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1. Sum s o f certa in  series

The author’s interest in problems concerning the Fibonacci, Lucas and complex 
numbers express in the following two nice identities (discovered independently by 
Rabinowitz [5] and Grzymkowski and W itula [1]):

( l +  i  +  i 4)B =-Fn+i + Fn(Z + ? )  and (l +  £2 +  £3)n =  Fn+1 +  F„(£2+ £ 3), (1)

where £5 =  1, £ € C and £ ^  1, and Fn denotes the nth Fibonacci number. 
Immediately from (1) (see also (14), (15), (9) and (10) in [7]):

X , ^5 1 +  2 cos § 7r \/5  +  3
^  Fn+i +  2Fn cos | tt ^  L„+i +  2L „ cos| tt 2 cos| tr 2

V5Y  i  =  y ' ___
n_Q Ffcn+l +  2F/Cn COS ^77 n—o F k n + 1  2Ffcn COS ^7 T

Ffc+1 +  2Ffe cos §7r
• (2)Ffc+i +  2Ffc cos 17r -  1

Hence, we obtain, for example

y , ______ i_______  ~  ^5  = V5 + 3
Y o  F 3 n + 1  +  2 F 3 n  COS § 7 r  ^  X 3 „ + i  +  2 F 3„  COS §77 4

In this paper the symbol L n denotes the n th Lucas number. We also have

OO / ^ \ oo ^
y : ( Fn+ 1  + 2F„ cos -77 J =  — — i L„ + 1  + 2Ln cos -77
n = 0  n = 0

1 v'E -  1
—2 cos § 7 7  2

5 / ^ 5
n = 0  x n = 0

y  ( F fe n + 1 +  2 F k n  COS - 7 7  j  =  -  —  (  F f c n + 1  +  2 L f c „  COS - 7 7  I =

 3— - ( 3 )1 -  F fe+1 -  2Ffc cos §771 5

Hence, we derive, for example
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2. Inner p rod u cts o f  th e  vectors com p osed  
o f F ib on acci and Lucas num bers

The next object of our consideration is to prove the following identities
n n

y > 2fc+l =  F2n+2, T P *  =  F2n+1 ~ 1, (4)
k=0 k=0
n

y ]  L2k = L2n+1 + 1, (5)
k=0

Ÿ J LkFk =  F2n+1 - 1 ,  (6)
k=0

Y  Fk = \  ( W i  +  F2n+1 -  2F„2+1 ) (7)
k=0

and

E  hfc =  ^(3T2n+l -  5T2n+l +  lO-P’n+l) +  2. (8)
fc=o

Proof. First we note that (by (19) and (15) in [7]):

y (1 +  i  +  C4)2 fc= ( i ± i ± i ! ) ! ^ z i  
(l +  ^ +  e4)2 - !

=  (1 +  i + ^ ap 2 ~ 1 = ( !  +  € +  ^4)2n+1 - ( !  +  € +  i 4)-1

=  f 2n+2 + J W €  + 4̂) -  ( i  +  ?4) =  ^n+2 + (ibn+l “  l) t f  + £4) (9)

=  Fin+2 +  ----(F2n+1 -  1) =  ^{L2n+1 +  1) +  ~2~{F2n+1 ~  !)• (10)

On the other hand, we have

¿ ( 1  +  C +  r*)2fe =  E  ( f» + i  + F2k(t; + i 4))
fc=0 fc=o

= i t F™ + ( n)
k=0 k=0

\/5 •
=  E  ô (2F2fc+i _  ■F'2fĉ +  ~2~ Ê

fe=0 fe=o

=  ) L L2* +  7  E F2fc-9 o
fe=0 k=0

(12)
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Comparing (9) with (11) and the rational part of identity (10) with the rational 
part of (12), the identities (4) and (5) can be derived.

Now, we obtain

¿ ( i + i + v ? k =  ¿ ( R fe+i +  ( * + e ) F k?
k=0 k=Q

V 5 - l „ \ 2 . V5 ' 2

fc=0 '  '  fc=0
V s

=  +  (13)
'  fc=0 fc=0 '  fe=0

Hence, by (10), we derive

y i  ■i'fc + + 2\/5 — 2(L2n+i + 1) + 2v/5(i;2n+i -  1),
fc=0 fc=0 k=0

which, by the irrationality of %/5, yields (6) and the following identity
n n

=  2 (^ '2n+ 1 +  !)•  ( I 4 )
k=0 k—0

Now, let’s observe that
n n n

J 2 (L k  +  Ffc)2 =  £ ( F fc+1 + Ffc_ 1 +  F*)2 =  4 £  F 2+1.
fc=0 /c=0 /c=0

On the other hand, we have

^ (L fc  +  Ffc)2 =  + 2 ^ L fcFfc +  y > 2.
fc=0 fc=0 fc=0 fc=0

By the last two equalities and by (6) we conclude
n n

y ^ .F k ~  3 y ;  F 2 =  4F 2+1 -  2F2w+i +  2. (15)
/c=0 fc=0

Identities (14) and (15) lead to identities (7) and (8). □

3. R ed u ctio n  form ulas

The following reduction formulas will be proven in this section 

Fk+i =  Fk+iFi +  FkF i-1 , (16)
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Lk+i = Fi+iLk +  F iLk-i, (17)

