over very wide bands. As the number of repeaters is increased to 
extend the relay to greater distances, the requirements on individual 
amplifiers for the system become increasingly severe. A tube developed 
for this service is the microwave triode B.T.L. 1553, the physical and 
electrical characteristics of which were briefly described in a previous 
article .1 In the development of such a tube, both theoretical and ex­
perimental factors are involved; illustration of these factors in some 
detail is the purpose of the present paper.

Given the application, a number of questions arise at the outset. What 
determines the tube type—why pick a triode for development, rather than 
a velocity variation tube, or perhaps a tetrode? W hat electrode spacings 
are necessary in such a tube, and what current must it draw? How is its 
performance rated, and how does it compare with other tubes? To what 
extent can the performance be estimated in advance? W hat experimental 
tests can give more precise information? Some answers to these questions 
were obtained by the use of figures of merit, which led up to the choice of 
a triode as most promising for development, and which also led to the 
subsequent method of optimizing the design for the particular system 
application of microwave amplifiers and modulators.

The design process may be said to proceed by the following series of 
steps:

1. Formulate the system requirements, frequently with the aid of one 
or more figures of merit. The purpose here is to concentrate attention 
upon the limitations inherent in the tube alone by eliminating considera­
tions of circuitry or of other parts of the system. The figure of merit 
measures tube performance in an arbitrary environment, so chosen as to 
be simple, and also directly comparable to the actual system requirement.

2. Make tentative choices of tube type, and analyze further to find out

1 J. A. Morton, “A Microwave Triode for Radio Relay,” Bell Liboratories Record 27, 
166-170 (May 1949).
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how the figure of merit depends on the internal parameters of the tube, 
such as spacings, current density, and so on.

3. Optimize the internal parameters to make the figure of m er't as good 
as possible, with due regard to practical limitations like cathode activity, 
life, cost, etc.

4. Use enough experimental checks to make sure the estimates are 
sound. Build then the type of tube which appears to fill the require­
ments best, including the practical as well as the technical limitations. The 
figures of merit serve now as quantitative checks both of how well the 
tube satisfies the application, and also of how accurate is the theory.

Given a good accurate design theory, the whole process could in prin­
ciple be calculated in advance. Such a theory would permit great savings 
in effort, since spot checks of relatively few parameters are sufficient to 
insure accuracy even when the theory is used to predict a wide range of 
phenomena. The extent to which presently available microwave tube 
theory meets this need is considerable, as will appear from some of the 
results below.

The degree of accuracy required of a theory increases as the develop­
ment process continues. For preliminary estimates, such as deciding what 
tube type to develop, the theory can be rather rough and still be satis­
factory. For complete predictions of final performance, only experimental 
construction can suffice. By this means the theory can be checked, so that 
it can serve future designs with improved accuracy.

The method outlined here is not new, bu t rather follows standard 
practice fairly closely. I t  does, however, give more than usual quantita­
tive emphasis to the figures of merit, using them to codify the procedure; 
and it incorporates a certain amount of quantitative calculation a t micro­
wave frequencies. I t  will be seen that the theory of Llewellyn and Peter­
son needs only some semi-empirical supplementation in the low-voltage 
input space, as has already been pointed out by Peterson.2

P r e l im in a r y  E s t im a t e s — C h o ic e  o f  T u b e  T y p e  

For the New York to Boston microwave relay, an output amplifier 
was developed using already available velocity-modulation tubes .3 With 
four stagger-tuned stages, the amplifier proved satisfactory for this 
service, and in fact tests indicated tha t this system could be extended to 
considerably greater distances and still give good performance. I t  was 
apparent, however, tha t these amplifiers would not be satisfactory for a 
coast-to-coast system.

1947)*" ^  ^ etcrson’ “Signal and Noise in Microwave Tetrodes,” I. R. E. Proc. (Nov. 

1H. T. Friis, “Microwave Repeater Research,” B. S. T. J . 27, 183-246 (April 1948).
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When this limitation became clear several years ago, a study was under­
taker; to determine which particular type of electron tube amplifier then 
known had the best possibilities of being pushed to greater gain-band 
products. The results of this study indicated that a very promising pros­
pect was to build, for operation a t 4000 megacycles, an improved planar 
triode, th a t is, one in which the active elements are on parallel planes.

In  arriving a t this conclusion, two general types of device were con­
sidered: velocity-modulated, as in a klystron, and current-modulated, as 
in a triode. (Nowadays, such a  study would of course include traveling- 
wave tubes.) The conclusions were reached with the aid of the g a i n - b a n d  

figures of merit, along the following lines:

G a i n - B a n d  P r o d u c t  

The system performance requirements demand amplifiers capable of 
reasonable gains and power outputs over prescribed bandwidths. How­
ever, it is known th a t bandwidth can be increased by complicating the 
circuits (double-tuning, stagger-tuning, etc.). Such factors, being common 
to whatever tube may be used, are extraneous to a discussion of tube 
performance, and accordingly the tubes are rated by their perfo rm ance  
with simple, synchronous resonant circuits. Furthermore, even then the 
bandwidth can be increased at the expense of a corresponding reduction 
of gain, by simply depressing the impedance levels of the interstages. 
Since the product of gain and bandwidth remains constant, it is a suit­
able figure of merit, independent of the particular choice of bandwidth, 
provided the definition of gain is suited to the device.

Unfortunately there is more than one possible gain-band product, the 
appropriate form depending on how many simple resonant circuits shape 
the band of the amplifier stage. For example, a conventional pentode ora 
velocity-variation tube is usually used in conjunction with two high-(? 
resonant circuits, one each on input and output. If these are adjusted to 
give the same Q, then it is well known that, no m atter what the band­
width, the product of voltage gain and bandwidth is constant. (See 
Appendix 1)

| To | B  =  1 Y n  I /2 ttV C ~ C ^ t W

Here To is the mid-band voltage gain, B  the bandwidth 6 db down (3 for 
each circuit), F 21 the stage transadmittance, and C\n and C0ut the total 
effective capacitances of the resonant circuits, including the contribu­
tions of the tube*. I t  is assumed tha t the stage is matched into trans­
mission lines of some suitable constant adm ittance level Go ■

In  amplifiers using triodes such as the B.T.L. 1553 (or tetrodes) in
* As shown in Appendix 1, all quantities in equations (1) and (2) are the values effect"e 

a t  the electrodes adjacen t to the electron stream .
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grounded-grid circuits, the situation is different. Because the Q of the 
input circuit is always very much smaller than tha t of the output. Here 
a figure of merit independent of bandwidth is obtained from the product 
of power gain and bandwidth:

I r„ I2 £  =  I I'nlVdTT^Cou, (2)

Here Gi„ is the total conductance of the input circuit, including tube ¿on- 
tributions*. The gain is again measured with the tube matched at an 
arbitrary admittance level Go- The band, being now limited by only one 
tuned circuit, is somewhat different in shape from the above, and is taken 
3 db down.

While each figure of merit gives an unequivocal rating of tubes of 
appropriate type, the intercomparison of the two types still depends on 
the bandwidth. In particular, as the band is widened, the two-circuit type 
(klystron) loses gain a t the rate of 6 db per octave of bandwidth, while the 
one-circuit type (triode) loses only 3 db per octave. Consequently, if the 
two devices start with equal gains a t some narrow bandwidth, the triode 
rapidly pulls ahead in gain as the bandwidth is increased.

The figure of merit equation (1) states that improved klystron per­
formance implies either an increase in transadmittance F21 or a decrease in 
the band-limiting capacitances Ci„ or Cout • According to the simplest 
klystron bunching concept,4 the transconductance of such a tube may be 
increased indefinitely simply by making the drift time longer. Unfor­
tunately, this simple kinetic picture does not take account of the mutually 
repulsive space-charge effects which set an upper limit to the useful drift 
time by debunching the electrons.5 For a 2000-volt beam in the 4000- 
megacycle range, this limit is approximately three micromhos per milli- 
ampere. The 402A tube used in the New York to Boston system has 
already approached this limit within a factor of two. Since the capaci­
tances are also quite small, the prospect is quite dubious for any con­
siderable improvement in gain-band merit if the simple klystron type of 
operation were to be used.

Improvements are possible in a k lystron by  changing the m anner of 
operation so as to lower the d rift voltage V o , because the aforesaid trans­
admittance lim it is proportional to  V<rn .* This prospect is also relatively 
unattractive. To get transadm ittance values anywhere near the triode 
'v°uld require low voltages and close spacings som ewhat like the la tte r, 
and would encounter space-charge difficulties involved in handling a large 
current in a low-voltage d rift space. Furtherm ore, the tube would be more

, «?• H  Webster, Jour. App. Phys. 10, 501-508 (July 1939).
Kamo, Proc. I. R. E. 27, 757-763 (December 1939).

Ibe value of n may vary between JJ  and Jf . See reference 5,
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complex, having several grids instead of one. A number of modifications 
of klystron operation were considered, but all looked more complex me­
chanically and more speculative theoretically than a triode.

In  a triode there is also an upper limit to the transconductance that 
can be achieved by spacing cathode and grid more closely. This limit 
would be reached if the spacing were so close th a t the velocity produced 
by the grid voltage were of the same order as the average thermal velocity 
of cathode emission. The triode limit of some 11,000 micromhos per 
milliampere is, however, many times greater than th a t for ordinary 
klystrons. W hat is still more im portant is the fact th a t previous micro­
wave triodes were still a factor of twenty to twenty-five below this limit, 
leaving considerable room for improvement. Thus, if mechanical methods 
could be devised for decreasing the cathode-grid spacing and at the same 
time maintaining parallelism between cathode and grid, it seemed highly 
probable th a t great improvements would be available from a new triode.

The choice to develop a triode for this application was therefore taken 
not merely on the basis of simplicity, bu t also with the expectation that 
performance improvements would be not only larger but also more cer­
tainly obtainable than by use of a modified klystron. Moreover, the 
possibilities of using the triode over a wide frequency range in other 
ways—as a low noise amplifier, modulator and oscillator—lent additional 
weight to its choice. By translating the known requirements on gain, 
bandwidth and power output into triode dimensions as discussed below, 
it was found th a t the input spacings of existing commercial tubes w o u l d  

have to be reduced by a factor of about five. In  addition, cathode emis­
sion current densities would have to be increased about three times. A 
design was evolved in which the required close spacings could be produced 
to close tolerances by methods consistent with quantity production re­
quirements. The B.T.L. 1553 tube was the result (Fig. 1). Many of its design 
features were adopted for use in the Western Electric 416A tube, which is 
an outgrowth of this investigation.

D e s c r i p t i o n  o f  B.T.L. 1553 T r i o d e *

The electrode spacings of this tube and of a 2C40 microwave triode are 
shown in Fig. 2. In the 1553, the cathode-oxide coating is .0005" thick, the 
cathode grid spacing is .0006", the grid wires are .0003" in diameter, 
wound at 1000 turns per inch, and the plate-grid spacing is .012". ft is 
interesting to note tha t the whole input region of the 1553 including the 
grid is well within the coating thickness of the older triode.

The arrangement of the major active elements of the tube is shown in

* This section is repeated from reference 1 for completeness.



DESIGN FACTORS OF TH E  1553 TRIODE SOI

Fig. 3. This perspective sketch has been made much out of scale so that 
the very close spacings and small parts would be seen. The nickel core of 
the cathode is mounted in a ring of low-loss ceramic in such a manner 
that the nickel and ceramic surfaces may be precision ground flat and 
coplanar. A thin, smooth oxide coating is applied to the upper surface of

Fig. 1.—The B.T.L. 1S53 microwave triode with a cross-section drawing of it in the 
background.

the cathode by an automatic spray machine developed especially for this 
tube. With this machine, a coating of 0.0005" =t  0 .00002" may be pu t on 
under controlled and specifiable conditions. To insure long life with such 
a thin coating, it was necessary to develop coatings from two to four 
t'mes as dense as those used in existing commercial practice.

The grid 'vires are wound around a flat, polished molybdenum frame
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Fig- 3, Perspective drawing of the active elements of the 1553 close-spaced triode.
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that has been previously gold sputtered. The winding tension is held 
within ±1  gram weight to about 15 gram weight, which is about sixty per 
cent of the breaking strength of the wire. This is accomplished by means 
of a small drag-cup motor brake, a new method which was developed 
especially for these fine grids. The grid is then heated in hydrogen to 
about 1100°C, at which point the gold melts and brazes the wires to the 
frame. The mean deviation in wire spacing is less than about ten per

Fig. 4.—Physical appearance of the elements comprising the 1553 triode.

cent, and in fact these grids are fine enough and regular enough to be 
diffraction gratings as is shown in Fig. 5. In this figure, a fourth order 
spectrum diffracted by one of these grids can be seen. The third order, 
which should be absent because the wire size is about one-third of the 
P'tch, is much less intense than the fourth. Proper spacing of the grid is 
ihen obtained by a thin copper shim placed between the cathode ceramic 
aud the grid frame. Its  thickness must be equal to the coating thickness, 
plus the thermal motion of the cathode, plus the desired hot spacing.
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The cathode, spacer, and grid comprising the cathode-grid subassembly 
are riveted together under several pounds of force maintained by the 
molybdenum spring on the bottom of the assembly. The rivets are three 
synthetic sapphire rods fired on the ends with matching glass. In Fig. 4, 
the parts comprising this assembly are shown in appropriate pile-up se­
quence a t the left, and the completed cathode-grid subassembly is shown 
at the right between the bulb and the press. The grid-anode spacing of 
.012" is easily obtained by means of an adjustable anode plug the sur­
face of which is gauged relative to the bulb grid disc.

Fig. 5.—Spectrum formed by the grid of the 1553 microwave triode.

T a b l e  I
L o w - F r e q u e n c y  C h a r a c t e r is t ic s
For Vp -  250 V, /„  =  25 m i, V„ =  -0 .3  V

gm — 50 ,0 0 0  /imhos C kt =  10 mm/
M =  350 C ip  = 1 . 0 5  mm/

rp =  7000  ohms Ckp =  .0 0 5  mm/

The higher current density of 180 milliamperes per square centimeter, 
the thin dense cathode coating, and the very close spacings, posed a 
problem in obtaining adequate emission and freedom from particle 
shorts, and had to be solved by quality control methods because of the 
large number of factors involved and the precision required. Tubes, sub- 
assemblies, and testers have been made in batches and studied by statis­
tical methods. To achieve a state of statistical control on emission, and 
freedom from dust particles, it is necessary to process the parts and 
assemble the tubes in a rigorously controlled environment. Completely air- 
conditioned processing and assembly rooms operating under rigorous con­
trols have been found necessary6. Under such controlled conditions, good 
production yields with satisfactory cathode activity have been obtained,

6R. L. Vance, Bell Laboratories Record, 27, 205-209 (June 1949).
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whereas without such conditions not only was the yield low but it was 
difficult to ascertain just what factors were operating to inhibit emission 
and to cause cathode-grid shorts.

A summary of the pertinent low-frequency characteristics of the 1553 
triode is given in Table I. I t  should be noticed that, a t plate currents of 
25 milliamperes, the transconductance per milliampere is about 2000, that 
is, about one-fifth of the theoretical upper limit. At lower currents this 
ratio is higher: a t 10 milliamperes, for example, it is 3000 micromhos per 
milliampere. Diodes with the same spacings have about twice these values 
of transconductance per milliampere, showing tha t the grid is fine enough 
to obtain fifty per cent of the performance of an ideal grid.

T r i o d e  D e s i g n  R e q u ir e m e n t s

Analysis of the figure of merit can well begin by devoting attention to 
the band-limiting capacitance Cout of the output circuit. First, some ques­
tion may be raised as to the applicability of the concept of a simple 
L-C shunt resonant circuit a t high frequencies, where the circuit parame­
ters are actually distributed, not lumped. Suppose the actual circuit 
admittance is Y x = Gx -f- j B x. In order to represent it as a simple shunt 
resonant circuit of admittance Vp =  Gp +  jo>C„ +  l / jw L p, we need only 
require that the two be equal and have equal derivatives with respect to 
frequency at the center frequency f 0 =  u0/2 t . Accordingly the “effective 
values” of the actual adm ittance are given by the following equations:

Gp = Gx (coo)

C„ =  h(Bx +  B x/  coo) (3)

—  = Kcoo2 B x — w0Bx)

From this development one sees th a t the representation neglects Gx, 
the first derivative of the conductance, bu t otherwise is correct to first 
order as a function of frequency.

There are im portant cases where this representation as a simple circuit
does not hold. For example, double-tuned circuits having two local reso­
nances have a fundamentally different band shape. However, such compli­
cation of the circuits has been excluded from the figure of merit on the 
ground that it is purely a circuit “broad-banding” problem: having de­
termined the performance of the tube for simple circuits, any broad- 
banding (double-tuning, staggering, etc.) will give a calculable improve­
ment which does not depend upon the tube. Accordingly, to compare 
tubes it is sufficient to consider standard simple circuit terminations, 
tuned to the same frequency.
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T he to ta l capacitance Cout includes two contributions : from the active 
electrode area inside the tube (C22) and from the passive resonating circuit 
(Cj,2). I t  is convenient to consider these separately, w riting the figure of 
m erit as follows:

r ° I*5  =  (4)47rCrn C2:

The first factor is the “ in trinsic” electronic figure of m erit of the active 
transducer alone, while the second factor expresses the deterioration 
caused by  input passive circuit loss G , , i  and o u tp u t passive circuit ca­
pacitance C p 2, both  of which should ideally be held as small as possible.

Consider the first factor, the intrinsic electronic gainband product 
which depends only upon the properties of the electron stream  and the 
electrode dimensions in the regions occupied by  the electron stream.

I t  is the responsibility of the tube design engineer to maximize this 
p roduct consistent w ith any  lim itations which m ay be imposed by me­
chanical, emission, therm al or circuital considerations.

On the o ther hand, in maximizing this intrinsic gain-band product, the 
tube engineer m ust no t proceed in ignorance of the effect of his actions 
on the possibility of obtaining a favorable value for the second factor. 
For example, he m ay a ttem p t to  m ake C22 so small (in order to maximize 
the first factor) th a t it becomes physically impossible to obtain an effec­
tive circuit capacitance C v 2 which is no t large com pared to  C n  . In  such a 
case, the  actual gain-band product would be m uch smaller than the in­
trinsic product of which the tube would be capable if circuit capacitance 
were negligible. Such a balancing of effects will become apparent from 
the subsequent discussion.

I t  is desired, therefore, to  express the transadm ittance, input c o n d u c t­
ance and  o u tp u t capacitance of the  electronic transducer in terms of such 
param eters as cathode curren t density , electrode dimensions, frequency 
and poten tia ls in such a way th a t it will become clear how a m axim izing 
process m ay be carried ou t by adjusting  these param eters.

As a first approximation let us use the results of Llewellyn and Peter­
son’s analysis of plane-parallel flow7, which makes the following assump­
tions:

1. All electrons are em itted  w ith zero velocity.
2. All electrons in a given plane have the same velocity.

7 F. B. Llewellyn and L. C. Peterson, “Vacuum Tube Networks,” Proc. /. R • L , L, 
144-166 (1944).
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3. The dimensions of the grid are infinitesimal compared to the elec­
trode spacings.

4. The electrode dimensions are small compared to the wavelength.

M i  =  K  

=  K '

(5)

It can be shown that the intrinsic gain-band product may be expressed 
in the following two ways:

1  F i  
L*i_ 
V
J J

where K, K '  are parameters which are functions only of frequency.

*i is the cathode-grid spacing in cm
, , . , , 126 ( x A 1/3

01 is cathode-grid transit angle and 0i =  —  y - jJ

j  = cathode current density in am p/cm 2
6300 ar2

02 = grid-anode transit angle and 02 =

and Fi (0X), F2(02) and F 3(0i) are complicated functions of their respective 
transit angles.

Consider frequency to be given as part of the specifications on the tube.

V a r ia t io n  w i t h  C u r r e n t  D e n s i t y , j  

In the first formulation the current density is involved only in the
/ x X 13second factor. This factor is a function only of 0i =  anc  ̂ ’s shown

plotted in Fig. 6. If .Ti and X are considered to be held fixed for the moment 
the first maximum a t 0i —> 0 requires j  to be as large as possible consis­
tent with emission limitations and life. For the 1553 the cathode current 
density is set a t 180 m a/cm 2.

The other maxima a t larger values of 0i (and smaller values of j),  
where F^di) goes through zero, correspond to transit angles where Gn —> 
0 in the single-valued velocity theory. These maxima cannot be taken at 
face value, however, to indicate maxima in the unequal-Q gain-band 
product since they violate the assumption that Qi < < Qi for which the 
formula was developed. To make a study of gain-band variation in this 
region therefore entails a study of gain-band product as a function of 
bandwidth, as was pointed out previously in connection with comparison 
°f the equal-Q and unequal-Q cases. Such maxima are of interest pri­
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marily in narrow band cases so tha t for the present we shall concern 
ourselves only with the first maximum a t 9i —> 0 and j  indefinitely large.

Fig. 6.— Gain-band product dependence on current density (j), w ith input spacing 
(xi) fixed.
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Fig. 7.— G ain-band product dependence on inpu t spacing (xi), w ith current density (j) 
fixed.

V a r ia t io n  w i t h  C a t h o d e - G r id  S p a c in g , at

Now consider that j  has been fixed a t the largest permissible value 
according to the previous section and consider the second formulation
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for Mi. The spacing xx is involved only in the second factor which again

is a function only of 0X = ( ^ j  ■ We again have a strong first maximum at

6 —> 0 requiring xx to be as small as possible (Fig. 7). Other maxima are 
indicated a t larger values of 0X (and larger values of aq) again a t points 
where Gn —> 0 and the same remarks apply here as were made in the 
previous section. For broad-band optima we are therefore interested in 
minimum values of xx,
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1‘ig. 8.—Gain-band product, dependence on output spacing (xj).

V a r i a t i o n  w i t h  A n o d e - G r i d  S p a c i n g ,  x 2

The anode-grid spacing x<, is involved only in the third factor of either 
formulation. This factor is a function of output transit angle 82 and 
exhibits a maximum for 9 =  2.9 radians as shown in Fig. 8 . This opti­
mum at a fairly large value of 02 is due to the fact tha t the capacitance 
Ob varies as \ / x 2 whereas the coupling coefficient of the stream to the gap 
decreases more slowly a t first than the capacitance so tha t the ratio 
122i/C22 improves as the spacing becomes moderately wide. The opti­
mum d2 corresponds to an optimum value of x2 which of course depends 
upon the plate voltage and frequency of operation. For the 1553 at 250 
'olts and 4000 M c/s, the optimum output spacing is .022".
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L im it a t io n s  i n  C h o o s in g  O p t im u m  P a r a m e t e r s

Generally, there are mechanical, thermal, emission and specification 
limits which prevent the realization of optimum values for all of the above 
parameters simultaneously. A good design is one in which a nice balance 
is effected between these various optima and their limitations.

L im it a t io n s  o n  E m is s io n  C u r r e n t  D e n s i t y , j

I t  is generally true tha t the life of a thermionic electron tube varies 
inversely as the average cathode current density in a complicated fashion. 
The maximum permissible value of j  is therefore always a compromise 
between our desire for highest figure of merit and long life. In  the present 
state of the cathode art as it has been evolved for the 1553 triode it is 
possible to operate a t a current density of 180 m a/cm 2 and obtain an 
average life of several thousands of hours. I t  is perhaps of interest to 
note tha t it was necessary to develop much more dense and smooth oxide 
coatings in order to make possible such life in the thin coatings necessary 
for operation a t such close spacings.

L i m i t a t i o n s  o n  C a t h o d e - G r i d  S p a c in g ,  xi

Consider the limitations in reaching the optimum in x\. There is, of 
course, the obvious one tha t it is mechanically and electrically not pos­
sible a t present to make X\ equal to zero and still retain the essential 
features of unilateral controlled space charge flow. Granting then that the 
spacing cannot be zero, we must choose the smallest value of X\ for which 
parallelism and reasonable tolerances can be maintained. To this end in 
the 1553 a value of xi =  .0006" is very near this limit with p resen t 
structures.

There is, however, a t present another limitation which is essentially 
mechanical in nature bu t makes itself felt electrically in a way not indi­
cated in the above simplified theory. This theory has assumed that the 
grid dimensions are infinitesimally thin compared to the electrode spac­
ings. However, if this is not the case then the grid has less control action 
than an ideal fine grid, and the intrinsic gain band product must be 
reduced by still another factor TL which is a function of the grid trans­

mission factor a =   -----~ and the ratio — where is the pitch distance be-
P P _ .

tween grid wire centers and d is the diameter of grid wires. This function  
has the form shown in Fig. 9.*

Thus if the grid pitch and wire diameter are mechanically limited to 
some finite though small values, the optimum in input spacing X\ will

* D ata transmitted informally from C. T. Goddard and G. T. Ford.
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still be for xi —> 0 bu t will not increase so strongly as x~i,z as before but 
much more slowly, about as x~113. The grid dimensions should consequently 
be made as small as possible while still maintaining a transmission fraction 
at no less than 0.5 and at the same time not allowing mean deviations in 
pitch more than about 15%.

In the 1553 our best grid techniques today have led to a stretched grid 
(which does not move appreciably during temperature cycling) having a 
transmission factor of approximately 0.7, a pitch distance of .001" and a 
mean deviation in pitch of less than 15%. For such a grid further de­
creases in input spacing without refining the grid will not pay oil very 
rapidly, since we are on the maximum slope portion of the function Ft.

L im it a t io n s  o n  A n o d e - G r id  S p a c i n g ,

In considering the choice of output spacing we must a tta in  a balance 
among the following considerations:

a. The optimum transit angle 02 =  2.9 radians requires a spacing which 
varies with plate voltage and with frequency. For 250 volts and 
4000 M c/s, this optimum is .022".

b. The anode heat dissipation must be closely watched because the glass 
seal in this type of tube is very close to the anode. For the 1553, 
a maximum of 50 watts per square centimeter of anode active sur­
face is safe. W ith a maximum cathode current density of 180 
ma/cm2, set by life considerations, heat dissipation limits the plate 
voltage to 275 volts unless the current is lowered.

c- If the anode is moved too far out, keeping its voltage constant, then 
in order to draw the desired current the grid must go positive, 
perhaps drawing excessive grid current. The grid shielding factor p. 
cannot be reduced without harming the transadm ittance and feed­
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back values; accordingly the cathode current would have to be re­
duced below the maximum permissible from life considerations.

d. The circuit degradation factor (1 +  CP2/C 2 2)~l becomes more un­
favorable as the active capacitance Cn is reduced by widening the 
output spacing. For discussion and calculation of this factor, see 
Appendix 2.

e. A wider output spacing, by virtue of the reduced capacitance, per­
mits a higher maximum frequency limit on the tube.

The actual choice of output spacing in the 1553 is .012". This com­
promise between the foregoing factors appears to be suitable a t 4000 
M c/s. The output transit angle of 1.6 radians gives 78% of the theoretical 
optimum intrinsic gain-band product. The anode dissipation is near the 
maximum safe value for the maximum allowable cathode current. The 
grid runs very close to cathode potential so th a t grid current is small. 
The circuit degradation factor has a value of about 0.8, while the upper 
frequency limit of the tube is satisfactory (about 5000 M c/s).

The optimum design just described is an attem pt to get the best pos­
sible gain-band product in the resulting tube, and is based on a particular 
electronic theory (that of Llewellyn and Peterson). Two points remain to 
be discussed. (1) W hat would be the result of optimizing for other merit 
figures such as power-band product or noise figure, and (2) how valid is 
the theory?

P o w e r - B a n d  P r o d u c t

The radio relay amplifier requires not only gain, bu t perhaps even more, 
power output. In  such a case, the design specification of greatest im­
portance is the bandw idth over which a certain power output can be 
obtained with a specified maximum distortion, and is expressed by an 
analogous figure of merit, the power-band product.

Of the m any methods of specifying distortion, one which is particu­
larly useful in this connection is the “compression” , th a t  is, the amount by 
which the gain is reduced from the small-signal value. In  an amplitude- 
modulated system, the compression would be a direct measure of non­
linear amplitude distortion in the amplifiers. In  the actual relay, using 
FM, compression is an indication th a t the amplifier is approaching its 
maximum limit of power output.

The maximum power output depends not only on how much current 
the tube can carry, bu t also on the magnitude of the load impedance 
into which this current works, which in turn depends upon the band­
width of the load. To compare tubes vbthout need of specifying any 
bandwidth, one notes th a t the product of powrer output and band­
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width is a constant, a figure of merit. The derivation is outlined in 
Appendix 1.

D n l loA C )F l(02)
I o-B  = ------——---------  (6)

4-7rC0ut

The numerator here is just the square of the maximum ac current; tha t 
is, the dc current / 2o , multiplied by a factor F(C) depending on the allow­
able compression C, and by the gap coupling coefficient F2(62) of the elec­
tron stream to the output gap. The la tte r is of course a function of the 
output transit angle 02. I t  is assumed th a t the load is a matched simple 
resonant circuit and the band is taken 3 db down.

The power optimum m ust clearly be somewhat different from the gain 
optimum previously discussed. For example, the transadmittance does not 
appear here, nor does any property of the input circuit; while the magni­
tude of the direct electron current, which did not appear in the gain- 
band product, is now important. The capacitance of the output circuit 
appears in both figures of merit.

In terms of internal param eters of the tube, application of Llewellyn 
and Peterson’s theory along the lines previously discussed leads to the 
following expression for power-band product:

M i (P) =  K [ A f  F2(C)] [fc Fl (f?2) V v Pl (7)

where A is the electrode area, F2(C) is a function of the allowable dis­
tortion limits, K  is a constant which may depend upon frequency, and 
the other symbols are as before.

Considering first the dependence on output transit angle and plate 
voltage, one sees that this figure of merit has exactly the same form as 
the gain-band product. I t  is, however, not quite safe to assume therefore 
that exactly the same output configuration is still optimum, because the 
factors entering into the choice of output spacing have not exactly the 
same relative importance any longer; for example, a positive grid may be 
less objectionable, or a higher plate voltage may be permissible. Still, as a 
first approximation one may assume the output configuration to be al­
ready somewhere near optimum.

Other factors of the power-band figure of merit show considerable 
difference from the gain-band product. For instance, the electrode area 
eaters the picture explicitly, suggesting th a t a larger area tube would 
give more power. The current density enters squared instead of only to 
the § power; the explicit dependence on input spacing is missing. The 
ComPression function F(C) depends mostly on the input conditions in a 
complicated way difficult to calculate. I t  can be approximated graphically 
rom static characteristics.
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A power tube similar to the 1553 might therefore be larger in electrode 
area, might have a coarser grid and wider input spacing, and perhaps 
would differ somewhat in output configuration, particularly if the plate 
voltage were raised. Any cathode development permitting a higher cur­
rent density would improve the power output more than the gain, and 
might well lead to a drastic anode redesign to permit larger plate dissipa­
tion.

Similarly, a design to optimize noise figure would lead to still a third 
version of the tube, in which one might consider such things as critical 
relationships between input and output spacings.

For the 1553 a t 4000 megacycles the following quantitative data may 
be quoted in order to check the gain-band product estim ates .8

I F 21 | =  39.10~3 mhos 

Gn =  73 -10-3 mhos

Note tha t the transadmittance is less than the dc value of 45 -10~3 
mhos by only about 15%, while the input conductance, instead of being 
equal to the transadm ittance as a t low7 frequencies, is almost tw'ice as 
large, on account of loading of the input gap by electrons returning to the 
cathode. Using the active capacitance C22 of .477 muf, the intrinsic gain 
band product is:

T -5  =  F 212/ 47rGnC22 =  3480 megacycles.
W ith the somewhat optimistic capacitance degradation factor of .81 com­
puted in Appendix 2, the gain band product would be reduced to 2820 
megacycles.

The experimental average value is about 1100 megacycles.9 The differ­
ence is probably due in part to resistive loss in the passive input circuit, 
which may be calculated as follows: Neglecting feedback, the input cir­
cuit may be represented as containing a resistance R,  in series with the 
short-circuit input adm ittance gn +  jbu ■ Robertson gives the following 
values for these elements:

gn =  73 • 10~3 mhos 

5n =  26-10-3 mhos 

R, = 7.6 ohms
Accordingly, the input degradation factor R n/(R u  +  A.) sh o u ld  be
11.2/(11.2 +  7.6) =  .60, giving a computed overall gain-band p ro d u c t of 
1690 megacycles. The best tubes sometimes exceed this f ig u re , lubes

'  S. D. Robertson’s measurements a t 4000 megacycles, B. S. T. / . ,  28, 619-655 (0c 
tober 1949). „

9 A. E. Bowen and W. W. Mumford “Microwave Triode as Modulator and Ainpli , 
this issue of B. S. T. J.
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with lower values may have excessive input circuit loss or may have 
narrower bandwidth on the input side than has been assumed. Further 
measurements, by elucidating this point, might lead to a better design of 
tube and circuit.

An entirely similar calculation can be made for the power-band product. 
The additional assumptions required are that the compression function 
I*(C) has the conservative value of h, and the output coupling coefficient 
Ps(0i) is taken as 0.9. The power-band product a t 4000 megacycles is then 
computed to be 50 w att megacycles, which is quite close to the figures 
found by Bowen and Mumford.

R e f i n e m e n t s  o f  t h e  E l e c t r o n ic  T h e o r y

In the electronic computations above, the single-valued theory was used 
because it is the simplest theory which describes the high frequency case 
at all accurately. The most im portant discrepancy between the rigorous 
theory and the actual situation is the first theoretical assumption listed 
above, that the electrons are emitted from the cathode with zero velocity. 
For actual cathodes the velocity of emission is not zero nor uniform but 
has a Maxwellian distribution such that the average energy away from 
the cathode is § k Tk, or about equivalent to the velocity imparted by a 
potential drop of 0.04 volt for an oxide cathode a t 1000°K. There result 
several effects whose general nature is known but which have not yet 
been formulated into a rigorous quantitative theory valid at high fre­
quencies.

(1) A potential minimum is formed a t a distance on the order of 
•001" in front of the cathode instead of at the cathode as in the 
simple theory. This distance is not negligible for close-spaced 
tubes; so that, for very close spacings, even perfect “physicists’ 
grids” approach a finite trans-conductance limit, [van der Ziel, 
Philips Research Reports 1, 97-118 (1946); Fig. 2.]

(2) Because the potential m inimum implies a retarding field near the 
cathode m any electrons emerging from the cathode are forced to 
return to it. These returning electrons absorb energy from the signal 
and also induce excess noise in it, both effects becoming im portan t 
at high frequencies.

Ihe effects of initial velocities on the figures of merit can be measured 
|-xperimentally. For example, the circuit and electronic impedances of 
•odes and triodes a t 4000 Me have been measured by Robertson .8 Such 

•ueasurenients can determine the electronic loading and noise separately 
rom the circuit degradation effects and are therefore a highly effective 

'loc. cit.
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method of circuit design as well. Robertson found that the input circuit 
structure of the 1553 produces a measurable impairment in its gain-band 
product, which redesign of both tube and circuit may be able to improve. 
Comparison of his results with the theory has given a better understand­
ing of the limits of high-frequency performance, and has lent some sup­
port to the following set of rules of thumb which have been in use for 
some time:

1. The input loading arising from the returning electrons is consider­
able, the input conductance of these tubes a t 4000 Me being about 
double the theoretical value of Llewellyn and Peterson .7

2. The input noise of these close-spaced tubes checks well with what 
one would expect of a low-frequency diode with Maxwellian veloci­
ties, whose solution is known. In  high-frequency noise calculations, 
therefore, one can use with some confidence Rack’s suggestion that 
cathode noise can be regarded as an effective velocity fluctuation at 
the virtual cathode.10

3. Single velocity theory seems to hold well when velocities are much 
larger than Maxwellian, drift times are not more than a few cycles, 
electron beams are short compared to their diameter, and no exact 
cancellations of large effects are predicted. In  particular it holds well 
for the 1553 output space and for calculations of the high-frequency 
trans-admittance.

