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ON THE STABILITY OF
DISCRETE-CONTINUOUS SYSTEMS

Summary. A stability estimation is established for mixed discrete-
continuous system with parabolic operator. One theorem is proved
with the help of generalization maximum principle.

STABILNOSC UKEADOW DYSKRETNO-CIAGLYCH

Streszczenie. W artykule badana jest stabilno$¢ dyskretno-ciagle-
go uktadu ze sprzezeniem brzegowym, wykorzystuje sie uogélniong
zasade maksimum. Otrzymane zostajg warunki stabilno$ci w sensie
Lapunova-Mowczana.

We consider the system in the form:

fe(t,x)ut,x)+gxux) @
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for (t,x) £ Q,
tt(0,x) = 90 (X) = tikx)- [p (0)| for xe D, 0
u(t,x) = tj(x) mp(t)] for (t,x) £ T, 3

fort > 0, @)
D

where: D - bounded, open, connected subset n-dimensional Euclidean space Rn,
T <o00, d=(0,T) x D, T= (0,T) x dD - side boundary of cylinder £, dD -
boundary, G - down base of the cylinder Q, r?(x), £(t), fit), k(x), a,ij(t,x),
bi (f,x), c{t,x), g(t,x,u(t,x)), u(t,x), go(x) - scalar functions. By the norms
||.|I for the scalar functions we have understood the maximum from the module of
these functions for {t,x) £ Q.

Theorem 1. If

a) f\  dij (f,x), bi(t,x), g{t,x,u{t,x)), <fio{x), k (x) are bounded

xED
and c(i,a) < 0, g (t, x, u(t,x)) >0,

°) A £l < rlix) < ¢2, d\,d2 - some positive constants,
x€D

U <
d) max ffc(x)| max ?(x)| «|D| < 1,
then the solution of the system (1)-(f) is stable in the Lapunov sense.

Proof. Under the assumptions of the theorem the generalized maximum principle
is true. The function u{x,t) attains the maximum
A) on the down base of the cylinder - G and then
< M
e \u(t, x)| < max o (*)1> )
or
B) on the side boundary of the cylinder - T and then

(t”;(%)e(n \u (i, x)| < max \j ()] |E (i)l ©
: s
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Let A)be true, then inequality (5) is fulfilled. Integrating in the interval (0, T)
and taking the norm of both sides we have under the assumption b) the inequality

t
If()] < \ipo (01 + J agr) Ji(r)| dr +

+J )Wt 0vdx +J [fe®] Koeo\dx,  (7)
D D

IE (O < [KO@)I + 2max [k ()] max [pO(x)| <[ + [a (r) [E()]dr  (8)
XED xED 6

with (8) and from Gronwall-Belmann inequality we have
t
@)l < EO] + 2max K () max [<0(01 +| expd aaT, (@)
x€D xeD

so that from (9) we have

IIE (r)| < max |<0(x)] — + 2max|A: (>8| \D\ d, (10)
di xe
putting
m — 4-2max \k (x)| *|D| d, (11)
“i xeD
*have
lli Mil < m|voMU; (12)

Taking the norm HNOII in the form

INEYII = IM~O 11+ MM (13)

where: ”lu )| = (tn}S)e(n lu(i,x)], IE®I = ten(lng) |E (f)] from inequality (5) we
have
IINOII < livo (Oil + m livo (Oil (14)

where: |v20 (Oil = max Mo (01 Putting m = 1+ m we have

IINOIl <m|No (Oil. 15

and we have Theorem if A) is fulfilled.
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If B) is fulfilled that is if inequality (6) is fulfilled analogically as in A) we may
get inequality in the form

t
E®I < Mo (2)| + 1 orie) |E(r)|dT + max |fc(x)|max |?j(x)| |E(i)| *|D]| +
% iGD xeD
+ max \k (x)| max |(0 ("Ol «\D\ > (16)
xeD xeD

SO

le (01 1—max IA(X)| max \)(x)| «|.D|
xeD xeD
12
< [EQ) + max \k (x)] max 0 (z)| m-Of + J[ <(t) [E(r)|dr. (17)

Under the assumption d) we have
1—max [k (x)] max |rj(x)| *}&] = C > 0. (18)
xeD xeD

And putting C\ —” we get
I
SWKCi I[EQ)+ m%x [k (X)] mag \qa(x)| «\D\ + C\ J a(r)lE()ldr. (19
Xe Xe

Prom Gronwall-Bellman inequality we have
t

IE (0)] + max |k (x)] max \q0*0L+\D\ exp ciJa @cLt,  (20)
xeD xeD

and from b) there exists a constant M such that
|
exp C\ I/ %r)dr <M. (21)

Putting Ci mM = C2 we have
\t(t)\<C2 [£()1 + max ffc(x)| max [ip0 (x)| «|U| (22)
xeD xeD
From (22) and assumptions of our Theorem we have

IECR)I < C2max MOOO\ g + max [k ()] +\D\ (23)
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putting
mi = Ci — + max Kk ()l m\D\ (24)
di i€D (I
we have
[EDH < m x 1D (25)
Prom inequalities (6), (25) putting m2 = midi we have
@Il < m 2 [KHH = (26)
Using the norm given by (13), from inequalities (25), (26) we have
(<1011 < ~ WO (i)|| forrn= (mi +m2), @7)
so the proof in the case B) is ended. U
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Streszczenie

W pracy zbadana zostata stabilno$¢ dyskretno-ciggtego uktadu ze sprzezeniem
brzegowym w postaci:

4-c(t,x)u(i,x) +g(i,x, u(ix))

dla (t,x) € fi,
1t(0,x) = (2) = T]I(¥)- |p (01 dlax £ D,
u(t,x) = T)(x) mp{t)\ dla (i,x) £ T,

dlat>0
D

gdzie: D - ograniczony, otwarty, spdjny podzbioréw n-wymiarowej przestrzeni
Euklidesowej Rn; T < oc it = (0,T) x D,T = (0,T) x dD - boczna powierzchnia
walca O; dD - brzeg obszaru D; G - dolna podstawa walca fi; 1) (x), £(i), 7 €),
k (x), aij (t,x), bi (i, x), c(t,x), g (t,x,u(i,z)), u(tx), €0 (z) - funkcje skalarne.
Wykorzystujac uogo6lniong zasade maksimum z pracy [5], otrzymuje sie warunki
stabilnosci w sensie Lapunowa-Mowczana.



