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Let’s consider the equation of the form

= {A + B  (t)) u (f) for t > 0, (1)
at

u (0) =  tpo (2)

for <¿>0, u (t)  G D (A) D D (B (t)), u (t) : [0, oo) —► X . The equations in the paper 
will be considered in the Banach’s X  space with the norm ||.||. B  (t) -  the family 
of linear, bounded operators B  (t) : X  —> X  for t >  0. We assume that ||B (£)|| € 
Lq [0, oo) for q > 1, A : X  —* X . The operator A  appearing in the equations is 
a infinitesimal generator of the strongly continuous semi-group of operators T  (t ) 
for t > 0.

We write the equation (l)-(2) in the integral form

t

u (t) = T  (t ) <po +  J  T ( t  — s) B  (s)u  (s) ds (3)
o

We introduce the designation

' tJ l|5(s)||9ds
Lo

h(t)  (4)

T heorem  1. I f

a) ||T (t)|| < M e~ct, where M ,c  -  some positive constants,

b) H-B (t)|| is of the class L q [0, oo) for q > I,

c) h (t ) is of the class Lp [0, oo) and J  +  J =  1, 

that the constant c\ such that
I

lim i  t  ||u (s)||pecpsds <  cf||vJo||p (5)
t — >oo t  J

exists.

Proof. Using the integral form (3) of the equation (l)-(2) and taking to the norm 
we get

t
im o ik : :+ J\\T(t-s)\\\\B(s)\\\\u(s)\\ds. (6)11283013
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Introducing a new auxiliary function

v (t) = ||u (f)|| ect (c > 0) 

and using the assumptions we have

(7)

Z
' (t) e~ct < ||T (t)|| ||^ o ||+ M  J  e~c^  \\B (s)|| i/ (s) e~c°ds <

0
t

<  Me~ct l l ^ o l l  +  Me~ct J  | | B  ( s ) | |  i /  (s) ds ( 8 )

SO

v{t)  < Milfoil + M  J  ||B (s)||i/(s)
o

Applying the Holder’s inequality

ds.

J \ \B ( s ) \ \u ( s )d s <  J  ||J
■  t

i
'  t

r

[  i i f l w i r * /  u p  ( s ) , d s  
JJ

.0 .0

M  =  l.
p  q

Using the designation (4) from (8) we get

u(t) < M  ||^o|| +  M h  (t)
I

J  u(s)pds 
.0

Using the generalized Bihari’s inequality we get

I
J  v(s)pds

t  -  f  M p h p ( T)dT

J  {M\\tpo\\)pe °  ds
0

1 -

—  f  M P / ip ( r ) d r

1 — e 0

(9)

(10)

( H )

(1 2 )
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Milfoil
t — Mp J  hp(r)dT 

f  e 0 ds
0

1 - 1 — e
— Mr J  hp(T)dr

From the assumption c) we have

— Mp f  hp(r)dr 
e ° < 1

and the constant M \ > 0 such that

1 -

-  f  Mphp(r)dr 
1 — e 0 > M\ for t > 0

exists.
Basing on (14), (15) from (13) we get

J  v(s)pds
Lo

Putting ■—  =  ci from (16) we have

M  .. .. i

z

^ J  vp (s)ds < (ci || 1 for every t > 0,

so t
lim i  [  ||u (s)|| ecpsds < (ci ||<^o||)P-t—>oc t J

This ends the proof.

(13)

(14)

(15)

(16)

(17)

(18) 

□

T heorem  2. I f

a) the assumptions of Theorem 1 are fulfilled and

b) ||u (t)|| is the class Lp [0, oo) for p > 1
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the constant c2 > 0 such that

OO

/ » “
.0

m pdt < C2 II(poll (19)

exists.

Proof. Let t G [io,oo), to > 0. Writing the equation (l)-(2) in the integral form 
and taking to the norm we get

t

||u(t)|| < ||T(t)|| ||«(<d)|| + I ||r(t-s)||||B(s)||||u(s)||ds. (20)
to

Introducing a new auxiliary function v (t ) =  ||u (t) || eci, using the Holder’s inequ
ality and acting analogically as in the proof of Theorem 1 we get the inequality of 
the form

J  isp (s) ds < c?||u ( to ) f  (t -  t0), (2 1 )

to

where ci =  j ^ .  Because vp (t ) is a continuous function so according to the theorem 
of the average value for the integral such £ € (t , to) exists that

t

J  op (s) ds = up (£) (t -  t0).
to

Prom (21) and (22) we get

^ ( £ ) < c ? | |u ( t0)ir .

Passing to the limit with to —+ 0 and putting £ =  f we have

vp (t) < dl\\ipa\\p

SO

i i « ( i ) r < c ? e - ^ n ^ r .

Integrating the above inequality from 0 to oo we have

CO

J  ||u(t)\\pdt <

(22)

(23)

(24)

(25)

(26)
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so
OO

/  M i )  ||! dt < c2 M II >

where C2 =  Cl 1 . This ends the proof.
( cp)P

(27)

□

T heorem  3. I f the assumptions of Theorem 2 are fulfilled then the solution of 
the equation (l)-(2) is stable in the Kozin’s sense.

Proof. From inequality (23) we have

\\u(t)\\ < c ie - c tM ||

SO

lim ||ii (t) || =  0.
t —> OO

This ends the proof.

(28)

(29)

□
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S treszczen ie

W pracy rozpatrzono abstrakcyjne równanie różniczkowe w postaci:

=  (A + B  (i)) u (t) dla t > 0
dt

u{ 0) =  ip0.

Przy głównym założeniu, że operator A jest infinitezymalnym generatorem silnie 
ciągłej półgrupy T  ( i) , t  > 0, T  (0) =  I, otrzymuje się wiele oszacowań rozwiązań 
tego równania. Ustala się warunki gwarantujące stabilność rozwiązań w sensie 
Kozina. Głównym rezultatem pracy jest:

T w ierdzenie. Jeśli:

a) ||T (i) || < M e -Ct klasy M,c0,

b) || U (i) || jest klasy Lq [0, oo) dla q > 1,

c) h (t ) jest klasy Lp [0, oo), gdzie 

to istnieje stała c\ , taka że:

/ | |B ( S)||9ds
L0

h(t)  oraz i  +  i  =  1,

l
m r i  f  | | u ( s ) | | V p i d s < d i p o l i "t—»oo t J

Praca zawiera trzy twierdzenia.