Extensive calculations of signal and noise behavior in planar multigrid 
tubes have been made by L. C. Peterson, using the single-velocity theory 
except for an empirical value of input loading, and using Rack’s sugges­
tion for cathode noise.11 The results so far checked have agreed well with 
experiment.

In short, the optimum design for the tube is still given fairly closely 
by the figures of merit based on the approximate theory, but the per­
formance will fall somewhat short of the predictions of the simple theory; 
performance can be estimated with the aid of the experimental m easu re ­

ments and rules of thumb just described.

S u m m a r y

From the foregoing calculations we draw a number of conclusions:

1. The figures of merit can be validly analyzed into their dependence 
on more elementary properties like transadmittance, circuit capaci­
tance, input loss resistance, and so on.

7 ]qC. d t .

10 A. J. Rack “Effects of Space Charge and Transit Time on the Shot Noise in Diodes, 
B. S. T. J ., 17, 592-619 (October 1938). ,

11 L. C. Peterson “Space Charge and Noise in Microwave Tetrodes,” Proc. I. R- E., 5a, 
1262-1274 (November 1947).
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2. Even rough calculations, such as the coaxial line approximations 
used in Appendix 2 are close enough to the facts to indicate whether 
the design is close to an optimum with respect to such parameters 
as output spacing, anode diameter, grid diameter, and the like. 
More accurate calculations and experiments can give more precise 
answers to these questions.

3. Some considerations such as cathode activity, tube life, heater power 
and so on have not yet been included in the analysis. However, 
systematic optimization for such parameters as are treated quanti­
tatively is greatly facilitated. In  general, each different figure of 
merit leads to a somewhat different optimum and hence a different 
version of the tube.

The design of tubes by the method of figure of merit has been outlined. 
The method is very general, bu t in essence has just three steps:

1. Formulate the system performance of the projected device with the 
aid of a figure of merit.

2. Find how the figure of m erit depends upon the parameters of the 
tube, such as spacings, current, etc.

3. Adjust the tube parameters, subject to physical limitations, to op­
timize the figure of merit.

A c k n o w l e d g m e n t s

The development of this microwave triode has required not only the ex­
pert and highly cooperative services of a large team of electrical, mechanical, 
and chemical engineers but also the indispensable assistance of skilled tech­
nicians, all of whom worked smoothly together to develop these new ma­
terials and techniques to a point where they are specifiable and amenable 
to quantity production. I t  is not practical to mention all those who have made 
significant contributions to this development. The contributions of A. J. 
Chick, R. L. Vance, H. E. Kern and L. J. Speck, however, are of such out­
standing nature that mention of them cannot be omitted.

APPEN D IX  1 

D e r iv a t io n  o f  t h e  F ig u r e s  o f  M e r i t  

Gain-Band Figure of Merit

Let the problem be stated as the design of an amplifier tube to operate 
with as large gain over as wide a frequency band as practicable. As a 
standard environment, we use a single-stage amplifier working between 
equal resistive impedances. For three reasons this standard is suitable: it 
is simple; it corresponds closely to practicality in many cases especially
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in the microwave field; and in most cases, it turns out th a t performance is 
limited by the same transadmittance to capacitance ratios as apply when 
the source and load impedances are not purely resistive. The terminology 
of high frequencies will be used but the analysis applies a t all frequencies 
under the conditions stated.

Consider the over-all single-stage amplifier of Fig. Al-1 consisting of 
input resonator, tube and output resonator, to be a single transducer

Fig. Al-1.—Microwave triode amplifier.

whose gain and bandwidth we wish to relate to the geometry and other 
pertinent characteristics of the circuits, bulb and electrode characteristics.

I t  is instructive to consider the whole transducer to be made up of three 
transducers in tandem as follows:

1. The input passive transducer, extending from the externally avail­
able input terminals (perhaps located somewhere in the driving wave 
guide or coaxial line) up to the internal input electrodes right at the 
boundary of the electron stream. Call this transducer T< ; in the
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case of the grid-return triode of Fig. 1 it begins somewhere in the 
input wave guide at 0-0 ' where only the dominant wave exists, 
includes the input external cavity and th a t portion of the tube in­
terior right up to but not including the cathode-grid gap adjacent 
to the electron stream at 1-1'.

2. The output passive transducer, extending from the externally avail­
able output terminals located in the output wave guide through the 
output part of the bulb right up to the internal output electrodes at 
the boundary of the electron stream. Call this T0; in the triode it

y,2 v2 y 2 ,v ,

I' t  t__ 2'

Y„

r

LpijoGpi«;^  — . Cp, Y,, Y22 C p 2

Y22 ' p2

(a) 1— t — ^
y 2 ,v,

t  -a t

(b) -2
Y ,,V ,

n 2 :1 3 '

n 2 : i  3'

-----------------' (C) '-----------------
Fig. Al-2.—Amplifier representations.

extends from somewhere in the output wave guide at 3-3' where 
only the dominant wave exists, includes the external coupling window, 
resonator cavity and output portion of the bulb, right up to the 
grid-anode gap adjacent to the electron stream a t 2-2 '.

3. The active electron transducer enclosing everything between the 
internal terminals of the above two passive coupling transducers— 
call this T e—in the triode it extends from the cathode-grid gap 
adjacent to the electron stream a t 1-1' to the grid-anode gap adja­
cent to the electron stream a t 2-2'. Geometrically it includes the 
stream and active portions of the electrodes. The term “active” 
will be applied to the electron stream and to those portions of the 
electrodes which interact directly with the stream.
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We may represent these three transducers as in Fig. Al-2a, where the 
input and output transducers have each been replaced by an ideal trans­
former of turns ratio N  and a shunt admittance Yp . This representation 
is general enough for present purposes, provided th a t Yp and N  are
allowed to be complex functions of frequency and provided tha t terminals
0-0' and 3-3' are chosen so that a potential minimum occurs a t those 
points when points 1-1' and 2-2 ' are shorted.

The short-circuit admittances for the whole transducer as seen a t ter­
minals 0-0' and 3-3' are then

Y*n  =  iV2! (Y n  +  F pi)

F *22 =  N l  (F 22 +  F p2) (Al-1)

Y*n =  AhNzYn

F*u =  N iN tY u

where the F y  are the short-circuit admittances of the electron transducer 
alone as seen a t terminals 1- 1' and 2-2 '.

If the feedback admittance F 12 is assumed negligible the insertion volt­
age gain may be written as

v 2Ari A2 F21T(u) =

=  i_2L (Al-2)

G0( l  +  CTi) (1 -j- (T2) 

where the sigmas are admittance-matching factors:

_ A7i(F u +  F pl) _  F*u _  A l(F a  +  F p2)
^  Go Go ’ a2 Go Go

The gain is maximum when <n, o-2 are minimum, i.e., when tube and 
circuits are resonant and losses are minimum.

We may rewrite this in terms of the total F*y as follows:

r ( “ } =  G o(l +  CTi) (1 +  0-2) (A1' 3)

M any practical cases are well approximated by the more special repre­
sentation of Fig. A l-2b, where the turns ratios of the ideal transformers 
are real and independent of frequency, and the shunt admittance consists 
of ordinary lumped constant circuit elements. The feedback admittance 
Fia is neglected.

This representation as simple, lumped-constant elements holds very 
well for any admittance, even a distributed, cavity-type microwave 
circuit, or an electronic admittance, provided tha t the combined circuit 
has no series and only one shunt resonance near the frequency band m
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question. The “ effective values” of the actual admittance are given by 
equations (3) of the text, as follows:

Let the complete admittances across nodal pairs 1-1' and 2-2' be called 
Yu and F 2e as in Fig. Al-2c, which is an abbreviation of Fig. Al-2b from 
the point of view of the active transducer.

where G\ and G2 are the line admittances as seen from the active trans­
ducer:

The insertion voltage gain (2) may be written as follows to emphasize 
the manner in which it depends upon frequency:

Here n =  cr(co0) is the matching factor a t band center. Frequently the 
circuits are matched (mi =  m  = 1) to avoid standing waves in system 
applications, and we shall discuss this case; but in any case mi and ju2 
are constants with respect to frequency. For our standard circuits, Gu 
and G2, are independent of frequency; also ordinarily the transadmittance 
Yn may be considered -onstant for bandwidths commonly encountered. 
There results then the fact tha t the voltage gain (and phase) depends on 
frequency in the same way as (Yu  F2i)_1.

(A 1-4)

1
— G i  +  G v i  +  G u  +  j/coC pi +  j u C h  +  ^

1
ju L u  (Al-5)

1

=  G‘ie +  juC2e +  . ,juL-

Gi = Go/A71; G2 =  Go/Nl  

The Q’s of the circuit are defined as

Qie — wo Cu/Gu  

Q?.e =  Wo C 2< /Gif’

(A 1-6)

(Al-7)



522 BELL S Y S T E M  TECH NICAL JO URN AL

Since the gain varies with frequency, the amplifier will give approx­
imately constant response only within a certain range^of frequencies. 
The band of the amplifier is defined as th a t frequency interval within 
which the magnitude of the gain is constant within some specified toler­
ance; the bandwidth is the size of this interval. We wish to express the 
gain of the amplifier in terms of its bandwidth, in the following way:

The voltage gain of this amplifier has a maximum, calledTr 0 , a t band 
center frequency/o. Take the band of the amplifier BN(A) as th a t interval 
within which the voltage gain is within a factor of 1/N  times the maxi­
mum.

f S )  “  I f  definCS Bn{A) (A1"9)
We can analogously define the band of a simple circuit B n(C) by the 
relation

>  -  defines B n(C). (Al-9)■<2« (to) n

I t  follows directly that

Bn(C) =  • (A 1-10)
7̂rC/2«

Since the amplifier gain is inversely proportional to the product of the 
circuit admittances, it follows that nx n2 =  N.

The intrinsic bandwidth resulting from the tube adm ittance may not 
be suitable for the intended application. In  th a t case the band may be 
widened by increasing Gu  or Gic with a corresponding decrease in gain. 
We have then the problem of adjusting Gu and G2c for greatest band ef­
ficiency, i.e., maximum gain for a given bandwidth, with synchronous 
tuning. I t  turns out th a t if the bandwidth is less than th a t needed, then 
the circuit of higher Q should be lowered until either (a) the band be­
comes wide enough, or (b) the Q’s become equal. In  case (b), both Q’s 
should then be lowered, maintaining equality, until the band is wide 
enough.

Two im portant limiting cases are to be considered: (a) Qu  =  Qu > he- 
the band is shaped equally by the input and output circuits; and (b) 
Qu <  <  Qu , i.e. the band is shaped by only the output circuit. In the 
equal-<2 case we have

Gu _  Gu
Cu ~  C2e

2n =  N  (Al-ll)
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If only the output circuit is involved, then N  — w2 and the band of the 
amplifier, being shaped differently, is given by a different relation:

B A A )  = V n ~ -  1. (Al-12)
-¿7TC2«

In other words, a band shaped by only one circuit has the shape of (12), 
while a band shaped by two circuits has the shape (11), The maximum 
voltage gain is

1 r ° 1 =  ' r W  1 =  V g A ( 1 +  m ) ( l  +  Mi) (A1' 13)

Substituting for the G’s in terms of the bandwidth, we have for the 
equal-Q case (from 11)

1 y «  1 2V F ^ 1  1 /A<
1 01 2 r V C i £ u V ( l + T i ) ( l  + '  w) B »

and for the unequal-Q case (from 12)

1 Y n 1 V 8  < / N ^ l  1
1 ° 1 VGu V4ttC2£ V(1 +  w)(l +  m2) V bn (A 5)

These equations give the relationship between the gain and bandwidth 
of a transmission system shaped by two or one independent circuits, 
respectively. The comparison between these two cases is not quite straight­
forward. First, the band shapes (11) and (12) are different, although this 
difference is small enough to be ignored for N  <  2 (6 db down). Second, 
the gain varies differently as the band is widened; the equal-Q case loses 
gain at 6 db per octave in bandwidth, the unequal-Q case only 3 db 
per octave. The comparison therefore depends on the bandwidth chosen. 
However, these formulas are still quite useful, especially in comparing 
two amplifiers of the same type or in optimizing an amplifier of one of 
the types.

From the equal-Q formula one notices tha t the product of insertion 
voltage vain and bandwidth does not depend on the bandwidth, bu t is a 
hgure of merit by which two amplifiers of the same type (i.e. equal Q) 
hut different gains and bandwidths can be compared. Since

C u  =  C n  +  Cpi ; Cii =  C22 +  CP2

( z W c u C , )  ( y ' j  +  Cj; ^ / j  +  C*

2 V n  -  1

(1 +  Ml)(l +  Fi))
(A 1-16)
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This expression for the gain-band figure of merit of a two-circuit, line- 
to-line amplifier is particularly useful for grounded-cathode pentodes and 
klystrons. I t  is the product of three factors. The first may be called the 
electronic figure of merit because it depends only upon electron stream 
parameters (ratio of transadmittance to mean capacitance of the elec­
tronic transducer T e). The second is the degradation factor giving the 
effect of adding passive circuit capacitance both inside and outside the 
bulb to the active capacitance already present in the electronic transducer. 
The third factor, called the matching factor, depends only on the matching 
conditions and on the arbitrary definition of bandwidth. If the band is 
taken 6 db down (3 db for eacy circuit) and the tube input and output 
are matched, the third factor is unity.

In  amplifiers using triodes and tetrodes in grid-return circuits, the Q 
of the input circuit is usually very much smaller than th a t of the output. 
Here it is appropriate to use the single-circuit limiting concept, with 
<2xo < <  Qie ■ Here a figure of merit independent of bandwidth is obtained 
from the product of power gain and bandwidth:

| r “' i ' " ( S5 f ) ( ( i + D ( i + ^
(  8Ml V w ^ ~ l  \  ,A147)
\(1  +  Mi)2(1 +  « ) /  (

This expression for the gain-band figure of merit of a one-circuit, line- 
to-line amplifier is also the product of three factors. The first is again the 
intrinsic electronic figure of merit of the active transducer alone; the 
second is the degradation produced by the addition of passive circuit 
capacitance to the output and circuit loss to the input; the third is a 
band-definition matching factor which is unity when the band is taken 3 
db down and the tube is matched.

In  the application of the figures of merit, the third factors are usually 
omitted, since they depend only on the matching conditions and on the 
particular definitions of bandwidth used.

Power-Band Figure of Merit

In the problem of power output amplifier stages, the design specifica­
tion of greatest importance is the bandwidth over which a certain power 
output can be obtained with a specified maximum of distortion. Of the 
many methods of specifying distortion, one which is particularly useful 
for microwave systems is known as the “compression” . If the power gam 
is plotted in decibels as a function of the power output, as shown in Fig.
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Al-3, it will normally be constant for low power levels (for which the 
device is essentially linear) and equal to the low level power gain | r  |2 . 
However, a t some higher power level non-linearities appear in some or all 
of the various short-circuit admittances, usually causing the power gain 
to decrease below the small-signal value by an amount called the com­
pression, C. If J o /Pi  be power gain for any power output and | F j2

Fig. Al-3.—Typical gain variation with power output.

AC O UTPUT CURRENT I 2 
DC O UTPUT CURRENT ’ I 20

Fig. Al-4.—- Compression vs.
A1 ternating current in outpu t 

Direct current in output

the small-signal power gain, the compression C is defined in decibels as 
follows:

C =  10 logic | F | 2 — 10 log,® Po/Pi (Al-18)

m ,  ! r  l 2 p,-=  10 Iogio 1— p----
I 0

Naturally, the compression depends upon how hard the tube is driven. 
It is therefore a function of the amount of drive, which may be con­
veniently expressed in terms of the ratio of the alternating output cur­
rent to the operating direct current, as in Fig. Al-4.
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The power output depends on operating parameters thus:

p o =  I l  ;r - - 2  r  v  (Al-19)(tr22 +  Lr2)-

As the output power level is continually raised, more and more cur­
rent is required to drive the load, until finally the non-linear distortion 
limit is reached. The maximum output current is therefore limited to a 
certain proportion of the direct current J20, thus:

/*» =  ho-F(C) F,(0d (A 1-20)

where F(C) shows the dependence upon the compression C and will 
naturally be the larger, the more the allowable compression. F2(02) indi­
cates a dependence upon output transit angle; it is the output gap cou­
pling coefficient.

The power output depends also upon the output circuit conductance 
G-i and can be greater if G2 is smaller. However, a smaller G2 implies a 
smaller bandwidth. I t  results th a t the power is inversely proportional to 
the bandwidth of the output circuit,'or in other words, the product of 
power output by the bandwidth of the output circuit is a constant—a 
figure of merit of the tube. As in the case of the gain-band merit, this 
also can be broken up into factors:

Po- B n =_  ( A P m P M )  (  i \  ( 2 V m  -  A  (A1.21)
V 47tC 22 /  \ 1  +  C p2/ C 22/  \  1 +  M2 /

This expression for the power-band figure of merit is the product of 
three factors. The first is the intrinsic figure of merit of the active trans­
ducer alone; the second is the degradation caused by the addition of pas­
sive circuit capacitance to the output circuit; the third is a band defini­
tion—matching factor which is unity when the output is matched and the 
band of the output circuit is taken 3 db down.

The power-band computation does not depend upon the input circuit. 
Variations in the latter affect the gain of the amplifier, but not its over­
load point. Accordingly in the power band formula only properties of the 
tube and its output circuit appear. When feedback has to be considered, 
then the input circuit also affects the power, and the analysis becomes more 
complicated.

We have now three figures of merit: namely, two gain-band products 
applying to different kinds of amplifiers, and one power-band product. 
They relate the performance of an amplifier to certain internal parameters. 
For wide band service, the tube design should make the appropriate 
figure of merit as large as practicable.
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It should be understood tha t many other factors may have a bearing 
on amplifier design, such as power consumption, noise performance or 
amount of feedback. Where such factors are im portant, they too must 
be considered, and frequently appropriate merit figures like plate efficiency 
or noise figure are useful.

APPEN D IX  2 

T h e  C ir c u it  C a p a c it a n c e  D e g r a d a t io n  F actor

The capacitance degradation factor C22/  (C22 +  Cpi) which applies to 
both gain-band and power-band products, can be calculated approximately

Fig. A2-1.—Passive circuit capacitance C,,2.

as shown below. As the frequency is varied, this factor changes by con­
siderable amounts for the 1553 tube; accordingly, both figures of merit 
vary with frequency, and design control has been exercised to produce 
maximum merit around 4000 megacycles.

The capacitance degradation factor is just the proportion which the 
active tube capacitance bears to the total capacitance of tube and circuit, 
and would therefore have a maximum of unity if the circuit passive 
capacitance were made zero. For the 1553, we may begin by assuming that 
the plate circuit is to be tuned by a resonant coaxial line. As the fre­
quency is lowered the effective capacitance will be increased, since the 
hne must be lengthened; its variation is shown in Fig. A2-1.



The calculation is based on the following assumptions (Fig. A2-2):
1. The output cavity has inner diameter .180", outer .850", conse­

quently a characteristic admittance Go ■

Go =  7250 /log^  =  10,710 micromhos (A2-1)
di

2. The gap capacitance is that of a parallel plate condenser of .180" 
diameter and .012" spacing, namely

C 2 2  =  eo A / d  =  0 .4 7 7  p / r /  (A 2 -2 )

3. The effect of the glass vacuum envelope is neglected for simplicity.
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Fig. A2-2.—Output cavity dimensions. A, B are concentric cylindrical portions. Actual 
lines of electric force are partly dotted into sketch.

Consequently the length 1 of the line is given by the well-known tuning 
relation

C0C22 ~  Go cot 6 =  Go cot —  (A2-3)
c

The distributed capacitance of the line is determined from the formulas
(3) of the text, which in this case reduces to the following:

I 03C' 2%\ 02C 22 (AO 1)“c” ” T  (‘ + S f )  -  ~  (
The cavity distributed capacitance is thus comparatively easy to calcu­

late a t high frequencies because of the simplicity of the geometry. At lo" 
frequencies the computation of the distributed capacity of a coil is n0
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different in principle, bu t would be harder to carry out in practice be­
cause of the helical geometry. The value can of course in any case be 
found by measurement of the tuning admittance as a function of fre­
quency. From these equations the circuit degradation factor can be calcu­
lated, and is shown in Fig. A2-3 as a function of frequency.

The accuracy of the coaxial line assumptions decreases as the cavity 
becomes shorter. For 4000 and 6000 megacycles, since the length of the 
cavity is less than its diameter, it would be more nearly correct to regard 
it as a radial transmission line loaded by the inductive “nose” in the

I Q
Fig. A2-3.—Capacitance degradation fac to r, „ —

center. The admittance of such a cavity can be calculated12 or measured; 
but the additional precision hardly warrants the effort in the present case.

The capacitance degradation factor a t 4000 megacycles is indicated from 
Fig. A2-3 as .81, or only 0.9 db less than the intrinsic limit of unity if the 
passive capacitance were entirely negligible compared to the active 0.5 
W</. This indication is somewhat optimistic, as appears from Fig. A2-2. 
The coaxial line formulas assume that the capacitance corresponds to a 
radial electric field between concentric cylinders A and B. This capaci­
tance is found to be quite small (.11 pp/ a t 4000 Me.). The actual lines of

1944**' ^ amo anc* T  tVhinncry, “Fields and Waves in Modern Radio,” N. Y., Wiley,



force, dotted in the figure, clearly correspond to a somewhat larger ca­
pacitance, especially when the length of the cavity is smaller than its 
diameter; bu t this larger capacitance is probably still less than the active 
capacitance C22-

In so far as the gain-band product depends on the circuit capacitance 
degradation factor (Fig. A2-3), the curve is probably fairly accurate up to 
2000 megacycles and somewhat optimistic for higher frequencies where the 
coaxial line predictions are evidently too small.

Above 5000 megacycles the quarter-wave tuning cannot be used for the 
1553 tube since the glass would interfere with the tuning plunger. A 
glance at Fig. A2-3 shows th a t moving the plunger back a half-wave to 
the next node involves a drastic loss in gain-band product—a factor of 
four a t 6000 megacycles—because of the great increase in circuit passive 
capacitance. Redesign of the tube for good figure of merit a t 6000 mega­
cycles would therefore require the use of first-node tuning. A reduction in 
outer diameter would be necessary, and the use of an internal pre-tuned 
cavity might also be indicated.
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A N ew  M icrow ave T r io d e: Its P erform ance  
as a M odulator and as an  Am plifier

By A. E . BOWEN* and W. W. MUMFORD

(Manuscript Received Mar. 20, 1950)

This paper describes a microwave circuit designed for use with the 1553- 
416A close-spaced triode a t 4000 m.c. I t  presents data on tubes used as amplifiers 
and modulators and concludes with the results obtained in a multistage amplifier 
having 90 db gain.

I n t r o d u c t io n

lV/T ICROWAVE repeaters are of two general types: those th a t provide 
-*• -^amplification a t the base-band or video frequency and those that 
amplify a t some radio frequency. Of the latter there are two types: those 
that involve no change in frequency and those that do involve a change 
in frequency, tha t is, the radiated frequency is different from the re­
ceived frequency. The Boston-New York link1 is of this last type as is 
also the New York-Chicago link. This paper deals chiefly with a discus­
sion of the application of the close-spaced triode2 in a repeater of the type 
to be used between New York and Chicago.

A block diagram of this type of repeater appears in Fig. 1. The received 
signal comes in a t a frequency of, say, 3970 me. I t  is converted to some 
intermediate frequency, say 65 me, in the first converter which is associated 
with a beating oscillator operating a t a frequency of 3905 me. After ampli­
fication a t 65 me it is converted in the modulator back to another micro­
wave frequency 40 me lower than the received signal and then it is ampli­
fied by the r.f. amplifier a t 3930 me and transm itted over the antenna 
pointed toward the next repeater station. Our attention will be focussed 
upon the performance of the close-spaced triode in the transm itting 
modulator and in the r.f. power amplifier in this type of repeater.

The close-spaced triode was assigned the code number 1553 during its 
experimental stage of development and, with subsequent mechanical im­
provements, it became the 416A. Some of the data reported herein were 
taken on one type, and some on the other; references to both the 1553 
and 416A tubes will be noted throughout the text. The difference in 
electrical performance was not significant.

An early experimental circuit for the 1553 type tube will be described

* Deceased.
531



532 B E LL  S Y S T E M  TECHNICAL JO U RN AL

in detail and the performance as amplifier and modulator will be pre­
sented. Measurements of noise figure will be included with a discussion 
of the performance of multistage amplifiers.

Fig. 1.—Typical microwave repeater.

T h e  M ic r o w a v e  C i r c u i t

The experimental circuit which has to date met with greatest favor 
consists of cavities coupled to input and output waveguides, as shown in 
Fig. 2 The grid, of course, is grounded directly to the cavity walls and 
separates the input cavity from the output cavity. An iris with its orifice



couples the input waveguide to the input cavity and is tuned by a small 
trimming screw across its opening. The metal shell of the base of the 
tube makes contact to the input cavity through spring-contact fingers 
around its circumference and forms a p art of the input cavity. The 
cathode and its by-pass condenser, located within the envelope, complete 
the input circuit cavity. The heater and cathode leads, brought out 
through eyelets in the base of the tube, are isolated from the microwave
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Fig. 3.—Model eleven microwave circuit for the close-spaced triode looking into the 
output, waveguide.

energy in the input cavity by means of the internal by-pass condenser. 
When the tube is used as a modulator, this by-pass condenser acts as a 
portion of the network through which the intermediate frequency signal 
power is fed onto the cathode.

The output circuit cavity is coupled to the output waveguide through a 
coaxial transformer, a coaxial line and a wide-band coa.xial-to-waveguide 
transducer. The output cavity is bounded by the grid, the coaxial line 
outer conductor, the radial face of the quarter-wave coaxial transformer
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and the sealed-in plate lead of the tube. The plate impedance of the tube 
is transformed by the resonant cavity to a very low resistance (a frac­
tion of an ohm) on the plate lead just outside the glass seal. The quarter- 
wave coaxial transformer serves to match this low impedance to the surge 
impedance of the coaxial line (45 ohms). Coarse tuning is accomplished 
by moving the slug of the outer conductor; fine tuning by moving the 
inner conductor. The coaxial line is supported a t its end by a dielectric 
washer. Plate voltage is applied to the tube through a high impedance 
quarter-wave wire brought out to the low impedance probe through the 
side wall of the waveguide. Both the modulator and the amplifier used 
this type of circuit, which we call model eleven.

Fine tuning of the plate cavity is obtained by sliding the inner con­
ductor of the coaxial transformer up and down on the plate lead. This 
movement is derived through a low-loss plastic screwdriver inserted 
through the hollow probe transducer; the driving mechanism is housed 
inside the inner conductor of the transformer, thus isolating the mechani­
cal design problem from the electrical design problem effectively. The 
hollow stud a t the top of the structure serves two purposes: screwing it 
into the waveguide introduces a variable capacitive discontinuity which 
serves to improve the match between the cavity and the waveguide. The 
length of the hollow plug provides a length of waveguide beyond cutoff 
which keeps the r.f. energy from leaking out through the plastic tuning 
screwdriver.

The heater and cathode leads from the tube are housed in a cylindrical 
metal can and are brought out through by-pass condensers to a standard 
connector. The photograph, Fig. 3, illustrates these features.

The input face of the circuit is illustrated in Fig. 4. The long narrow 
slot near the base of the rectangular block is the iris opening which 
couples the input waveguide to the cathode-grid cavity. The single tuning 
screw provided a t the input iris is not adequate to match all of the tubes 
over the whole frequency band of 500 megacycles; an auxiliary tuner 
shown a t the right of the circuit provides the necessary flexibility. This 
tuner, described by Mr. C. F. Edwards of the Bell Telephone Labora­
tories3, is, in effect, two variable shunt tuned circuits about an eighth of a 
wavelength apart in the waveguide. Each variable tuned circuit is made up 
of a fixed inductive post (located off center in the waveguide) and a 
variable capacitive screw. I t  is capable of tuning out a mismatch corre­
sponding to four db standing wave,ratio of any phase.

As shown in Fig. 5, the tube slides into the bottom  of the circuit and 
the grid flange is soldered to the wall of the cavity with low melting point
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solder, f  The shell of the tube is grasped by the springy contacts around 
the bottom of the input cavity. Above the tube the plate lead projects 
into the cylindrical space which can be adjusted to the desired size by the 
quarter wave slug seen to the right of the circuit. This makes contact to 
the walls of the outer cylinder by spring fingers on each end. Contact to 
the plate lead is then made through the movable slotted inner conductor, 
seen on the extreme right of Fig. 5.

Figure 6 gives an exploded view of the details of the circuit, showing the 
simplicity of the construction which permits easy assembly. The guide pin 
which serves to keep the inner conductor of the transformer from ro­
tating as it slides up and down on the plate lead during the tuning process 
can be seen on the third detail to the right of the main block. Also there 
is provision for external resistive loading to be introduced into the plate 
cavity through the small square holes in each side of the block. A screw 
mechanism adjusts the penetration of the loading resistive strip into the

t The early experimental tubes were soldered into the circuits. Chiefly through the 
efforts of Mr. C. Maggs and Mr. L. F. Moose, of B. T. L., who undertook the development 
°f the tube for production by the Western Electric Company, the present 416A tubes 
come with a threaded grid flange to facilitate replacement.

Fig. 4.—The input face of the circuit.
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Fig. 7.—Elementary grounded grid converter schematic.

M o d u l a t o r

The grounded grid transm itting converter shown schematically in Fig. 
7 includes the two generators, a microwave beating oscillator, fi, and an 
intermediate frequency signal, / i ,  which impress voltages on the cathode,

plate cavity to provide for a limited adjustm ent of the bandwidth of the 
circuit. These are not always used, however, and most of the data to be 
presented here are for the condition of no external resistive loading.

Fig. 5.—Bottom view of circuit.

Fig. 6.—Exploded view of details.

—G) (S)—I
f2 f,
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the grid itself being grounded. The output circuit in the plate is tuned to 
the sum or difference frequency, / 2 ±  f\.

By-pass condensers, traps and filters for other frequencies present in the 
modulator m ust be considered. Besides the beating oscillator and the 
signal, their sum and difference frequencies appear in both the input 
circuit and the output circuit and of course bias voltage on the Cathode 
and plate voltage on the plate must be applied. Some of the traps and 
by-pass condensers which influence the converter performance are in­
dicated in Fig. 8 . I t  is obvious th a t microwave energy should be kept 
from flowing into the i.f. signal circuit and vice versa if the highest con­
version gains are to be obtained. Both of these conditions are easily 
achieved. I t  is not so readily apparent tha t the components of the wanted 
and the unwanted sidebands present in the input circuit must be handled

Fig. 8.—Schematic diagram of converter with traps and filters for fundamental fre­
quencies of signal,/,, beating o s c i l la to r ,a n d  sidebands,/, ± /,.

properly. Of these two, the more important is the wanted sideband and 
the next figure illustrates just how necessary it is to trea t it properly.

The simplest way to keep the wanted sideband component of the input 
circuit from being absorbed by the beating oscillator branch is to reflect 
the energy back into the converter by means of a reflection filter. This 
reflected energy arrives back a t the tube and may conspire to reduce the 
conversion gain of the modulator if the phase is wrong. The phase de­
pends upon the spacing along the waveguide between the tube and the 
hlter and Fig. 9 illustrates how badly the gain is affected when the wrong 
spacing is used. D ata for two different tubes are given which indicate 
that the correct spacing for one tube may be incorrect for another. I t  
should be pointed out, however, th a t these two tubes were early experi­
mental models and tha t production tubes behave more consistently.

The i.f. impedance of the modulator is also affected by the filter spac­
ing for the wanted sideband on the input. This effect can be utilized to
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vary the i.f. impedance by small amounts to achieve a better i.f. match, 
since the proper spacing for best gain is not a critically exact dimension. 
T hat is to say, there is a fairly large range of spacings which give good 
performance as far as conversion gain is concerned so that, as long as the 
critical distance which gives poor gain is avoided, the i.f. impedance can 
be adjusted by varying the spacing of the input filter.*

It is important that the i.f. impedance of the modulator be adjusted to 
match the impedance of the i.f. amplifier which drives it, since any mis­
match would cause a degradation of the system performance. In the 
design of the matching transformer the inductance of the leads, the 
capacity of the tube and by-pass condenser and the resistance of the elec-

Fig. 9.—D ata showing the effect of the spacing of a rejection filter for the wanted side­
band in the input circuit.

tron stream were measured a t the base of the tube. A broad-band trans­
former was designed and the inductances were thrown into an equivalent 
T  network, thereby utilizing the lead inductance inside the tube as a 
part of the transformer, absorbing it in the L»-M branch as indicated in 
Fig. 10. In  several experimental tubes the lead inductance was .04/i/f- 
The impedance match obtained with such a transformer gave less than 
two db SIFT? over a band from 55 to 75 me with the loop at the cusp on 
the reflection coefficient chart characteristic of slightly over-coupled tuned 
transformers as shown in Fig. 11.

The broadband matching of the output circuit of the modulator re­
quired a different technique. N ot only is this filter called upon to pro­
vide a broad-band impedance match, but also it should provide dis-

* The spacing of the input filter also affects the plate impedance in a complicated way
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Fig. 11.—Modulator I. F. impedance with transformer.

both sidebands is necessary. The variables a t our disposal are the band­
width of the modulator output circuit and the number of cavity, resona­
tors which follow it. The desired quantities are the specified transmission

crimination against the other microwave-frequency components present in 
the modulator output circuit; consideration of the beating oscillator and

MODULATOR 
RESISTANCE 

AT 6 5  MC

INDUCTANCE

I___________________
¡A  M ODULATOR TUBE

Fig. 10.—Equivalent circuit of modulator a t I. F.

- m &t h s  t o w a r d  

0,2
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bandwidth and the attenuation required a t the beating oscillator fre­
quency. W ith two equations and two unknowns, the maximally-flat filter 
theory was applied to the circuit shown schematically in Fig. 12.4 This 
indicated th a t an output circuit bandwidth of 84 me (to the three db 
loss points), associated with two external resonant branches having band- 
widths of 42 and 84 me respectively, were needed to obtain a 20 me flat 
band with 30 db suppression of the beating oscillator.

Such cavities were designed and attached to the output of a modulator 
whose bandwidth had been adjusted by means of small resistive strips.
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The resulting impedance match gave a standing wave ratio of less than 
one db over a 20 me band (the plate circuit alone without the filter was 
only about 5 me wide to corresponding points) as shown in Fig. 13, and 
the beating oscillator power a t the output of the filter was less than one 
tenth of a milliwatt, corresponding to 33 db discrimination.

The requirements and specifications for this particular e x p e r im e n ta l  

model do not necessarily reflect out present thoughts upon the r e q u ir e ­

ments for any particular microwave radio relay system; they are presented 
here in some detail to indicate how certain specifications can be met, 
rather than to express what those specifications should be.