Fl+ l- F k Fk + 2 =  (-!)* , (18)
Fk-t = ( -1 ) ' (FkFi+1 -  F fc+1F,), (19)

FUFV -  Fu- rFv+r = ( -1  )u~rFv- u+rFr, (20)

Fr+s+t+i =  Fr+1 Fs+i Ft+1 +  Fr+1 Fs Ft +  Fr Fs Ft+1 4-
+ Fr Fs+1 Ft — Fr Fs Ft, (21)

and

Fr+s+t — Fr+\ Fs_! Ft + Ft - \  Fs Ft+1 +  Fr Fs+1 Ft_x +  2 Fr Fs Ft (22)

etc.
Proof. We have

. / i f  _
(1 +  £ +  £4)k+l =  Ffc+;+i +  (£ +  ^4)Ffe+/ =  Fk+i+i 4  — Fk+i =

=  ^(^fc+i+i ”  Fk+i) 4- ^-F k+i =  2 Lk+l +  ^ f Fk+l' 2̂3) 

On the other hand, we obtain

(1 4- £ 4- £4)fe+' =  (1 +  £ + £4)fc(l +  £ + £4)' 
=  (Fk+1 + (£ 4- £4)Ffc)(F/+1 + (£ 4- £4)F )
=  Fk+iFi+i + (£ +  £4)(FfcF;+1 +  Fk+1Ft) +  (£ 4- £4)2FfcF(

=  Fk+1Fi+i 4- —̂ (FkFi+1 4- Ffe+iF;) 4-----^ —FkFi

=  -(2 F fc+1F;+i — FfcF;+1 — Ffc+iF; 4- 3FkFi)

,/5
+  —  (FfcF;+i 4- Ffc+1F; -  FfcFj)

=  -^{Fi+iLk +  FiLk- 1) +  ~-(F /jF ;+ i 4- Fk-\F {). (24)

Hence, by comparing (23) and (24) and by the irrationality of VE, identities (16) 
and (17) follow. Now, by (13) in [7], we evaluate

( - l ) fc =  (1 +  £ +  C4)fc(i 4- £2 4- £3)fc =
=  (Ffc+1 +  Ffc(£ +  £4)) (Ffc+1 + Ffc(£2 + £3)) =

=  Fk+i ~ Fk ~ FkFk+4 =  Fk+1 -  ^+2> (25)

which gives the identity (18).
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By (23) in [7] and by (18) we receive

JW i+ J fc te  +  g4) =
Fl+1 + F ^  + ^ )

_ FkFj +  Fk+iFi -  Fk+iFi+1 Fk+iFi -  FkFi+i 4 __
F f  -  Ff+1 + FiFl+1 F? -  Fi+l +  FiFl+1  ̂ j ~

=  ( -1  )l+1(Fk+2Fi -  Fk+1Fl+1) + ( -1  )l(FkFl+1 -  Fk+1Ft)(£ +  £4). (26)

On the other hand, we have

(i +  £ +  e4)fc- '  =  Fk_ l+1 +  F ^ i  +  e4) =

= (l + £ + £4)fc =  F k+1+ F k^  + C4) . ,
(1 +  e +  C4)' F)+1 + F)(£ +  £4) ’ ’

which by (26) implies (19).
To prove the identity (20), first we note, that

( i + e + z4r +v =  a + £ + e4)“ ( i + £ + e4r  -  
=  (Fu+1 + FU(H + e4)) (Fv+1 + Fv(t  +  £4)) =

=  Fu+iFv+i + FUFV +  (FUFV+1 +  FU+\FV — FUFV)(£ +  £4). (28)

Hence, replacing u by u — r and v by v +  r, we obtain

(1 +  £ +  £4)u+v = Fu- r+iFv+r+i +  Fu- rFv+r+

+ (Fu- rFv+r+i +  Fu- r+iFv+r — Fu- rFv+r)(£ + £4), (29)

Finally, by comparing parts without the element (£ +  £4) in (28) and in (29), we 
get

Fu-\-iFy-j-i F — Fu—rFvjrr FUFV

(after the next (u — r) iterations)

=  (—1)“ r+1 (FrFv- u+r — FoFv^ u+2r)

=  ( - 1  )U~r+1FrF y-U + r .

