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STABILITY OF SOLUTIONS OF MIXED
INTEGRAL-DIFFERENTIAL SYSTEMS

Summary. Stability of some mixed integral-differential system
with parabolic operator are investigated by generalization of maxi-
mum principle.

STABILNOSC ROZWIAZAN UKLADOW
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Streszczenie. W artykule badana j.est stabilno$¢ uktadu miesza-
nego, ztozonego z parabolicznego réwnania rzedu drugiego i ukita-
du rownan rozniczkowo-catkowych. Wykorzystujgc uogolniong zasa-
de maksimum, ustalono warunki dla stabilno$ci rozwigzan w sensie
Lapunova-Mowczana.

We consider the system of equations defined in the cylinder fi = (0, T) x D
n + 1 dimensional, with the axis parallel to t - axis, where: D - bounded, open,
connected subset n-dimensional Euclidean space Erl, T < 0o, D = (0,T) x D,
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r = (0,T) x dD - side boundary of cylinder fl, dD - boundary, G - the base of
the cylinder lying in the hyperplane t —O0, x = [xi,X2,m mxn]. The norm ||.|| for
the vector functions is the Euclidean norm, for scalar functions is the maximum
norm. Let us consider the mixed system with nonlinearity in the form:

a =if=1 Syt " oAt
+c(t,x)u(t,x) +g(t,x,u(t,x)) for(f,x)efl, (1)
u (0, x) = tpo (x) = (x) *|E (0)| for x GD, 2
u(t,x) = 3(x) mE£(t)] for(i,x)er, (3)
ot (A + B(1))C{t) + f(t,C(1)) +J h(t,x)u(t,x)dx, 4
D

where: A - constant matrix, B(t) - function matrix, £(£), /(£,£(£)), h(t,x) -
vector functions, ¢ (£ x), g (t,x, u (t,x)), u (f, x), rj(t, x) - scalar functions, (t,x),
bi (t,x), c(f,x) - coefficients of the equation - scalar functions.

Let

n .d2u(t,x) . <9u(f, x)
Lu(,x)= E"*("x) +52&i(t,x) 6 +
21 i =1
(t, X)

+ c(t,x)u{t,x) ~of~" (5)

system (I)-(4) can be written in the form
Lu(t,x) +g(t,x,u(t,x)) =0, (6)
u(0,x) = «9(x) = r?(x) «|£(0)] for x € D, (M
u(t,x) = g(x)-1£(1)] for (£,x)er, 8
= (A+ BE)E®D +/ (FE£E) + I h(Ex) u(f,x)dx. (9)

Only the classical solutions are taken into consideration. Using the generalization
of maxim principle from paper [6] the next theorem can be established.



Stability of solutions of mixed integral-differential systems 29

Theorem 1. If

a) coefficients of the parabolic operator L are bounded by module for (t, x) €
fi, and c (t,x) < 0 for (i,x) € fl,

b) gt x,u(t,x)) >0, g(t,x,u(tx)) <M for (t,x) g Q, M - some positive
constant,

c) any constant isnt a solution of equation (6),
d) 0<r(x) <dforx GD, d - apositive constant,
e) |[/i(i,x)]|, |IB (f)|| are bounded for (t,x) Gft, t * O,
f) wW(*»£(0)1t ~ cU(t)\\ fort > 0, c - some positive constant,
g) the Cauchy matrix X (t,r) generated by A fulfills the estimation
[IX(t,r)]] < Cexp[— (f—1)] ., t>r >0,
7, C - positive constants and
7 > MiC
where

IB(i)| +c+ [It7(x) ||J Wh[tx)Wdx  Mi fort>0
D

Then solution of the system (1)-(4) stable in Mowczan’ sense.

Proof. Using our assumptions and results of the papers [56] we have that the
solution of equation (1) is non-negative inside fl and attains the maximum on the
boundary fi.