Other factors which influence the performance of the 416A modulator
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are the plate voltage and the beating oscillator drive. The beating os­
cillator power affect's the low level gain only slightly bu t has quite an 
effect on the gain a t high power levels, tha t is, when the output power 
becomes comparable with the beating oscillator power. I t  is seen in Fig. 
14 that compression becomes noticeable when the output power ap­
proaches within ten db of the beating oscillator driving power.

Varying the plate voltage on the modulator from 150V to 300V had 
little effect upon the conversion gain a t low levels, bu t more power output

B O
.... I 1
DRIVING POWER

— o-- 1
>0,0.-, r

Ik ,

0  2  4  6  8  10 12 14 16 13 2 0  2 2
O U TP U T POWER IN DBM

Fig. 14.—Modulator compression. data for tube #  PS62.

was obtained a t the higher voltages. At 15 dbm power output, very little  
difference between 200V and 300V was observed, but a t 150 V the gain 
was down two db, as shown in Fig. 15.

big. 16 shows the compression data for seven early experimental tubes, 
used as modulators with 200V on the plate, 14 ma cathode current, and 
-00 mw of beating oscillator drive. Half of these tubes had over seven db 
low level gain and only slight compression a t power output levels of 13 
dbm. The two poorest tubes would probably have been rejected before 
shipment, according to present standards of production. Each of the 
seven tubes was matched in impedance on the r.f. and i.f. inputs and also
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on the r.f. output. The curves represent unloaded gain; no external load­
ing was added to increase the bandwidth.

The performance of the close-spaced triode when used as a modulator 
appears to be superior in some respects to that of the silicon crystal 
modulators which are used in the New York-Boston microwave relay 
system .1

Single tubes had from 5 to 9 db gain compared with from 8 to 11 db 
loss for the crystals for corresponding power outputs. To get this per­
formance the beating oscillator drive was only 200 milliwatts, compared 
with about 700 milliwatts for the crystal modulator. This reduction in 
r.f. power requirements means considerable simplification in a repeater.

Fig. 16.— Compression data on seven 1553 triodes.
Plate voltage 200V 

Plate current 14 Ma 
B.O. Power 200 MW 

Matched inputs and output

To offset this, the tube requires power supplies which are not necessary 
for the crystals, but low voltage power supplies should be cheap. The 
bandwidth of the tube modulator, 60 to 80 me is less than the very wide 
(500 me) band of the crystal modulator but it is comparable with the 
band width of the extra i.f. stages needed to drive the crystal modulator. 
The life of the tubes, although very little data are available as yet, will 
probably be less than the practically indefinite life of the silicon point 
contact modulators.

A m p l i f i e r

The performance of the close-spaced triode as an amplifier can best 
be described by referring to its impedance match, gain, transmission band­
width and compression.
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In some of the experimental tubes, bandwidths to the half power points 
of 21 me to 250 me have been measured. Typical of one of the better 
tubes, though not the best one, are the data contained in Fig. 17. The 
bandwidth of the input circuit is about twice that of the output circuit, 
and the SWR slumps outside the band on the low frequency side. The 
output impedance is more regular, exhibiting the familiar standing wave

Fig. 17.—Input and output standing wave ratio versus frequency.
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I'ig. 18.—Transmission characteristic of a one-stage amplifier.

ratio of a simple single tuned resonant circuit. When the output impe­
dance is plotted on the Smith reflection coefficient chart, the circle which 
results is also similar to tha t of a single tuned circuit. This is desirable 
s'hce it then becomes a simple m atter to incorporate the plate circuit in 
a rnaximally-flat filter of as many resonant branches as are needed, in 
the same way that the modulator output circuit was treated.

The transmission bandwidth for this single stage amplifier was 203 me 
to the half power points, as shown in Fig. 18. This, with a gain of 8.05 db
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a t midband, gave a gain-band product of 1290 me. The bandwidth of 203 
me was considerably greater than the average for these tubes. Similar 
results on 35 experimental tubes yielded the following averages: Low-level 
gain 10 db; Bandwidth 103 me; Gain-band product 916 me. The 416-A 
tubes produced by Western Electric Company exhibit comparable aver­
ages with much less spread; for example, a recent sample of 138 tubes had 
average values and standard deviations as follows:

T a b l e  I
G a in  a n d  B a n d w i d t h  o f  138 W. E. Co. 416-A T r i o d e s

Average S t’d. Dev.

Low-level gain.................................................................... 9 .9  db 1.1 db
Bandwidth.......................................................................... 110 me 9 me
Gain-band product............................................................ 1080 me 350 me

I t  is indeed gratifying to realize tha t such a remarkable tube can be 
produced with such uniformity.

Fig. 19.—Stabilizer circuit.

In  operating these tubes, it has been found th a t small variations in 
gain due to power line fluctuations and due to other disturbing influences 
can be minimized by using a stabilizing bias network which provides a 
large amount of negative feedback for the dc. path. This circuit is similar 
to one proposed by Mr. S. E. Miller of the Bell Telephone Laboratories 
for use in coxial repeaters which also use high transconductance tubes. 
In  this circuit, shown schematically in Fig. 19, a few volts negative are 
applied to the cathode through a suitable dropping resistor. In the absence 
of plate voltage, the grid draws current, being positive with respect to 
the cathode. When plate voltage is applied, the drop in the cathode re­
sistor tends to bring the cathode nearer ground potential until a stable 
voltage is reached. The resistor is set to a value which allows the desired 
cathode current to flow and subsequent variations in gm or plate voltage 
then have little effect on the total cathode current.

M aintaining the cathode current constant does have an appreciable 
effect on the gain of the tube when operating a t high output levels. Tins 
is characterized by a decrease in gain as the driving power is increased.
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Fig. 20 illustrates this point. The low-level gain of this tube was 12.3 
db but when the tube was driven so as to have an output power of 400 
mw the gain was only about 3 db. At this point, retuning the circuit to 
rematch the tube at the high output level increased the gain to about 5 
db. Now, returning to low level, the gain was only 10 db. Presumably 
in between these two points, 5 db a t 500 mw output and 12.3 db a t less 
than one milliwatt output, the performance could have been better than 
either of these two curves shows, i.e., the performance could have been 
improved by rematching a t each intermediate power level.

Fig. 20.—“Compression” in a one-stage microwave amplifier Ip =  30 ma.

This tube is not representative of all of the tubes tested. I t  is rather 
poorer in the spread of the two curves than most. I t  was picked merely 
to illustrate tha t besides a drop in gain also a detuning effect takes place 
when the driving power is changed. In the example given here the cathode 
current was held at or near 30 ma by the stabilizing bias circuit.

Without the stabilizing circuit, these so-called “compression” curves 
would be quite different. For instance, if the bias were held constant, we 
should expect th a t the gain would not drop as fast as indicated here, 
since the plate current would rise as the drive was increased.

At any rate, in an F.M. system, we are not concerned with how much
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“static compression” exists, but rather with how much gain can be real­
ized without exceeding the dissipation ratings of the tubes.

W ith this in mind data were taken on 25 of the experimental tubes. In 
each case they were matched to the input and output waveguides and the 
cathode current was stabilized a t 30 ma. After driving the tube to a 
high level of output power, the circuits were rematched and the resulting 
“ compression” curves revealed the capabilities tabulated.

T a b l e  I I
S u m m a ry  o f  D a t a  o n  25 E x p e r i m e n t a l  C lo s e - S p a c e d  T r i o d e s

Highest Lowest Average

12.3 db 3 .S  db 7.8  db
Gain (500 mw o u tp u t) ............................................ 7 .0  db - 8 . 0  db 1.82 db

950 mw 50 mw 455 mw

I t  can be seen from the table tha t we might expect to obtain a gain of 
20 or 25 db with three or four stages with a power output of about 500 
mw and a flat band of over 20 me.

T h r e e  S t a g e  A m p l i f i e r

A three-stage amplifier with 24 db gain has been assembled using an 
earlier type of circuit and loop tested a t low levels on the equipment of 
Messrs. A. C. Beck, N. J. Pierce and D. H. Ring.5 This amplifier had a 
bandwidth of about 30 me to the 1 db points and while it does not 
represent the best that can be done with the 416A tube, the results of the 
loop test are interesting.

The recirculating pulse test, or loop test, is performed on a repeater 
component to determine its ability to reproduce a pulse faithfully after 
repeated transmissions. The output of the amplifier is connected to its 
input through a long delay line and an adjustable attenuator. The overall 
gain of the loop thus formed is adjusted to unity or zero db so that an 
injected pulse will recirculate through the loop without attenuation but 
accumulating distortion with each round trip. After allowing the pulse to 
recirculate long enough the amplifier is blanked out or quenched and the 
recirculating pulse amplitude dies out, thus preparing the loop for the 
next injected pulse, when the process is repeated. W ith a pulse length of 
one microsecond and an overall delay of two microseconds, one hundred 
round trips occur in 0.2 milliseconds, thus allowing the process to be 
repeated a t the rate of two or three thousand times per second. A cathode 
ray oscilloscope is used to examine the pulse shapes, and its sweep is 
synchronized to the injected pulse so that successive corresponding pulses 
are superposed, enabling the operator to examine the pulse after any
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w w

Fig. 21.—Recirculating pulse test patterns.

C L O S E -S P A C E D  TRIO DE A M P L IF IE R

4 0 2 -A  VE LO C ITY  M O D U LA TIO N  A M P L IF IE R

Fig. 22.—Recirculating pulse patterns showing 1st, lOlh anti 100th round trips for: Top: 
Close-spaced triode amplit.er. Bottom: 402-A velocity modulation amplilier.

through the amplifier, with little or no distortion discernible, pig. 21(d) 
gives, to the same scale as the preceding picture, the pulse shape after 
100 round trips. A little overshoot and subsequent oscillation is now 
visible, although the whole pulse shape is still not too bad.

In Fig. 22, these results are compared with the results of a similar test 
performed on a four-stage, stagger tuned, stagger-damped amplifier using 
the 402 velocity variation amplifier tubes; the first, the tenth and the 
hundredth round trips are shown. Little or no distortion is seen a t the

number of round trips or select individually the nth  round trip for in­
spection.

Fig. 21(a) shows the complete cycle between successive injected pulses, 
and the individual pulses tha t follow cannot be resolved a t this slow 
sweep speed. Fig. 21(b) shows the first 26 round trips resolved so that they 
are distinguishable. Figure 21(c) shows the first and second round trips

(c )  F IR S T A N D  SECOND ROUND ( d )  PU LSE S H A P E  AFTER
TR IPS THROUGH AM P LIF IE R  100 ROUND TR IP S

(a )  PU LSES RECIRC ULATIN G  
TH RO UG H A M P LIF IE R

( b )  PU LSE S RECIRCULATING  
TH RO UG H AM P LIF IE R

PU LSE ROUND TRIP
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tenth round trip, but the superiority of the 416A amplifier is clearly 
shown in the hundredth round trip.

Both amplifiers were operating at low levels, and the pulse was an am­
plitude modulated one. Since these are not the conditions under which 
our microwave radio relay circuits operate, conclusions should not be 
drawn about how many repeater stations can now be pu t in tandem. The

Fig. 23.—An assembled three-stage microwave amplifier.

test merely indicates that an improvement has been made, thus corro- 
borating the evidence obtained by other tests.

Still further improvement has been made since loop testing the model 
ten amplifier. A three stage 416A amplifier (see Fig. 23) using model 
eleven circuits had comparable gain, 23 db, but a bandwidth of 50 me to 
points 0.1 db down. These data again are for low' level operation, but it 
is reasonable that half a wra tt  might be expected from four such stages 
with comparable gain and slightly narrower bandwidth, surely 30 me.
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N o is e  F ig u r e

In a forward looking program it is well to keep in mind other possi­
bilities for this tube, such as use in a straight through type of repeater in 
which all of the amplification is obtained a t microwave frequencies. In 
such an application the noise figure of the triode becomes one of its 
limitations, since the 416A must compete with the low noise figure of 
the silicon crystal converter which, for the New York-Boston circuit, is 
around 14 db. D ata on th irty  five early experimental and production 
416A tubes gave an average value of 18.08 db a t 4060 me.* Each of the
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Fig. 24.—Noise figure vs gain-band product for close-spaced triode.

tubes was operated a t 200 volts with 30 ma space current and was tuned 
so as to present matched impedances to the input and the output wave­
guides. The best of this batch had a noise figure of 14.79 db and the
poorest 23.2 db. These measurements were made with a fluorescent light 
noise source.6

An interesting correlation between noise figure and gain-band product 
"Tas uncovered during these tests, as can be seen in Fig. 24, which gives 
the noise figure in db on the abscissa and the gain-band product in mega-

. *More recently, a sample of twelve production 416A tubes ranged from 13.5 to 16.2 
do and averaged 15.06 db noise figure, with a standard deviation of 0.8 db.
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cycles along the logarithmic ordinate. The points scatter between the 
extremes of 15 db noise figure for a gain-band product of 2000 megacycles 
to 23 db noise figure a t 400 megacycles gain-band product. Extrapolating 
from these data, a noise figure of 10 db might be -achieved if the gain- 
band product could be increased to 5500 me. I t  is reasonable to expect 
tha t an improvement of this amount can be achieved if the resistance and 
return electron losses inside the tubes can be eliminated.7

We may use these data to determine the expected noise figure of a 
straight through amplifier, thus:

F  =  Fa +  7- V ”  +  ••• «
A (~r A LSJJ

If, for example, we assume that all stages are alike in noise figure and 
in gain, equation (1) approaches the expression, as the number of stages 
increases without limit:

Um n  _  1
F = . (2)

n-* co Cr̂ i — 1

Using an average value of 10 db gain per stage, the overall noise figure 
would be as follows:

(1) For F a =  30 (best tube, 14.79 db)
F  =  £jp. =  33.2 or 15.2 db

(2) For Fa =  64 (average tube, 18.08 db)
F =  JHr- =  71 or 18.5 db.

S t r a ig h t -T h r o u g h  A m p l if ie r

The actual performance of a ten-stage amplifier was about what should 
be expected from the considerations above. The best tube (10 log F = 
14.79 db) was used in the first stage, and the next best tube in the sec­
ond stage. The measured overall noise figure was 15.96 db. The o v e r a l l  

gain was 90 db and the band was flat to 0.1 db for 44 me. Such an 
amplifier with its associated power supply and individual control panels 
is shown in Fig. 25.

C o n c l u s io n s

A circuit is described which lends itself readily to utilizing the 416A 
close-spaced triode as a modulator or a cascade amplifier for microwave 
repeaters operating a t 4000 me. D ata are presented on early experimental 
models of the tube.

As modulators, single tubes had from 5 to 9 db gain with 10 to 20
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Fig. 25.—A ten-stage microwave amplifier operating a t 4000 me.
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mw output when driven with 200 mw of beating oscillator power. A 
bandwidth of twenty megacycles was readily obtained.

As amplifiers a t 4060 me, the average gain of 60 tubes was 9 db, the 
average bandwidth of 34 tubes was 103 me to the half power points, the 
average noise figure of 35 tubes was 18.08 db and the average power out­
pu t (for 3 db gain) was 455 mw for 25 tubes. Operating the tubes in 
cascade produced an amplifier which had less distortion of pulse shape 
than an earlier amplifier which used the 402-A velocity variation tube. 
A ten-stage amplifier has been assembled and tested, yielding 90 db gain, 
a noise figure (with selected tubes) of 15.96 db and a bandwidth of 44 
me to the 0.1 db points.
\ These data are for early experimental models of the tube and it is 
likely th a t subsequent alterations may improve the performance in the 
production models.
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A W ide R ange M icrow ave S w eep in g  O scillator
By M. E. H IN ES

{Manuscript Received July 24, 1950)

1. I n t r o d u c t io n

A SW EPT frequency oscillator is a useful laboratory tool for testing 
wide-band circuit components. I t  permits an oscillographic display 

of a frequency characteristic, avoiding much of the labor of point-by- 
point testing a t discrete frequencies. There was a  particular need in the 
Bell Telephone Laboratories for a sweeping oscillator to cover the com­
munications band between 3700 and 4200 megacycles to facilitate the 
testing of components for radio relay repeaters.

This paper describes one type of oscillator designed to satisfy this 
need. I t  utilizes the BTL 1553 (or the Western Electric 416A) micro­
wave triode. The tuning is accomplished mechanically so that the fre­
quency varies continuously back and forth over the band a t a low audio 
frequency rate. Continuous oscillations have been obtained over a 900 
megacycle band from 3600 to 4500 megacycles.

2. C ir c u it  St r u c t u r e

Basically, the rf circuit consists of a tunable cavity for a grid-anode 
resonant circuit, a means for feedback to an untuned grid-cathode circuit, 
and a means for coupling the cavity to a waveguide output. The grid- 
anode cavity is the only sharply tuned circuit, and it was found th a t oscil­
lations could be obtained over the entire band by changing the resonant 
frequency of th a t cavity alone. In  this application, the electronic conduct­
ance between the grid and cathode is so high th a t this portion of the 
circuit has an inherent broad band such th a t separate tuning is unneces­
sary.

The necessity for continuous, rapid tuning virtually requires th a t there 
be no sliding contacts in the tuning mechanism. A type of cavity was 
chosen so that tuning could be accomplished by a simple variable capaci­
tor of the non-contacting type. Reduced to its simplest elements, it con­
sists of a short coaxial line, resonant in the half-wave mode. Actually the 
Bne is much shorter than a half wavelength because of excess capacitance 
at both ends. At one end is the capacitance of the grid-anode gap, and at 
the other end is the variable capacitor used for tuning.

553
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The actual cavity is illustrated in Fig. 1. This is somewhat more com­
plicated than a half wave line, but the mode of resonance is essentially 
the same. The variable capacitor utilizes a thin-walled copper cup which is 
movable vertically. This cup fits rather closely inside, and is coaxial with, 
a cylindrical hole in the main body of the cavity. I t  forms the center

SPEAKER TYPE 
M AGNET

TU N IN G
CAPACITOR

SUPPORT
SPRINGS PAPER TUBE

WAVEGUIDE
OUTPUT

ANODE 
CONNECTION

AIR INLET

Fig. 1.—Construction of the oscillator.

conductor of a low impedance coaxial line approximately one-fourth 
wavelength long, so tha t in this frequency range it is effectively short- 
circuited to the cavity wall. Vertical motion of the cup is therefore roughly 
equivalent to moving the end wall, thereby changing the capacitance 
between the wall and the center conductor of the main cavity. The reso­
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nant frequency is lowest when the two surfaces are nearly in contact, and 
highest when the cup is fully extracted.

The recessed end of the cup fits over a protuberance on the center con­
ductor when they are nearly in contact. This special shape was designed 
to give a reasonably straight curve of frequency vs. displacement. W ith 
planar surfaces, the frequency would change more rapidly with displace­
ment a t the low than a t the high frequency end of the band.

The grid disk of the tube is separated from the wall of the cavity by 
a narrow annular space, and contact is made across the gap by a number 
of small screws. These screws act as an inductive reactance in series with 
the circulating currents of the resonant cavity. The voltage developed 
across this reactance is applied between the grid and the main envelope 
of the tube, and in this way energy is fed into the grid-cathode space to 
provide feedback.

The mechanical tuning device was adapted from an inexpensive per­
manent magnet loudspeaker of the type used in small home radios. The 
construction is shown in Figs. 1 and 5. The speaker cone was removed 
and the voice coil was attached to a thin-walled paper cylinder which 
supports the tuning cup inside the cavity. Two sheet fiber springs support 
the paper cylinder and maintain the axial alignment in the magnet and 
cavity. These springs are cut with a number of incomplete circular slits to 
reduce the stiffness for axial motion. With the voice coil actuated from a 
small filament transformer, peak to peak motion \  of inch is obtainable.

The heater and cathode connections are made a t the base of the 
tube which protrudes from the cavity. The grid is internally connected 
to the main body of the cavity. The anode lead is brought out through a 
quarter-wave choke and mica button  condenser.

To prevent overheating of the anode of the tube, air m ust be blown 
through the cavity. This is done by connecting a low pressure air hose to 
the air inlet shown in Fig. 1. Excessive air flow must be avoided, as it will 
cause erratic vibrations of the tuning plunger.

3 . A d j u s t m e n t  a n d  O p e r a t i o n

The degree of feedback is adjustable by changing the number and rela­
tive positions of the feedback screws which connect the cavity to the 
grid ring of the tube. There are 16 possible screw positions, bu t only 
about 5 or 6 are needed to obtain optimum feedback. Reducing the num­
ber of screws increases the amount of feedback.

Care should be taken that the spring which contacts the anode for dc 
connection is not of such a length to have resonances within the band. 
When such resonances exist, “holes” or other irregularities will be found 
in- the output spectrum. This spring can act as a helical line, and when it
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is too long, resonances will occur which can absorb power and otherwise 
affect the cavity impedance.

When properly adjusted and sweeping, the output is continuous and 
the frequency varies approximately sinusoidally back and forth over the 
band of interest. The width of the sweeping band depends upon the ac 
current in the voice coil of the speaker drive, and the center frequency 
depends upon the mean position of the tuning plunger. The latter can be 
adjusted mechanically by loosening the clamping screw and raising or lower­
ing the sweeping mechanism by hand. I t  is also possible to make small ad­
justments of the center frequency electrically by adding a dc component to 
the voice coil driving current.
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Fig. 2.—Power output curves a t 115, 170, and 200 Volts on the anode, for a mean 
anode current of 25 ma.

Typical curves of power output vs. frequency, taken a t different anode 
voltages, are shown in Fig. 2. The flattest curve requires a voltage con­
siderably lower than the tube rating. The feedback phase is not optimum 
for best power output, a larger phase shift being desirable in this oscilla­
tor. The lowered voltage helps in this regard, increasing the electron 
transit time in the tube and thereby increasing the phase shift. Efficiency 
was sacrificed in this design to increase the tuning band. A longer feed­
back path would increase the power output, bu t would tend to narrow 
the band over which oscillation could be obtained by a single tuning 
adjustment.

The anode power supply should be variable between 100 and 250 volts, 
but need not be regulated because this voltage is not critical. A rheostat 
is used for cathode self-bias. The cathode heater'and the sweeping mech­
anism are supplied from a single 6.3 volt filament transformer, with a 
potentiometer control to vary the sweep range.
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Fig. —The complete oscillator, showing the output coupling window and the ridged 
waveguide coupling transformer.

When properly phased, the output spectrum will be displayed across the 
oscilloscope screen with the minimum and maximum frequencies a t oppo­
site ends of the trace. In  addition, a vibrating relay (such as the Western 
Electric 275 B M ercury Relay) is used to short out the input to the oscillo­
scope during half of each cycle. This converts the return trace into a 
zero-signal reference line, so th a t the complete picture is a closed loop 
with a flat bottom. The separation of the active from the reference trace

(vA-vK)

CATHODE IIi______________ : :____________ I
Fig. 3.—Simplified equivalent circuit of the oscillator.

A crystal detector and an oscilloscope are used to view the output. I t  
is convenient to use a sinusoidal horizontal sweep on the oscilloscope, 
driven from the same 6.3 volt transformer as the mechanical sweeping 
mechanism. In  this case, a phase shifter is needed to synchronize the 
oscilloscope sweep with the motion of the tuning plunger, because there is 
an appreciable mechanical phase shift in the loudspeaker mechanism.
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is a direct indication of signal strength, displayed as a function of fre­
quency.

The results reported here were obtained using the BTL 1553 tube, 
which is a laboratory model. Samples of the production model, Western 
Electric 416A, have also been used in this oscillator with quite similar 
results. To adapt the oscillator for the 416A, the grid ring should be 
threaded on the inside to fit the threads on the grid disk of th a t tube.

4. An E q u iv a l e n t  C i r c u it

The field configuration in the cavity of the oscillator is quite complex, 
and cannot be readily described in any quantitative fashion. The formu­
lation of an equivalent circuit would require many approximations and

Fig. 5.—The complete oscillator, showing the sweeping mechanism partially dis­
mantled.

judicious guesses if values are to be specified for the various circuit 
parameters. The circuit of Fig. 3 is believed to Lbe equivalent in a qualita­
tive sense.

A portion of the circuit is within the tube itself. This is the region en­
closed by the dotted line in Fig. 3. The T  of elements which include Yn, 
Cgp, inCgp and the injected currents, is the equivalent circuit of Llewellyn 
and Peterson1 for the active region of a triode. Experimentally deter­
mined values for these quantities are reported by Robertson2. Yn is the 
adm ittance of an equivalent diode between the grid and cathode, and the 
injected currents indicated by the arrows are the electronic transfer cur­
rents associated with the grid voltage and the transadmittance. At high

1 Llewellyn and Peterson, “Vacuum Tube Networks,” I.R .E . Proc., Vol. 32, pp. 144— 
166 (March 1944).

2 S. D. Robertson, “Electronic Admittances of Parallel-Plane Electron Tubes at 4J w  
Megacycles,”  B. S. T. Vol. 2S, p. 619, OcL 1949.
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frequencies, both the adm ittance Y u and the transadmittance F 2i, are 
complex quantities which vary with frequency as shown by Llewellyn 
and Peterson. The 4-pole box shown represents the passive radial line 
between the glass seal a t the edge of the tube and the cathode-grid gap. 
This line is heavily loaded with dielectrics and is believed to be elec­
trically about a quarter wavelength long a t 4000 Me. The inductance 
connected to the anode is that of the anode pin itself and the coaxial 
center-conductor attached to it. A series resistor R L is added to include 
the effects of cavity losses and loading by the output coupling window. 
C( is the tuning capacitor which varies with tuning plunger position. The 
inductance Lf  is the feedback reactance introduced by the screws con­
nected to the grid disk.

5. A c k n o w l e d g m e n t s

I wish to acknowledge the assistance of Messrs. J. A. Morton, R. M. 
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design of this oscillator.



T heory of the F low  of E lectrons and H o les  in  G erm anium  and 
O ther Sem iconductors

By W. VAN ROOSBROECK

(Manuscript Receive! Mar. 30,1950)

A theoretical analysis of the flow of added current carriers in homogeneous 
semiconductors is given. The simplifying assumption is made a t the outset that 
trapping effects may be neglected, and the subsequent treatm ent is intended 
particularly for application to germanium. In a general formulation, differential 
equations and boundary-condition relationships in suitable reduced variables and 
parameters are derived from fundamental equations which take into account 
the phenomena of drift, diffusion, and recombination. This formulation is special­
ized so as to apply to the steady state of constant total current in a  single car­
tesian distance coordinate, and properties of solutions which give the electro­
static field and the concentrations and flow densities of the added carriers are 
discussed. The ratio of hole to electron concentration a t thermal equilibrium 
occurs as parameter. General solutions are given analytically in closed form for 
the intrinsic semiconductor, for which the ratio is unity, and for some limiting 
cases as well. Families of numerically obtained solutions dependent on a parame­
ter proportional to total current are given for «-type germanium for the ratio 
equal to zero. The solutions are utilized in a consideration of simple boundary- 
value problems concerning a single plane source in an infinite filament.
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T N  A semiconductor there are current c a r r i e r s  of two types: e l e c t r o n s  

-*■ in the conduction band, and positive holes in the filled valence band, 
and the increase of their concentrations in the volume of the s e m i c o n -
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ductor over the concentrations which obtain at thermal equilibrium is 
fundamental to a number of related phenomena, of which transistor ac­
tion is a familiar instance. In an «-type semiconductor, for example, in 
which the carriers are predominantly electrons, the carrier concentrations 
are increased by the introduction of holes which, through a process of 
space-charge neutralization, produce additional electrons in the same 
numbers and concentrations. The bulk conductivity of the semiconductor 
is thereby so increased that power gain is obtainable.1 Holes can be 
introduced by the local application of heat, or by irradiation with light, 
X-rays, or high-velocity electrons—-in fact, by any agency which trans­
fers electrons from the highest filled band to the conduction band. They 
can be introduced also through an emitter, which may be a positively 
biased point contact or a positively biased p — n junction3, as exemplified 
in the transistor. In this case the em itter introduces holes, which flow 
into the volume of the semiconductor4, by the removal of electrons from 
the filled band.2' 6 Entirely analogous considerations apply to the intro­
duction of electrons into a /»-type semiconductor.6

In their flow in a semiconductor, added electrons and holes are subject 
to drift under electrostatic fields and to diffusion in the presence of con­
centration gradients as a consequence of their random thermal motions. 
They are subject also to recombination, which results in concentration 
gradients in source-free regions even for the steady state in one dimen­
sion, or which augments those which may otherwise be associated with 
the time-dependence of the flow, or with its geometry in the steady state. 
From fundamental equations which take into account these phenomena of 
drift, diffusion, and recombination, for the existence of each of, which 
there is experii .ental evidence1, general differential equations and 
boundary-conditiu,.' relationships in suitable reduced or dimensionless 
variables and parameters may be derived, and solutions which give the 
concentrations and flow densities of added carriers obtained for various 
cases of physical interest.

This paper presents results of a theoretical analysis, along these lines, 
of the flow of electrons and holes in semi-conductors. The treatm ent is 
mtended particularly for application to germanium. An initial formulation,

1W. Shockley, G. L. Pearson and J. R. Haynes, B. S. T. J . 28, (3), 344-366 (1949). 
*J. Bardeen and W. H. Brattain, Phys. Rev. 74 (2), 230-231 (1948); W. H. Brattain 
s iir Bardeen, Phys. Rev. 74 (2) 231-232 (1948). 

n 0 'Shockley, G. L. Pearson and M. Sparks, Phys. Rev. 76 (1), 180 (1949); W. Shockley, 
■ y- T. J. 28 (3), 435-489 (1949).

E. J. Ryder and W. Shockley, Phys. Rev. 75 (2), 310 (1949); J. M. Shive, Phys. Rev.
(4), 689-690 (1949); J. R. Haynes and W. Shockley, Phys. Rev. 75 (4), 691 (1949). 
J-Biudeen and W. H. Brattain, Phys. Rev. 75 (8), 1208-1225 (1949); B. S. T. J . 28 

W> 239-277 (1949).

(3 ) '4 5 8 *(1 9 4 9 n n  H ' S c a ff’ P>‘yS' ReV' 76 (3 ) ’ 459  (1 9 4 9 ); R ' B r a y ’ Phys' RcJ- 76

j
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which retains, wherever convenient, such generality as is instructive per se 
or of manifest utility, is specialized so as to apply to the steady state of 
constant current in a single cartesian distance coordinate. For the in­
trinsic semiconductor, general analytical solutions are obtainable in 
closed form, and such solutions are given, as well as general solutions 
obtained numerically for «-type germanium in which the hole concentra­
tion a t thermal equilibrium may be neglected compared to the electron 
concentration. Solutions for these cases are given explicitly for each of 
two recombination laws: recombination according to a mass-action law, 
and recombination such th a t the mean lifetime of the added carriers is 
constant. Methods are described for the fitting of boundary conditions, 
and the following relatively simple boundary-value problems are con­
sidered: a source a t the end of a semi-infinite semi-conductor filament; 
and a single source in a doubly-infinite filament.

To indicate the presumed scope and application of the results obtained, 
it may suffice to outline briefly the principal assumptions on which they are 
based and the approximations employed: The assumption is made at the 
outset that trapping effects may be neglected, which provides the im­
portant simplification that the recombination rates of holes and electrons 
are equal a t all times. One justification for this is the circumstance that 
the fairly high hole mobilities found by G. L. Pearson from Hall-elfect 
and conductivity measurements7 are no larger than those found by J. R- 
Haynes from transit times under pulse conditions1. W ith hole trapping, 
holes injected in a pulse would initially fill traps; and if there were subse­
quent relatively slow release of the holes from the traps, an apparent 
reduction of mobility would be manifest. I t  is further assumed that sub­
stantially all donor and acceptor impurities are ionized. W ith the assump­
tion tha t the semi-conductor is homogeneous in its bulk, and free from 
grain boundaries8 or rectifying barriers, the assumption of the electrical 
neutrality of the semiconductor, or of the neglect of space charge, is m 
general an excellent approximation: Small departures from electrical 
neutrality in the volume would vanish rapidly, with time constant equal 
to that for the dielectric relaxation of charge, which for germanium 
equals 1.5 -10—12 sec per ohm cm of resistivity9 and is in general small 
compared with the mean lifetime of added carriers. A uniform local de­
parture from electrical neutrality in germanium of only one per cent m 
relative concentration would produce appreciable changes in field in a

7 G. L. Pearson, Phys. Rev. 76 (1), 179-180 (1919).
8 G. L. Pearson, Phys. Rev. 76 (3), 459 (1949); W. E. Taylor and H. Y. Fan, pip« 

OA5, and N. H. Odell and H, Y. Fan, paper OA2 of the 1950 Annual Meeting of the 
American Physical Society, February 3, 1950. . ,

9 A value of 16.6 for the dielectric constant of germanium is obtained from optica 
data of H. B. Briggs: Phys. Rev. 77 (2), 287 (1950).
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mean free path for the carriers, equal to 1.1 • 10~5 cm a t room temperature, 
which would even preclude the applicability of the fundamental equations 
employed. In  qualitative terms, the conductivity of the semiconductor is 
sufficiently large th a t the currents which commonly occur are produced 
by moderate fields whose maximum gradients are relatively small. Space 
charge may persist in the steady state, but then only in surface regions 
whose thickness10 in germanium is generally less than about 10-4 cm and 
whose effects may be dealt! with through suitable boundary conditions.

The steady-state solutions, in their qualitative aspects, are illustrative 
of the phenomena taken into consideration. In an extrinsic semiconductor, 
if the concentrations of added carriers arc not too large, the solutions 
for moderate and large fields are in general approximately ohmic in their 
local behavior. The effect of diffusion is then comparatively small, and 
the added carriers largely drift under a field which varies with distance 
through the increased conductivity which these recombining carriers 
themselves produce. Diffusion effects are incident in addition to this 
behavior, and become pronounced for large concentrations or small ap­
plied fields. For example, solutions which specify the concentrations of 
added holes as functions of distance, for different total currents or applied 
fields in a source-free region, all approach a common solution for large 
hole concentrations, regardless of applied field; those for the hole cur­
rent and the electrostatic field behave similarly. This behavior results from 
diffusion in conjunction with the increase in conductivity. Another example 
is that of the solutions for zero total current: As the result of diffusion in 
conjunction with recombination, a flow of added holes can occur along a 
semi-conductor filament with no flow of current. I t  is, of course, accom­
panied by an equal electron flow, so that the hole and electron currents 
cancel, and occurs in any open-circuited semi-conductor filament which 
adjoins a region in which added holes flow. I t  can also be realized by suit­
able irradiation of an end of a filament, with no applied field. A closely 
related effect is illustrated in the flow of holes injected through a point- 
contact emitter into a semi-conductor filament along which a sweeping 
field is applied: Some of the holes will flow against the field, an appre­
ciable proportion, unless the current in the filament is sufficiently large. 
As a further example, if the mobilities of holes and electrons were equal, 
the electrostatic field would be given by Ohm’s law as the total current

10 The (largest) distance over which the increm ent in electrostatic potential exceeds
A.may be expressed in units of the length Ld =  ikTe/SirHiC2) *, where «,• is the thermal- 

equilibrium concentration of electrons (or holes) in the intrinsic semiconductor; see the 
paper of reference 3, also W. Schottky and E. Spenke, Wiss. VeroJJ. Siemcns-W erken 18 
w), 1-67 (1939). This distance increases with resistivity, never exceeding the value 1.4 
O for the intrinsic semiconductor. In high back voltage «-type germanium, it exceeds 
about 0.5 Lti, and Ld for germanium is about 7.4-10~5 cm a t room temperature.
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divided by the local increased conductivity. W ith electrons more mobile 
than holes, this ohmic field is modified by a contribution which is directed 
away from a hole source and proportional to the magnitude of the con­
centration gradient divided by the local conductivity. This contribution 
gives a non-vanishing electrostatic field for zero total current.

