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CONNECTIONS BETWEEN THE PRIMITIVE
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NUMBERS - PART |

Summary. In this paper a new method of investigating the iden-
tities for Fibonacci and Lucas numbers is presented. This method is
based on some fundamental identities for powers of the number called
the golden ratio and the conjugate number to it. Those identities give
also possibility to connect in the interesting way Fibonacci and Lucas
numbers with many important sequences of numbers, like Bernoulli
numbers, binomial coefficients or ¢-Fibonacci numbers.

ZWIAZKI POMIEDZY PIERWIASTKAMI
PIERWOTNYMI STOPNIA PIATEGO Z JEDYNKI
A LICZBAMI FIBONACCIEGO - CZESC |

Streszczenie. W artykule przedstawiono nowg metode dowodze-
nia tozsamosci dla liczb Fibonacciego i Lucasa. Bazuje ona na pew-
nych fundamentalnych tozsamosciach dla poteg liczby zwanej ziotg
proporcjg oraz liczby do niej sprzezonej. Tozsamosci te pozwalajg
takze ciekawie powigzaé liczby Fibonacciego i Lucasa z wieloma waz-
nymi ciggami liczbowymi, takimi jak: liczby Bernoullego, wspotczyn-
niki dwumianowe czy liczby ¢-Fibonacciego.
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1. Introduction

The author’s fascination with Fibonacci, Lucas and complex numbers has been
reflected in the following two nice identities (discovered independently by Rabino-
witz [13] and Grzymkowski and Witula [10]):

(I+C+”2)n=Fn+l+Fn(£+0 and (I+”~ +~n = Fn+i+Fntft+~ (1)

where £5= 1 £€ C and £ 1, and Fn denote the nth Fibonacci number.

The scope of the present paper is to convince the readers, that these identities
constitute a new profound method of proving and generating another identities,
properties as well as other facts concerning Fibonacci and Lucas numbers. Mo-
reover, these identities seem to enable providing shorter, clearer and more cre-
ative proofs. They offer the alternative kinds of proofs based on Binet’s expres-
sions [11,16], matrix representations [6,7,12,15], the generating functions me-
thods [11,18] and finally purely combinatoric considerations [2].

Let us also notice, that the identities (1) have been already used by other
researchers. For example S. Alikhani and Y. Peng [1] on the ground of the (1) have
proven, that an, where a := 1+ and n € N (a is called the golden ratio [3])
can not be a root of any chromatic polynomials. R. Witula [21] has used the
identities (1) for generalization of the definition of Fibonacci and Lucas numbers
for the real indices, which, afterwards, has he applied to extend the concept of the
power of matrix for the real exponents. Meanwhile R. Witula and D. Slota [19]
have discussed the one parameter generalization of the identities (1):

1+ + £4))" = M<5) + bnm  + £4) 2
and

(i+s(e+a r =an& + bnm 2+a, 3)
where the specified above polynomials an(S) and bn(S), n = 0,1,..., called &

Fibonacci numbers, satisfy the following reccurent relations:

oq{S) =1, bO(S) = 0,
an+i(J) -1 6 an(S)
&nH(<) 6 1-6  _bn®s) _
Finally D. Gerdemann in paper [8] has used the first of identities (1) for analyzing

so called Golden Ratio Division Algorithm. In consequence he has received there
the semi-combinatorial proof of the following beautiful theorem.
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Theorem 1. For nonconsecutive integers ai,..., a*, the following two statements
are equivalent (dm £ NJ:

m Fn = Fn+ai Fn+az + ese+ Fn+ak,

m =aai + a“2+ ... + aak.

For example, it can be verified that
6=q3--a+ aT4, 7=a4+ a-4,
which, by the theorem implies, the identities
6Fn = Fn+t3+ Fntl + Fn_4

and
7Fn = Fn+t4+ Fn- 4.

In the context of this theorem we propose to the Reader to take a look at the
Remark 15., to get acquainted with the important Zeckendorf’s theorem.

