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THE STABILITY OF THE QUADRATIC 
EQUATION FOR SET-VALUED MAPPINGS*

Sum m ary. In the paper we consider the problem of the 
Ulam-Hyers and Rassias types of stability of the quadratic functional 
equation for set-valued functions.

ST A B IL N O ŚĆ  R Ó W N A N IA  F U N K C JO N A Ł Ó W  
K W A D R A T O W Y C H  W  K LASIE M U L T IFU N K C JI

Streszczenie. W artykule rozpatrywany jest problem stabilności 
równania funkcjonałów kwadratowych dla funkcji wielowartościowych.

1. In trod u ction

The problem of the stability of functional equations has originally been 
stated by S. M. Ulam in [8]. In the basic paper [4] D. H. Hyers has proved 
the stability of the linear functional equation.
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Let Gi, i = 1,2 be groups. A function /  : Gi —> G 2 satifying the func
tional equation:

f ( x + y) + ~  y) =  2f { x )  +  2f ( y )  for all x, y £ G x (1)

is called the quadratic function.
Some result about the stability of the linear mapping has been pre

sented by T. M. Rassias in [7], The Hyers-Ulam stability of the quadratic 
equation (1) has been studied in [2] and the Rassias stability in [3].

In this paper we consider the stability of the quadratic equation for 
set-valued functions.

2. P re lim in ary  resu lts

Let A  be a normed space. Given sets A, B  C X  and a number t £ R 
(the set of all real numbers) we define:

A B  := -(x £ X ] x — a, T 6, a. £ A, b £ f?},

tA  := {x £ X \ x  =  ta,a  £ A}.

Let C C ( X )  denote the space of all non-empty compact convex subsets of X . 
Put:

d(A, B)  := inf{i > 0; A C B  +  tK ,  B  C A  +  tK } ,

where K  is the closed unit ball in X  and A , B  are non-empty closed bounded 
subset of X . The function d is a metric called the Hausdorff metric induced 
by the metric of the space X.

The following lemmas will be usefull.
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L em m a 1 . ([6]) Let X  be a normed space. For any A , B , C  E CC(X)  
and i 6 R, we have:

d{A + C , B  + C) = d (A ,B ) ,  (2)

d ( tA , tB )  =  \t\d(A,B).  (3)

L em m a 2 . ([1]) I f  X  is a Banach space, then C C ( X )  is a complete 
metric space.

We define:

0V =  {  ° ’ v ^  ° ’
\  1 , v = Q.

Now we shall prove the following:

L em m a 3. Let E\,  E 2 be two normed spaces. I f  set-valued functions 
F  : Ei —> C C ( E 2), G : Ei  —» C C ( E 2) satisfy the inequality:

d[F(x + y ) -I- F(x  -  y) ,G(x)  +  G(y)] ^  e +  i?(||z||v +  ||y |n ,a ? ,y  € E u (4) 

where e ^  0,rj ^  0 and v € R are given numbers, then: 

d[F(x +  y) +  F(x  -  y) +  2F(0), 2F(x)  +  2F(y)] <  £X +  2r,(\\x\\v +  HylD, (5) 

d[G(x +  y) +  G(x  — y) +  2(7(0), 2G(x)  +  2(7(y)] £2+

+  i7(2||x|r +  2||y||* +  ||* +  y r  +  | | * - y | n  (6)

for all i , y £  E\, where £1 =  4(e +  g0v), e2 = As +  2yOu.

P ro o f. By Lemma 1 and (4) for x ,y  € F x we get the following inequal
ities:

d[F(x + y) + F(x  -  y) +  2 F (0 ),2 F (z ) +  2F(y)] <

^  d[F(x + y) + F(x  -  y) +  2F(0), G(x) +  G(y) +  2F(0)] +
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+d[G(x)  +  G(y) +  2F(0), G(x)  +  G(y) +  2G (0)]+

+d[G(x) +  G(y) +  2G (0),2F (s) +  G(y) +  G (0)]+

+d[2F(x)  +  G(y) + G(0), 2F(x) + 2F(y)} <  £l +  2r,(\\x\\v +  ||y ||u). 