The intrinsic semiconductor has, as the result of a conductivity which 
is everywhere proportional to the concentration of carriers of either type, 
the property th a t the flow in it is as if the added carriers were actuated 
entirely by diffusion, with only the carriers normally present drifting 
under a field equal to the unmodulated applied field. The extrinsic semi­
conductor becomes in effect intrinsic if the concentrations of carriers are 
sufficiently increased, by whatever m eans/the ohmic contribution to the 
current density of either electrons or holes then becoming proportional to 
the total current density and, in this case, negligible compared with the 
contribution due to diffusion. I t  may, for example, be expected that the 
transport velocity of added carriers in an extrinsic semiconductor can be 
increased by an increase in the applied field only if the consequent joule 
heating does not unduly modify the semiconductor in the intrinsic 
direction.

General solutions for the steady state in one dimension are obtainable 
analytically in closed form for a number of im portant special cases. Aside 
from th a t for which diffusion is neglected, they include the general cases 
for no recombination, for the intrinsic semiconductor, and for zero total 
current, and the limiting cases of small and of large concentrations of 
added carriers. W. Shockley has made use of small-concentration theory 
in an analysis of p — n  junctions3. J. Bardeen and W. H. Brattain have 
given solutions for the steady-state hole flow in three dimensions, neg­
lecting recombination, in the neighborhood of a point-contact emitter.5 ,11 
Transient solutions arc obtainable analytically for the intrinsic semi­
conductor for constant mean lifetime, and for the extrinsic semiconductor 
if the concentrations of added carriers are sufficiently small that the 
change in conductivity is negligible. For concentrations unrestricted m 
magnitude, Conyers Herring has described a general method for graphical 
or numerical construction of transient solutions in one dimension from a 
first-order partial differential equation appropriate to the case for which 
diffusion is neglected in the extrinsic semi-conductor, and has given some 
solutions so obtained, with estimates of the effect of diffusion. Reference 
might be made to his paper12 also for discussion of various physical con-

3 loc. cit.
5 loc. cit.
11 See the paper of J. Bardeen in this issue.
12 Conyers Herring, B. S. T. J . 2S (3), 401-427 (1949).
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siderations and of certain interesting transient effects. Steady-state alter­
nating-current theory for relatively small total hole concentrations in the 
»-type semiconductor has been used to describe the action of the filamen­
tary transistor13 for which diffusion may in general be neglected.1

The steady-state solutions in one dimension apply to single-crystal semi­
conductor filaments, and for critical comparisons between theory and 
experiment, the ideal one-dimensional geometry should be simulated as 
closely as possible. Experimental estimates of hole concentrations and 
flows are frequently obtained from measurements of potentials and con­
ductances of point contacts along a filament1. These estimates require a 
knowledge of the dependence of the current-voltage characteristics of 
point contacts on hole concentration. Theory for this dependence has been 
presented by J. Bardeen11, and the determination of hole concentrations by 
means of the solutions here given should provide an essential adjunct to 
this point contact theory for its comparison with experiment.

2. G e n e r a l  f o r m u l a t io n

2.1 Outline

The formulation of the general problem is initiated by writing the 
fundamental equations for the time-dependent flow of holes and elec­
trons in a source-free region of a homogeneous semiconductor under the 
assumption that there is no trapping. Conditions for their validity are 
discussed. Neglecting changes in the concentrations of ionized donors and 
acceptors, the fundamental equations are expressed in reduced or dimen- 
sionless form by suitable transformations of the dependent and independ­
ent variables. They are simplified so that the general problem is formu­
lated by means of second-order partial differential equations in two de­
pendent variables, one for concentration and the other for electrostatic 
potential; corresponding equations are derived for the intrinsic semi­
conductor. Various properties of the equations are adduced. For the flow 
in one dimension, a differential equation in the hole concentration is 
given for the «-type semiconductor, accompanied by expressions for the 
electrostatic field and hole flow density, as well as by some boundary- 
condition relationships involving specification of the latter. The equations 
for this case are found to depend on three parameters: the ratio of elec- 
tron to hole mobility; a reduced concentration of holes a t thermal equilib­
rium; and a parameter which fixes the total current density.

I lie recombination of holes and electrons is specified by means of a
I loc. cit.
II loc. cit.

459J(1949^10Ck*e^ ’ Pearson, M. Sparks, and W. Ii. B raltain, Fhys. Rev. 76 (3),
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suitable function of the concentration of the added carrier, whose form is 
specified for two recombination laws: recombination according to a mass- 
action law, and recombination characterized by constant mean lifetime. 
I t  is shown tha t essentially the same reduced equations apply to the case 
for which recombination is neglected.

Second-order differential equations in the hole concentration for the 
»-type semiconductor with the thermal-equilibrium value of the hole 
concentration assumed negligible compared to the electron concentration, 
and for the intrinsic semiconductor, are then written for the steady state 
of constant current in one dimension. These are converted into first- 
order equations which have, as dependent variable a reduced concentra­
tion gradient G, and as independent variable a reduced concentration of 
added holes, A P. Boundary conditions are expressed as relationships 
between these variables. Properties of the general solutions and of the 
boundary conditions are accordingly examined in the (AP, G)-plane. It is 
found that there are two intersecting solutions through the (AP, G)- 
origin, which is a saddle-point of the differential equation, and that these 
are the solutions for field directed respectively towards and away from 
sources in semi-infinite regions which have sources only to one side. They 
are called field-opposing and field-aiding solutions, and possess two degrees 
of freedom. Solutions which do not intersect a t the origin are asymptotic 
to these, possess three degrees of freedom, and are called solutions of the 
composite type. This is the general type, and applies to a finite region in 
distance a t both ends of which boundary conditions are specified. The 
region may, for example, be one between a source and either another 
source, a sink, a non-rectifying electrode, or a surface upon which re­
combination takes place. While the analysis of composite cases is straight­
forward, the present treatm ent is confined to the simpler cases of field 
opposing and field aiding, the latter being the one most generally appli­
cable to experiments in hole injection. Also, where the differential equations 
involved are linear, solutions for composite cases can be written as linear 
combinations of field-aiding and field-opposing solutions.

From the properties of the curves in the (AP, G)-plane is determined the 
qualitative behavior of the hole concentration at a hole source at the 
end of a semi-infinite filament as the total current is indefinitely in­
creased.

2.2 Fundamental equations for the flow of electrons and holes

The equations for the flow in three dimensions of electrons and holes 
in a homogeneous semiconductor contain, as principal dependent vari­
ables, the hole and electron concentrations, p and n, the flow densities 
J p and J„ , and the electrostatic field, E, or potential, V. With no trapping,
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the equations may be written in a symmetrical form, so tha t they are 
applicable to either an «-type, a p-type, or an intrinsic semiconductor, 
as follows:

d-£  =  -  [p/Tp -  g0] -  div J„ 
at

( i)

dn
dt

=  -  [w/r„ -  g0] — div J„

fj-p
kTp E  — grad p =  —Ppp grad

kT
F +  — log p

e

div E =  [{p
e

_E =  — grad V.

V kT  i— n E    grad n
e

—UnU grad
kT

- V  +  —  log n
e

p0) -  (n -  n0) +  (D+ -  D t) -  U ~  -  Ai)]

In the first two equations, which are the continuity equations for holes 
and electrons written for a region free from external sources, go is a con­
stant which represents the thermal rate of generation of hole-electron 
pairs per unit volume; for cases in which hole-electron pairs are produced 
also by penetrating radiation, appropriate source terms in the form of 
identical functions of the space and time coordinates can be included on 
the right in the respective equations. The mean lifetimes of holes and 
electrons, rp and r„ , are in general considered to be concentration-de­
pendent and, since trapping is neglected, the quantities p /r p and «/r„  
are equal, being the rate a t which holes and electrons recombine. Evalu­
ated for the normal semiconductor, or the semiconductor a t thermal 
equilibrium with no injected carriers, they equal go.

The equations for J,, and J n , which are vectors whose magnitudes equal, 
respectively, the numbers of holes and of electrons which traverse unit 
area in unit time, are diffusion equations of M . von Smoluchowski, 
written for hole flow and for electron flow14. Of the type frequently em­
ployed, after C. Wagner, in theories of rectification, each expresses the 
dependence of the flow density on the electrostatic field and on the con­
centration gradient, the diffusion constant for holes or electrons having 
been expressed in terms of the mobility, nP or ¡Xn , in accordance with the

“ S. Chandrasekhar, Rev. Mod. Phys. 15, 1-S9 (1943).
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well-known relationship of A. Einstein15. In them, e denotes the magnitude 
of the electronic charge; T  is temperature in degrees absolute; and k is 
Boltzmann’s constant. W ith transport velocity defined as flow density 
divided by concentration, the product of the mobility and the quantity in 
square brackets in the expression for J,, or J„ on the extreme right gives 
the corresponding velocity potential, which is thus proportional to the 
sum of an electrostatic potential and a diffusion potential.

The next to last equation is Poisson’s equation, which relates the di­
vergence of the field to the net electrostatic charge. Here e is the dielectric 
constant; p0 and w0 are the concentrations of holes and electrons at 
thermal equilibrium, in the normal semiconductor. The concentrations of 
ionized donor and acceptor impurities at thermal equilibrium are repre­
sented by D t  and A o’ , while D 'v and A~ are dependent variables which 
denote the respective concentrations in general of ionized donors and 
acceptors in the semiconductor with added carriers. As shown in the 
Appendix, variations in D+ and A~  may be neglected if the impurity 
centers are substantially all ionized in the normal semiconductor, despite 
the effect large concentrations of added carriers may have on the equilib­
ria16.

The expression of the electrostatic field as the gradient of a potential 
according to the last equation is consistent with the circumstance that 
the effects of magnetic fields, with none applied, are in general quite 
negligible.

Subtracting the first continuity equation from the second, it is found 
that

(2) div (J„ -  J„) =  - U p  -  n \
VI

since, with no trapping, p/r,, equals « / r „ . Neglecting changes in the con­
centrations of ionized donors and acceptors, this equation and Poisson’s 
equation give

(8) T — T =  T ____ f_ I + I  =  I — — —
J p  J ” J  4 x e  d t ’ " +  " 4 t  d t ’

where J  and I  are solenoidal vector point functions, in general time- 
dependent. The latter is the total current density, and the term which 
follows it in (3) gives the displacement current density.

15 A. Einstein, Annalen der Physik 17, 549-560 (1905); Muller-Pouillet, Lehrbiich der 
Physik, Braunschweig, 1933, IV (3), 316-319.

16 I t  has been found from measurements of the temperature dependence of the con­
ductivity and Hall coefficient that the energy of thermal ionization of the donors in 
type germanium of relatively high purity is only about lO^eV, whence most of die donorf 
are ionized at room temperature: G. L. Pearson and \V. Shocklcv, Phys. Rev. 71 (2), 14- 
(1947).
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I t may be well to point out th a t the validity of the diffusion equations 
depends on two assumptions, which, while hardly restrictive in general 
for homogeneous semiconductors, indicate the nature ,of the generaliza­
tions which might otherwise be necessary14. The first assumption is that 
there are no appreciable time changes in the dependent variables in the 
relaxation time for the conductivity, or the time of the elementary fluctua­
tions. This is tantam ount to the requirement tha t the carriers undergo 
many collisions in the time intervals of interest. The second assumption is 
that the changes in the carriers’ electrostatic potential energy over 
distances equal to the mean free path are small compared with the aver­
age thermal energy. In accordance with this assumption, very large fields 
in the electrically neutral semiconductor for which the carriers are not 
substantially in thermal equilibrium with the lattice are ruled out. The 
neglect of space charge then in general validates the two assumptions, if 
the resistivity is not too small, since the neglect of changes in the de­
pendent variables which occur in the dielectric relaxation time obviates 
their change in the relaxation time for conductivity; and the neglect in 
the steady state of appreciable variations in electrostatic potential, and 
thus in the other dependent variables, in the distance10 L,t , obviates their 
variation in a mean free path. The dielectric relaxation time for ger­
manium, 1.5 -10~12 sec per ohm cm of resistivity, in high back voltage 
material exceeds the relaxation time for conductivity, which is about 
1.0 ■ 10~12 sec; and in semi-conductors in which the mobilities and  the 
conductivity are smaller than the comparatively large values for ger­
manium, the dielectric relaxation time may be appreciably larger than the 
relaxation time for conductivity. Similarly, Li  for germanium is about 7 
times the mean free path, and this ratio, which is essentially inversely 
proportional to the square root of the product of mobility and intrinsic 
conductivity, may be appreciably larger for other semiconductors.

If, on the other hand, it should be desired to consider space-charge 
effects in germanium, the diffusion equations may be of rather marginal 
applicability, and the use of their appropriate generalization indicated, 
since with Ld equal to 7 mean free paths, appreciable space-charge varia­
tion of potential, corresponding to a field which is not small compared 
with the free-path thermal-energy equivalent of about 3500 volt cm-1, 
may occur in a t least one of the free paths. For example, diode theory, 
rather than diffusion theory, provides the better approximation for the 
characteristics of germanium point-contact rectifiers, and is particularly 
applicable to those from low resistivity material for which the potential 
variation is largely confined to one mean free path  or less17.

10 loc. cit.
11 loc. cit.
17 H. C. Torrey and C. A. Whitmer, “Crystal Rectifiers,” New York, 1948, Sec. 4.3.
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Neglecting space charge, Poisson’s equation becomes simply the con­
dition of electrical neutrality:

(4) (p -  po) — (n — n 0) =  0,

assuming substantially complete ionization of donors and acceptors. 
Similarly, equations (3) become

(5) J p — Jn = J; Ip +  In =  I.

W ith electrical neutrality, the two continuity equations merge into one: 
Since derivatives of p equal the corresponding ones of n,

div J p
(6)

-  [P/rp -  go] -  ^

=  div J„ =  -  [n/r„ —go] - dn
d t '

The neutrality condition in conjunction with the two equations obtained 
by substituting for J p and J„ from the diffusion equationsin (6) thuspro- 
vide three equations for the determination of p, n, and E or V.

I t  is instructive to rewrite equations (6) in accordance with

(7)

div Jp =  s 

=  div J„ =  s

grad p 

grad n,

s = djp • i / d p i + d]p ■ j/d f j + dj;j • k / d fd.v /  d.r_ L dy / dy_ ds / ds J
where i, j, and k  are unit vectors in the directions of the respective axes. 
The velocity s, which is given as well by the expression for electrons an­
alogous to tha t written for holes, may be defined alternatively as follows: 
Suppose, for definiteness, th a t the second-order system of equations (4) 
and (6) have been solved, so th a t the concentrations and flow densities 
are known in terms of the cartesian coordinates x, y, and z, and the time L 
The .r-component of s is then the partial derivative with respect to p of 
the v-component of ] p in which x  has been replaced by the proper func­
tion of p, y, z, and t, and similarly for the other components. Thus, with 
s a known function, p or n may be considered to satisfy the first-order 
partial differential equation obtained by substituting from (7) in (6), from 
which it is evident tha t s is the velocity with which concentration transi­
ents are propagated18. This velocity, which is here called the differential

ls The identification of s as this propagation velocity follows the example of C. Herring, 
in whose method for solving the transient constant-current problem in one dimension 
the velocity depends in a known manner on concentration only, through the neglect of 
diffusion, so that the general solution of the differential equation in which thus neither 
independent variable a- nor I occurs explicitly may be obtained; cf. reference 12, pp. 412 u-
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transport velocity and loosely referred to as the transport velocity of 
added carriers, of course differs in general from the transport velocity 
proper, defined as the ratio of flow density to concentration; its general 
definition, which is applicable to the steady state, has been introduced to 
facilitate later interpretations.

2.3 Reduction of the fundamental equations to dimensionless form
2.31 The general case

In order to obtain solutions in forms which exhibit such generality as 
they may possess, the fundamental equations are to advantage written 
in terms of dimensionless dependent and independent variables which are 
the original variables measured in suitable units. Through formal con­
sideration of the equations (1), in conjunction with (3) or with (4) and (6), 
these units can be so chosen th a t the system of reduced equations will 
exhibit independent parameters on which it may be considered to depend. 
The best choice of suitable units is by no means unique; those choices 
which have been made are natural ones, in th a t they have been found to 
result in greater formal simplicity and ease of interpretation in the theory 
than others which may be equally valid in principle.

The choice for an n-type semiconductor consists in definitions of di- 
mensionless variables and parameters as follows:

=  p T V -1*

V  =  1/t

X  m  x / L p , Y  m  y / L , ,  Z  s  z / L „  ; L p =  [0,7

P  =  p / ( n 0 -  po); Po =  po /O h  ~  po) =  gar/ {no  -  pa)

N  =  n / ( n 0 — po)] N 0 =  no/ {nQ — po)

(8) C s  l / h  =  Ea/ E (l =  mE „ /[D p/ t ] ! ; 7 0 s  <t0E q ; E 0 =  kT /eL p 

CP h  I J h  

C n ^  - I „ / / o  

F  =  E /£ o

W  =  V/EoLp =  eV /kT  

_Q =  t / t p  .

The rectangular cartesian space coordinates are x, y, and z. The quantity 
t is the mean lifetime of holes for concentrations of added holes small 
compared with the thermal-equilibrium electron concentration, n 0 ; and 
co is the conductivity of the normal semiconductor. The hole mobility,



originally tip , is denoted by fx for simplicity. If b is the ratio of electron to 
hole mobility, <r0 is given in general by

(9) <7o =  fxe(bii0 +  po) =  Mo bfxe{iio — po), Mo =  1 +  —-j-— P o,b

the symbol M 0 being introduced for brevity. I t  po < <  «o , M o is unity 
and (7o equals bfxeiio.

The independent dimensionless distance variables are X , V and Z, 
where the distance unit, L v , is a diffusion length for a hole for the mean 
lifetime, r, the diffusion constant for holes being D„ . This mean lifetime 
is the unit for the independent dimensionless time variable, U. The hole 
and electron concentrations are measured in units of the excess in concen­
tration of electrons over holes19, n0 — pa , the reduced variables being P 
and .V, respectively. The reduced total current C is total current density 
measured in units of the current density I o which flows in the semicon­
ductor with no added carriers under the characteristic held Eo , which is 
a held such that a carrier would expend the energy kT  in drifting with it 
through the distance L v. A more illuminating alternative description is 
that C is the ratio of the average drift velocity of holes under the applied 
or asymptotic held, E0 , to the hole diffusion velocity (£>,,/r)h The held 
E„ is tha t which produces the current density I in the semiconductor 
with no added carriers. The corresponding reduced hole and electron flow 
densities are C,, and C„ . The electrostatic held measured in units of Eo 
is denoted by F, and IF is the corresponding reduced electrostatic poten­
tial. The lifetime ratio Q is a function of P which characterizes the re­
combination process. While it appears from experiment th a t the recom­
bination rate for holes depends on both physical and chemical properties 
of the semiconductor, in a particular semiconductor at given temperature 
it may be considered to depend on hole concentration alone.

Representative values for germanium of units in terms of which the 
dimensionless quantities are defined are as follows: The mean lifetime r 
may be of the order of 10“ 5 sec. With a mobility for holes7 of 1700 cm2 
volt“ 1 sec“ 1 in germanium single crystals a t 300 deg abs, the length Lv 
is then about 2-10“2 cm; the characteristic field, E 0 , 1.2 volt cm“ 1; and 
the current density 7o, 0.12 ampere cm“2 for a resistivity of 10 ohm cm.

W ith these definitions20, the fundamental equations for a region free 
from external sources, neglecting changes in the concentrations of ionized

7 loc. cit.
18 The excess in concentration of electrons over holes is of course equal to that of 

ionized donors over ionized acceptors.
20 The definitions given appear best if there is a region in which P  — To is small, with 

P o ^  0. Modified definitions of the reduced flow densities, in which the conductivity 
cro is replaced by the conductivity bfic(no—po) due to the excess electrons alone, result in 
equations obtainable formally by setting Mo equal to unity.
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donors and acceptors and neglecting space charge21, are given in reduced 
form as follows:

DP
=  -[M fo d iv C p  +  PQ -  P«]

d U

( 10)

M
dU

= — [bM0 div C„ +  PQ -  Po\

c * = u r  [FP “ srad p] = "oM q

C» =  "À" [-F A 7 -  grad .V] =  
Mo

\
bMc

_L
W,

P  grad [IF +  log P]

.Y grad [ - I F  +  log .V]

(P  -  P0) -  (Ar -  N 0) = P  -  N  +  1 =  0

F =  -g r a d  IF,

and the reduced form of equations (5) is

(11) C„ -  C„ =  C.

These reduced equations may be simplified and two differential equa­
tions in the dependent variables P  and IF written as follows:

( 1 2 )
- b M 0 div Cp =  div P  grad [IF +  log P] =  [PQ — P 0] + dP_

dU

div C =  0, / r a d

where S is the conductivity a in reduced form:

(13) ff =  b.V +  P  
<To bNo +  Po

1_
M 0

An alternative formulation, due to R. C. Prim, which is obtained by evalu­
ating div [C„ ±  b Cp], consists of the two equations,

div (1 +  2P) grad IF
(14)

b +  1
div grad [IF —(1 +  2P)]

=  [PQ -  Pol +
dP
d U ’

21 I t  may be desirable to take space charge into account in cases involving high fre­
quencies or high resistivities. Poisson’s equation and equations (3) are in reduced form,

OF
P  — N  +  1 =  bMoV div F and C„ — C„ =  C — P where r . s s  e/4jr<r0r.

The term containing P may often be omitted from one of these equations, depending on 
the nature of the particular case considered.
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in which the use of (1 +  2P) as dependent variable may be desirable. 
This variable is equal to the concentration of carriers of both kinds di­
vided by the excess of electron concentration over hole concentration, 
which is a constant.

The expression in the equations which specifies the recombination 
rate may be written more simply. Since the lifetime ratio <3 is unity for

where R, which will be called the recombination function, depends on P 
and also equals unity for P  =  P0 . The lifetime ratio and the recombina­
tion function which, of course, differ in general, both equal unity for the 
case of constant mean lifetime. Recombination of holes and electrons at a 
rate proportional to the product of their concentrations, called mass-action 
recombination, and recombination characterized by a constant mean life­
time for holes are frequently of interest. For a combination of independent 
mechanisms of both types, it is easily seen that

where r„ is the mean lifetime for small concentrations associated with 
mass-action recombination alone, so tha t a — 0 for constant mean life­
time, and a — 1 for mass-action recombination. If both recombination 
mechanisms are operative, that of mass-action recombination will, of 
course, determine the mean lifetime where the concentration of added 
carriers is sufficiently large.

Recent experiments have shown that the mean lifetime for holes in 
«-type germanium can be increased materially, to a t least 100 micro­
seconds, by minimizing surface recombination through decreases in sur- 
face-to-volume ratios.1 On the other hand, comparatively short mean 
lifetimes, of the order of one microsecond, occur in /»-type germanium 
produced, for example, from «-type by nucleon bombardment. I t  should be 
possible to determine in various cases which recombination law would 
provide the better approximation by use of the technique of H. Suhl and 
W. Shockley of hole injection in the presence of a magnetic field22 or by 
the photoelectric technique of F. S. Goucher23.

22II. Suhl and W. Shockley, Phys. Rev. 75 (10), 1617-161S; 76 (1), 180 (1949).
23 F. S. Goucher, paper I  11 of the Oak Ridge Meeting of the American Physical So­

ciety, March IS, 1950; Phys. Rev. 78 (6), 816 (1950).

(15) PQ -  P 0 = (P ~ P 0)R ,

Q =  t / t p  = 1 +  a (/>-/>„)/«„ =  1 +  a (P -  P o)/(1 +  To),

, a =  t / t „ , 0 <  a <  1

[R =  1 +  op /m  = 1 +  oP /(  1 +  P 0),

1 loc. cit.
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I t  appears that solutions neglecting recombination furnish useful ap­
proximations for some applications. If recombination is neglected, by 
assuming that the mean lifetime is infinite, the definitions (8) of the di- 
mensionless quantities no longer have meaning, but essentially the same 
differential equations and corresponding boundary-condition equations can 
still be used. The reduced equations become essentially homogeneous in 
t  for t  large, and it suffices to suppress the recombination terms, PQ — 
P o , retaining formally the definitions of the dimensionless quantities in 
which now r, and thus Lp and E<t or I 0 no longer have physical significance. 
One of these unitary quantities may be chosen arbitrarily. I t  might be 
noted tha t if Poisson’s equation is retained the length unit is advantage­
ously chosen as L i , which gives a dielectric relaxation time for the time 
unit.21

In  one cartesian dimension, with total current a function of time only, 
W  may be eliminated by means of the equation for C in (12) and, upon 
substituting for it in any of the three remaining equations in (12) and 
(14), a differential equation for P  results which depends on b, P o, andC 
as parameters. Dropping vector notation, this equation is

dP
dU

(17)
(1 +  2P l ( l  +  i A - -  P ' d2p  b - 1

dX* b
~dP~
j x _

r dP
~ M o C d X

[ i  +  t+ V  0

2

- ( P  -  P0)R-
Similarly, from (10),

(18)

M 0 CP -  (1 +  2 P)
Cv =

dP
d X

bM0

MoC
F =

i  +  ' - i l j -b

b -  1 dP  
b d X

i  +  b- ± - 1 P

The expressions for F and Cp possess some interesting features. T hat for 
the reduced field, F, is composed of two terms, the first of which expresses 
Ohm’s law, since C is reduced total current density and the denominator 
is proportional to the local conductivity. The second term is a contribu­
tion which is directed away from a  hole source, since b is greater than
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unity, or since electrons are more mobile than holes. If b were equal to 
unity, the field would be independent of the concentration gradient. The 
second term thus represents a departure from Ohm’s law which is due to 
diffusion and which is associated with the presence of current carriers of 
differing mobilities. I t  gives a non-vanishing electrostatic field for the 
case of zero total current. The two terms in the expression for Cp are 
likewise ohmic and diffusion terms, but here the diffusion term would be 
present even if the hole and electron mobilities were equal.

Boundary-condition relationships might be illustrated by some ex­
amples for this one-dimensional case. If it be specified that for U >  0 a 
fraction /  of the total current to the right of a source a t the X-origin, 
say, be carried by holes, then, from (18),

dP , ,  b +  (b +  1)P 
a x  =  ~ Mo -  1 +  2P / C,b +  (6 +  1)

X =  + 0, u  > o.
The solution in an X-region to the right of the origin may be determined 
by this condition and an additional one. The simplest is tha t for the flow 
in the semi-infinite region, namely P  =  P 0 for X =  *>. This relationship 
holds for some finite X  for an idealized non-rectifying electrode there. 
For the region between the source and a surface a t X =  X„ on which 
there is recombination characterized by a hole transport velocity s, 
which is also the differential transport velocity for x constant, it is clear 
that C =  0, so that, for X =  X„ ,

(20) C =  - 1  (1 +  2 f ) dP  =
V ; p M 0 b +  (b +  1 )P  d X  bMo ’

5 =  s/ [ D „ / t ] \  s p  J p / p .

Consistently with these examples, boundary conditions may in general be
dPexpressed as relationships between P, —  , and the parameter C, for given
oX

values of X.
A simple transformation of dimensionless quantities serves to extend all 

of the analytical results which have been given for the n-type semi­
conductor to the p ty p e  semiconductor: Consider the substitutional
transformation which consists in replacing the original dimensional quan­
tities for holes by the corresponding ones for electrons, and vice versa,
and in replacing the electrostatic field by its negative. The original set of 
fundamental equations (1) is invariant under this substitution, which 
defines an equivalent transformation from the dimensionless quantities of
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equations (8) to the desired new set, in which the ratio b of electron to 
hole mobility is replaced by its reciprocal.

2.32 The intrinsic semiconductor.

For the intrinsic semiconductor, in which po = n o , the reduced concen­
trations given in (8) are inapplicable. As po approaches n0 , these reduced 
concentrations increase indefinitely, and the equations which those given 
for the «-type semiconductor approach in the limit are homogeneous in 
the concentration unit. These limiting equations therefore apply to the 
intrinsic semiconductor in terms of a concentration unit which may be 
chosen arbitrarily. The quantity «o will be chosen as this unit. Thus, 
redefining the reduced concentration variables as

(21) P  L  p /n o , N  =  1 1/ no ; P = N,

from equations (12) and (14) any two of the equations in the dependent 
variables P  and W  given by

- (jb T  1) div C„ =  d’v P  grad W

2b div grad P = [PQ -  1] +  dP
(22) \ b +  1 6 v 1 d U ’

CP =  - b t / 'g ra d  [IF +  log P];

div C =  0, C =  — P  grad

and including the right-hand member which is common a t least once, char­
acterize the intrinsic semiconductor24.

I t  is noteworthy that one of these equations contains only P  as de­
pendent variable, W  being absent; and this equation indicates th a t the 
spatial distribution of carrier concentration is not subject to drift under 
the field, but only to a diffusion mechanism with diffusion constant 
2DpD„/(Dj, +  D„), where D„ = bDp is the diffusion constant for elec­
trons.25 This result is readily accounted for as being due to a conductiv­
ity in the intrinsic case which is everywhere proportional to the concen­
tration of carriers of either type, so that 2  =  P. The expression for C

24 These equations for the intrinsic case were first derived finite unambiguously as 
those for the special case of the parameter p„/n0 equal to unity in the general equations 
written in terms of the concentration unit n„. This unit is, however, less advantageous 
than (w0 — />„) which, in obviating much of the formal dependence on p„, makes for 
greater generality.

25 The equations for the intrinsic case might be written in somewhat simpler form by 
redefining the length unit in terms of 2D„D,J{DP -\- Dn) as a  diffusion constant instead of 
Dp , but their relationship to those of the general case would then be less evident.
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in (22) owes its special form simply to this circumstance, while that for 
Cp applies also to the general case, and the differential equation in P  is a 
consequence of the equations in P  and W  from div C and div Cp . Or, 
in more detailed terms, since the ohmic contribution to Cp must be pro­
portional to C, div Cj, contains only the contribution due to diffusion. 
This is evident from the relationship obtained from (22),

from which it follows also that, despite the dependence of the local field 
on concentration gradient, the ohmic contribution to the hole flow density 
is the flow density of holes normally present in the intrinsic semiconduc­
tor under the unmodulated applied field.

The equations which have been given for one-dimensional flow in the 
«-type semiconductor can readily be transformed, in the manner indi­
cated, into the corresponding equations for the intrinsic semiconductor.

2 .4  Differential equations in  one dimension for the steady stale of constant 
current and properties of their solutions 

The steady state of constant current in one dimension will be con­
sidered explicitly for two limiting cases: the «-type semiconductor with 
Po =  0, and the intrinsic semiconductor. These serve to illustrate and 
delimit the qualitative features of the general case. Furthermore, the case 
Po — 0 frequently applies as a good approximation26, as does the intrinsic 
case, which is of particular interest not only in itself bu t also because the 
extrinsic semiconductor exhibits intrinsic behavior for large concentra­
tions, and because moderate increases in temperature above room tem­
perature, such as joule heating may produce, suffice to bring high back 
voltage germanium into the intrinsic range of conductivity27. The tem­
perature dependence of P 0 and of other reduced quantities is evaluated 
for germanium in the Appendix.

The ordinary differential equations in the reduced hole concentration, 
P , for the steady state in one dimension, which result from equations
(17) and (22) by equating the time derivatives to zero are as follows:

20 In  «-type germanium of resistivity about 5 ohm cm, for example, the electron con­
centration exceeds the equilibrium hole concentration by a  factor of about 70.

27 Germanium which is substantially intrinsic a t room temperature has been p ro d u ced : 
R. N. Hall, paper 15 of the Oak Ridge Meeting of the American Physical Society, March 
18, 1950.

(23)

(24) =  ----- “ TV— =-   L flA J +
UÄ“ h _L 1

[1 +  2P] 1 +  ° - ± - ±  P  
b

dP _  b -  í  dP - 
d2P  dX  b dX +  - 1 ~ P

   J  R
1 +  2 P
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for the «-type semiconductor with P 0 = 0, and

b +  1(25)
d2P  
d X - 2b (P -  I)R

for the intrinsic semiconductor, with R  given as (1 +  aP) by (16); P  has 
the same meaning in both equations, the concentration unit being «<> 
for each case. W ith time variations excluded in this way, the parameter C 
is a constant and the differential equations apply to the steady state of 
constant current.

Since the equations involve only the single independent variable X  
which does not appear explicitly, their orders may be reduced by one, in 
accordance with a well-known transformation, which consists in intro­
ducing P  as a new independent variable, and

dP
(26) G =

dX
d d

as new dependent variable: Noting tha t —  is equivalent to G~ ;, the dif­

ferential equations become

C b -  1

[1 +  2 P] 1 +  è + J p
+

1 + 0
[ 1 +  2P]G

R

for the «-type semiconductor, and

b + \ ( P(28) dG
dP

m
2b

for the intrinsic semiconductor. These are differential equations of the 
first order.

The solutions sought in the semi-infinite region, X  >  0, are those for 
which G =  0 for AP =  0, tha t is, those which pass through the (AP, G) — 
origin, where AP, which denotes P  — P o , equals P for the «-type semi­
conductor and P —1 for the intrinsic semiconductor. This condition is that 
the concentration gradient vanish with the concentration of added holes, 
as it must for X  infinite. I t  will be shown that the differential equations 
possess singular points at the (AP, G)-origin, and the physical interpretation 
of the solutions through these singular points will be examined. For this 
purpose, consider equation (27) for the «-type semiconductor which, in 
the neighborhood of the origin, assumes the approximate form,

dG _  G _  r  P  
dP P  G ’

(29)
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since R  is close to unity for P  small, whence

(30) §  =  7  "  k lc ±
Similarly, for the intrinsic semiconductor, for P — 1 small,

(SI) dG -  G =  ±  A / b +  1
 ̂ '  d(P -  1) P  -  1 ±  y  26

There are thus, in each case, two solutions through the (AP, G)-origin, 
one with a positive derivative and the other with a negative derivative. 
Consider now the doubly-infinite region with a source a t X  =  0. Then, 
for X  >  0 , the negative derivatives apply, since the concentration gra­
dient G is negative. Similarly, for X  <  0, the positive derivatives apply. 
Now, the value of the current param eter C will be substantially the same 
in both regions, since it has been assumed tha t AP is small. For C posi­
tive, equation (30) for the «-type semiconductor indicates that the 
magnitude of dG/dP  for X  <  0 exceeds th a t for X  >  0, and the situation 
is reversed if the sign of C is changed. T hat is, the magnitude of the 
concentration gradient increases more slowly with concentration for 
field directed away from a source than for field directed towards a source, 
which is otherwise plausible. For the intrinsic semiconductor, on the 
other hand, equation (31) shows tha t corresponding magnitudes of the 
concentration gradient are equal and entirely independent of C, a result 
which the differential equation (28) establishes in general.