2. Basic identities

Let us set
a ::2C057.r: :-i% and F()):: ) COS|(2-7I’\|: L}:/_
° 2 \5 2
Then, we have
a+(3: 1 al3= -1 (5)
a77 - 3n
Fn="_s "EZ ©)
Ln=an+@, n=0,,2,., 0

where L,, denote the nth Lucas number. Now let £ £ C, £5 = 1, £ ~ 1 The
following two lemmas form the basic technical collection of formulas and identities,
which are explored in the next sections of this paper.

Lemma 2. The following identities hold

1+ £+ £2+f +£4=0, ®)
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£+ £4=C + " 1= £+ £= 2cos(argf),
2+ M=+ £2= 2+ |2 = 2cos(2argi)j
l+£+£f4=a

and
1+ £2+ £3=-£ - £4=1- a =P.

Both above identities hold for £ = exp(i2n/5).

Lemma 3. The following identities are satisfied
a)
(i+E+EH(G +£2+£3)= -1,

hence
(i+c2+c3)-1 =e2+e3

and
(I+t+2Z4)-1=H+1t\

(i- e cd)(i- @- | =i
(L+ £+ £4)(1 - e2- £3) = 3+ 2(£ +£4),

and in the more general form

(a+ 6(E+ £4)) (c+ d(E£2+ £3)) = ac—ad-bf + (be- ad)(E + £4);

b
! (I+£ +£4)2-1 =1 +£+£4
I+ 3»+0/3 = (1 +i +7M)2=-(2 + "ed)
c)
(i+te+ed)fdi+ £2+e3r +a +E£2+e3f(i+tc+ =
= Fk+iLm - FkLm+1= (—1)kLm-k-
d)

20+ £+ EA(l + £2+ f r = (-1)fim-fc + v/5(-1)fcHlFm_fe

©)
(10)

(11)

(12)

(13)

(14)

(15)
(ie)
(17)

(18)

(19)

(20)

(21)

(22)
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e
) a+ fr(g+ g4) _ bd+ad-ac ad-be 4
c+dE+£4) cP—c2+cd d2- c2+cd

Proof.
ad a) We have

(IHE+£4)(1 + £2+£3) = | + 2(E+ £2+£3+£4) = - | + 2(I1+£ + £2+ £3+ £4) = -1;

ad c) By (1) we obtain

(i+ i+ A)fe(i+ £2+ <B)ra+ (i + i2+ c3)fc(i+ z + edr

[(i+ +ed)(i+ £2+ E£3)]c[(i+ £2+ e r ~ k+ (i + 2z + 2)m=~k]
(-1)C[Fm_fcfl + Fm_fe2+ e) + Fm k+1+ Fm_foe + c4)]
- (- fe[2Fm_fetl - Fm-k] = () fd/m-fc.

On the other hand, we have

(1 + £+ f)fe(i+ £2+ £3r + (1 + £+ £4)m(i + £2+ £3)k

(Fk+1 + Fk(t + £4)) (Fm+1 + Fm(e + £3))

(Fk+i + Fk(e + £3)) (Fm+l + Fm(£ + £4))

2FfctlFm+l + FfeHlFm(E + £2 + £3+ £4) + FIFm+1(E + £2 + £3 + £4)
2F,Fm(E + £4)(E2 + £3)

2Ffc+iFm+i - Fk+\Fm - FkFm+i - 2FkFm

Fk+i(2Fm+i —Fm) - Ffc(Fm+1+ 2Fm) = Fk+iL m —FkL m+

+

+

It should be noticed that (22) also implies (21):

(D)kLm-k + ()mLk-m = ()kLm-k+ (-I)m(-1)k-mLm-k =2 (-1)fdm-£

and

(-1)fctlFm_t+ () m+lFc m= () fcilFm e+ () m+l(—) fc mHlFmfc = O
ad d) Similarly as above, by applying identities (1), we obtain

(i+E+ed)f(i+£2+e r = (Fm+ Fk(t+ £4) (Fm+1+ Fm(E2 + e3))
Ffct1Fm+l + FCFm+1(E + £4) + FictlFm(£2+ £3) + FfFm(£ + £4)(£2 + B)
Ffc+iFm+i - FkFm - Fk+1Fm + (FfcFm+i - Ffc+iFm)(£ + £4)
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Fk+1Fm-1- FKkFm + (-1 )k+1Fm-k(Z + £4)