Analogously,

d[G(x +  y) +  G{x — y) +  4G(0),2G(x) +  2G(y) +  2G(0)] ^

<  d[G(x + y) + G(x - y )  + 4G(0), 2F(x  +  y) + G(x  -  y) +  3G(0)]+ 

+d[2F{x + y) + G{x - y )  + 3G(0), 2F{x  +  y) +  2F{x -  y) +  2G(0)] + 

+d[2F (x  +  y) +  2F(x  — y) +  2G(0), 2G(x) +  2G(y) +  2G(0)] ^

<  £j +  ,(211*11« +  2 ||» ||-  +  II* +  »11” +  II* -  » ID .

and the proof is com pleted..

L em m a  4. Let E x, E 2 be two normed spaces. I f  set-valued functions 
F, G : Ei —> C C ( E 2) satisfy the inequality (f), then:

d[F(2nx) +  (4n — l)F (0 ) ,4 nF(x)] ^

3_ 1(4n -  l ) £l +  4 X 1  +  a +  . . .  +  a - 'J H x i r ,  (7)

d[G(2nx) +  (4n -  l)G (0 ),4 nG(x)] sC 

^ 3_1(4n -  l)e3 + 4nr/(l +  a )(l +  a +  . . .  +  ) ||a:||v, (8)

for all x £  Ei,  n £  N  where a =  2V~2, e3 =  e2 +  r]0v .

P ro o f . Putting  x =  y in (5) we get (7) for n — 1. Assuming the validity 
of (7) for some n ^  1 we have for 0 7̂  x £ E\\

d[F(2n+1x)  +  (4n+1 -  l)F (0 ) ,4 n+1F(x)] ^  d[F(2n+1x) +  3F (0 ),4F (2"x)]+  

+4d[F(2nx) +  (4n -  l)F (0 ) ,4 nF(x)] <
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6\ +  4?7||2nx ||1' +  4[3 1(4n — l)ei +  4”77(1 a +  . . .  +  an —

=  3_1(4n+1 -  l ) £l +  4n+lr](l + a + . . .  +  a " ) | |x f ,

which proves the inequality (7) for all n € IV and all x € £ j  (if x =  0, (7) is 
trivially satisfied). Now we will prove the inequality (8). For n = 1 we get 
it just taking x = y in the inequality (6). Let us assume that (8) is true for 
some n ^  1. Then we have for all 0 ^  x E E^.

d[G(2n+1x) +  (4n+1 -  1)G(0), 4n+1G(x)] ^

^  d[G(2n+lx) + 3G(0),4G(2nx)] +  4d[G(2nx) +  (4n -  l)G (0 ),4 nG(x)] <

^  £3+4?y(l +  ct)||2"x||i;-|-4[3 1(4" —l )£3 +  4n77(l-t-a)(l +  a - |- .. .-fan 1)||£ ||t'] =

=  3- 1(4n+1 -  i)e3 +  4n+1r?(l +  a )(l +  a +  . . .  +  a")||x ||T

If x =  0, then (8) also holds true. This completes the proof of the inequal
ity (8) ..

3. S tab ility  resu lts

In this section we first present the following:

T heorem  1 . Let E \  be a normed space and E 2 a Banach space. I f  
set-valued functions F, G : Ei  —> CCi^Ef) satisfy the inequality (4) with 
v < 2 ,  then there exists exactly one quadratic set-valued function A : E1 —> 
C C ( E 2) such that:

d[A(x) +  F{0), F(x)] ^  S-'e! + 4(4 -  2v)~1r1\\x\\v, (9)

d[2A(x) + G(0), G(x)] <  3 -^ 3  +  (4 +  2")(4 -  2v)~1ri\\x\\v (10)

for all x G E\.
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P ro o f . We define (N  states for the set of all natural numbers):

A n(x) := 4~n F(2nx ) , x  E E i ,n  E N. (11)

We shall prove th a t { A n(x)} is a Cauchy sequence for every x E Ei.  In fact, 
by Lemma 4 and (3) we have for n > m  and 0 ^  x E E\\

d[An( x ) ,A m(x)\ = 4 - nd[F(2nx ) ,4 n~mF(2mx )] <  

<  4~nd[F{2nx), F{2nx) 4- (4n" m -  1)F(0)] +  4~nd[F{2nx)+

+  (4n-m _  l ) p ( o ) ,4n~mF(2mx)] ^

^  4~"d[{0}, (4n~m -  1)F(0)] +  4-n [3_1(4n-m -  l ) £l +

+4n- mr](l + a + ... + an“m“1)||2mx|n < 
^  4 -m(d[{0}, F{0)] +  e i) +  2m^ ~ 2\ l  -  a ) - ^ \ \ x \ \ v.