I t  thus appears that a differential equation for the steady state possesses 
two solutions through the (AP, G)-origin, and that one of the solutions 
corresponds to the case of field directed towards a source, the other to the 
case of field directed away from a source. Field directed towards a source 
is.called field opposing, while field directed away from a source is called 
field aiding, the latter being the one commonly dealt with in hole-injec- 
tion experiments. I t  should be noted th a t the cases of field opposing or 
field aiding can be realized in a given X-region only if it adjoins a semi­
infinite region free from sources and sinks. In the region between two 
sources, neither of these cases applies. L. A. MacColl has shown, through a 
more detailed consideration of the singularity a t the (AP, G)-origin, that 
the two solutions through this point are the only ones through it. The 
origin is thus a saddle-point of the differential equation, and there exist 
families of nonintersecting solutions in the (AP, (?)-plane for which the 
solutions which intersect a t the origin are asymptotes. A solution for an 
X-region between two sources, for example, is a member of such a family, 
as is in general any solution determined by boundary conditions at the 
ends of a finite region in X. Such a solution will be called a solution for a 
composite case; it approaches asymptotically both a field-opposing and a
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field-aiding solution, which is consistent with the qualitative geometry- 
associated with a saddle-point, and with the fact that, in the X-region, a

Fig. 1.—Diagrammatic representation in the (P , G)-plane of solutions and boundary 
conditions for the steady-state one-dimensional flow of holes in an «-type semiconductor.

total current directed away from one source is necessarily directed to­
wards the other. This behavior is illustrated diagramatically for the re­
type semiconductor in Fig. 1, which shows, in the (P , G)-plane, solution
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curves as well as boundary-condition curves for a source, for a given 
positive value of C. Those for the intrinsic semiconductor differ only in 
th a t the solution curves in the (P — 1, G)-plane do not depend on C, all 
being given by the ones for zero total current density, and the corre­
sponding boundary-condition curves are straight lines.

Once a solution, G(P), for field opposing, field aiding, or a composite 
case, specifying G as a function of P  has been obtained, the dependence of 
P  on X  is determined by evaluating

(32) x  -  i

in accordance with the definition of G, equation (26). For the general com­
posite case, G(P) is tha t one of the family of solutions for the given C such 
tha t the integral between values of P  determined by the intersections with 
the boundary-condition relationships provides the correct interval in X. 
If P° is determined by the condition tha t for X  =  0, a fraction /  of the 
total current is carried by holes, then, from (19), P° is the point on the 
solution curve which satisfies either

o _  6 +  (6 +  1)P°
(33) 1 +  2/»  

for the «-type semiconductor, or

/ b +  (6 +  1)P°_

(34) G° =  — (6 +  1) 
2b

1
b +  1.

C

for the intrinsic semiconductor, G° being the corresponding value of G.
From the manner of derivation of the boundary conditions (33) and

(34), it is evident th a t they are perfectly general, holding in particular 
for the cases of field opposing and field aiding, and whatever be the sign 
of C. The concentration gradient G° may be seen to have the correct sign 
for these cases if it is taken into account th a t / ,  defined as C J C  or I r/I ,  
may assume any positive or negative value, being positive for field aiding, 
and negative for field opposing, for which the hole flow is opposite to the 
applied field. For /  negative, the quantities in brackets in equations (33) 
and (34) are negative. The general principle th a t the sign of the con­
centration gradient G is such as to be consistent with the flow of holes 
from a source requires also tha t the quantities in brackets be positive 
for field aiding, or whenever/  is positive. For the intrinsic semiconductor, 
this requires that /  for field aiding never be less than 1/(6 +  1). This is 
clearly a consistent requirement which holds in all generality since, for 
zero concentration of added holes, or for the normal semiconductor, G° 
vanishes and the ratio of hole current to total current equals 1/(6  +  !)•
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In the case of the »-type semiconductor, /  is not restricted in this way. 
Consider, for this case, hole injection into the end of a semi-infinite 
filament, to which the field-aiding solutions apply. As the total current is 
increased indefinitely, the tangent to the solution in the (P, (?)-plane at 
the origin approaches the P-axis, as does the solution itself, and it is 
evident from the boundary-condition curves of Fig. 1 that if /  is less than 
1 /{b +  1) the hole concentration P° a t the source approaches as a limit 
the indicated abscissa of intersection of the appropriate boundary- 
condition curve with the P-axis, or the value for which the quantity in 
brackets vanishes. I t  is similarly evident tha t P° increases indefinitely 
with total current in either semiconductor if /  is greater than or equal 
to 1/(6 -f- 1). This is a result otherwise to be expected from the qualitative 
consideration that an extrinsic semiconductor becomes increasingly 
intrinsic in its behavior as the concentration of injected carriers is in­
creased.

Figure 1 serves also to facilitate a count of the number of degrees of 
freedom which the steady-state solutions possess: Corresponding to values 
of the concentration and concentration gradient at a point in a semi­
conductor filament in which added carriers flow, there is a point (P, (?) 
in the half-plane, P  >  0, of the figure. If the total current density is speci­
fied in addition, the value of C and the solution through the point (P, (?) 
are determined. This solution applies in general to a composite case, 
which therefore possesses three degrees of freedom. T hat is to say, a t a 
point in a filament, any given magnitudes of both concentration and con­
centration gradient can be realized for a preassigned to tal current density 
by a suitable disposition of sources to the right and left. The cases of 
field opposing or field aiding, however, possess only two degrees of freedom, 
since the given concentration and gradient determine the total current 
density and the solution, which must pass through the origin; and which 
of the two cases applies depends on whether the point (P, (?) lies to the 
left or to the right of the curves, shown in the figure, for the zero-current 
solution. Thus, in a filament with a single source of holes, for example, the 
concentration, concentration gradient, total current density, and any 
functions of these, such as hole flow density and electrostatic field, are 
all quantities the specification of any two of which a t a point completely 
determines the solution for a source-free AT-region which includes the 
point.

3 . S o l u t io n s  t o r  t h e  S t e a d y  S t a t e

For a given value of the current parameter C, solutions for the steady 
state of constant current in a single cartesian distance coordinate, specify­
ing G in terms of the relative hole concentration P, and P, the reduced hole
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flow density Cv , and the reduced electrostatic field F, in terms of reduced 
distance X  are found in general by numerical means, which include nu­
merical integration and the evaluation of appropriate series expansions.

General solutions which have been evaluated numerically for «-type 
germanium for a number of values of the current param eter are given in 
the figures. In the limiting cases of P  small and P  large, analytical ap­
proximations for the extrinsic semiconductor are readily obtained, that 
for P  large being derived from an analytical solution for C equal to zero, 
or zero current. If the steady-state problem for the extrinsic semicon­
ductor is simplified by neglecting either recombination or diffusion, solu­
tions are obtainable which, like the zero-current one, are expressible in 
closed form.

For the intrinsic semiconductor, the general problem considered in this 
section is solved quite simply by analytical means. The solution provides, 
as physical considerations indicate it should, the same analytical approxi­
mation for large P  as does the zero-current solution for the extrinsic case. 
I t  may be well to consider first the intrinsic semiconductor which, aside 
from the extrinsic semiconductor for the case of zero current, appears to 
constitute the only analytically solvable steady-state case in one dimension 
which has physical generality according to the present approach.

3.1 The intrinsic semiconductor

Integrating the differential equation (28), it is found that

with R  given as 1 +  oP by (16), for an arbitrary combination of the two 
recombination mechanisms, assumed independent. Thus

for the cases of field opposing or field aiding, for which G — 0 for P  — 1 = 
0 ; for a composite case, a suitable constant is included on the right-hand 
side. Excluding composite cases, the root may be taken in (36) and G 
replaced by its definition, which gives

(35)

(36) b +  1
2b (P -  l ) 2 (1 +  a) +  \  a(P  -  1)1

and if the X-origin is selected more or less arbitrarily as the point at 
which P  is infinite, then (37) gives

(38) P  -  1 =  3(l-± a). csch2 F (1 +  +  1}T  X
2 a L 80
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provided a ±  0; for mass-action recombination a =  1. For a = 0 or for 
constant mean lifetime, (37) gives an exponential dependence of P — 1 on X:

where Po is the relative hole concentration for X  =  0. Linear combina­
tions of the two solutions in (39) give solutions for composite cases, since 
the differential equation from which (39) was derived is linear in P. A 
similar result does not hold if there is mass-action recombination present, 
and the more general procedure above referred to must then be followed.

A characteristic feature of these solutions for the intrinsic semicon­
ductor is their independence of the current parameter C, this parameter 
occurring only through a boundary condition, such as the one given in 
equation (34) of Section 2.4. They are symmetrical in shape about a 
source, the dependence of the concentration on the magnitude of the 
distance from the source being the same for held opposing as for field 
aiding, which follows quite simply from the symmetrical forms of the 
solutions, and the condition that the concentration is everywhere con­
tinuous.

Equations (22) and (23) of Section 2.32 provide the hole flow density 
and the electrostatic field for this case. W ith G given for mass-action 
recombination or for constant mean lifetime by the appropriate special 
case of equation (36), and using the positive sign for an A’-region to the 
left of sources and the negative sign for an X-region to the right,

The electrostatic potential, V, is readily expressed in terms of P: From

(39) P  — 1 =  (P° -  1) exp ±

(40)

(41) eLp dV  
k T d ¿

j _ d V  = _  c_ dV  
kT  dX  kT  dP

and (40), it is found that

(42)
kT  dP b + l P  G P ’
e_dV  = b -  1 i  _  c

whence

(a i \  e V  b  ~  1 , r> ^  f d P  b  ~  1 i n  r  f d X

m  m  - ¡ + i ^ F - c J s ? -  m ' o g P " c
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with the integral to be evaluated for the particular case it is desired to 
consider.

3.2 The extrinsic semiconductor: n-lype germanium

The evaluation of steady-state solutions for the extrinsic semiconductor 
involves, as a first step, the determination of G as a function of P  from 
the differential equation (27), which is accomplished by numerical inte­
gration and by the use of series expansions. These variables are subse­
quently found in terms of X  in the manner described in Section 2.4. The 
series expansions, which are M aclaurin’s series in P, and series in powers 
of the current parameter, C, with coefficients functions of P, are given 
explicitly for the «-type semiconductor in the Appendix; they readily 
furnish the corresponding series for the /»-type semiconductor by means 
of the transformation discussed a t the end of Section 2.31. The Mac­
laurin’s series in P  are useful for starting the solutions a t the (P, G)- 
origin. As P  increases, these series converge increasingly slowly, and it 
becomes necessary to extend the solutions by other means. For the larger 
values of C, however, the numerical integration for the im portant case of 
field aiding becomes increasingly difficult, and it is advantageous to use 
the appropriate series in the current parameter, which converges the more 
rapidly the larger is C. The first term  alone in this series for field aiding 
gives in closed form the solution for the case in which diffusion is neg­
lected; and the existence of the series itself was, in fact, originally sug­
gested by the form of the solution for this case28. Series of this type are 
given also for field opposing, and it seems probable tha t such series are 
obtainable for composite cases as well, though this has not been investi­
gated.

Solutions were evaluated numerically for «-type germanium, by the 
means described, using the value 1.5 for the mobility ratio29, b. For the 
case of mass-action recombination, solutions for values of the current 
parameter, C, up to 50, specifying | G | in terms of P, are given in Fig. 2, 
both for field opposing and field aiding. These solutions in the (P, G)- 
plane are given to permit the fitting of boundary conditions a t a hole 
source, according to a method described in Section 4. Solutions specifying 
P  in terms of X  for field aiding are given in Fig. 3, with the A-origin 
chosen more or less arbitrarily a t P  =  100. The corresponding solutions 
for the reduced hole flow density, Cp , and the reduced field, P, are given

23 The solution for this case was communicated by Conyers Herring and is given in his 
paper of reference 12.

23 The hole mobility and the value 1.5 for the mobility ratio were determined by G. L. 
Pearson from the temperature dependence of the conductivity and Hall coefficient in 
p-type germanium. J. R. Haynes has recently obtained, from drift-velocity measurements, 
the same hole mobility, but the larger value 2.1 for the ratio of electron mobility in »-type 
germanium to hole mobility in p-type: Paper L2 of the Chicago Meeting of the American 
Physical Society, November 26, 1949.
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Fig. 2.—The dependence of the reduced concentration gradient on reduced concentra­
tion for the steady-state one-dimensional flow of holes with mass-action recombination in 
»¡-type germanium.

respectively in Fig. 4 and in Fig. 5. In accordance with equations (10),
(18), and (26), the solutions for Cp and F  are found from

oil) c 1 (rr o  -  CP ~ (1 + 2P)G
m )  Cp ~  b {rF  G} _  b +  ( b +  l j p  ’
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The electrostatic potential may be evaluated from F in a manner similar 
to tha t followed in the preceding section.

3 .3  Detailed properties of the solutions

The general solutions given in the figures illustrate certain properties 
which can be established through the analytical approximations obtain­
able for small and for large values of the relative concentration of added 
holes. The principal qualitative properties evident from the figures are:

Fig. 3.—The dependence of the reduced concentration on reduced distance for the 
steady-state one-dimensional flow of holes with mass-action recombination in «-type 
germanium.

The relative hole concentration, P, and the reduced hole current, Cv , 
depend exponentially on distance for small concentrations; and for large 
concentrations all solutions for a given dependent variable run together, 
independently of the value of the current parameter, and give compara­
tively rapid variations of hole concentration and current with distance50. 
The property that a common solution independent of total current or

30 These rapid variations would account for the observation of J. R. Haynes tha t 
estimates, for a given emitter current, of hole concentrations or currents in a filament at 
a point contact removed from the emitter, with no additional applied field, are largely 
independent of changes in / ,  for the emitter.



FLOW OF ELECTRONS A N D  HOLES I N  G ER M A N IU M 589

applied field obtains for large P  results from diffusion in conjunction with 
the increase of conductivity. As may be expected, the solutions for the 
case of constant mean lifetime also have this property, the recombination 
law merely affecting the form of the common solution.

In Fig. 6 are shown curves for P, Cp , and F for the case of constant mean 
lifetime in «-type germanium, evaluated for C equal to 16.3. These curves 
are intended to illustrate the qualitative differences between the solutions 
for this case and those for mass-action recombination, which are manifest

‘ Fig. 4.—The dependence of the reduced hole flow density on reduced distance for the 
steady-state one-dimensional flow of holes with mass-action recombination in «-type 
germanium.

primarily a t the larger concentrations. The dashed curves in the figure 
give the corresponding solutions for the case of mass-action recombina­
tion; and the A'-origins for the two cases have been so chosen th a t cor­
responding curves, which exhibit essentially the same dependence on X  
for small P , coincide in the limit of small P. As the figure shows, constant 
mean lifetime gives an exponential dependence of P  on X  for large P, 
while mass-action recombination gives larger concentration gradients, 
with an increase of P  to indefinitely large values in the neighborhood of a 
vertical asymptote.
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Fig. 5.—The dependence of the reduced electrostatic field on reduced distance for 
the steady-state one-dimensional flow of holes with mass-action recombination in «-type 
germanium.

3.31 The behavior for small concentrations

The exponential dependence of P  and Cp on distance for P  small is 
given for the «-type semiconductor by the analytical approximations,

P  =  P, exp [ -  | [ ± V ^ + 4  -  C]X]
(46) ! ___ _

Cp =  -  [dfc-V C 2 +  4 +  C]P,

where P s is a suitable constant. If C is positive, the plus sign holds for 
field aiding31 and the minus sign for field opposing. These approximate

31 I t  is evident from the curves for Cp in Fig. 4 that the exponential extrapolation back 
to the emitter location of estimates of hole concentrations or currents a t a point contact 
on a germanium filament lead to values of / ,  for the emitter which are too small. Using 
moderately large injected currents and no additional applied fields, J. R. Haynes once 
obtained in this way an ap paren t/, of about 0.2. From the figure, this is the apparent/, 
to be expected for moderate and large values of C for the tru e /, equal to unity.
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solutions, which hold for any recombination law, are obtained quite 
simply, by integration, from G in terms of P  to the first term of the Mac- 
laurin’s expansion, given in the Appendix. I t  might be noted that for this 
approximation the electrostatic field is equal to the applied field, so that 
F equals C.

Fig. 6.—The dependence of the reduced hole concentration, hole flow density, and 
electrostatic field on reduced distance for steady-state one-dimensional hole flow in «-type 
germanium, for the cases of constant mean lifetime and mass-action recombination.

Since P  is small, the transport velocity of holes is equal to thei$ differ­
ential transport velocity02. W riting the equation for Cp in dimensional 
form, the transport velocity is found to equal

(47) ,  =  |-[± V (M ^a )2 +  4-Dp/r +  jdgJ,

with the plus sign for field aiding and the minus sign for field opposing, 
if the applied field, E a , is positive. This result is consistent with the

32 In' accordance with equations (7), (8), and (10), the differential transport velocity 
for the steady state in one dimension may be found from the general formula,

bMadCp/dP =  - ( / > -  P0)R/G.

Its equalling the transport velocity proper for P  small appears to result from the property 
of non-composite cases tha t the dependent variables, for a given C, are all functions of P 
which do not depend on any quantity determined by the boundary values, a property 
which composite cases, with their additional degree of freedom, do not possess.
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equation for P, which may be written as 

(48) P — Ps exp ( — x / s t ) .

For a large aiding field, s reduces to the velocity of drift under this 
field while, for a large opposing field, the magnitude of s is approximately 
Dp/ixEar. For zero field, 5 equals the diffusion velocity (Dp/ t ) , which is-a 
diffusion distance for a mean lifetime divided by the mean lifetime. This 
diffusion velocity can be specified in terms of its field equivalent, or the 
field which gives an equal drift velocity, and for germanium it is found that 
the equivalent field is about 8 volt cm-1 for r  equal to one microsecond 
and about 2.5 volt cm-1 for r  equal to 10 microseconds.

For small concentrations of added holes in the intrinsic semiconductor, 
or (P — 1) < < 1 ,  equations (38) and (40) give the approximate solutions,

(1 +  a)(b +  I)”1*

(49)
P  — 1 =  (P° — 1) exp

2b
X

CP = b +  1
C 2b

¿ + 1 GJ b +  1
C,

2b 5 \D ,1 i 1 2 D„Dn /  "
(1 -j- a)(b -f- 1)_ T _ 1 +  a D p +  Dn /

the X-origin being selected arbitrarily a t the point a t which the relative 
concentration is P° according to the approximation. I t  is evident from the 
equation for C„ that, for (P — 1) small, the transport velocity is the drift 
velocity under the applied field, which is the velocity of the holes norm­
ally present in the semiconductor. The differential transport velocity, ob­
tainable by differentiating the equation for Cp with respect to P  and 
using the differential equation (28), or by writing the exponent in the 
equation for (P — 1) in the form given in (48), is, on the other hand, given by

(50)

and is a diffusion velocity. This holds for holes added in any concentra­
tion if a =  0 , or for constant mean lifetime, since the first of equations 
(49) is then the general solution given in (39).

The nature of the flow for small concentrations of added carriers in the 
general case, which depends on the param eter P 0 , is illustrated qualita­
tively by the «-type and intrinsic cases considered, for which Pa is re­
spectively zero and infinite. Solutions for the general case are easily 
evaluated analytically from the linear differential equation which results 
from (17) if P —P 0 <  <  |  +  P 0 ■ I t  can be shown from the field-aiding 
steady-state solution tha t the ratio of the differential transport velocity 
to the velocity, proportional to C, of drift under the applied field is for 
C2 >  >  (1 +  2Po)M0 equal to the quantity 1 /M 0. This result is consistent
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with those already derived: For large applied aiding fields, the differential 
transport velocity changes from the drift velocity, for P 0 equal to zero 
and M 0 unity, to the diffusion velocity given in (50) as P 0 and M 0 in­
crease indefinitely.

3.32 The zero-current solutions and the behavior for large concentrations

The solutions for the intrinsic semiconductor for the current parameter 
equal to zero are, of course, the same as the general'ones given in Section 
3.1, since the current param eter does not occur in the differential equa­
tion. For the »-type semiconductor, the differential equation (27) be­
comes an equation of the Bernouilli type for C equal to zero, and may be 
solved by quadratures. I t  is then linear in G2, and gives, for field aiding or 
field opposing,

(51) fJo

P( 1 +  P )(l +  aP)

1 + * ± i p
dP,

expressing the recombination function R  according to equation (16) for a 
combination of the two recombination mechanisms. Writing, for brevity,

(52)
b +  1

G2 =  2ß2 [1 - a ]

and evaluating the integral in (51), the following result is obtained:

M  T  
.1  +  2 P_

&3(M2 -  1) +  ( 1 -  40) (Af -  1) -  (1 -  20) log M]

+  a W i M *  -  1) +  f ( l  -  20 )( ^  -  1)
(53)

+  (1 -  60 +  602) (M  — 1) — (1 — 0)(1 -  20) log M] 

For P  large, this solution gives the approximations,

~b +  1'(54)
2b

for constant mean lifetime, with a = 0 , and

(55) G =  ±
'a(b +  1) ' 

3b



if there is mass-action recombination present, so tha t « ^  0. The depend­
ence of P  on X for these approximations is readily obtained by integrating 
the differential equations which result from writing in place of G, its 
definition, d P /d X ; constant mean lifetime gives an exponential depend­
ence. An examination of (54) and (55) in conjunction with the general 
differential equation (27) shows that, for P  large, the dominant term in the 
differential equation is independent of C. I t  follows th a t solutions for all 
values of C approach^  common solution for P  large, which is given by 
(54) or (55). The solutions run together appreciably for P  sufficiently 
large that P  and M  are substantially proportional, th a t is, for P  large 
compared with 5/(5 +  1), which is of order unity. I t  is to be expected 
tha t the approximations (54) and (55) should apply equally well to the 
intrinsic semiconductor, and this expectation is easily verified by evalu­
ating the integral in equation (35) for the intrinsic semiconductor, for P 
large, for the two recombination cases here considered.

4. S o l u t io n s  o f  S im p l e  B o u n d a r y -V a l u e  P r o b l e m s  f o r  a  S in g l e

So u r c e

Among the boundary-value problems whose solutions are useful in 
the interpretation of data from experiments in hole injection are the 
following: the semi-infinite filament for field aiding, with holes injected at 
the end, which constitutes a relatively simple case; and the doubly- 
infinite filament with a single plane source, with which this section will be 
primarily concerned.

Consider first the semi-infinite filament, and suppose tha t it starts a t the 
X-origin and extends over positive X ,  so tha t the current param eter is 
positive for field aiding. If two quantities are specified, namely the current 
param eter and the fraction / ,  of the current carried by holes a t the origin 
or injection point, then the solution of the boundary-value problem is 
completely determined. I t  is merely necessary to select the general field- 
aiding solution for P  or Cv in terms of X ,  for the particular value of the 
current parameter, and then to determine the X-origin, corresponding to 
the source, which is simply the X  a t which the ratio /  of C„ to C equals/< •

Use in the boundary-condition equations (33) and (34) of the approxi­
mate expressions given in (54) and (55) for G in terms of P, for large P, 
permits the complete analytical determination of the dependence of P° 
on total current as this current is indefinitely increased. I t  was shown in 
Section 2.4 that, if /< is less than 1/(5 -f- 1) for the «-type semiconductor, 
P° approaches as a limit the value for which G° vanishes according to the 
boundary-condition equation (33); in all other cases for the «-type semi­
conductor, or if / ,  exceeds 1/(5 +  1) for the intrinsic semiconductor, P° 
increases indefinitely with C. F o r / ,  >  1/(5 +  1), it is readily seen that
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P° is proportional in the limit to C for constant mean lifetime, and to Ci 
for mass-action recombination; and, f o r / ( =  l / (b  +  1) in the case of the 
«-type semiconductor, P° increases as C! for constant mean lifetime, and 
as Cl for mass-action recombination.

Consider now the doubly-infinite semiconductor filament with a 
source a t the origin, and suppose tha t the total injected current a t the 
source is Cf , in reduced form, with a fraction / ,  of this current carried 
by holes. Denote by C~ and by C+ the reduced total currents for X  < 0  
and for X  >  0, respectively. Since the injection of holes requires tha t C, 
be positive, a t least one of C~ and C+ must be positive, since total current 
is conserved. Let f~  and f + denote, respectively, the ratio of the hole 
current a t the orighi to the left, C jj, to the total current C~ , and the 
ratio of the hole current a t the origin to the right, C p , to the total current, 
C+ . I t  might be noted that, for a flow of holes to the left, say, against 
the field, C~ and C+ are positive and f~  is negative, and that, if C~ is 
(plus) zero, f~  is (negatively) infinite, corresponding to the flow of holes 
under zero applied field. Now, general boundary-condition equations of 
the form of (33) or (34) hold with the sign conventions here employed, 
as indicated in Section 2.4. One may be written for the flow to the left, 
another for the flow to the right, making use of the condition tha t the 
relative concentration P  is everywhere continuous; G exhibits a discon­
tinuity of the first kind a t the source, with a change in sign. W riting G~ 
for the limiting value of the reduced concentration gradient as the origin 
is approached from the left, and G+ the limiting value as the origin is 
approached from the right, the boundary-condition equations are, for 
the «-type semiconductor,

b +  (b +  1)P® j^_

(56)
G~ =  -

p o

G* = —

1 +  2P° 

b +  (b +  1 )P°
r1 +  2 po

For the intrinsic semiconductor, they are

(b +  l )2 ~

b +  (b +  1 )P»_

b + ( b  +  1 )P>

(57)
c r  =

G4' =

2b

(b +  l )2 
2b

r  -
1

r

b + 1, 

i
b + 1.

There are, in addition, an equation which expresses the conservation of hole 
flow, and one which expresses the conservation of total current, as follows:

(58)
,f+ c + _ r c -  =  f(Ct

C+ -  C+ =  C,

i
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The solution of the problem is determined by f ,  and the three parameters 
which specify the total currents: W ith these four quantities known, then, 
from equations (56) or (57) in conjunction with (58) and the known 
general solutions in the (AP,  G)-plane which apply to the left and to the 
right of the origin, all of the quantities P°, G~, Gf, /~  a n d /4' can be found 
and the problem completely solved.

The technique of obtaining the solution depends on a simple funda­
mental result which may be expressed as follows:

For fixed f c and C , , consider the sum of the magnitudes of the con­
centration gradients a t a single common source from which holes flow 
into a number of similar filaments in parallel, for any consistent distribu­
tion among the filaments of total currents, some of which may be pro­
duced by opposing fields. This sum is equal to the magnitude of the con­
centration gradient a t the source if the entire flow, under the appropriate 
aiding field, were confined to a single filament.

The total magnitude of the concentration gradient, in this sense, is an 
invariant for fixed/* and Ct . Specifically, for the »-type semiconductor, 
it follows from equations (56) and (58) that

^  r - m  b +  (t>+(59) G — G~ =
pO

1 +  2jP°

Similarly, for the intrinsic semiconductor,

(60) — c r  =  — / .  -

b +  (b +  1 )P°_
C ,.

b +  1.
ct.

The left-hand sides of these equations are the negative of the sum of the 
magnitudes of the reduced concentration gradients, since G~ is always 
positive and G+ always negative, and their right-hand sides are similar 
in form to those of equations (56) and (57), with the quantities /* and C<, 
characteristic of the source, replacing f~  and C~ , or /+  and C+ .

The particular utility of these equations arises from their independence 
of the unknowns / "  and / + . By means of equation (59) for the »-type 
semiconductor the evaluation of the five unknown quantities can now be 
effected as follows: W ith the current parameters known, the solutions in 
the (P, G)-plane to the left and right of the X-origin are determined; 
either both solutions are for field aiding, or else one is for field aiding and 
the other for field opposing. From them, the sum of the magnitudes of 
the reduced concentration gradients can be found as a function of P. 
I t  is also given, for the origin, as a function of the unknown P ° , by 
equation (59). The values of the sum for the origin and of P° are ac­
cordingly found as those which satisfy both relationships. The value of 
P° thus found determines both G~ and G+ from the respective solutions
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in the (P, G)-plane, and f~  and f + may be obtained by solving for them in 
equations (56).

For the intrinsic semiconductor, this method can be applied analytic­
ally, and the solution so obtained serves at the same time as an approxi­
mation for large relative hole concentrations in the «-type semiconductor, 
for which the method is otherwise essentially graphical or numerical in 
the general case. Making use of the symmetry of the solutions for the 
intrinsic semiconductor about a source, it follows from (57) and (58) 
that

G+ = -GT =
(61)

(* +  I )2
4 b u - b +  1.

whence

(62)

Cb +  l )2 
2b

r  =

/ + =

1
b +  1 

1
b +  1

b +  1.

1
2

C+ = (b +  1):
2b [ r ~ & \ C~,

f< ~
1

+ U -

C
c-
Çl
C+'

I t is easily verified tha t this result holds approximately for large relative 
concentrations in the «-type semiconductor. Three simple special cases 
of (62) might be considered: The first is

[c- =  -C +  =  -  *C.
(63)

[ / - = / + = / < •
This is the rather trivial case of symmetrical flows from a source which 
supplies all currents. A second special case is that for which C~ and C+ 
are both positive, say, and such that there is no hole flow to the left 
against the field. I t  is readily found that, for this case,

(64)

b +  1

r 0 ; / + =

1
b +  1. 

2

C+ = b +  1
f* + b +  l j

/<
+  i f ,  - f  1 / ( b  +  1)*

Here, the drift from the left under the applied field of holes normally 
present in the intrinsic semiconductor just cancels the diffusion from the 
source to the left.33 A third special case is that in which the total current

33 Using the numerically obtained solutions, the validity of (64) as an approximation 
for large concentrations in «-type germanium may be seen as follows: For / ,  equal to 
unity and C , , C~ and C+ equal to 2, 1.5, and 3.5 respectively, A3 is about 0.6 and 
the fraction of injected holes which flows against the field is nearly one-half; doubling 
these current densities increases P° to 1.45 and decreases the fraction to about one-fourth, 
and the fraction is less than about one-tenth if the current densities are increased so that 
C*- exceeds 15
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to the left of the source is zero, the left-hand side of the filament being 
open-circuited. For this case, equations (62) are better written in the form 
obtained by multiplying through by C~ or C+ , and the special case in 
question is then found to be given by

C«

/
C~ = 0 ; c + =  c ,

(65) .
C~ =  — -  

2
f  _

. !> +  1.
C .; c + — -  o P 2

[ /t  +  6 + l ]

according to which, if /< is equal to unity, the magnitude of the hole flow 
to the left into the open-circuit end is b/{b -f- 2) times th a t into the circuit 
end, to the right; or a fraction b/2(b +  1) of the holes flows to the left, 
and a fraction (b +  2)/2 (b +  1) to the right. Thus, for germanium, the 
hole flow into the open-circuit end is 0.43 as large as tha t into the circuit 
end, a fraction 0.30 flowing to the left, and 0.70 to the right. I t  might be 
observed tha t the fractions of the injected holes which flow to the left 
and right are, in this case, proportional to the total currents C~ and C+ 
of the preceding case, for which there is zero hole flow to the left.

Another general limiting case for the «-type semiconductor is tha t for 
P„ small, so th a t the exponential approximations of Section 3.31 apply. 
The restriction on the magnitude of P  is P < <  This restriction obtains 
if C, is sufficiently small tha t C~ and C+ do not differ appreciably. Equa­
tion (59) then gives

(66) G+ -  Cr =  -  bjt C . .

W riting C for C~ and C+ , equations (30) and (46) result in 

[ G~ =  * [ V c T + 4  +  C] P 3 =  bC+p 

| g + =  - M V c m 7!  -  C] Pa =  bC~P,
(67)

whence, solving for G+ — G~ and comparing with equation (66),

(68) P° = bftC,/V&T4.
In  accordance with (67), then,

I C~p = - §[i -  c/Vo~+l\ ftct 
le i = h[i + c /V c  + 4\ftc..

(69)

These are the reduced hole flows to the left and right of the source. 
While it has been assumed that Ce is small compared with C, no re­
striction has been placed on C itself. For C small compared with unity, 
the equations indicate tha t the hole flows to the left and right are the
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same in magnitude, while for C large compared with unity,

(70,

[ c i

Thus, according to this approximation, C should exceed about 10 if no 
more than one per cent of the holes are to flow against the field. From
(75) in the Appendix, a value of 10 for C corresponds to a current density 
of about 1.2 amp cm-2 in germanium of 10 ohm cm resistivity, with r  
equal to 10 jusec. This current density is moderately large among those 
which have been employed in experiments with germanium filaments.

Experimentally, the ideal one-dimensional geometry postulated in the 
present treatm ent of the problem of the single source in an infinite fila­
ment cannot easily be realized, hole injection generally being accomplished 
through a point contact or a side arm on one side of the actual filament. 
If suitable averages are employed, non-uniformity in P  a t the injection 
cross-section does not, however, vitiate the approximate results for AP  
large and AP  small, since their applicability depends largely on the validity 
over the injection cross-section of the approximation assumed.
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5. APPEND IX

5.1 The concentrations of ionized donors and acceptors

While the donor and acceptor concentrations need not, of course, be 
considered for the intrinsic semiconductor, for the extrinsic semicon­
ductor the fundamental equations, as they have been written, are in 
principle incomplete: Two additional equations in the variables D+ and 
A~  are required. One of the required equations is trivial, since changes in 
the concentration of ionized centers which are compensated by those 
which determine the conductivity type of the extrinsic semiconductor
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can certainly be neglected. For an «-type semiconductor, for example, the 
term (A' — A o) in Poisson’s equation may be suppressed. This procedure 
is strictly consistent with the neglect of p0 and go , but undoubtedly holds 
to an even better approximation. If D is the total donor concentration in 
the «-type semiconductor, the concentration of ionized donors may be 
considered to satisfy the equation,

which applies to the homogeneous semiconductor, with II  and K  con­
stants which characterize, respectively, the rate of ionization of unionized 
donors, and the rate of recombination of an ionized donor with an electron. 
If, as a result of a small thermal ionization energy, most of the donors are 
ionized, so that K D /II  <  <  1, the change in ionized-donor concentration 
for the steady state is given by (71) as

which is small compared with the corresponding change in electron con­
centration. In other cases, the use of the general expression obtainable 
from (71) for the steady-state concentration of ionized donors in terms of 
the electron concentration, or the expression for the other limiting case of 
relatively few ionized donors, might provide a more precise description 
provided the conditions under which solutions are sought do not involve 
unduly rapid changes with time.

5 .2  The carrier concentrations at thermal equilibrium

The ratio of the thermal-equilibrium values of the hole and electron 
concentrations may be evaluated for «-type germanium from5

where the electron concentration excess ns corresponds to complete ioniza­
tion of the donors, and is approximately n0 a t the highest temperature at 
which P o is still negligible, which may be taken as room temperature29. 
The resistivity p0 is that which determines ji0 . Thus,

(71) ~  =  II (D -  D + )~  KD +n,
Ot

(72) D+ _  o t  I f  -  »<>),

(73)
n  — p  =  iis ~  « o  =  l/bßcpo =  2.40-10l5/p o ,

(74) Po =  ï  [ V 1 +  4(«,-/«o)2 — l],

29 loc. cit. 
8 loc. cit.
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with n i , the concentration of holes or electrons in intrinsic germanium at 
T  deg abs, given in (73). I t  may be estimated that temperature rises of 
less than 100 deg C will make 10 ohm cm «-type germanium substantially 
intrinsic in its behavior.