(—1)KkFm-k-i + (-1)fc+lFm _fe(E + £4)
|(-1) '2Fm_fc ! + Fm-K) + ~ (- 1) foHlFm_*

i(-1)fLm £+ ~ (- 1) ferlFm_f

Remark 4. The following identities hold
1+£+£2)" =71 _1("n+ Fn+li + FnS2),

(i +e+e3)” - a3n(Fn+i + Fne + Fne)

and
(L+e2+ £4)n = e2'(F,,+1 + Fne + F,£3).

Remark 5. (Only the case of (26) is discussed below)
We have (for some an,bn,cn € 2):

1+ £2+£4)" =an+ 6,£2+c,£4 O n
(1 + £2+ £4)5n+1 = Fb5n+l + Fbn+2e + Fbn+1,
1+ £2+ £4)" —an+6,E3+cnf4 O n
(i+ e+ ™)5n+2= F5n+2 - F5n+2e + F5n+lal
1+ £2+ £4)n = an + bnf + Cni2 n
(i+e+ f)5nt3 = -f5,+3+ Fbn+2a - F5n+3e,
1+ £2+ £4)" =an+bnf+ cnf3 o
(I+ e+ i4)5n+4 = -Fsn+4 + Fbn+de + F5n+5£3,
1+ £2+AA)" =an+6,£2+ cnfE3 O n

(i+ e+ ed)5n="+ 1+ Fbne + Fbne.

-]
1l

Remark 6. We have

L+i+ed)’+l+ Q+i+m)”1=W +1,(i+£4)

and

@Q+i+id)ml- (L+i+ed)” 1= K+i +Fn(E+ ed)-

(24)

(25)

(26)

@n

(28)
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Remark 7. We have (by (27) and (15)):

Ln+l + -bn(E + £4) —[(L+ £+ £4) + (L + £+ £4) (L + £+ £4)" =
= R(c+cd)+i](i+e+id)n
Hence for £ = exp(2ni/b), we get
Ln+l+Ln(t+ @)= V5(I+C + G)n. (29)
Another formula can also be deduced
Lntl + Ln(e +f) =-75(1 +7 +7)"- (30)

Remark 8. Both, from the identities (1) (adding or subtracting them properly
by sides) like from the identities (29) and (30) (again, adding or subtracting them
properly by sides) we can easily generate the Binet formulas (6) and (7). More
precisely, the following relations can be easily deduced

identities (1) (6) and (7) (29) and (30).
Immediately from identities (1), (29) and (30) the next result follows.

Theorem 9. Let {kn}*L1 be a sequence of positive integers. Then the following
identities hold true

n K Hi
71= 1
N

n (Cfc,+1 + 75 Fkn + Fkn
71=1

VA » (i M) E A\

n (E*.«- (-V5)" (17)-C

71=1
N

(‘kaI'H‘i * 75Lh, + Lk,, ) (iZV r ( 7 7 )_I) 1en

o1
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We note, that these six identities act as link between Fibonacci and Lucas
sequences and many other special sequences of positive integers.

Corollary 10. (A bridge between Fibonacci, Lucas and Bernoulli num-

bers)

We have

T\(r.  V5—1 '\ | +V b J BK[X)dx
L-Ferie 20 ™= 2 )

N7 (n VA+] A N (V- V5\[Bkixdx

11 an|<+1 2 Fn*)-E 27

n=1

N2y X 41/ j Bk(x)dx
171(F nk+1£V5Fn+Fn* )= 2N-1( " A y

n—1

L L )R (M) TR

AT-1

n =(-vS)"-1

N-I / [ 157 doc
n  (-“n™+ix VbLnk+ Lnk -Nj = (£ 2Vb)N

n=1

since

£ n-jBAdx =£ (*)
q

n=1 r=0 x X

where Br are Bernoulli numbers defined by the following recursion formula [4,14]:

se=1 {n-1)Bn-1+(n-2)5n-2+-"+ (0)50=0  «=28.---

(we note that B2k+i = 0, k = 1,2,...) and Bk(x) denote the k-th Bernoulli
polynomial defined by
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Corollary 11. (A bridge between Fibonacci numbers, Lucas numbers
and binomial coefficients)