1° If the maximum is attained on the down base of the cylinder d, then

(@) < Iw (0, X) | < [[i7(x) = I£ (Ol < v (I NECO)II (10)

2° If the maximum is attained on the side boundary then

HitCE ) < N2 (x) < [ECE) I < Wg (x) I [IE()]] (H)
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Let 1° be fulfilled so inequality (10) is fulfilled. Using the operator X (f,r) to

(4) we have

z z

L(t) = X (toyrcoy+d X (t,r) B (e () dr+J X (t,r) f (I8 (y) dr+

t

+J X (t,r)y I ht)u(rx) dx dr.
0 d

Taking the norm and using the assumption g) we have
t

ICIl < Cexp(-Ti) |le) +C JO exp [ (t—)] IRl 11E(r)I| dr+

+ C!) exp [-7 (t-r)] [[/(r.e(r))||dT+

t r

+ CJ exp[-7 (t-r)1 / \\h(r, @)| |lu(r, M| dx \ dr.

0 Ld
Using (10) we have:

t

le @1l < Cexp(-Ti) llecoyn +CJ exp[-7 (t-r)] nrcon [le(r)||dr+

t

+CJ exp[-7 (t- )\ W (r, 8 ey dr+

b
+ C\ J/ exp [-7 (t-1)] J/ \Wh (r, x) \dx  dr.
0 D
Using the assumption f) we have
lle )| < Cexp{—t) e O Jexp (79 [IIR(N]| +c] dr+
t " ~

+ [ exp(7r) [ \\h(t,x)\\dx dr
j

(12)

(13)

(14)

(15)
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and so

t

IF@ 1< Cexp (T (IF O 1+J exp(Tn nsoi+c+

+ ||>90*011J \\h(t,x)\\dx dr . (16)

From the assumption that |j2s¢e)i1, Heiz)11, 117ict, <) are bounded, there exists
a constant Mi such that

13O +c+ WEOW T Wh(tx)\dx < Mi (17)

and so

t

e () u < C e () exp (-7i) 1+ Mil exp (7T)di (18)

After some simple transformations and putting
a-c(.+f), (19)

we have
HE (DI < Ci |1f (0)]]. (20)

Using the Gronwall-Bellman inequality and assumption (14) we have
lim ||f (f)||=0. (21)

Let 2° be fulfilled. Then from (13) and (L1) we have:

t
IF@OIl <Cexp(-7i) [If Q) +C I exp [7 (t—n)j [IB()II [If(r)lldr+

0
t

+C1J exp 7 (i—t)| |If (t, D) dr+

+C[PiN T exp =7 (i —en 3 W(TXWNdi 0o dr. (22
0 L



32 D. Jama, B. Jama, R. Witula

Under the assumption f) after some simple transformations we have
IFI <Cexp(-71) i ) +

. .
+cJ I|R(t)II+C+||r?(x)HJ Ift(ra)lda ()| dr. (23)
0L D

Using the Gronwell-Bellman inequality and (17) from (23) we have
IF @1 < C i O exp[-t (7 -MiCT)], (24)

for 7 > M\C:
Il If )1, (25)
for 7 > MiC from (24) we have

dim JIf (I = o. (26)
Joining the results for 1° and 2° from (10), (11), (20), (25)we have theinequality
lu(t )l < m [If QI 17 (), (@7)
where m = max (1, C, C\). Let
lwioll = M*>x)|| + |If ()] * (28)

Using the above estimations we have

IWHI = min G [[F O +m [[f (O] =m W)\ + TJIf (0)]I, (29)
and putting
(30)
we have
(<) [[<m [[f (0], (31)

so that solution of the system is stable in the Mowczan sense [8,9]. O
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Streszczenie

Rozpatrzono mieszany dyskretno-ciggty uktad-w postaci:

+c(t,x)u(t,x) +g(i,x u(t,x)

dla (i, X) G fi,

u (0,x) = ipo (x) = ¥(x) mE (0)| dlaieD,
u(t,x) =r(x) £ () dla (t,x) 6T,

dE{t)

o AB @R+ EEM) + ] h(x)u (xdx,

D
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gdzie: c(t,x), g(t,x,u(t,x)), u(t,x), rf{t,x) - funkcje skalarne; £ (t), /(*,£(£)),
h (i, x) - wymiarowe funkcje wektorowe; A,B(t) —n x n wymiarowe macierze.
RozpatrzyliSmy wytgcznie klasyczne rozwigzania powyzszego uktadu. Uktad zostat
okre$lony w n+1 wymiarowym walcu ii = (0,T)x D, D £ Rn,x = [X\, x%... ,£,].
Wykorzystujagc uog6lniong zasade maksimum z pracy [6], ustalone zostaty warunki
stabilnosci rozwigzan w sensie Lapunova-Mowczana.