The range of values of the parameter C for which the numerical solu­
tions are given corresponds, for example, to current densities up to the 
order of 10 amp cm“ 2 in germanium filaments of about 10 ohm cm re­
sistivity, for the mean lifetime r  about 10 «sec; for this mean lifetime, the 
distance unit L„ is approximately 2 -10“2 cm. Current densities correspond­
ing to the larger values of C will ordinarily produce appreciable joule 
heating in filaments some 10~3 cm2 in area of cross-section, cemented to a 
backing, with temperature rises of the order of 100 deg C.

The effect of joule heating on Lv and C may be evaluated from

(75)
6.6 T_

300

C =  2.6-102
T_

3ÖÖ
T p I,

where r  is expressed in sec, I  in amp cm“2, and p is the normal resistivity 
in ohm cm of the germanium a t T  deg abs. These are obtained from the 
definitions (8), taking the hole mobility in the thermal scattering range 
to be proportional to T ~ \  with the value 1700 cm2 volt“ 1 sec“ 1 a t 300 deg 
abs.7

5.3 Series solutions for the extrinsic semiconductor in the steady state 

M aclaurin’s series for G in the relative concentration P  are of the form

(76) G =  ai P +  a2P2 +  a3P3 +  . . .

for the cases of field opposing and field aiding, the solutions passing 
through the (P, G)-origin. Substituting the series (76) for G in the differ­
ential equation (27) for the «-type semiconductor in the steady state, it 
is found, in accordance with (30), that

(77) a, =  \  [C ±  V C + l ] ,

the sign of C being taken before the radical for field opposing, the other 
sign for field aiding. The other coefficients are given in terms of ai and

7 loc. cit.
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also the b, C, and the constant, a, of the recombination function: 

4 a[
a-i —

n. b T" f I
2  —  ---------- \- cl

(78) 2a% -j-

C — 3ai 

116 +  1 b +  1

a3 =
C — 4ßi

The series in the current parameter are series in ascending powers of the 
reciprocal of C. Writing, for convenience,

(79) 7  =  1/C,

the differential equation (27) may be put in the form,

-y [1 +  2P]
(80)

i +  p J  g g '

+  y -1 G2 -  t p [ i  +  =  0 ,

using the prime to denote differentiation with respect to P. Consider 
expansions of the form,

00

(81) G =  X / A j y ’ ,
j-io

in which the ^l’s are functions of P  to be determined. Substituting in the 
differential equation, there results

(82)
E  E

j —; 'o  m — jQ
[1 +  2P] 1 + A j A m +  ̂ 1 I , 1  j-- y -  A j A m 7 j+m+1

-  t A n ‘ - p U
b +  1 P R y  — 0.

Since the expansions are to hold for arbitrary values of y, the / l ’s must, 
for the cases of field opposing and field aiding, for which the solutions 
pass through the (P, G)-origin, vanish identically for P  equal to zero, 
and be determined by equating to zero the coefficients of given powers of 
7  in (82). I t  can, without loss of generality, be assumed tha t the coefficient 
of the leading term in the expansion, A }-„, is not identically zero. Then, 
from (82), it is found tha t there is no expansion for j 0 =  0 , th a t is, no 
expansion starting with a term independent of y. Formal expansions can be 
obtained, however, for y0 =  — 1 and for jo =  - f  1. These may be identified,
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respectively, with the solutions for field opposing and field aiding, as will 
be seen.

Forjo =  — 1, or field opposing, (82) leads to differential equations of the 
first order for the determination of the A ’s. The condition tha t these func­
tions vanish identically for P  =  0 suppresses all yi's of even order. The 
first term of the expansion is found by solving

(83) A - i  fi-

whence

(84)

1 yl-i

[1 +  2 P\ 1 + b + J p

1 +  2 P '

[1 +  2 P\ a

The second term is found from

6 — 1 Ax
(85) A i fi-

[1 +  2 P\ 1 +
1 +  P R,

whence, with R  equal to unity and (1 fi- P ), respectively,

(86)
Ax =

Ax =

P[1 +  P] [ l f i -  p j

1 fi- 2 P
for constant mean lifetime

1 + 2 *  + H [
i +  i p

For the third term, making use of (84), (85) and (86), 

b — 1 A 3

for mass-action 
recombination.

(87)

A 3 fi­
ll +  2 P] ! +  6- ± i p

A 3 fi-
b -  1

=  - [ l f i - P ]  

A 3

for constant mean 
lifetime

[1 +  2P]
b fi- 1 _

1 +  - 4 — p

=  - [ 1  +  p] i + f p + f p 1
for mass-action 
recombination
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whence

(88)

-P
Az — 2 6 3b i + ł4 - Vb

1 +  2P

for constant 
mean lifetime

1 +  33* +  6 P  +  m  +  27 p2 +  73b +  43 p3
126 186

+  386 +  30 p* +  2b +  2 p 5'
¿ 3  —

306 96

246

1 +  0 + i p

1 +  2 P

for mass-action recombination.

For jo =  + 1, or field aiding, the ¿ ’s are determined somewhatmore 
simply, recursive relationships obtaining. The results are:

(89)

and

¿1  =  - P 1 +  — P R,

A s =  [1 +  2P]^1 +  P

¿ , =  [1 +  2P]|^1 +  h±±P

tA 7 =  [1 +  2P]| 1 +  bA A  p

6

+
6

+
6

(90) ^

. i / . 6 — 1 .2
¿m i i +  — r —¿ i

[A i A  3]r +  2 — -— A iA 3

[ U i / 1 5 ]' +  ¿ 3 / I 3 ]

6 -  1
+  2 ¿ i ¿6  +  2^~3

As =  [1 +  2P\ 1 +  6- 4 - p [ [ ¿ 1 ¿ ? ] '  +  [ ¿ 3 ¿ 5] / ]

2 — - —  [ ¿  i ¿  7 4~ ¿ 3 / I 5 ]  
6

The identification of the series in the parameter 7  as series for field 
opposing and field aiding is accomplished by evaluating them for small 
P  and then comparing them with the first terms of the corresponding 
M aclaurin’s series in P, expanded in powers of 7 . Further agreement is
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obtained by comparing the first terms of the series in 7  with the func­
tions of P  which result from evaluating the Maclaurin’s series for 7  

small.

5 .4  Symbols for Quantities 

a =  t/ tv , constant in recombination function.
aj =  coefficients in the Maclaurin’s expansion of G in powers of P; j  an

integer.
A j =  coefficients in the expansion of G in powers of 7  ; /  an integer.
A~ =  concentration of ionized acceptors.
A o' =  thermal-equilibrium concentration of ionized acceptors. 
b s  ratio of electron mobility to hole mobility.
C =s I / I o , reduced total current density.
C, =  reduced emitter current.
C~ =  reduced total current to the origin from the left.
C+ =  reduced total current from the origin to the right.
C„ =  — In /Io , reduced electron flow density.
Cp =  Ip /Jo , reduced hole flow density.
7  =  I/C .
T s  e/4?r(ror, reduced time for the dielectric relaxation of charge.
D =  total donor concentration.
D+ =  concentration of ionized donors.
Do =  thermal-equilibrium concentration of ionized donors.
Dn = kTun/e, diffusion constant for electrons.
Dp =  kTfip/e, diffusion constant for holes. 
e =  magnitude of the electronic charge.
E  =  electrostatic field.
Ea =  applied or asymptotic field.
E a = kT/eLp , characteristic field.
6 =  dielectric constant.
/  3= fraction of total current carried by holes.
/ £ =  fraction of total current carried by holes a t an emitter.
f~  =  fraction of total current carried by holes a t a source, to the left.
/+  =  fraction of total current carried by holes at a source, to the right.
F =  E /E o , reduced electrostatic field.
go =  thermal rate of generation of hole-electron pairs, per unit volume.
G =  dP /dX , reduced concentration gradient.
G° =  value of G for X  = 0.
G~ =  limiting value of G a t a source, approached from the left.
Gf =  limiting value of G at a source, approached from the right.
II =  probability of thermal ionization of an unionized donor, per unit 

time.



606 B E U  S Y S T E M  TE CH N IC AL JO URN AL

I  — total current density.
I n =  current density of electrons.
Jo s  aE0 , characteristic current.
I p =  current density of holes.

J  = - 1, total carrier flow density.
e

J n =  electron flow density.
e

J p = -  I v , hole flow density. 
e

k =  Boltzmann’s constant.
K  =  probability per unit time of electron capture by an ionized donor, 

per unit electron concentration.
L i =s (kTi/8xtiie2) \  characteristic length associated with space charge 

in the steady state.
Lp =  (kTp.r/e)\ diffusion length for holes for time r.

M  =  1 +  ^ - 4 ^  P.
0

M 0 a  1 +  Po ■0
ix s / i p a  mobility for holes.

=  mobility for electrons. 
n  =  concentration of electrons.
Hi =  thermal-equilibrium concentration of electrons (or holes) in the 

intrinsic semiconductor.
«o =  thermal-equilibrium concentration of electrons. 
n, =  saturation concentration excess of electrons, corresponding to com­

plete ionization of donors.
Ar =  n /(n 0—po), reduced electron concentration for an «-type semi­

conductor. 
p =  concentration of holes. 
po =  thermal-equilibrium concentration of holes.
P  == p f  (tio — po), reduced hole concentration for an «-type semiconductor. 
AP  =  (p—po)/(no~po), reduced concentration of added holes.
P 0 =  po/(n0 — po), reduced hole concentration a t thermal equilibrium. 
P° =  value of P  for X  =  0.
Q =  r / t p , lifetime ratio.
R  =  general recombination function, equal to 1 +  aP /(  1 +  Po) for 

mass-action and constant-mean-lifetime mechanisms combined. 
p =  volume resistivity in ohm cm.
s =  differential transport velocity.
5  =  s / ( D p/ t ) \  reduced differential transport velocity.
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<r a  conductivity of semiconductor.
cr0 — normal conductivity of semiconductor, with no added carriers.
2  = < 7/ 0-0 =  M /M 0 , reduced conductivity of semiconductor.
t a  time variable.
T  a  temperature in degrees absolute.
r  =  mean lifetime for holes for small added concentrations, in an n-

type or in an intrinsic semiconductor. 
r„ a  mean lifetime for electrons (concentration-dependent).
t p  a  mean lifetime for holes (concentration-dependent).
t v a  mean lifetime for holes, for small added concentrations in an 1 1-

type semiconductor, due to mass-action recombination alone.
. U a  i/ t a  reduced time variable.
W  a  eV /kT , reduced electrostatic potential.
£ a  distance variable.
X  a  x /L p , reduced distance variable.
V a  electrostatic potential.
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CHAPTER X II 

POWER OUTPUT

A  THEORETICAL EVALUATION of the power output of a traveling- 
wave tube requires a theory of the non-linear behavior of the tube. 

In this book we have dealt with a linearized theory only. No attem pt will 
be made to develop a non-linear theory. Some results of non-linear theory will 
be quoted, and some conclusions drawn from experimental work will be 
presented.

One thing appears clear both from theory and from experiment: the gain 
parameter C is very important in determining efficiency. This is perhaps 
demonstrated most clearly in some unpublished work of A. T. Nordsieck.

Nordsieck assumed:
(1) The same a-c field acts on all electrons.
(2) The only fields present are those associated with the circuit (“neglect 

of space charge”).
(3) Field components of harmonic frequency are neglected.
(4) Backward-traveling energy in the circuit is neglected.
(5) A lossless circuit is assumed.
(6) C is small (it always is).
Nordsieck obtained numerical solutions for such cases for several electron 

velocities. He found the maximum efficiency to be proportonal to C by a 
factor we may call k. Thus, the power output P  is

P  =  kCIoVa (12.1)
In Fig. 12.1, the factor k is plotted vs. the velocity parameter b. For an 
electron velocity equal to that of the unperturbed wave the fractional 
efficiency obtained is 3C; for a faster electron velocity the efficiency rises to 
7C. For instance, if C = .025, 3C is 7.5% and 1C is 15%. For 1,600 volts 
15 ma this means 1.8 or 3.6 watts. If, however, C = 0.1, which is attainable, 
the indicated efficiency is 30% to 70%.

Experimental efficiencies often fall very far below such figures, although 
some efficiencies which have been attained lie in this range. There are three 
apparent reasons for these lower efficiencies. First, small non-uniformities 
in wave propagation set up new wave components which abstract energy 
from the increasing wave, and which may subtract from the normal output. 
Second, when the a-c field varies across the electron flow, not all electrons

608
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are acted on equally favorably. Third, most tubes have a central lossy sec­
tion followed by a relatively short output section. Such tubes may overload 
so severely in the lossy section that a high level in the output section is 
never attained. There is not enough length of loss-free circuit to provide 
sufficient gain in the output circuit so that the signal can build up to maxi­
mum amplitude from a low level increasing wave. Other tubes with dis­
tributed loss suffer because the loss cuts down the efficiency.

Some power-series non-linear calculations made by L. R. Walker show that 
for fast velocities of injection the first non-linear effect should be an expan­
sion, not a compression. Nordsieck’s numerical solutions agree with this. 
A power series approach is inadequate in dealing with truly large-signal be-

-2  - t  o  I 2
b

Fig. 12.1—The calculated efficiency is expressed as kC, where k is a function of the 
velocity parameter b. This curve shows k as given by Nordsieck’s high-level calculations.

havior. In fact, Nordsieck’s work shows that the power-series attack, if 
based on an assumption that there is no overtaking of electrons by electrons 
emitted later, must fail a t levels much below the maximum output.

Further work by Nordsieck indicates that the output may be appreciably 
reduced by variation of the a-c field across the beam.

I t  is unfortunate that Nordsieck’s calculations do not cover a wider range 
of conditions. Fortunately, unlikely as it might seem, the linear theory can 
tell us a little about what limitation of power we might expect. For instance, 
from (7.15) we have
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while from (7.16) we have

i
h

(12.3)

We expect non-linear effects to become important when an a-c quantity is 
no longer small compared with a d-c quantity. We see that because (1 /SC) 
is large, | i / h  | will be larger than | v/u0 \ .

The important non-linearity is a sort of over-bunching or limit to bunch­
ing. For instance, suppose we were successful in bunching the electron flow 
into very short pulses of electrons, as shown in Fig. 12.2 As the pulses ap­
proach zero length, the ratio of the peak value of the fundamental com­
ponent of convection current to the average or d-c current Jo approaches 2. 
We may, then, get some hint as to the variation of power output as various 
parameters are varied by letting | i  | =  2 /0 and finding the variation of power 
in the circuit for an a-c convection current as we vary various parameters.

ID I U
T IM E  ■

Fig. 12.2—If the electron beam were bunched into pulses short compared with a cycle, 
the peak value of tire component of fundamental frequency would be twice the d-c cur­
rent Jo .

Deductions made in this way cannot be more than educated guesses, but in 
the absence of non-linear calculations they are all we have.
(. From (7.1) we have for the circuit field associated with the active mode 
(neglecting the field due to space charge)

_  r T , ( g / g 8 P) 
E ~ 2(r? -  r2) (12.4)

This relation is, of course, valid only for an electron convection current i 
which varies with distance as exp(—Tz). For the power to be large for a 
given magnitude of current, E  should be large. For a given value of i, E  will 
be large if T is very nearly equal to . This is natural. If F were equal to 
F i , the natural propagation constant of the circuit, the contribution to the 
field by the current i in every elementary distance would have such phase 
as to add in phase with every other contribution.

Actually, Ti and F cannot be quite equal. We have from (7.10) and (7.11)

-Ti =  ße( - j  -  jCb -  Cd) 

-r  =  ß ,(—j  +  jC yi +  Cxi)

(12.5)

(12.6)
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For a physical circuit the attenuation parameter d must be positive while, 
for an increasing wave, .%■ must be positive. We see that we may expect E  
to be greatest for a given current when d and x  are small, and when y  is 
nearly equal to the velocity parameter b.

Suppose we use (12.4) in expressing the power

E2P  = T*Y\{E*/ß'P) .2 
4/32(i1 -  r2)21 (12.7)

Here we identify /3 with —j T i . Further, we use (2.43), (12.5) and (12.6), 
and assuming C to be small, neglect terms involving C compared with unity. 
We will further let i have a value

i =  2 /0 (12.8)

Fig. 12.3—An efficiency parameter k calculated by taking the power as that given by 
near theory for an r-f beam current with a peak value twice the d-c beam current.

We obtain

P  =  kCIoVo 

2
(b +  y)- +  (x  +  dy-

(12.9)

(12.10)

We will now investigate several cases. Let us consider first the case of a 
lossless circuit (d =  0) and no space charge (QC = 0) and plot the efficiency 
factor k vs. b. The values of a- and y  are those of Fig. 8.1. Such a plot is 
shown in Fig. 12.3.

If we compare the curve of Fig. 12.3 with the correct curve of Nordsieck, 
we see that there is a striking qualitative agreement and, indeed, fair quanti­
tative agreement. We might have expected on the one hand that the electron 
stream would never become completely bunched (i =  270) and that, as it 
approached complete bunching, behavior would already be non-linear. 
This would tend to make (12.10) optimistic. On the other hand, even after i
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attains its maximum value and starts to fall, power can still be transferred 
to the circuit, though the increase of field with distance will no longer be 
exponential. This makes it possible that the value of k given by (12.10) will 
be exceeded. Actually, the true k calculated by Nordsieck is a little higher 
than that given by (12.10).

Let us now consider the effect of loss. Figure 12.4 shows k from (12.10) 
vs. d for b = QC = 0. We see that, as might be expected, the efficiency falls 
as the loss is increased. C. C. Cutler has shown experimentally through un­
published work that the power actually falls off much more rapidly with d.

d
Fig. 12.4—The efficiency parameter k calculated as in Fig. 12.3 but for b = 0 (an elec­

tron velocity equal to the circuit phase velocity) and for various values of the attenuation 
parameter d. Experimentally, the efficiency falls off more rapidly as d is increased.

Finally, Fig. 12.5 shows k from (12.10) vs. QC, with d =  0 and b chosen to 
make Xi a maximum. We see that there is a pronounced rise in efficiency as 
the space-charge parameter QC is increased.

J. C. Slater has suggested in Microwave Electronics a way of looking at 
energy production essentially based on observing the motions of electrons 
while traveling along with the speed of the wave. He suggests that the elec­
trons might eventually be trapped and oscillate in the troughs of the sinu­
soidal field. If so, and if they initially have an average velocity Av greater 
than that of the wave, they cannot emerge with a velocity lower than the 
velocity of the wave less Av. Such considerations are complicated by the 
fact that the phase velocity of the wave in the large-signal region will not
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be the same as its phase velocity in the small-signal region. I t  is interesting, 
however, to see what limiting efficiencies this leads to.

The initial electron velocity for the increasing wave is approximately

va = vc(l -  yxC) (12.11)

where vc is the phase velocity of the wave in the absence of electrons. The 
quantity y\ is negative. According to Slater’s reckoning, the final electron 
velocity cannot be less than

vb =  vc(l +  yiC) (12.12)

Fig. 12.5—The efficiency parameter k calculated as in Fig. 12.3, for zero loss and for an 
electron velocity which makes the gain of the increasing wave greatest, vs the space- 
charge parameter QC.

The limiting efficiency tj accordingly will be, from considerations of kinetic 
energy

4y,C 
v ( l - y i  O 2'

If 3’iC «  1, very nearly

V =  4 yic (12.13)

We see that this also indicates an efficiency proportional to C. In Fig. 
12,6 4yx is plotted vs. b for QC = d =  0. We see that this quantity ranges
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from 2 for b — 0 up to 5 for larger values of b. I t  is surprising how well this 
agrees with corresponding values of 3 and 7 from Nordsieck’s work. Moreover
(12.13) predicts an increase in efficiency with increasing QC.

Thus, we may expect the efficiency to vary with C from several points 
of view.

I t  is interesting to consider what happens if a t a given frequency we change 
the current. By changing the current while holding the voltage constant we 
increase both the input power and the efficiency, for C varies as i l 13. Thus, 
in changing the current alone we would expect the power to vary as the 4/3 
power of 70

P  « Io13 (12.14)

-2 - 1 0  1 2 
b

Fig. 12.6—According to a suggestion made by Slater, the velocity by which the elec­
trons are slowed down cannot be greater than twice the difference between the electron 
velocity and the wave velocity. If we use the velocity difference given by the linear theory, 
for zero loss (d =  0) this would make the efficiency parameter k equal to —4>'i- Here 
—4yi is plotted vs b for QC = 0.

Here space charge has been neglected, and actually power may increase 
more rapidly with current than (12.14) indicates.

A variety of other cases can be considered. At a given voltage and cur­
rent, C and the efficiency rise as the helix diameter is made smaller. How­
ever, as the helix diameter is made smaller it may be necessary to decrease 
the current, and the optimum gain will come at higher frequencies. For a 
given beam diameter, the magnetic focusing field required to overcome 
space-charge repulsion is constant if Io/Vo12 is held constant, and hence we 
might consider increasing the current as the 1/ 2 power of the voltage, and 
thus increasing the power input as the 3/2 power of the voltage. On the other 
hand, the magnetic focusing field required to correct initial angular deflec­
tions of electrons increases as the voltage is raised.

There is no theoretical reason why electrons should strike the circuit. 
Thus, it is theoretically possible to use a very high beam power in connec­
tion with a very fragile helix. Practically, an appreciable fraction of the 
beam current is intercepted by the helix, and this seems unavoidable for wave
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lengths around a centimeter or shorter, for accurate focusing becomes more 
difficult as tubes are made physically smaller. Thus, in getting very high 
powers at ordinary wavelengths or even moderate powers at shorter wave­
lengths, filter type circuits which provide heat dissipation by thermal con­
duction may be necessary. We have seen that the impedance of such cir­
cuits is lower than that of a helix for the broadband condition (group velocity 
equal to phase velocity). However, high impedances and hence large values 
of C can be attained at the expense of bandwidth by lowering the group 
velocity. This tends to raise the efficiency, as do the high currents which are 
allowable because of good heat dissipation. However, lowering group velocity 
increases attenuation, and this will tend to reduce efficiency somewhat.

I t  has been suggested that the power can be increased by reducing the 
phase velocity of the circuit near the output end of the tube, so that the 
electrons which have lost energy do not fall behind the waves. This is a com­
plicated but attractive possibility. I t has also been suggested that the elec­
trode which collects electrons be operated at a voltage lower than that of 
the helix.

The general picture of what governs and limits power output is fairly 
clear as long as C is very small. If attenuation near the output of the tube is 
kept small, and the circuit is constructed so as to approximate the require­
ment that nearly the same field acts on all electrons, efficiencies as large as 
40% are indicated within the limitations of the present theory. With larger 
values of C it is not clear what the power limitation will be.

The usual traveling-wave tube would seem to have a serious competitor 
for power applications in the traveling-wave magnetron amplifier, which is 
discussed briefly in a later chapter.



CHAPTER X III

TRANSVERSE MOTION OF ELECTRONS 
Sy n o p s is  o f  C h a p t e r

SO FAR WE HAVE taken into account only longitudinal motions of 
electrons. This is sufficient if the transverse fields are small compared to 

the longitudinal fields (as, near the axis of an axially symmetrical circuit) 
or, if a strong magnetic focusing field is used, so that transverse motions are 
inhibited. I t  is possible, however, to obtain traveling-wave gain in a tube in 
which the longitudinal field is zero at the mean position of the electron beam. 
For a slow wave, the electric field is purely transverse only along a plane. 
The transverse field in this plane forces electrons away from the plane and 
preferentially throws them into regions of retarding field, where they give up 
energy to the circuit. This mechanism is not dissimilar to that in the longi­
tudinal field case, in which the electrons are moved longitudinally from their 
unperturbed positions, preferentially into regions of more retarding field.

Whatever may be said about tubes utilizing transverse fields, it is cer­
tainly true that they have been less worked on than longitudinal-field tubes. 
In view of this, we shall present only a simple analysis of their operation 
along the lines of Chapter II. In this analysis we take cognizance of the fact 
that the charge induced in the circuit by a narrow stream of electrons is a 
function not only of the charge per unit length of the beam, but of the dis­
tance between the beam and the circuit as well.

The factor of proportionality between distance and induced charge can be 
related to the field produced by the circuit. Thus, if the variation of V in the 
x, y  plane (normal to the direction of propagation) is expressed by a function 
<f>, as in (13.3), the effective charge pB is expressed by (13.8) and, if y  is the 
displacement of the beam normal to the z axis, by (13.9) where <l>' is the de­
rivative of '!> with respect to y.

The equations of motion used must include displacements normal to the 
z direction; they are worked out including a constant longitudinal magnetic 
focusing field. Finally, a combined equation (13.23) is arrived at. This is 
rewritten in terms of dimensionless parameters, neglecting some small terms, 
as (13.26)
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Here 8 and b have their usual meanings; a  is the ratio between the transverse 
and longitudinal field strengths, and /  is proportional to the strength of the 
magnetic focusing field.

In  case of a purely transverse field, a new gain parameter D is defined. 
D is the same as C except that the longitudinal a-c field is replaced by the 
transverse a-c field. In terms of D, b and 8 are redefined by (13.36) and 
(13.37), and the final equation is (13.38). Figures 13.5-13.10 show how the 
x’s and y’s vary with b for various values of /  (various magnetic fields) and 
Fig. 13.11 shows how Xi , which is proportional to the gain of the increasing 
wave in db per wavelength, decreases as magnetic field is increased. A nu­
merical example shows that, assuming reasonable circuit impedance, a 
magnetic field which would provide a considerable focusing action would 
still allow a reasonable gain.

"The curves of Figs. 13.6-13.10 resemble very much the curves of Figs. 
8.7-8.9 of Chapter V III, which show the effect of space charge in terms of 
the parameter QC. This is not unnatural; in one case space charge forces 
tend to return electrons which are accelerated longitudinally to their un­
disturbed positions. In the other case, magnetic forces tend to return elec­
trons which are accelerated transversely to their undisturbed positions. In 
each case the circuit field acts on an electron stream which can itself sustain 
oscillations. In  one case, the oscillations are of a plasma type, and the re­
storing force is caused by space charge of the bunched electron stream; in 
the other case the electrons can oscillate transversely in the magnetic field 
with cyclotron frequency.

Let us, for instance, compare (7.13), which applies to purely longitudinal 
displacements with space charge, with (13.38), which applies to purely 
transverse fields with a longitudinal magnetic field. For zero loss (d =  0),
(7.13) becomes

1 = 0 - 5 -  b W  +  4QC) 
While

1 =  O'5 “  *)(«*+/*) (13.38)
describes the transverse case. Thus, if we let

4 Q C = P

the equations are identical.
When there is both a longitudinal and a transverse electric field, the equa­

tion for 8 is of the fifth degree. Thus, there are five forward waves. For an 
electron velocity equal to the circuit phase velocity (b =  0) and for no a t­
tenuation, the two new waves are unattenuated.

If there is no magnetic field, the presence of a transverse field component 
merely adds to the gain of the increasing wave. If a small magnetic field is

f
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imposed in the presence of a transverse field component, this gain is some­
what reduced.

1 3 . 1  C i r c u i t  E q u a t i o n

Consider a tubular electrode connected to ground through a wire, shown 
in Fig. 13.1. Suppose we bring a charge Q into the tube from «>. A charge Q 
will flow to ground through the wire. This is the situation assumed in the 
analysis of Chapter II. In Fig. 2.3 it is assumed that all the lines of force 
from the charge in the electron beam terminate on the circuit, so that the 
whole charge may be considered as impressed on the circuit.

Fig. 13.1—When a charge Q approaches a grounded conductor from infinity and in the 
end all the lines of force from the charge end on the conductor, a charge Q flows in the 
grounding lead.

: '//¿///////////////////////////M/SS/
Fig. 13.2—If a charge Q approaches a conductor from infinity but in the end only part 

of the lines of force from the charge end on the conductor, a charge <1 •£) flows in the ground­
ing lead, where $  <  1.

Now consider another case, shown in Fig. 13.2, in which a charge Q is 
brought from °o to the vicinity of a grounded electrode. In this case, not all 
of the lines of force from the charge terminate on the electrode, and a charge 
A>Q which is smaller than Q flows through the wire to ground.

We can represent the situation of Fig. 13.2 by the circuit shown in Fig. 
13.3. Here C2 is the capacitance between the charge and the electrode and 
Ci is the capacitance between the charge and ground. We see that the charge 

which flows to ground when a charge Q is brought to a is

Now suppose we take the charge Q away and hold the electrode at a 
potential V  with respect to ground, as shown in Fig. 13.4. W hat is the po­
tential Va a t a? We see that it is

ELECTRODE

ELECTRODE
a
o

$ 0  =  QCi/ (Ci +  C2) ( 1 3 . 1 )

Va =  [C2/(C i +  C2)]V =  4>F (13.2)
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Thus, the same factor $  relates the actual charge to the “effective charge” 
acting on the circuit and the actual circuit voltage to the voltage produced 
at the location of the charge.

We will not consider in this section the “space charge” voltage produced 
by the charge itself (the voltage a t point a in Fig. 13.4).

The circuit voltage V  we consider as varying as exp(—Hz) in the direction 
of propagation. The voltage in the vicinity of the circuit is given by

V(x, y) =  $ V  (13.3)

ELE C T R O D E

Fig. 13.3—The situation of Fig. 13.2 results in the same charge flow as if the charge 
were put on terminal a of the circuit shown, which consists of two capacitors of capaci­
tances Ci and Ci ■

C2
H f-

: ci

Fig. 13.4—A voltage V inserted in the ground lead divides across the condensers so 
that Va = 4>F, where 4> is the same factor which relates the charge flowing in the ground 
lead to the charge Q applied a t a in Figs. 13.2 and 13.3.

Here x  and y  refer to coordinates normal to z and $  is a function of x  and y. 
We will choose x and y  so

d$ /dx  =  0 (13.4)

Then

E y =  - V d $ /d y  =  - & V  (13.5)

<*>' =  d$/dy  (13.6)

In (13.3), $  will vary somewhat with T, but, as we are concerned with a
small range only in T, we will consider 4> a function of y  only.

From Chapter II  we have
- I T ,  K i

V =  —2 (2.10)

and

o =

(r2 -  rî) 

■jri
(2.18)
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So that
K p

r - ä h n t -  03.7)

In (13.7), it is assumed that <I> =  1. If <í> ^  1, we should replace p in (13.7) 
by the a-c component of effective charge. The total effective charge p¡¡ is

Pr = $(p +  Po) (13.8)

The term p¡> is included because <!> will vary if the y-position of the charge 
varies. To the first order, the a-c component p F, of the effective charge is,

Pr — $p +  Po'b'y (13.9)

Pb =  4>p — (h /tto W y  (13.9)

Here y  is the a-c variation in position along the y  coordinate. Thus, if <3? y* 0,
we have instead of (13.7)

t r  - j u T i K j ^ p  -  ( h / i h W y )  . . . . . .
( r 2 — r 2) * fio-to;

This is the circuit equation we shall use.

13.2 B a l l i s t i c  E q u a t io n s

We will assume an unperturbed motion of velocity m0 in the z direction, 
parallel to a uniform magnetic focusing field of strength B. As in Chapter 
II, products of a-c quantities will be neglected.

In the x  direction, perpendicular to the y  and z directions

dx/dt = - 7,By (13.11)

Assume that x = 0 a t y = 0. Then

x  =  nBy (13.12)

In the y direction we have

dy/dl =  v(Bx -  Ey) (13.13)

From (13.5) this is

dy/dl =  n(Bx +  3>'F) (13.14)

dy/dl = dy/dl  +  (dy/dz)(dz/dt) (13.15)

{dy/dl) =  u0(j/3e -  T)y (13.16)

We obtain from (13.16), (13.14) and (13.12)

Oft -  r )y  =  s ly  +  r,& V/u0 (13.17)

ft, =  -qB/ua (13.18)



Here ijB is the cyclotron radian frequency and is a corresponding propa­
gation constant.

Now

y = dy/dt -  (dy/dz)(,dz/dt) (13.19)

y = u0(jp, -  r )y  (13.20)

From (13.20) and (13.17) we obtain
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2VB[(jP' -  r )2 +  p-m]
(13.21)

I t  is easily shown that the equation for p can be obtained exactly as in 
Chapter II. From (2.22) and (2.18) we have

Io r 2$ F
P ~  2tt0 FuO'ft — I’)2' ( }

13.3 C o m b in e d  E q u a t io n

From the circuit equation (13.10) and the ballistical equations (13.21) 
and (13.22) we obtain

1 ($ '/$ )*_  - j & ' T j V i & K h  
~  2F o (r2 ~  rf ) (jpe -  r r  r[(jp. -  r r  + d,;J_ (13.23)

The voltage at the beam is <i> times the circuit voltage, so the effective
impedance of the circuit a t the beam is i >2 times the circuit impedance.
Thus

=  & K h /4F„ (13.24)

I t  will be convenient to define a dimensionless parameter /  specifying dm 
and hence the magnetic field

/  -  An/ftC (13.25)

We will also use 5 and b as defined earlier

- r  =  - p ,  +  fijcs

- r x =  ~jPe -  jPcCb 

After the usual approximations, (13.23) yields

.  i> - » -  r> +  W T T )  < 1 3 ' 2 6 )

«2 =  (13.27)

I t  is interesting to consider the quantity (<FVde$ )2 for typical fields. For



j

instance, in the two-dimensional electrostatic field in which the potential 
V is given by

V =  Ae~ß‘ve~3ßt‘ (13.28)

dV/ dy  =  - ß ,V  (13.29)

and everywhere

a2 =  (V /ß A p  =  1. (13.30)

Relation (13.30) is approximately true far from the axis in an axially sym­
metrical field.

Consider a potential giving a purely transverse field at y  =  0

V = Ae~,ß‘‘ sinh ß„y (13.31)

^  =  ß/le~lß,z cosh ßey. (13.32)
dy

In this case, a t y — 0

a2 =  ($7/3.$)* =  co (13.33)

In the case of a purely transverse field we let
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I f  -  ^ 0  ( 1 3 . 3 4 )  1

Dz =  (El / f f P) ( h / 8Va) ( 1 3 .3 5 )

In  ( 1 3 . 3 5 ) ,  E v is the magnitude of the y  component of field for a power 
flow P, and /3 is the phase constant.

We then redefine 5 and b in terms of D rather than C

- r  =  - j f i '  +  f3'D5 (13 .3 6 )

- r ,  =  —jfi' -  jfi'Db ( 1 3 .3 7 )

and our equation for a purely transverse field becomes

1  =  0*5 — b)(b2 +  P )  (13 .3 8 )

In ( 1 3 . 3 8 ) ,  5 and b are of course not the same as in ( 1 3 . 2 6 )  but are defined 
by ( 1 3 .3 6 )  and ( 1 3 . 3 7 ) .

1 3 .4  P u r e l y  T r a n s v e r s e  F i e l d s

The case of purely transverse fields is of interest chiefly because, as was 
mentioned in Chapter X, it has been suggested that such tubes should have 
low noise.

i
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In terms of x  and y  as usually defined

S = x  +  jy
equation (13.38) becomes

x[(x2 -  y2 +  f 2) -  2y(y  +  ¿)] =  0 (13.39)

(y +  b)(x~ -  f  +  P )  +  2a?y + 1  =  0 (13.40)

From the x  =  0 solution of (13.39) we obtain

* =  0 (13.41)

b “  p z r j ,  -  > ■ (‘3'42>

I t  is found that this solution obtains for large and small values of b. For 
very large and very small values of b, either

y =  - b  (13.43)

or

y  =  d=/ (13.44)

The wave given by (13.43) is a circuit wave; that given by (13.44) repre­
sents electrons traveling down the tube and oscillating with the cyclotron 
frequency in the magnetic field.