We have
L(n+1)/23 I= - irp
Ry $h %) =( 2 )
en /\ l
ttV(F( M+l 1 £G:\)] —P ’ZA\
L("+1)/2] f 1+ % in
B (FG:)+ £ F(r:) +F(G:)-) =2<+raV 2 [
L(n+1)/2] x/5-1, \' [/ Ewerryes [1+
By (La=)+1+ 2 L(;:1)J-"H I 2 ) 7’
L(n+1)/2] /=
*3
L{n+hizi Ln+1y23 M+
fch (L(ri)+!x +La=i)-0 =(x2

since ifte following identity hold (see [11]):

L(n+1)/2) N
= %5 VI: 7
Corollary 12. e /lane
(cFH+H+ 2 FAH) (FFn1+i+ 2 1-
(I>nHl 2 > 41) (-Fk-x+i 2 FFnxj

(i>,+1+ + V5FRH L Ff, +1-i) m
L,

e(cF,_i+11 /bFin_t+Fpr-~j - a( 2 11

MhE i+ VO Te o) e 1ei 1Y% 1T

(hFr#d+i .2 LV i) 2 LnimcV | -
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(LFn+i+i + \/SLFL +Lf,+1-i) »

*(¢Fn_i+i £ VbLFn_ 1+ =20(*"y~) >
since Fn+i + Fn-\ =Ln,nel.

Corollary 13. We have

(FLn+1+1+ (Fl, 1+ + A~ 1 i~ )

(1 7)) 5i\

(Fl, 4141 - A~ 2 iF L+l (fl, 141- 2 £ F Ln.X)

(-PI,,#1+i £ VbFLL + FLn+1-i)
e (FU, 1+i+ V/5Fi, 1+ Jm, 1-i) = 4( i ~ ) 5F",

@Ln+.+1+ A~ A §L A ) (L, 1+~ A |1, 1) =s (i ~)S5ir,

K ##- 4 A~ A ) K->4-4 A"~ -0 = 5( A" ) 5>

(-i'i, *!'+1 £ V5~2Ln+l + £2,,+1-1)
m(1l, 1+ +L " -i) =20(C i~ ) 5F",
since L,,+i + Ln-i = 5Fn, ne N.

Corollary 14. (54 bridge between Fibonacci, Lucas and 8-Fibonacci num-
bers)

For positive integers 8 we get

n o (F1+ (DF*_2i* + F{l)Fk-,6>) = (—y~-)
fc=0

n K ®«*+ "© «0 -( "™ f

TT 12 1 (1 —
2

11 [Fi 2 )

n A1 Rl +F It(:)B.,,) =2"« (I 1)
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-1V f r- \ A -
n + N F{)Fk& + F-I+(X)Fk6*) =2 ( 2 )
fc=I
TT (t i~ — A rfn+ii/2 + \/5\a"(_(5)
fe=0
ii(r -II-\LZE-JI’ ‘i:'!__)"nlzi:1+2 J
fe=1
etc.
since we have (see [19]):
an(S) = J2 (f) Fk~i (“ *)* (31)
and
Mi)=E (?)(-1fc1r » (32)

fc=i
(moreover, we define Fn+l = F,, + Fn-\, n £ Zj.

Remark 15. We note that Theorem 9. is connecting with the following very

important Zeckendorf’s theorem [9]:
For every number n £ N there exists exactly one increasingsequence 2 < k\ <
. <kr, wherer= r(n)£ N, such that k{+1 —ki > 2/or*= 1,2,...,r —1, and

n=Ftj + Fic2+ ... + Fkr.