Hence since v < 2 we get the conclusion (for x =  0 our statem ent is obvious). 
Therefore, by Lemma 2 there exists:

A(x)  := lim A n(x) for all x E Ex. (12)7 n-Aoo v 7 v 7

Now we shall check that:

2A(x)  =  ^lim^4~nG(2nx), x E E x. (13)

Indeed, denoting by ||G(0)|| =  d[{0},G(0)], we have:

d[2A(x),4~nG(2nx)\ ^  d[2A{x),2-2n+1F(2nx)] + 

+d[2-2n+1F{2nx ) , 4 - nG{2nx) +  4"nG(0)] +

4-d[4~nG{2nx) +  4_”G'(0),4_nGr(2nx)] ^

SC 2d[A{x), A n{x)} +  4~nd[2F(2nx), G{2nx) +  G(0)] +  4 - n||G(0)|| ^

2 d[A(x) ,An(x)] + 4~n[e + r,(\\2nx\\v +  0*) +  ||G(0)||],
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Taking into account tha t v < 2, this implies:

Hm d[2A(x) ,4-nG{2nx)] = 0, 

i. e. we have got (13). The function A  is a quadratic one. Indeed,

i [ M *  +  !/) +  A J x  -  y),4 -”G(2"x) +  4 -“G(2"»)] i

Hence letting n —> oo in view of the fact v < 2 and (13) we obtain the 
equality:

A(x  + y) + A(x  — y) = 2A(x)  +  2A(y)  for all x , y  G E x.

The estimations (9) and (10) one can establish directly from (7) and (8) 
respectively. Now we are going to prove tha t the required function A  is 
unique. To prove it, let us assume th a t there exist two quadratic set-valued 
functions C{ : Ex -* C C ( E 2), i =  1,2 such that:

d[Ci(x) -I- F(0),F(x)]  ^  a,et +  61-||a:||",a: G E u i =  1,2,

where ax ^  0, 6, ^  0 , i = 1,2 are real constants.
It is a simple exercise to verify tha t for any quadratic function we have 

the property:
Ci ( 2 nx)  =  4 nC i ( x ) , x  e  E i , n  e  N.

Now we get for x G Ex'.

d[Cx(x), C2(x)] ^  d[Cx{x) +  F (0), F(x)} +  d[F(x),C2(x) + F ( 0)] ^

^  aiEi +  a2e2 +  {b\ + &2)||:r||t', 

and consequently for 0 ^  x G E\\

d[Cx(x), C2(x)\ = 4_nd[C1(2nx), C2(2nx)] ^
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^  4 n(ai£i +  a2e2) +  2n^  2\ b x +  b2)\\x\\\

Hence C i(x) =  C2(x) for all 0 ^  x E E\.  But Ci(0) =  C2(0), which com
pletes the proof of the theorem. a

Now we state  the following:

L e m m a  5. Let E \ , E 2 be normed spaces. I f  set-valued functions F ,G  : 
E 1 —> C C ( E 2) satisfy the inequality (4), then:

d[F(x) + (4n - l ) F ( 0 ) , 4 nF(2~nx)} ^  3~1(4n- l ) e i + r , ( b + . . .+&n)||x ||,;, (14)

d[G(x) +  (4n -  l)G (0 ),4 "G (2 -nx)] <

^  3 - \ 4 n -  l)e 3 +  77(1 +  6)(1 +  b + . . .  +  6n-1) ||x ||1' (15)

for all x E Ei,  where b =  22_v.

P ro o f. Putting  x =  2-n t into (7) and (8) and considering th a t a — b~1
we get directly (14) and (15) respectively. „

Considering the case v > 2 we can now prove:

T h e o re m  2 . Let E\ be a normed space and E 2 a Banach space. Let
F, G : Ei  —>■ C C ( E 2) satisfy the inequality:

d[F(x +  y) +  F(x  -  y), G(x) +  G(y)] ^  7?(||x|r +  ||y ||v), x, y E E x (16)

where rj ^  0 and v >  2. If, moreover F(0) =  {0}, then there exists exactly
one quadratic set-valued function B  : Ei —>• C C ( E 2) such that:

d[B(x), F(x)] ^  4(2V — 4 ) - 1?7||x ||u, (17)

d[2B(x), G(x)] ^  (2V +  4)(2V -  4 ) - 1r,\\x\\'’ (18)

for all x E Ei.
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P ro o f. From (16) we get F ( 0) =  G(0) =  {0}. Define:

B n(x ) := 4"F(2 —" x ) ,x  £ E i , n  £ N. (19)

In view of Lemma 5 (ei =  0) and the condition v > 2 we can prove th a t for
every x £ Ei  the sequence {£?n(x)} is a Cauchy sequence. Put:

B ( x ) := lim B n{x) , x £ E\. (20)

Then it is easy to verify that:

2B(x)  = lim 4nG(2_nx) , x £ E x. (21)71—tOO

Now we can write:

d[Bn(x +  y) +  B n(x -  y ) ,4nG(2~nx) +  4nG(2~ny)} ^

^4"77(l|2 -nx |r  +  ||2- " y |n  (22)

and with respect to (20) and (21) we obtain for all x , y  £ E\  (taking limits 
of both sides as n -4 oo):

B{x  +  y) +  B(x  -  y) = 2B(x)  +  2B(y),

i. e. B  is a quadratic function. Taking into account (14) and (15) we get 
immediately the estimations (17) and (18). To prove the uniqnueness one 
can proceed similarly as in the proof of Theorem 1..

In the case F(0) ^  {0} we are able to present satisfactory result only for 
ordinary single-valued functions.
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T h e o re m  3. Let Ei be a normed space and E 2 a Banach space. Let 
F, G : Ei  —» E 2 satisfy the inequality:

| |F(x + y) + F(x  -  y) -  G(x) -  G(y)|| ^  ^(II^IT +  IIy\\v) , x ,V e  E 1 (23)

where rj ^  0 and v > 2. Then there exists exactly one quadratic function 
p : E\  —> E 2 such that:

IbbO +  ^ (0 ) -  F (x )|| ^  4(2* -  4 ) -177||x||*, (24)

||2p(x) +  G(0) -  G(x)|| ^  (2* +  4)(2* -  4 ) -1r7|b | r  (25)

for all x £ E x.
If, moreover, F  is measurable (i.e. F ~ 1{U) is Borel set in Ei for every

set U open in E 2) or R 3 t —> F(tx) is continuous for every fixed x £ Ex,
then p has the property:

p(tx) = t2p (x ) ,x  € Ei,  t £ R. (26)

P ro o f. Let us denote c := F ( 0) =  G(0) and f ( x )  :=  F(x)  — c, g(x)  := 
G(x) — c for x £ Ei.  From (5) we get:

| |/ ( x  +  y) +  f ( x  - y ) -  2 f(x)-  2 /(» ) || s: 2 ,( ||x ||” +  « * ) , !  € E„

Therefore, as in Theorem 2 we can define:

p(x) : =  lim 4n/ ( 2 _nx) , x £ Ei,n—too v 7

and p is a quadratic function satisfying the condition:

2p(x)  =  q(x) := lim 4n^(2_nx) , x £ E x.n—>• oo

Hence applying (17) and (18) we get:

||p(x) -  /(x ) || <  4(2* -  4 ) -1r?||x||*,
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l|2p(*) -  S to ll S  (2” +  4)(2" -  4 ) - q | | i | | ”

for all x £ Ei,  i.e. the conditions (23) and (24). The proof of the uniqueness 
runs similarly to tha t one presented for Theorem 1. Now let L be a contin
uous linear functional on the space Ei- Let f>: R —>■ K be given by:

=  L\p(tx)\ ,x  € E , t  G K.

Then f  is a quadratic function and as the pointwise limit of the sequence:

</>„(*) =  4nL[f(2~ntx ) \ , t  € R ,n  € N , x  G E x

is measurable and hence (see [5]) has the form <fi(t) =  t2<f)( 1), for i G I .
Therefore:

L\p(tx)\ = cj){t) =  t 2cf>( 1) =  L[t2p(x)}, 

which implies the condition (25). This ends the proof.,,

Rem ark. I f v  =  2, our theorems are not true even for ordinary functions
(for suitable example see [3]).
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S treszczen ie

Niech A, B  będą przestrzeniami unormowanymi oraz C C ( B ) będzie zbio
rem zwartych, wypukłych i niepustych podzbiorów B.  Funkcję F : A  -> 
C C { B ) będziemy nazywać kwadratową, jeśli spełnia równanie ( 1) zwane 
równaniem funcjonałów kwadratowych:

F(x  +  y) +  F(x  -  y) =  2F(x)  +  2F(y).  (1)

W pracy podano warunki stabilności w sensie Hyersa-Ulama oraz Rassiasa 
równania funkcjonałów kwadratowych dla multifunkcji F.