In an intermediate range of b, we have from (13.39)

x =  d= V 2y(y +  b) -  ( / 2 -  y2) (13.45)

and

b =  - 2 y dr v 7 2 -  1/2y. (13.46)

For a given value of / 2 we can assume values of y  and obtain values of b. 
Then, a; can be obtained from (13.45). In Figs. 13.5-13.10, x  and y  are plotted 
vs. b for p  =  0, .5, 1, 4 and 10. I t  should be noted that X\, the parameter 
expressing the rate of increase of the increasing wave, has a maximum at 
larger values of b a s /  is increased (as the magnetic focusing field is increased). 
Thus, for higher magnetic focusing fields the electrons must be shot into the 
circuit faster to get optimum results than for low fields. In Fig. 13.11, the 
maximum positive value of x  is plotted vs. / .  The plot serves to illustrate the 
effect on gain of increasing the magnetic field.

Let us consider an example. Suppose

X =  7.5 cm

D  =  .03
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b
Fig. 13.5—The x’s and y’s for the three forward waves when the circuit field is purely 

transverse'at the thin electron stream, for zero magnetic focusing field (f2 =  0).

b
_ Fig. 13.6—Curves similar to those of Fig. 13.5 for a param eter/*  =  1. The parameter 

/  is proportional to the strength of the magnetic focusing field.
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Fig. 13.7—The x’s and y*s fo r /2 =  1.0.
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Fig. 13.8—The s ’s and y ’s fo r /2 *=* 2.0.
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Fig. 13.9—The x’s and y ’s for/  =  4.0.
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Fig. 13.10—The s ’s and y ’s f o r /2 =  10.0.
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These values are chosen because there is a longitudinal field tube which 
operates at 7.5 cm with a value of C (which corresponds to D) of about .03. 
The table below shows the ratio of the maximum value of Xi to the maximum 
value of Xi for no magnetic focusing field.

Magnestic Field in Gauss / Xi/xio
0 0 1

50 1.17 .71
100 2.34 .50

A field of 50 to 100 gauss should be sufficient to give useful focusing action. 
Thus, it may be desirable to use magnetic focusing fields in transverse-

PROPORTIONAL TO MAGNETIC F IE L D , f

Fig. 13.11—Here X\ , the * for the increasing wave, is plotted v s /, which is proportional 
to the strength of the focusing field. The, velocity parameter b has been chosen to maxi­
mize X i. The ordinate Xi is proportional to gain per wavelength.

field traveling-wave tubes. This will be more especially true in low-voltage 
tubes, for which D  may be expected to be higher than .0 3 .

1 3 .5  M i x e d  F i e l d s

In tubes designed for use with longitudinal fields, the transverse fields 
far off the axis approach in strength the longitudinal fields. The same is true 
of transverse field tubes far off the axis. Thus, it is of interest to consider 
equation ( 1 3 . 2 6 )  for cases in which a is neither very small nor very large, 
but rather is of the order of unity.

If the magnetic field is very intense so that f -  is large, then the term con­
taining a-, which represents the effect of transverse fields, will be very small 
and the tube will behave much as if the transverse fields were absent.
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Cofisideration of both terms presents considerable difficulty as (13.26) 
leads to five waves (5 values of 5) instead of three. The writer has attacked 
the problem only for the special case of b = 0. In  this case we obtain from 
(13.26)

1 . a 1
+ r i

8 =  - j
s2 ^  ô2 (13.47)

MacColl has shown1 that the two “new” waves (waves introduced when 
a  = 0) are unattenuated and thus unimportant and uninteresting (unless, 
as an off-chance, they have some drastic effect in fitting the boundary 
conditions).

Proceeding from this information, we will find the change in 8 a s / 2 is 
increased from zero. From (13.47) we obtain

d8 —j
2d 8 . 2 a 8 d 8  , 2 j f 2a  d j

(52+ / 2)2 (52+ / 2)2_
Now, if /  =  0

53 =  —/ ( l  -j- a 2)

If we use this in connection with (13.48) we obtain

dS = a  j r 2
‘ 35 df

For an increasing wave

8r =  (1 +  (TV&T)2) (a /3 /2  -  j / 2 )  

Hence, for the increasing wave

dd i “_  a  { - V S / 2 -  j / 2 )  2
3(1 +  a 2) J

(13.48)

(13.49)

(13.50)

(13.51)

(13.52)

This shows that applying a small magnetic field tends to decrease the gain. 
This does not mean, however, that the gain with a longitudinal and trans­
verse field and a magnetic field is less than the gain with the longitudinal 
field alone. To see this we assume that no t/ 2 but (4>'//3e<i>)2 is small. Differen­
tiating, we obtain

dS -  —j
2dd 

' 83
2 a  8dd

+
d a

(à2 +  p y  s2 +  p _

If a =  0

(13.53)

(13.54)

1 J. R. Pierce, “Transverse Fields in Traveling-Wave Tubes,” Bell System Technical 
Journal, Vol. 27, pp. 732-746.



and we obtain

dS =  3 {a- +  p )  da (13.53)

i s  =  S W T T )  ^  (13'S6)

If we have a very large magnetic field (J2 »  | 8-1), then

dS = d  da (13.57)
4/

and the change in 5 is purely reactive. If /  =  0 (no magnetic field), from 
(13.55)

d8 =  6-  da'2 (13.58)

Adding a transverse field component increases the magnitude of 5 without 
changing the phase angle.
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CHAPTER XIV

FIELD SOLUTIONS

S y n o p s is  o f  C h a p t e r

Q O  FAR, it has been assumed that the same a-c field acts on all elec- 
trons. This has been very useful in getting results, but we wonder if 

we are overlooking anything by this simplification.
The more complicated situation in which the variation of field over the 

electron stream is taken into account cannot be investigated with the same 
generality we have achieved in the case of “ thin” electron streams. The 
chief importance we will attach to the work of this chapter is not that of 
producing numerical results useful in designing tubes. Rather, the chapter 
relates the appropriate field solutions to those we have been using and 
exhibits and evaluates features of the “broad beam” case which are not 
found in the “ thin beam” case.

To this end we shall examine with care the simplest system which can 
reasonably be expected to exhibit new features. The writer believes that 
this will show qualitatively the general features of most or all “broad 
beam” cases.

The case is that of an electron stream of constant current density com­
pletely filling the opening of a double finned circuit structure, as shown in 
Fig. 14.1. The susceptance looking into the slots between the fins is a func­
tion of frequency only and not of propagation constant. Thus, a t a given 
frequency, we can merely replace the slotted circuit members by suscept­
ance sheets relating the magnetic field to the electric field, as shown in 
Fig. 14.2. The analysis is carried out with this susceptance as a parameter. 
Only the mode of propagation with a symmetrical field pattern is con­
sidered.

First, the case for zero current density is considered. The natural mode 
of propagation will have a phase constant ¡3 such that IIX/E Z for the central 
region is the same as Hx/E z for the finned circuit. The solid curve of Fig. 
14.3 shows a quantity proportional to Hx/E z for the central space vs 6 = 
f3d (d defined by Fig. 14.1), a quantity proportional to/3- The dashed line 
P  represents Hx/E z for a given finned structure. The intersections specify 
values of 6 for the natural active modes of propagation to the left and to the 
right, and, hence, values of the natural phase constants.

The structure also has passive modes of propagation. If we assume 
fields which vary in the z direction as exp (4>/d)z, Hx/E z for the central

630
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opening varies with as shown in part in Fig. 14.4. A horizontal line repre­
senting a given susceptance of the finned structure will intersect the curve 
at an infinite number of points. Each intersection represents a passive 
mode which decays at a particular rate in the z direction and varies sinu­
soidally with a particular period in the y  direction.

If the effect of the electrons in the central space is included, Hx/E z for 
the central space no longer varies as shown in Fig. 14.3, but as shown in 
Fig. 14.5 instead. The curve goes off to +  <=° near a value of 6 correspond­
ing to a phase velocity near to the electron velocity. The nature of the modes 
depends on the susceptance of the finned structure. If this is represented 
by P i , there are four unattenuated waves; for P 3 there are two unattenu­
ated waves and an increasing and a decreasing wave. P-> represents a tran­
sitional case.

Not the whole of the curve for the central space is shown on Fig. 14.5. 
In Fig. 14.6 we see on an expanded scale part of the region about 6 — 1, 
between the points where the curve goes through 0. The curve goes to +  »  
and repeatedly from — «> to +  » ,  crossing the axis an infinite number of 
times as 6 approaches unity. For any susceptance of the finned structure, 
this leads to an infinite number of unattenuated modes, which are space- 
charge waves; for these the amplitude varies sinusoidally with different 
periods across the beam. Not all of them have any physical meaning, for 
near 0 = 1  the period of cyclic variation across the beam will become small 
even compared to the space between electrons.

Returning to Fig. 14.1, we may consider a case in which the central space 
between the finned structures is very narrow (d very small). This will have 
the effect of pushing the solid curve of Fig. 14.5 up toward the horizontal 
axis, so that for a reasonable value of P  (say, P i , P 2 or P 3 of Fig. 14.5) there 
is no intersection. That is, the circuit does not propagate any unattenuated 
waves. In  this case there are still an increasing and a decreasing wave. The 
behavior is like that of a multi-resonator klystron carried to the extreme of 
an infinite number of resonators. If we add resonator loss, the behavior of 
gain per wavelength with frequency near the resonant frequency of the 
slots is as shown in Fig. 14.7.

One purpose of this treatment of a broad electron stream is to compare 
its results with those of the previous chapters. There, the treatment con­
sidered two aspects separately: the circuit and the effect of the electrons.

Suppose that a t y = d in Fig. 14.1 we evaluate not Hx for the finned 
structure and for the central space separately, but, rather, the difference 
or discontinuity in IIX . This can be thought of as giving the driving current 
necessary to establish the field E z with a specified phase constant. In  Fig.
14.8, yi is proportional to this IIX or driving current divided by E t. The 
dashed curve y2 is the variation of driving current with 0 or ¡3 which we have
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used in earlier chapters, fitted to the true curve in slope and magnitude at 
y  =  0. Over the range of 8 of interest in connection with increasing waves, 
the fit is good.

The difference between Hx/ E z for the central space without electrons 
(Fig. 14.3) and Hx/E z for the central space with electrons (Fig. 14.5) can 
be taken as representing the driving effect of the electrons. The solid curve 
of Fig. 14.9 is proportional to this difference, and hence represents the true 
effect of the electrons. The dashed curve is from the ballistical equation 
used in previous chapters. This has been fitted by adjusting the space- 
charge parameter Q only; the leading term is evaluated directly in terms of 
current density, beam width, /3, and variation of field over the beam, which 
is assumed to be the same as in the absence of electrons.

Figure 14.10 shows a circuit curve (as, of Fig. 14.8) and an electronic 
curve (as, of Fig. 14.10). These curves contain the same information as the 
curves (including one of the dashed horizontal lines) of Fig. 14.5, but dif­
ferently distributed. The intersections represent the modes of propagation.

If such curves were the approximate (dashed) curves of Figs. 14.8 and
14.9, the values of 6 for the modes would be quite accurate for real inter­
sections. I t  is not clear that “intersections” for complex values of 9 would be 
accurately given unless they were for near misses of the curves. In addition, 
the complicated behavior near 6 = 1  (Fig. 14.6) is quite absent from the 
approximate electronic curve. Thus, the approximate electronic curve does 
not predict the multitude of unattenuated space-charge waves near 0 = 1. 
Further, the approximate expressions predict a lower limiting electron 
velocity below which there is no gain. This is not true for the exact equations 
when the electron flow fills the space between the finned structures com­
pletely.

I t  is of some interest to consider complex intersections in the case of 
near misses by using curves of simple form (parabolas), as in Fig. 14.11. 
Such an analysis shows that high gain is to be expected in the case of curves 
such as those of Fig. 14.10, for instance, when the circuit curve is not steep 
and when the curvature of the electronic curve is small. In terms of physical 
parameters, this means a high impedance circuit and a large current density.

14.1 T h e  Sy stem  a n d  t h e  E q u a tio n s

The system examined is a two-dimensional one closely analogous to that 
of Fig. 4.4. I t  is shown in Fig. 14.1. I t  consists of a central space extending 
from y = —d to y = + d , and arrays of thin fins separated by slots ex­
tending for a distance li beyond the central opening and short-circuited at 
the outer ends. An electron flow of current density / 0 amperes/?«2 fills the 
open space. I t  is assumed that the electrons are constrained by a strong 
magnetic field so that they can move in the z direction only.
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We can simplify the picture a little. The open edges of the slots merely 
form impedance sheets.

From 4.12 we see that a t y  = —d

H* _  jue 
Ez Po 

Hz
E z

B =  — y /e / f i  cot /Soh

cot j30 h 

=  ~ jB

(14.1)

(14.2)

(14.3)

Fig. 14.1—Electron flow completely fills the open space between two finned structures. 
A strong axial magnetic field prevents transverse motions.

H x-  j BEZ y=d
J o '

Hx = - j B E z
y = -d

Fig. 14.2—In analyzing the structure of Fig. 14.1, the finned members are regarded as 
susceptance sheets.

fo r

/So/«« =  1/ce =  V m Â  ~  377 ohms 

Similarly, a t y = + d ,

H x
Ez — jB

(14.4)

(14.5)

We can use B  as a parameter rather than h. Thus, we obtain the picture 
of Fig. 14.2. This picture is really more general than Fig. 14.1, for it applies 
for any transverse-magnetic circuit outside of the beam.
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Inside of the beam the effect of the electrons is to change the effective 
dielectric constant in the z direction. Thus, from (2.22) we have for the elec­
tron convection current

jJo  13. TV
i =

2 Ko(Jße -  F )2 
Now

(2 .22)

dz 
so that

jJoßcE.

Ez =  — d-X- =  T V  (14.6)

i =
2Vo(jßc -  n *

(14.7)

The appearance of a voltage V  in (2,22) and (14.6) does not mean that these 
relations are invalid for fast waves. In (2.22) the only meaning which need 
be given to V is that defined by (14.6), as it is the electric field as specified 
by (14.6) that was assumed to act on the electrons in deriving (2.22).

Let us say that the total a-c current density in the z direction, J z , is

J z =  jwtxEt (14.8)

This current consists of a displacement current jweEz and the current i, 
so that

/ .  -  -  > , £ .  ( i  +  { u -9)

Hence

*/• -  0  + 2 O T = T ) .)
This gives the ratio of the effective dielectric constant in the z direction to 
the actual dielectric constant. We will proceed to put this in a form which 
in the long run will prove more convenient.

Let us define a quanity j8

and a quantity A 

And quantities 8 and 8,

r  =  jß  (14.11)

A =  (14.12)
2euüVo

8 e —  ß 4  =  ( w / « o ) d  (14.13)

8 =  ßd (14.14)
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We recognize d as the half-width of the opening filled by electrons. Then

We can say something about the quantity A. From purely d-c considera­
tions, the electron flow will cause a fall in d-c potential toward the center 
of the beam. Indeed, this is so severe for large currents that it sets a limit 
to the current density which can be transmitted. If we take F 0 and u0 as 
values at y  = Azd (the wall), the maximum value of A as defined by (14.12) 
is 2/3, and a t this maximum value the potential a t y = 0 is F 0/4 . This is 
inconsistent with the analysis, in which F 0 and tio are assumed to be con­
stant across the electron flow. Thus, for the current densities for which the 
analysis is valid, which are the current densities such as are usually used in 
traveling-wave tubes

In the a-c analysis we will deal here only with the symmetrical type of 
wave in which E z(-\-y) =  E B{—y). The work can easily be extended to 
cover cases for which E z{+y) =  —E,{—y). We assume

A «  1 (14.16)

IIx = IIo sinh 7ye lß: (14.17)

From Maxwell’s equations

jutEy -  — A  =  -j '/3 //0(sinh yy)e ,ßz
Oz

Ey =  — — / / 0(sinh \y)e~ lßz (14.18)

Similarly

jw t\Ez   —A =  — 7 / / 0(cosh 7 y)e lß*

Ez =  —  //o(cosh 7 y)e lßl (14.19)

We must also have

H 0e lßz sinh yy

72 =  (£i /  0  (ß2 — ßl) 

ßo =  co2pe — «2/c 2

(14.20)

(14.21)



Now, from (14.17), (14.19) and (14.20)

E x — jcoeia/e) tanh [(ei/e)1/2(d2 -  ßo)1'2 y\
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(14.22)

But

Hence

E z (e.A)1/2(d2 -  do2) 1'2

coe =  (co/c)(ct) =  ß0-\/e /p (14.23)

Ex _  — jy /e /p (e i/e )U213a tanh [(ei/e) 1/2(/3' — do2)I/2y] 
Et (d2 -  do2) 1/2

At y — d, (14.5) must apply. From (14.24) we can write

(14.24)

(d /e ) 1' 2 tanh [(ej/e) 1' 2̂ 2 -  0O2) '/2]
(0s -  e iy *  u  '

Here 8 is given by (14.14)

do =  do d =  (w/c)d (14.26)

and P  is given by

P  =  B/dodVo/V =  P/OoV ^ T p (14.27)

Thus, do expresses d in radians a t free-space wavelength and P  is a measure 
of the wall reactance, the susceptance rising as B  rises.

14.2 W a v e s  i n  t h e  A b s e n c e  o f  E l e c t r o n s

In this section we will consider (14.25) in the case in which there are no
electrons and n / t  =  1. In this case (14.25) becomes

tanh (02 — 0o) I/2 f
p  ~  ~ w - e i y »  (14-28}

Suppose we plot the right-hand side of (14.28) vs 8 for real values of 6\ 
corresponding to unattenuated waves. In Fig. 14.3 this has been done for 
do =  1/10. For do > t / 2  the behavior near the origin is different, but in 
cases corresponding to actual traveling wave tubes do < t t /2.

Intersections between a horizontal line a t height P  and the curve give 
values of 8 representing unattenuated waves. We see that for the case 
which we have considered, in which 80 < ir/2 and 0o cot 8o > 1, there are 
unattenuated waves if

P  > -  tan do/do (14.29)

For P — — a> (no slot depth and no wall reactance) the system for 80 < t / 2  
constitutes a wave guide operated below cutoff frequency for the type of
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wave we have considered. If we increase P  (| P  | decreasing; the inductive 
reactance of the walls increasing) this finally results in the propagation of a
wave. There are two intersections, at 6  — ± 0 l , representing propagation
to the right and propagation to the left. The variation of 6 1 with P is such 
that as P  is increased (made less negative) 6 } is increased; that is, the greater 
is P  (the smaller | P  |), the more slowly the wave travels.

There is another set of waves for which 0 is imaginary; these represent 
passive modes which do not transmit energy but merely decay with distance. 
In investigating these modes we will let

0 =  H> (14.30)

so that the waves vary with z as

eiildu (14.31)

Fig. 14.3—The structure of Fig. 14.1 is first analyzed in the absence of an electron 
stream. Here a quantity proportional to Hx/E ,  a t the susceptance sheet is plotted vs 
6 — fid, a quantity proportional to the phase constant /?. The solid curve is for the inner 
open space; the dashed line is for the susceptance sheet. The two intersections a t ±0t 
correspond to transmission of a forward and a backward wave.

Now (14.28) becomes

P  =  - t a n  (4>2 +  f?o)1/2/(4>2 +  el)1'2 (14.32)

In  Fig. 14.4 the right-hand side of (14.28) has been plotted vs 4?, again for 
0„ =  1/10.

Here there will be a number of intersections with any horizontal line 
representing a particular value of P  (a particular value of wall susceptance), 
and these will occur at paired values of 4? which we shall call ± T „  . The 
corresponding waves vary with distance as exp ( ±  <fvz/d).

Suppose we increase P. As P  passes the point — (tan 0o)/0o, T" for 
a pair of these passive waves goes to zero; then for P  just greater than 
— (tan 0o) /0o we have two active unattenuated waves, as may be seen 
by comparing Figs. 14.4 and 14.3.
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14.3 W a v es  in  t h e  P r e s e n c e  o f  E l ec tr o n s  

In this section we deal with the equations

_  - ( d / e ) 1' 2 tanh [(e>A)1/2(02 -  0o)'/2]
(02 -  65)1/2

and

€lA = 1 “  (0« -  oy-

We consider cases in which the electron velocity is much less than the 
velocity of light; hence

0 , »  do (14.33)

(14.25)

(14.15)

0
Fig. 14.4—If a quantity proportional to I I , /E Z a t the edge of the central region is 

plotted vs 4> =  —jO, this curve is obtained. There are an infinite number of intersections 
with a horizontal line representing the susceptance of the finned structure. These corre­
spond to passive modes, for which the field decays exponentially with distance away from 
the point of excitation.

In  Fig. 14.5, the right-hand side of (14.25) has been plotted vs. 6 for 
6e — 10 0O, corresponding to an electron velocity 1/10 the speed of light. 
Values of 0 =  1/10 and A  =  1/100 have been chosen merely for conven­
ience.* The curve has not been shown in the region from 0 — .9 to 0 =  1.1, 
where cj/e is negative, and this region will be discussed later.

For a larger value of P (| P  [ small), Pi in Fig. 14.5, there are 4 intersec­
tions corresponding to 4 unattenuated waves. The two outer intersections 
obviously correspond to the “circuit” waves we would have in the absence 
of electrons. The other two intersections near 0 =  .90e and 0 =  1.10, we 
call electronic or space-charge waves.

* At a beam voltage Vo =  1,000 and for d =  0.1 cm, A =  1/100 means a  current density 
of about 330 ma/cm2, which is a current density in the range encountered in practice.
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For instance, increasing P  to values larger than Pi changes 0 for the cir­
cuit waves a great deal but scarcely alters the two “electronic wave” values 
of 6, near 0 — 0e(l ±  0.1). On the other hand, for large values of P  the values 
of 0 for the electronic waves are approximately

0 = 6e ±  V A  (14.34)

Thus, changing A alters these values, but changing A has little effect on the 
values of 0 for the circuit waves.

Now, the larger the P  the slower the circuit wave travels; and, hence, for 
large values of P  the electrons travel faster than the circuit wave. Our 
narrow-beam analysis also indicated two circuit waves and two unatten­
uated electronic waves for cases in which the electron speed is much larger 
than the speed of the increasing wave. I t also showed, however, that, as 
the difference between the electron speed and the speed of the unperturbed

Fig. 14.5—When electrons are present in the open space of the circuit of Fig. 14.1, the 
curves of Fig. 14.3 are modified as shown here. The nature of the waves depends on the 
relative magnitude of the susceptance of the finned structure, which is represented by 
the dashed horizontal lines. For P i , there are four unattenuated waves, for P i , two 
unattenuated waves and an increasing wave and a decreasing wave. Line Pi represents a 
transition between the two cases.

wave was made less, a pair of waves appeared, one increasing and one 
decreasing. This is also the case in the broad beam case.

In Fig. 14.5, when P  is given the value indicated by P 2 , an “electronic” 
wave and a “circuit” wave coalesce; this corresponds to yi and y2 running 
together at b =  (3/2)(2)1/3 in Fig. 8.1. For a somewhat smaller value of P, 
such as P 3 , there will be a pair of complex values of 0 corresponding to an 
increasing wave and a decreasing wave. We may expect the rate of increase 
at first to rise and then to fall as P  is gradually decreased from the value P 2 , 
corresponding to the rise and fall of *1 as b is decreased from (3/2) (2) 1/3 in 
Fig. 8.1.

I t  is interesting to know whether or not these increasing waves persist 
down to P — — 00 (no inductance in the walls). When P  =  — <x>, the 
only way (14.25) can be satisfied is by

coth ((ii/e)1/2(02 — 0o)1/2) =  0 (14.35)
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This will occur only if

(ii/c)1/2(02 -  0l)m  =  j (  ht +  1

W e)(02 -  ej) =  - ( „ ^  +  r 2
(14.36)

Let

0 =  u  +  jie (14.37)

From (14.37), (14.36) and (14.15)

A
((0, -  •«) +  jw )2_

If we separate the real and imaginary parts, we obtain

1 ((» +  jw ) -  0O) =  — (m t +  - )  (14.38)

[(4 -  1)(0, -  k)2 -  (A +  I K K »2 -  7<;2 -  0O2)

/  A 2 (14-39) 
— AAuw-{de — u) =  [(0C — m)2 +  W2] ( nir +  - J

w(u[(de — Uy~ +  w2\ — A [(0c — m)2 — -Y] +  (0e — «)(»2 — w — 05)) =  0

(14.40)

The right-hand side of (14.39) is always positive. Because always A  <  1, 
the first term on the left of (14.39) is always negative if u >  {w1 +  0o), 
which will be true for slow rates of increase. Thus, for very small values 
of w, (14.39) cannot be satisfied. Thus, it seems that there are no waves 
such as we are looking for, that is, slow waves (u «  c). I t  appears that 
the increasing waves must disappear or be greatly modified when P  ap­
proaches — .

So far we have considered only four of the waves which exist in the
presence of electrons. A whole series of unattenuated electron waves exist
in the range

0c -  V A  <  0 <  0c +  V a

In this range (ei/e)1/2 is imaginary, and it is convenient to rewrite (14.25) 
as

„ _  ( - e iA ) m tan [ ( - e . / e Y V  -  0o2)l;2] , *
(02 -  05)1/2

The chief variation in this expression over the range considered is that due 
to variation in (—ej/«)1/2. For all practical purposes we may write

p  =  ( —ei/e) 1/2 tan [ ( - ^ / e Y V c  -  0o)1/2[ { u j a )
(0; -  05)
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Near 6 = 6 , ,  the tangent varies with infinite rapidity, making an infinite 
number of crossings of the axis.

In Fig. 14.6, the right-hand side of (14.41) has been plotted for a part of 
the range 6 = 0.90 6, to 6 =  1.10 6,. The waves corresponding to the inter­
sections of the rapidly fluctuating curve with a horizontal line representing 
P  are unattenuated space-charge waves. The nearer 6 is to 6, ,  the larger 
(—ei/i) is. The amplitude of the electric field varies with y  as

cosh 0X -« iA )1/2G32 -  i3o)'/2y) =  cos ( ( - e , /c ) I,2(d2 -  $ ) 1/2y) (14.45)

Fig. 14.6—The curve for the central region is not shown completely in Fig. 14.S. A part 
of the detail around 0 = 1 ,  which means a phase velocity equal to the electron velocity, is 
shown in Fig. 14.6. The curve crosses the axis, and any other horizontal line, an infinite 
number of times (only some of the branches are shown). Thus, there is a large number of 
unattenuated “space charge” waves. For these, the amplitude varies sinusoidally in the y 
direction. Some of these have no physical reality, because the wavelength in the y  direction 
is short compared with the space between electrons.

For small values of | 6 — 6, | the> field fluctuates very rapidly in the y  direc­
tion, passing through many cycles between y  =  0 and y  =  d. For very 
small values of | 6 — 6, | the solution does not correspond to any actual 
physical problem: spreads in velocity in any electron stream, and ultimately 
the discrete nature of electron flow, preclude the variations indicated by 
(14.45).

The writer cannot state definitely that there are not increasing waves for 
which the real part of 6 lies between 6, — \/~A and 6, - f y / d ,  but he sees 
no reason to believe that there are.

There are, however, other waves which exhibit both attenuation and
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propagation. The roots of (14.32) are modified by the introduction of the 
electrons. To show this effect, let <f>„ be a solution of (14.32), and _/(<!>„ +  3) 
be a solution of (14.25). The waves considered will thus vary with distance 
as

l($„+S)/d)i

We see that we must have

(<iA)1/2 (*2n + eir  cot (4>2„ +  e ir

(14.43)

(14.44)
=  ((*„ +  5)2 +  9i)xu cot [(ei/€ )wm  +  S)2 +  0o) w1

, 1/2

(6l/e)1/2 i 1 (6' -  j<l>n +  6)*) (14,1;)a)
As A «  1, it seems safe to neglect 5 in (14.15a) and to expand, writing

(«,/«)>'* =  1 -  a  

A _  A\(0"e — 4>2) +  2/0c$„]
2(0* -  j$ny-

If | 5 | «  4>n , we may also write

(('bn +  6)“ +  do)11" =  7TT

2(0; +  iff.)2 

5

(14.46)

(14.47)

(i>2„ + el)m
We thus obtain, if we neglect products of 5 and a

+  ( ' b n  + el)2n 1/2 (14.48)

(1 — a) cot (iff, +  el)1/2

- [ * ♦

'bn 5

(<b2„ +  0o) 1/2 

'bn 5

cot (<b„ +  0O)2 \ 1/2

(14.49)
a esc2 (i>'„ + et)

“  W n  +  05)1/2 

Solving this for 5, we obtain

(<b2„ +  0o)1/2 f  cos ('b2 +  0o) 1/2 +  esc (<b2„ +  0l)m '

2\ 1/2

a =

'bn

(02 -  'b2„)
12 \2 +  j

Lcos (‘Iff, + 0o)1/2 
20e

CSC (i>2„ +  6¡)m J

Li>„(02 +  'b; ) 2 J (el + <b2„)
CSC2 (iff, +  0o)I/2 +  COS (iff, +  0o)1/2 

.esc (i>2„ + 0o)1/J — cos (iff, + 0o)1/2_
/ l(0o +  <b2„)tslli

(14.50)

(14.51)

As the waves vary with distance as exp [(±  iff +  8)z/d], this means that all 
modified waves travel in the —z direction, and very fast, for the imaginary 
part of 5, which is inversely proportional to the phase velocity, will be small.
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These backward-traveling waves cannot give gain in the + z  direction, and 
could give gain in the — z direction only under conditions similar to those 
discussed in Chapter XI.

14.4 A Sp e c ia l  T y p e  o f  So l u t io n

Consider (14.25) in a case in which

0o«  0„ (14.52)

0e «  1 (14.53)
In this case in the range

0 <  0« -  V A  and 0 >  0* +  V A  (14.54)

we can replace the hyperbolic tangent by its argument, giving

r-- < « / . )  t« -55 )

This can be solved for 0, giving

0 =  0c =F V A / ( P  +  1) (14.56)
If

P  < - 1

Then 0 will be complex and there will be a pair of waves, one increasing and 
one decreasing. We note that, under these circumstances, there is no cir­
cuit wave, either with or without electrons.

W hat we have is in essence an electron stream passing through a series 
of inductively detuned resonators, as in a multi-resonator klystron. Thus, 
the structure is in essence a distributed multi-resonator klystron, with loss­
less resonators. If the resonators have loss, we can let

P  =  (~ jG  +  5 )/0ovV m  (14.57)

where G is the resonant conductance of the slots. In this case, (14.56) be­
comes

0 =  0« ±  (  A O V t/ t i  \  (14 58)
\ —jG  +  (B +  0o V e / / . ) /

Near resonance we can assume G is a constant and that B  varies linearly 
with frequency. Accordingly, we can show the form of the gain of the in­
creasing wave by plotting vs. frequency the quantity g

g =  Im (—j  +  w/a>o)~1/2 (14.59)

In Fig. 14.7, g is plotted vs. w/w0 .
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14.5 C o m p a r is o n  w it h  P r e v io u s  T h e o r y

We will compare our field solution with the theory presented earlier by 
comparing separately circuit effects and electronic effects.

14.6a Comparison of Circuit Equations

According to Chapter VI the field induced in an active mode by the current 
i should be

_  p iM E V ffP )  .
2 -  2(ri -  r2) 1

w/« 0
Fig. 14.7—In a plot such as that of Fig. 14.5, the horizontal line for the fins may not 

intersect the solid line for the central space a t all. Particularly, this will be true as the 
central space is made Very narrow. There will still be an increasing and a decreasing wave, 
however. Suppose, now, that the finned structure is lossy. We find that the gain in db of 
the increasing wave will vary with frequency as shown. Here «o is the resonant frequency 
of the slots in the finned structure.

whence

E z = jo-R
(el 2)

(14.60)

where I? is a positive constant proportional to (EJ/frP).
Suppose that in Fig. 14.2 we have a t y  — d not only the current jB E , 

flowing in the wall admittance, but an additional current i  given by (14.60) 
as well. Then instead of (14.28) we have

1 i tanh (02 — 6l)m
6 o (V e /n ) jE ,  + p  t f - e l ) 112

For simplicity, let 0O «  6. Then we obtain from (14.61)

tanh 6^
i =  jdo V e/jä  ( - P  — 6 o*

(14.61)

(14.62)



We must identify this with (14.60). Thus, over the range considered, we 
must have approximately

(d\/62 -  1 ) /R  =  tfoVeM-P •+ (tanh0)/0) (14.63)

At 6 = 6!, we must have both sides zero, so that

P  = ~  (tanh 0i)/6i and (14.64)

(1 — (8i/6Y)/R = V c/m  ((tanh 0,)/6i — (tanh 0)/0) (14.65)

Taking the derivative with respect to 6

20i / —r (  sech2 6 tanh d \ . . .  .
m - e . V i U {  — +  - p - )  < « •« )

These must be equal a t 6 = 0X, so that

1/R  =  (l/2)(0o v ^ / i )  ( -  sech2 0X)  (14.67)

Thus, according to the methods of Chapter VI, our circuit equation should 
be

( e ^ T T p )  ]e .  =  (1/2) ( f 1 "  sech2 01)  (1 “  (Ol/0)2) (14‘68)

Using (14.64), the correct equation (14.62) becomes

(  1 \  i  tanh 6i tanh 6
\0o  Ve/~J ]e. =  6! ~ 8 (14 ,69 )

In a typical traveling-wave tube, we might have

0! =  2.5

In Fig. 14.8, the right-hand side of (14.69) is plotted as a solid line and 
the right-hand side of (14.68) is plotted as a dashed line for 6i =  2.5.

14.5b Electronic Comparison

Consider (14.25), which is the equation with electrons. For simplicity, 
let 0O <33 0, so that

B =  ,, _  _  (ex/e )2 tanh [(e./e)1/20] ^  ^
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Ve/M 0o 0

For no electrons we would have

B  tanh 0
= P  =  ~ (14.71)

0o Ve/M



Thus, if we wish we may write (14.70) in the form

P .  ,  _  p  (14.72)
0

where
Pc =  ( lM ( i i / e )1/2 tanh [(«i/e)1'2 0 - t a n h  0] (14.73)

The quantities on the right of (14.72) refer to the circuit in the absence of 
electrons; if there are no electrons Pe — 0 and (14.72) yields the circuit

646 B E LL  S Y S T E M  TECHNICAL JO U RN AL

-O.l

/// // // // //  //  ///
2.0 3 .0

Fig. 14.8—Suppose we compare the circuit admittance for the structure of Fig. 14.1 
with that used in earlier calculations. Here the solid curve is proportional to the difference 
of the H i’s for the finned structure and for the central space (the impressed current) di­
vided by E . . The dashed curve is the simple expression (6.1) used earlier fitted in mag­
nitude and slope.

waves. Thus, P , may be regarded as the equivalent of an added current i 
a t the wall, such that

(14.74)

Now, the root giving the increasing wave, the one we are most interested 
in, occurs a little way from the pole, where (ei/e)1/2 may be reasonably 
large if 0 is large. I t  would seem that one of the best comparisons which 
could be made would be that between the approximate analysis and a very 
broad beam case, for which 0 is very large. In  this case, we may take ap­
proximately, away from 0 =  0,

(14.75)tanh [(«i/e)1/2 0] =  tanh 0 = 1

P . = Ofcjife/e)1'2 -  1 
A

P , =  (1/ 0) 1 -

(o. ~  «)*

1/2

-  1 (14.76)
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Let us expand in terms of the quantity 
small compared with unity. We obtain

A
P . = 26(6. -  e y 1 +  4 +

(14.77)

The theory of Chapter VII is developed by assuming that all electrons 
are acted on by the same a-c field. When this is not so, it is applied approxi­
mately by using an “effective current” or “effective field” as in Chapter 
IV ; either of these concepts leads to the same averaging over the electron 
flow. An effective current can be obtained by averaging over the flow the 
current density times the square of the field, evaluated in the absence of 
electrons, and dividing by the square of the field a t the reference position. 
This is equivalent to the method used in evaluating the effective field in 
Chapter III.