For example we have

1000 = 987 + 13 = Fie + F7,

that is
/1 +\/5\1000
(c988 * %/5F987 + ;986) (;14 + V5Fi3+ Fn) =4~ - ,
and

/1% -\/5 \ 1000
(0988 + V5,987 + ;986) (414 = A ;13 + ¢12) = 20 (e ]

At the end of this section, the following Lemma about linear independence
will be presented.
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Lemma 16. a) Any two numbers among the following one’s (f = exp(*27r/5)J
1, £+£4= 2003"5, £2+ £3=-2 COS’%
are linearly independent over €z

b) Letfk :C —C and gk : C —C, k —1,2 be continuous functions. Then for
any a,b € M, which are linearly independent over Q, the following statement
holds:

if
fi(S)a + gi(5)b = f2(S)a + g2(S)b, for Sca.

then
fi{d) = j2(d) and gi(S) = g2(S), for 6£ C.

3. Applications of identities (1) to the investigation
on Fibonacci and Lucas numbers

3.1. Generalization of de Vries’ identity

In this section the following generalizations of de Vries’ equality will be proven

(see [17], where only the case of a = | = 1 is discussed):
A fn\_n_KTJ a*(@a+ a,)n-/?2(<* + )"
iL [k) a FA (33>
:’\B[a\a +al)n-pl\a +plhn] (34)
and A
£ Q an~kLkl+i=ala +al)n+P\a + [7)"% (35)

The identity (35) can be explained by applying the Binet formula (7). Now the
following expression will be considered

S=(1+£+£")>+ (I + £+ £4)")"-

By (11) we have S = al(a + al)n.
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On the other hand, by binomial formula and by (1), it can be deduced that

s =2 (M a n-k(I+Z + lid)kl+i

=E ' + Fu+ite + 7))
o v
(by (9), for £ = exp (*8u))

- (> e«
k=0 v 7 fc=o v 7

=\ E (”)on-f2Rm<H - FwH)+ " E

BOX7 fcov7

Hence we obtain the identity

A I%C:O(.t)]amkaHi =25~ E:O(t .)an~kLkI+i’
which by (35) implies the identity (34).

Corollary 17. We have:

¢ ()t =12,

fe=0 V 7
E = Fn+l+ Fn = "2n-L
k=0~ 7

3.2. Some binomial - Lucas identities

Now, the following three equalities will be proven

1= (B) ()" +£ (2)(-DIE2" -«

foo'! 7

(36)

(37)

(38)

<4°)
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and

2fc. (41)

fc=0 »

Proof. First, by (8), (13) and by (21), we obtain

1= 2+ £+ £2+ £3+ £4= (2+ £+ £2+ £3+ £4)2' =
= ((1+i + O+ (1 +722+C3)2" =

= (T) i(1+ * + ~4)fc(l+ i2 + 73)2n"fc+ (1 + *+ c4)2n_fc(i+ c2+ e3)f *
fco
+ (2")((i+i+id)(i+{2+i3))"-
The proof of formula (40) runs in the similar way
i=((iti+ed)+ (i+"™ +a)2nl-=
1+6+£40)f(l + £2+ fH2'-1-* +

+ L+ E+MN)2n-1-fol+ 2+ Q)G = (2n~~ (1)% (n_f) 1L
0 :

Finally, the identity (41) will be proven
1=2+£+£2+f +£4= (2+ T+ £2+ £3+ £4)” =
= ((i+te+a+(i+t"2+ar=

(i+c+chf(i+ £2+e3)nfc =}

n

k=0 k=0

which, because of the irrationality of \/5, implies (41) and the following equality

k=0
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Remark 18. We note that the following generalizations of (39) and (40), respec-
tively, are true (see [9]):

and

LO/O'EI.:(',(-i)\mk (zn+ 2 {2n+\—2K)m"
K=

0 Vo
Remark 19. By using ¢-Fibonacci numbers an(5) and bn(6) we obtain the rela-
tions

In\ A AN xn |/ Fk+Fi
E,- (") ftw .-r»« = ‘ )m @
' ft+u
E (") r»(,-D, = (ft« +ft«)”64IM7T1b)" @

A ¢ (D)W D= (fte+fts) (it +i,41)°

n
_Di= {tn + ®
r=0
Sketch of the proof. First we get

«T+7T+0'+ii +17"+ O T-E " (i+{+f)r(i+i+f)"" r
r=0 !

= E (") (FA+1 + U + S4) F*r) (F(n-r)I+1 + (€ + F(,-r)l) =
r=0 v 7

(be reduction formula (12) in [20])

= E (r)Frk+(n-r)l+l + (£ + E ( )Frk+(n-r)l-
r=0 ' 7 r=0 ' 7

On the other hand, we obtain

(Ci+i + F)t+ (i+f2+ C3)hn =
= (FkHl + FI+1 + (f +14) (Fk+*})" =

- (ftae+ftar(«» (FA N 5 +i) + ({+EH(«(fr ~ ).

We note, that by (31), (32) and by Lemma 16. the formulas (42) and (43) follow.
[
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3.3. Generalization of some Church and Bicknell’s identities

We have
Fn-i = (46)
1=0
1=0
and
h 'k
FA+» ="E [ 1) Fn-iAnFl=> (48)

(the last identity is a generalization of some Church and Bicknell’s identities - see
identities (27) and (28) on [11] page 238).
Proof. Immediately from (1) the following identities can be deduced

(L+E+E4)" = F Al +F (E+£4)=F, i+ Fn(l+ £+ £4),

Fn_l= (1 + £+ £4)” -Fn(l + £+ £4).

Hence, we obtain

Fn~I = é (K)(—I)IF»(I+S+ ? ) nlk~1)+I
1=0

= E (2 (N(fc-O+'+1 + Fn(k-D+I1(£ + 24))

which implies (46) and (47). Now, we note that

(L + £+ CHR'+S = Ffon+SHl + Fen+s(E + £4)- (49)

On the other hand, we can transform the left side of (49) in the following way
(i+c+&Afms= ((i+£+edr)f(i+ £ + =
- (FhHL + Fn(t+ £4))fi+ £ + = (Fn-i+f,(i+£+£))(i+£+

E o yrnoiee HARBSE (e ot HEAEHH)

:E (")Fn-iFnFl+s+1 +(£+%E (An—IFLFI+s,

which, by (49) and Lemma 16, yields (48). o
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Streszczenie

W pracy przedstawiono nowg metode dowodzenia tozsamosci dla liczb Fibo-
nacciego i Lucasa. Prezentowana metoda jest alternatywna do dowodow opartych
na wzorach Bineta, reprezentacji macierzowej dla liczb Fibonacciego i Lucasa,
wykorzystujgcych funkcje tworzgce dla tych liczb czy wreszcie opartych na roz-
wazaniach natury kombinatorycznej (metody zliczeniowe). Metoda polega na wy-
korzystaniu pewnych fundamentalnych tozsamosci dla poteg liczby zwanej ztotg
proporcjg oraz liczby do niej sprzezonej, odkrytych niezaleznie przez wielu auto-
row (m.in. S. Rabinowitza i R. Witute). Tozsamosci te znane sg w literaturze, lecz
wykorzystywano je zazwyczaj selektywnie do analizy wybranych probleméw. Wy-
jatek stanowi tu praca R. Wituly i D. Stoty [19], w ktdrej autorzy badali liczby 6-
Fibonacciego, czyli wielomianowe uogdlnienia klasycznych liczb Fibonacciego oraz
Lucasa, za pomocg ogolniejszych, niz powyzsze tozsamosci dla poteg ztotego sto-
sunku. Okazuje sie, ze tozsamosci otrzymywane wowczas dla liczb ¢-Fibonacciego
znaczaco réznig sie od tozsamosci dla klasycznych liczb Fibonacciego i Lucasa.
Stad pomyst na niniejszg prace, ktéra bazujac na prostszej tozsamosci wyjsciowej,
pozwala generowac, uogodlnia¢, a nawet prowadzi¢ do nowych zaleznosci dla liczb
Fibonacciego i Lucasa w spos6b fatwy, szybki i naturalny, wykorzystujac jedynie
proste rozwazania algebraiczne.