In the device of Fig. 14.2, if we take as a reference position y =  ± d , 
the effective current 70 per unit depth

h  =
Jo / cosh2 (yy) dy

JO (14.78)
cosh2 yd

h  = U d /2 )  +  sech2 y d j  (14.79)

This is the effective current associated with tire half of the flow from y = 
0 to y =  d. Here y  is the value for no electrons. For 0 <3C /3, 7 =  13. For 
large values of 6, then

Io =  Jod/26 (14.80)

Now, the corresponding a-c convection current per unit depth will be:

IoPe
2 Vo(/3, -  d);

E  (14.81)

Here E  is the total field acting on the electrons in the 2-direction. From
(7.1) we see that we assumed this to be the field due to the circuit (the first
term in the brackets) plus a quantity which we can write

E*  =  ^  i (14.82)co Ci
Accordingly

E  =  Et +  Ea (14.83)
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and we can write i

(14-84)

* "  2 V , I K -  ( « , '- # ) ')  <14'85)

Here K  is a parameter specifying the value of /32/w C i. As (14.85) need
hold over only a rather small range of /3, and C is not independent of /?,
we will regard K  as a constant.

The parameter P e corresponding to (14.85) is

-  WwJr.[K - - i ) r  ( 1 4 ' 8 6 )

Now, from (14.80), for large values of 8

h  d(dc/6o) _ J o d-{0c/Op)

2 V J ~ ß V 0 W e / l i d  V o { °

As

V V m  =  «/a//j6  =  tc,

d./d0 =  c/ uq ,

and

4  -  S R  (14'I2)

P '  =  29[2f -  (». -  #)=J (14‘88)

Let us now expand (14.88) assuming K  to be very small

A
p‘ 26(e. -  ey-

If we let

K  =  A / i  (14.90)

we see that these first two terms agree with the expansion of the broad- 
beam expression, (14.77). The leading term was not adjusted; the space- 
charge parameter K  was, since there is no other way of evaluating the 
parameter in this case.

In  Fig. 14.9, the value of 8Pe as obtained, actually, from (14.73) rather 
than (14.76), is plotted as a solid line and the value corresponding to the
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earlier theory, from (14.86) with K  adjusted according to (14.88), is plotted 
as a dashed line, for

A = 0.01

e. = 8
We see that (14.88), which involves the approximations made in our earlier 
calculations concerning traveling-wave tubes, is a remarkably good fit to the 
broad-beam expression derived from field theory up very close to the points 
(9e — d) = A, which are the boundaries between real and imaginary argu­
ments of the hyperbolic tangent and correspond to the points where the 
ordinate is zero in Fig. 14.5.

e
Fig. 14.9—These curves compare an exact electronic susceptance for the broad beam 

case (solid curve) with the approximate expression used earlier (dashed curve). In  the 
approximate expression, the “effective current” was evaluated, not fitted; the space- 
charge parameter was chosen to give a fit.

Over the range in which the argument of the hyperbolic tangent in the 
correct expression is imaginary, the approximate expression of course ex­
hibits none of the complex behavior characteristics of the correct expression 
and illustrated by Fig. 14.6. From (14.88) we see that the multiple excursions 
of the true curve from — oo to +  co are replaced in the approximate curve by 
a single dip down toward 0 and back up again. R. C. Fletcher has used a 
method similar to that explained above in computing the effective helix 
impedance and the effective space-charge parameter Q for a solid beam inside 
of a helically conducting sheet. His work, which is valuable in calculating 
the gain of traveling-wave tubes, is reproduced in Appendix VI.

14.5c The Complex Roots

The propagation constants represent intersections of a circuit curve such 
as that shown in Fig. 14.8 and an electronic curve such as that shown in Fig.
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14.9. The propagation constants obtained in Chapters I I  and V III represent 
such intersections of approximate circuit and electronic curves, such as the 
dotted lines of Fig. 14.8 and 14.9. Propagation constants obtained by field 
solutions represent intersections of the more nearly exact circuit and elec­
tronic curves such as the solid curves of Figs. 14.8 and 14.9.

If we plot a circuit curve giving

(1/00 V J d G / j E . )

as given by (14.65) (the right-hand side of 14.75) and an electronic curve 
giving

(1/00 W m ) ( i/jE r) = Pe

Fig. 14.10—The curves of Fig. 14.5 may be replaced by those of Fig. 14.6. Here the 
curve which is concave upward represents the circuit susceptance and the other curve 
represents the electronic susceptance (as in Fig. 14.9).

as given by (14.73) (the left-hand side of (14.72)), the plot, which is shown 
in Fig. 14.10, contains the same information as the plot of Fig. 14.5 for which 
00 , 0. and A are the same. In Fig. 14.10, however, one curve represents the 
circuit without electrons and the other represents the added effect of the 
electrons.

We have seen that the approximate expressions of Chapter V II fit the 
broad-beam curves well for real propagation constants (real values of 0) 
(Fig. 14.8 and 14.9). Hence, we expect that complex roots corresponding to 
the increasing waves which are obtained using the approximate expressions 
will be quite accurate when the circuit curve is not too far from the electronic 
curve for real values of 0 ; that is, when the parameters (electron velocity, 
for instance) do not differ too much from those values for which the circuit 
curve is tangent to the electronic curve.

Unfortunately, the behavior of a function for values of the variables far



from those represented by its intersection with the real plane may be very 
sensitive to the shape of the intersection with the real plane. Thus, we would 
scarcely be justified by the good fit of the approximations represented in 
Figs. 14.8 and 14.9 in assuming that the complex roots obtained using the 
approximations will be good except when they correspond to a near approach 
of the electronic and circuit curves, as in Fig. 14.10.

In fact, using the approximate curves, we find that the increasing wave 
vanishes for electron velocities less than a certain lower limiting velocity. 
This corresponds to cutting by the circuit curve of the dip down from -f- «> 
of the approximate electronic curve (the dip is not shown in Fig. 14.9). 
This is not characteristic of the true solution. An'analysis shows, however.

FIELD SOLUTIONS  651

P
Fig. 14.11—Complex roots are obtained when curves such as those of Fig. 14.10 do not 

have the number of intersections required (by the degree of the equafion) for real values 
of the abscissa and ordinate. In  this figure, two parabolas narrowly miss intersect ng. 
Suppose these represent circuit and electronic susceptance curves. We find that the gain 
of the increasing wave will increase with the square root of the separation a t the abscissa 
of equal slopes, and inversely as the square root of the difference in second derivatives.

that there will be a limiting electron velocity below which there is no in­
creasing wave if there is a charge-free region between the electron flow and 
the circuit.

14.6 S o m e  R e m a r k s  A b o u t  C o m p l e x  R oots

If we examine our generalized circuit expression (14.60) we see that the 
circuit impedance parameter (E?//32P) is inversely proportional to the slope 
of the circuit curve a t the point where it crosses the horizontal axis. Thus, 
low-impedance circuits cut the axis steeply and high-impedance circuits cut 
the axis a t a small slope.

We cannot go directly from this information to an evaluation of gain in 
terms of impedance; the best course in this respect is to use the methods of
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Chapter V III. We can, however, show a relation between gain and the 
properties of the circuit and electronic curves for cases in which the curves 
almost touch (an electron velocity just a little lower than that for which gain 
appears). Suppose the curves nearly touch a t 6 = 8X, as indicated in Fig, 
14.11. Let

0 = 0X+  p  (14.91)

Let us represent the curves for small values of p by the first three terms of a 
Taylor’s series. Let the ordinate y  of the circuit curve be given by

y — «1 +  bip +  Cip2 (14.92)

and let the ordinate of the electronic curve be given by

y  =  "f~ &2p  -f" Cip̂  (14.93)

Then, a t the intersection

(¿i — ci)p2 +  (¿i — b2)p +  (<zi — an) =  0

*  -  * ■ ( i 4 -9 4 )

If wTe choose 8X as the point a t which the slopes are the same

bx -  h  =  0 (14.95)

and we see that the imaginary part of p increases with the square root of the 
separation, and a t a rate inversely proportional to the difference in second 
derivatives. This is exemplified by the behavior of x% and x% for b a  little small 
than (3/2)(2)I/3 in Fig. 8.1.

Now, referring to Fig. 14.10, we see that a circuit curve which cuts the 
axis a t a shallow angle (a high-impedance circuit curve) will approach or be 
tangent to the electronic curve a t a point where the second derivative is 
small, while a steep (low impedance) circuit curve will approach the elec­
tronic curve a t a point where the second derivative is high. This fits in with 
the idea that a high impedance should give a high gain and a low impedance 
should give a low gain.



CHAPTER XV

MAGNETRON AMPLIFIER 

Sy n o p s is  o f  C h a p t e r

n p I I E  HIGH EFFICIENCY of the magnetron oscillator is attributed to
-*- motion of the electrons toward the anode (toward a region of higher 

d-c potential) a t high r-f levels. Thus, an electron’s loss of energy to the r-f 
field is made up, not by a slowing-down of its motion in the direction of wave 
propagation, but by abstraction of energy from the d-c field.1

Warnecke and Guenard2 have published pictures of magnetron amplifiers 
and Brossart and Doehler have discussed the theory of such devices.3

No attem pt will be made here to analyze the large-signal behavior of a 
magnetron amplifier or even to treat the small-signal theory extensively. 
However, as the device is very closely related to conventional traveling- 
wave tubes, it  seems of some interest to illustrate its operation by a simple 
small-signal analysis.

The case analyzed is indicated in Fig. 15.1. A narrow beam of electrons 
flows in the + z  direction, constituting a current I 0 . There is a magnetic 
field of strength B  normal to the plane of the paper (in the x  direction), and 
a d-c electric field in the y  direction. The beam flows near to a circuit which 
propagates a slow wave. Fig. 15.3, which shows a finned structure opposed 
to a conducting plane and held positive with respect to it, gives an idea of 
a physical realization of such a device. The electron stream could come from 
a cathode held a t some potential intermediate between that of the finned 
structure and that of the plane. In any event, in the analysis the electrons 
are assumed to have such an initial d-c velocity and direction as to make 
them travel in a straight line, the magnetic and electric forces just cancelling.

The circuit equation developed in Chapter X III  in connection with trans­
verse motions of electrons is used. Together with an appropriate ballistical 
equation, this leads to a fifth degree equation for F.

1 For an understanding of the high-level behavior of magnetrons the reader is referred to:
J. B. Fisk, H. D. Hagstrum and P. L. Hartman, “The Magnetron as a Generator of

Centimeter Waves,” Bell System Technical Journal, Vol. XXV. April 1946.
“ Microwave Magnetrons” edited by George B. Collins, McGraw-Hill, 1948.
2 R. Warnecke and P. Guenard, “Sur L’Aide Que Peuvent Apporter en Television Quel­

ques Recentes Conceptions Concernant Les Tubes Electroniques Pour Ultra-Hautes 
Frequences,” Annales de Radioélectricité, Vol. III, pp. 259-280, October 1948.

3 J. Brossart and 0 . Doehler, “Sur les Propriétés des Tubes a Champ Magnétique Con­
stant: les Tubes a Propagation D’O ide a Champ M a g n é t iq u e , itnales de Radioélectricité, 
Vol. III, pp. 328-338, October 1948.

653
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The nature of this equation indicates that gain may be possible in two 
ranges of parameters. One is that in which the electron velocity is near to 
or equal to (as, (15.25)) the circuit phase velocity. In this case there is gain 
provided that the transverse component of a-c electric field is not zero, and 
provided that it is related to the longitudinal component as it is for the 
circuit of Fig, 15.3. I t  seems likely that this corresponds most nearly to usual 
magnetron operation.

The other interesting range of parameters is that near

Here f t  refers to the electrons, f t  to the circuit and ft, is the cyclotron fre­
quency divided by the electron velocity. When (15.31) holds, there is gain 
whenever the parameter a, which specifies the ratio of the transverse to the 
longitudinal fields, is not + 1 . For the circuit of Fig. 15.3, a approaccs + 1  
near the fins if the separation between the fins and the plane is great enough 
in terms of the wavelength. However, a can be made negative near the fins

Fig. 15.1—In a magnetron amplifier a narrow electron stream travels in crossed electric 
and magnetic fields close to a wave transmission circuit.

if the potential of the fins is made negative compared with that of the plane, 
and the electrons are made to move in the opposite direction.

In  either range of parameters, the gain of the increasing wave in db per 
wavelength is proportional to the square root of the current rather than 
to the cube root of the current. This means a lower gain than for an ordinary 
traveling-wave tube with the same circuit and current.

Increasing and decreasing waves with a negative phase velocity are pos­
sible when the magnetic field is great enough.

15.1 C ir c u it  E q u a t io n  

The circuit equation will be the same as that used in Chapter X III, that is,

F  -  (13.10)

I t  will be assumed that the voltage is given by

f t / f t  =  1 -  f t / f t (15.31)

“■ ■ irriJL inT m "
y

2

=  (H<fjT" +  BeiVy) (15.1)
so that

'!>' V =  - jV {A e ~ ,rv -  BeiTy) (15.2)
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At anyy position we can write 

$ 'F  = -jTo&V

Ae~3Tv -  BeiTv 
Ae~,Tu +  Be’^y

(15.3)

(15.4)

If T is purely imaginary, a is purely real, and as F will have only a small real 
component, a  will be considered as a real number. We see that a  can range 
from +  co to — co. For instance, consider a circuit consisting of opposed two- 
dimensional slotted members as shown in Fig. 15.2. For a field with a cosh 
distribution in the y  direction, a is positive above the axis, zero on the axis 
and negative below the axis. For a field having a sinh distribution in the y

Fig. 15.2—If the circuit is as shown, the ratio between longitudinal and transverse field 
will be different in sign above and below the axis. This can have an important effect on th 
operation of the amplifier.

direction, a  is infinite on the axis, positive above the axis and negative below 
the axis.

We find then, that, (13.10) becomes

—jcoFi 4>/f(p + ja (n /u o )T y )
r2 -  r2

15.2 B a l l is t ic  E q u a t io n s  

The d-c electric field in the y direction will be taken as — E0 . Thus

(15.5)

dÿ E 0 +  d- ^  -  B(z +  Mo) 
ay

In order to maintain a rectilinear unperturbed path

Eo =  Bu0

so that (15.6) becomes

(15.6)

(15.7)



Following the usual procedure, we obtain

. _  —jrjra 'h F  — r)Bz
y =  «0(7/3. -  r )

We have also
dz cM>F „ .
a  "  ” +  " By

. _  —Tjr^F -f- 7]By
«»(id. -  r )

From (15.9) and (15.10) we obtain

=  - g lW K jf l .  -  T) +  ja ß m)
«o[(jA -  r )2 +  ßl]

where
ßm ”  «0

=  7?#

Here com is the cyclotron radian frequency.
As before, we have

Tpoi
P =
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M jß o  -  r )

whence

rVo<i>F[(/& -  r) +  ja ß m)
p ulU ß. -  r)[(7ft -  r)2 + ßl)

We can also solve (15.9) and (15.10) for y

. _  -jr ,T * V [a (jß . -  r) +  jß m] 
y U0[(Jße -  r )2 +  ßm\

Now, to the first order

dy dy 
y  =  —  4- Mo — * dt dz

y  = «oO'ft -  r )

and from (15.16) and (15.17)

_ - jr ,T * V [a U ß ' ~  r) + j ß m\
y Uoijß, — T)[(Jß' — r ) 2 +  dm] ’

(15.10)

(15.11)

(15.12)

(15.13)

(15.14)

(15.15)

(15.16)

(15.17)

(15.18)

(15.9)



Now let

If we use (15.15) and (15.18) in connection with (15.5) we obtain 

_  - i & I h r m  -  r )  +  2 j[g /( l  +  a2))p,n]IP
T ~ Ti ~ — f a  -  r)[(j/s. -  r)2 +  /si] (15-19)

h > =  (1520)
Z V o

— Ti = -jSi (15.21)
- r  = —7/?i(l + i) (15.22)

If we assume

P « 1  (15.23)

and neglect p in sums in comparison with unity, we obtain

¿ovft - 1 - ¿nova - 1 - py - (dm/A)2]
2apm
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(15.24)
(1 +  a 2) f r j  ‘

We are particularly interested in conditions which lead to an imaginary 
value of p  which is as large as possible. We will obtain such large values of p 
when one of the factors multiplying p on the left-hand side of (15.24) is 
small. There are two possibilities. One is that the first factor is small. We 
explore this by assuming

f t / f t  - 1  =  0 (15.25)

-  § )  =  ( 1 / 2 )  ( - ' +  < 1 5 - 2 «

If p is very small, we can write approximately

. 2 Pm    & Pm j ,2

ft2 (1 +  a2) fa (15.27)

p =  Azj[a/ (1 - f  a2) ]1 /2 0?i//3m)112H

We see that p goes to zero if a =  0 and is real if a  is negative. If we con­
sider what this means circuit-wise, we see that there will be gain with the
d-c voltage applied between a circuit and a conducting plane as shown in
Fig. 15.3.

Another possible condition in the neighborhood of which p is relatively 
large is

P J P i -  1 =  db P J P i (15.28)
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In this case

p(dtzßm/ßl — p )(z:F2{ßm/ß l)p  +  p~)

ß,1
ßi

( ± ß m/ß  1 — p) + 2 aßn
(1 +  oß)ßl

I Ï

As p is small, we write approximately

1 ( 1  ±  cl) 2 / f t

4 1 +  «*

(15.29)

(15.30)

We see that we obtain an imaginary value of p only for the — sign in (15.28) 
that is, if

ß e / ß  1 =  1 -  ß m / ß l (15.31)

Fig. 15.3—-The usual arrangement is to have the finned structure positive and opposed 
to a conducting plane.

In this case

(15.32)

In this case we obtain gain for any value of a smaller than unity. We note 
that a =  1 is the value a  assumes far from the axis in a two-dimensional 
system of the sort illustrated in Fig. 15.2, for either a cosh or a sinh distribu­
tion in the + y  direction.

The assumption of — T = —_7f t ( l  +  p) in (15.22) will give forward ( + 2) 
traveling-waves only. In order to investigate backward traveling-waves, we 
must assume

-r =  + jß  j(i +  p) (15.33)

where again p is considered a small number. If we use this in (15.19), we 
obtain
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As before we look for solutions for p where the terms multiplying p on the 
left are small. The only vanishing consistent with positive values of and 
/3i is obtained for

Thus we can obtain backward-increasing backward-traveling waves for all 
values of a  except a = — 1. For the situation shown in Fig. 15.3, with a 
backward wave, a  is always negative, approaching —1 a t large distances 
from the plane electrode, so that the gain is identical with that given by

We note that (15.27), (15.32) and (15.36) show that p is proportional to 
the product of current times impedance divided by voltage to the \  power, 
while, in the case of the usual traveling-wave tube, this small quantity 
occurs to the ^ power. The § power of a small quantity is larger than the 
2 power; and, hence for a given circuit impedance, current and voltage, the 
gain of the magnetron amplifier will be somewhat less than the gain of a 
conventional traveling-wave tube.

(15.35)

Under this condition (15.34) yields for p

(15.36)

(15.32).



CHAPTER XVI

DOUBLE-STREAM AMPLIFIERS

Sy n o p s is  o p  Ch a p t e r

IN TRAVELING-WAVE TUBES, it is desirable to have the electrons 
flow very close to the metal circuit elements, where the radio-frequency 

field of the circuit is strong, in order to obtain satisfactory amplification. 
I t  is, however, difficult to confine the electron flow close to metal circuit 
elements without an interception of electrons, which entails both loss of 
efficiency and heating of the circuit elements. This latter may be extremely 
objectionable a t very short wavelengths for which circuit elements are small 
and fragile.

In the double-stream amplifier the gain is not obtained through the inter­
action of electrons with the field of electromagnetic resonators, helices or 
other circuits. Instead, an electron flow consisting of two streams of elec­
trons having different average velocities is used. When the currents or charge 
densities of the two streams are sufficient, the streams interact so as to give 
an increasing wave.1’2's'4 Electromagnetic circuits may be used to impress 
a signal on the electron flow, or to produce an electromagnetic output by 
means of the amplified signal present in the electron flow. The amplification, 
however, takes place in the electron flow itself, and is the result of what 
may be termed an electromechanical interaction.5

While small magnetic fields are necessarily present because of the motions 
of the electrons, these do not play an important part in the amplification. 
The important factors in the interaction are the electric field, which stores 
energy and acts on the electrons, and the electrons themselves. The charge of 
the electrons produces the electric field; the mass of the electrons, and their 
kinetic energy, serve much as do inductance and magnetic stored energy in 
electromagnetic propagation.

1 J. R. Pierce and W. B. Hebenstreit, “A New Type of High-Frequency Amplifier," 
B.S.T .J., Vol. 28, pp. 33-51, January 1949.

SA. V. Hollenberg, “Experimental Observation of Amplification by Interaction be­
tween Two Electron Streams,” B .S.T .J., Vol. 28, pp. 52-58, January 1949.

3 A. V. Haeff, “The,Electron-Wave Tube—A Novel Method of Generation and Ampli­
fication of Microwave Energy,” Proc. IR E , Vol. 37, pp. 4-10, January 1949.

* L. S. Nergaard, "Analysis of a Simple Model of a Two-Beam Growing-Wave Tube,” 
R.C.A. Review, Vol. 9, pp. 585-601, December 1948

6 Some similar electromechanical waves are described in papers by J. R. Pierce, “Pos­
sible Fluctuations in Electron Streams Due to Ions,” Jour. App. Phys., Vol. 19, pp. 231— 
236, March 1948, and “Increasing Space-Charge Waves,” Jour. App. Phys., Vol. 20 
pp. 1060-1066. Nov. 1949.
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By this sort of interaction, a traveling wave which increases as it travels, 
i.e., a traveling wave of negative attenuation, may be produced. To start 
such a wave, the electron flow may be made to pass through a resonator or a 
short length of helix excited by the input signal. Once initiated, the wave 
grows exponentially in amplitude until the electron flow is terminated or 
until non-linearities limit the amplitude. An amplified output can be ob­
tained by allowing the electron flow to act on a resonantor, helix or other 
output circuit a t a point far enough removed from the input circuit to give 
the desired gain.

In general, for a given geometry there is a limiting value of current below 
which there is no increasing wave. For completely intermingled electron 
streams, the gain rises toward an asymptotic limit as the current is increased 
beyond this value. The ordinate of Fig. 16.3 is proportional to gain and the 
abscissa to current.

When the electron streams are separated, the gain first rises and then falls 
as the current is increased. This effect, and also the magnitude of the in­
creasing wave set up by velocity modulating the electron streams, have been 
discussed in the literature.6

Double-stream amplifiers have several advantages. Because the electrons 
interact with one another, the electron flow need not pass extremely close to 
complicated circuit elements. This is particularly advantageous at very 
short wavelengths. Further, if we make the distance of electron flow between 
the input and output circuits long enough, amplification can be obtained 
even though the input and output circuits have very low impedance or poor 
coupling to the electron flow. Even though the region of amplification is 
long, there is no need to maintain a close synchronism between an electron 
velocity and a circuit wave velocity, as there is in the usual traveling- 
wave tube.

16.1 S im p l e  T h e o r y  o f  D o u b l e -S t r e a m  A m p l if ie r s

For simplicity we will assume that the flow consists of coincident streams 
of electrons of d-c velocities U\ and u2 in the z direction. I t  will be assumed 
that there is no electron motion normal to the z direction. M.K.S. units will 
be used.

I t  turns out to be convenient to express variation in the z direction as

exp —jjSz

rather than as

exp —Tz

6 J. R. Pierce, “ Double-Stream Amplifiers,” Proc. I.R .E ., Vol. 37, pp. 980-985, Sept. 
1949.
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as we have done previously. This merely means letting

r =jp (16 11
The following nomenclature will be used

J i , J i d-c current densities
Mi, «2 d-c velocities
Poi , P02 d-c charge densities

Poi =  —- J  i/ll\ , Pj2 =  — J 2/7(2

P i , P2 a-c charge densities
p j, v-2 a-c velocities
V \ , F* d-c voltages with respect to the cathodes 
F  a-c potential 
&  =  <o/«i , 02 =  w /M 2

From (2.22) and (2.18) we obtain

pl «!03i -  0 )2 ( }
and

P2 -  - J T Z  ¡TTj- (1 6 .3 )
« 4 (0 2  -  0 r

I t  will be convenient to call the fractional velocity separation 6, so that

t  -  2 ( “ ‘ ~  . (1 6 .4 )
Ml +  2(2

I t  will also be convenient to define a sort of mean velocity m0

2 Mi 2(2 ,  .
M0 =  -------- 1— -  . ( 1 6 .5 )

2(1 +  m 2

We may also let F c be the potential drop specifying a velocity m 0 , so that

Mo =  'V/ 2?)Fo (16.6)

I t  is further convenient to define a  phase constant based on m 0

0. =  -  . (16.7)

We see from (16.4), (16.5) and (16.6) that

0 1  =  0 , ( 1  -  6 / 2 )  ( 1 6 .8 )

02 =  0 . ( 1  +  6 / 2 )  ( 1 6 .9 )
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We shall treat only a special case, that in which

J  i  J t

u\ 3 — 
U  2

¿ 0  
3 •«0 (16.10)

Here J 0 is a sort of mean current which, together with «0 , specifies the ratios 
J i/u l  and J i/u \,  which appear in (4) and (5).

In terms of these new quantities, the expression for the total a-c charge 
density p is, from (16.2) and (16.3) and (16.6)

P — pi +  pi =
Jo/3- 

2m0 Vo

+
P. ( l  + P

V.
(16.11)

Equation (16.11) is a ballistic equation telling what charge density p is 
produced when the flow is bundled by a voltage V. To solve our problem, 
that is, to solve for the phase constant p, we must associate (16.11) with a 
circuit equation which tells us what voltage V  the charge density produces. 
We assume that the electron flow takes place in a tube too narrow to propa­
gate a wave of the frequency considered. Further, we assume that the wave 
velocity is much smaller than the velocity of light. Under these circumstances 
the circuit problem is essentially an electrostatic problem. The a-c voltage 
will be of the same sign as, and in phase with the a-c charge density p. In 
other words the “circuit effect” is purely capacitive.

Let us assume a t first that the electron stream is very narrow compared 
with the tube through which it flows, so that V  may be assumed to be con­
stant over its cross section. We can easily obtain the relation between V 
and-p in two extreme cases. If the wavelength in the stream is very short 
(p large), so that transverse a-c fields are negligible, then, from Poisson’s 
equation, we have

 ̂ d 'V

P 6 322 (16.12) 
p = tpW

If, on the other hand, the wavelength is long compared with the tube radius 
(P small) so that the fields are chiefly transverse, the lines of force running 
from the beam outward to the surrounding tube, we may write

CV (16.13)

Here C is a constant expressing the capacitance per unit length between the 
region occupied by the electron flow and the tube wall.
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We see from (16.12) and (16.13) that, if we plot p /V  vs. 0 /0 , for real values 
of 0, p /V  will be constant for small values of 0 and will rise as 02 for large 
values of 0, approximately as shown in Fig. 16.1.

Now, we have assumed that the charge is produced by the action of the 
voltage, according to the ballistical equation (16.11). This relation is plotted 
in Fig. 2, for a relatively large value of Ja/u0Va (curve 1) and for a smaller

value of /o/«cFo (curve 2). There are poles at 0 /0 , =  1 ±  ^ , and a minimum

between the poles. The height of the minimum increases as Jo/uaV0 is in­
creased.

A circuit curve similar to that of Fig. 16.1 is also plotted on Fig. 16.2. 
We see that for the small-current case (curve 2) there are four intersections, 
giving four real values of 0 and hence four unaltenualed waves. However, for

Fig. 16.1—Circuit curves, in which the ordinate is proportional to the ratio of the charge 
per unit length to the voltage which it produces. Curve 1 is for an infinitely broad beam; 
curve 2 is for a narrow beam in a narrow tube. Curve 3 is the sum of 1 and 2, and approxi­
mates an actual curve.

the larger current (curve 1) there are only two intersections and hence two 
unattenuated waves. The two additional values of 0 satisfying both the 
circuit equation and the ballistical equation are complex conjugates, and 
represent waves traveling at the same speed, but with equal positive nega­
tive attenuations.

Thus we deduce that, as the current densities in the electron streams are 
raised, a wave with negative attenuation appears for current densities above 
a certain critical value.

We can learn a little more about these waves by assuming an approximate 
expression for the circuit curve of Fig. 1. Let us merely assume that over 
the range of interest (near 0 /0 , =  1) we can use

p =  cc tß -V (16.14)



Here a 2 is a factor greater than unity, which merely expresses the fact that 
the charge density corresponding to a given voltage is somewhat greater 
than if there were field in the z direction only for which equation (16.12) is 
valid. Combining (16.14) with (16.11) we obtain
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O O.l 0 .2  0 .3  0 .4  0 .5  0 .6  0.7 0 .8  0 .9  1.0 1.1 1.2 1.3 1.4 1.5 1.6
T/Ao

Fig. 16.2—This shows a circuit curve, 3, and two electronic curves which give the 
sum of the charge densities of the two streams divided by the voltage which bunches them. 
With curve 2, there will be four unattenuated waves. With curve 1, which is fo r a  higher 
current density than curve 2, there are two unattenuated waves, an increasing wave and 
a decreasing wave.

where

U2 =  _ 2  -r;  . (16.16)
2 a  e f i e Uo » o

In solving (16.15) it is most convenient to represent 0 in terms of 0, and 
a new variable h

0 =  0,(1 +  h) (16.17)

1 1 1  ,+  /  u\2  — Jj2- (16.18)

Thus, (16.15) becomes

H )  H )
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Solving for h, we obtain

h +  1 ±
1/2

(16.19)

The positive sign inside of the brackets always gives a real value of h 
and hence unattenuated waves. The negative sign inside the brackets gives 
unattenuated waves for small values of U/b. However, when

w >
1 (16.20)

( w / w  Mf  =  ( u / u m)2

Fig. 16.3—The abscissa is proportional to d-c current. As the current is increased, the 
gain in db per wavelength approaches 27.3b, where b is the fractional separation in ve­
locity. If the two electron streams are separated physically, the gain is lower and first rises 
and "then falls as the current is increased.

there are two waves with a phase constant and with equal and opposite 
attenuation constants.

Suppose we let UM be the minimum value of U for which there is gain. 
From (16.20)

U \, =  Z>2/8  (16.21)

From (16.19) we have, for the increasing wave,

W l / 2(£ ) ,+ 1- ( 0 - T -  0 6 -2 2 )
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The gain in db/wavelength is

db/wavelength =  20(27r)Iog10clAl

=  5 4 .6  | h | (1 6 .2 3 )

We see that, by means of (16.22) and (16.23), we can plot db/wavelength 
per unit b vs. (U /U m)2. This is plotted in Fig. 16.3. Because U2 is propor­
tional to current, the variable (JJ/U u)2 is the ratio of the actual current to 
the current which will just give an increasing wave. If we know this ratio, 
we can obtain the gain in db/wavelength by multiplying the corresponding 
ordinate from Fig. 16.3 by b.

We see that, as the current is increased, the gain per wavelength a t first 
rises rapidly and then rises more slowly, approaching a value 27.3b db/wave­
length for very large values of ( U / U . u ) 2.

We now have some idea of the variation of gain per wavelength with 
velocity separation b and with current (U /U m)2. A more complete theory 
requires the evaluation of the lower limiting current for gain (or of Uh) in 
terms of physical dimensions and an investigation of the boundary conditions 
to show how strong an increasing wave is set up by a given input signal.1' 6

16.2 F u r t h e r  C o n s id e r a t io n s

There are a number of points to be brought out concerning double-stream 
amplifiers. Analysis shows6 that any physical separation of the electron 
streams has a very serious effect in reducing gain. Thus, it is desirable to 
intermingle the streams thoroughly if possible.

If the electron streams have a fractional velocity spread due to space 
charge which is comparable with the deliberately imposed spread b, we may 
expect a reduction in gain.

HaefP describes a single-stream tube and attributes its gain to the space- 
charge spread in velocities. In his analysis of this tube he divides the beam 
into a high and a low velocity portion, and assigns the mean velocity to 
each. This is not a valid approximation.

Analysis indicates that a multiply-peaked distribution of current with 
velocity is necessary for the existent increasing waves, and gain in a “single 
stream” of electrons is still something of a mystery.



CHAPTER XVII

CONCLUSION

ALTHOUGH THIS BOOK contains some descriptive material con­
cerning high-level behavior, it is primarily a treatment of the linearized 

or low-level behavior of traveling-wave tubes and of some related devices. 
In the case of traveling-wave tubes with longitudinal motion of electrons 
only, the treatment is fairly extended. In the discussions of transverse fields, 
magnetron amplifiers and double-stream amplifiers, it amounts to little 
more than an introduction.

One problem to which the material presented lends itself is the calcula­
tion of gain of longitudinal-field traveling-wave tubes. To this end, a sum­
mary of gain calculation is included as Appendix VII.

Further design information can be worked out as, for instance, exact gain 
curves a t low gain with lumped or distributed loss, perhaps taking the space- 
charge parameter QC into account, or, a more extended analysis concerning 
noise figure.

The material in the book may be regarded from another point of view as 
an introduction, through the treatment of what are really very simple cases, 
to the high-frequency electronics of electron streams. That is, the reader may 
use the book merely to learn how to tackle new problems. There are many 
of these.

One serious problem is that of extending the non-linear theory of the 
traveling-wave tube. For one thing, it would be desirable to include the 
effects of loss and space charge. Certainly, a m atter worthy of careful in­
vestigation is the possibility of increasing efficiency by the use of a circuit 
in which the phase velocity decreases near the output end. Nordsieck’s work 
can be a guide in such endeavors.

Even linear theory excluding the effects of thermal velocities could profit­
ably be extended, especially to disclose the comparative behavior of narrow 
electron beams and of broad beams, both those confined by a magnetic field, 
in which transverse d-c velocities are negligible and in which space charge 
causes a lowering of axial velocity toward the center of the beam, and also 
those in which transverse a-c velocities are allowed, especially the Brillouin- 
type flow, in which the d-c axial velocity is constant across the beam, but 
electrons have an angular velocity proportional to radius.

Further problems include the extension of the theory of magnetron ampli­
fiers and of double-stream amplifiers to a scope comparable with that of the
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theory of conventional traveling-wave tubes. The question of velocity dis­
tribution across the beam is particularly important in double-stream ampli­
fiers, whose very operation depends on such a distribution, and it is important 
that the properties of various kinds of distribution be investigated.

Finally, there is no reason to suspect that the simple tubes described do 
not have undiscovered relatives of considerable value. Perhaps diligent work 
will uncover them.

CONCLUSION 669
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