Proof the identities (21) and (22) (like also of the proper reduction identities for 
Lucas numbers and identities for and ) proceeds in the following2- ĵ=i i Z-o=i J
way
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Fr+s+t+i + Fr+s+t (£ +  £4) — (l +  £ +  £4) —

=  (1 +  ? +  e4)r (1 +  e +  i 4)S (1 +  ̂+  O t =
=  (Fr+1 + Fr (£ +  £4)) (Fs+1 + Fs {a + £4)) (Fs+i + F t (a + C4)) =  

=  Fr+i -Fs+i Ft+1 +  (Fr+i Fs+1 Ft +  Fr+i Fs Ft+1 + Fr Fs+i Ft+1) (£ -f £4) +
+ (Fr+i Fs Ft + Fr Fs Ft+i + Fr Fs+1 Ft) ( l -  <£ -  £4) +  Fr Fs Ft (2 (£ +  £4) -  l) = 

=  Fr+i Fs+1 Ft+1 + Fr+i Fs Ft +  Fr Fs Fj+i +  Fr Fs+i Fi — Fr Fs F,> +
+ (£ +  £4) (Fr+i Fs_i Ft +  Fr_i Fs Ft+i +  _Fr Fs+i Ft_i + 2 Fr Fs Ft).

□

R em ark  1. We note, that from equalities (16) and (17) the next two equalities 
can be derived:

F2„ -  FnLn (30)

and
F 2n — Fn+\Ln +  F nLn—i- (31)

The identity (31) can also be proved in the following way

F2„+i +  F 2n (£ +  £4) =  (l +  £ + £4) =  (l +  € +  £4) (l +  £ +  £4) =
-  (Fn+1 +  Fn (£ +  £4)) (Fn+i +  L n (£ +  £4)) =  

=  Fn+i Fn+1 Ln Fn + (Fn+i Ln + Ln+i Fn — Ln Fn) (£ +  £4) =  
— Ln+i Fn+1 +  Ln Fn + (Fn+i Ln + Ln- i  Fn) (£ +  £4),

which leads to (31) and

F2n-(-1 ~  Fn+\Fn+l -f- LnFn.

R em ark  2. Proofs of presented in this section reduction formulas for Fibonacci 
and Lucas numbers are given in [2], to the context of graph colorings.
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4. Id en titie s  w ith  th e  pow ers o f  F ib on acci and  
L ucas num bers

By (29) in [7] we have (in all equalities in this section we put £ =  exp(27rf/5)):

5F2n+1 +  5 F2„(£ +  £4) =  (V5(l +  £ +  £4)")2 =

=  (Ln+1+ L „(£  + £4))2 

=  L l+l +  2Ln+1L„(£ +  £4) +  L 2n( 1 -  £ -  £4)

= Ln+i + L 2n +  (:2Ln+iL n -  I^ )(£  +  £4), (32)

which implies
-h2 + l +  -h2 =  L2n+2 +  J'2n =  5F2n+i (33)

and
2Ln+iLn — — 5 F2n, (34)

i.e.
F2n — L nF n.

R em ark  3. Identity (34) is the correct version of the identity (44), page 97 of [3].

Next, we consider the following expression

5 L 3n + i  +  5 L 3 n ( £  +  £ 4 )  =  ( V 5 ( l  +  £  +  £ 4 ) " ) 3 =  ( L „ + 1  +  ¿ n ( £  +  £ 4 ) ) 3 =

=  L 3n+1 +  3L 2n+1Ln(t +  £4) +  3Ln+1L2n(l -  £ -  £4) +  L* (2(£ +  £4) -  l) =

=  £ 3+ i +  3Ln+\L 2n -  + (3L2n+1Ln -  3Ln+iLn +  2L^)(£ +  £4) =
— Fn+i +  2Ln+iL^ +  L 2nL n-1 +  (3Ln+i L nL n- i  +  2L®)(£ +  £4) =

=  -k3+i +  -i'n+i-62 +  §FnL 2n + (3Ln+iL nL n- i  +  2I^)(£  +  £4), (35)

which implies

5X3n =  3Ln+\L nL n- i  + 2Lzn =  Ln(3Ln+xLn- i  +  2 L^) =

=  Ln [3(L2n + 3(—l)" -1 ) +  2(L2n +  2(—1)")] =  5Ln(L2n -  ( -1 )”), (36)

i.e.
L 3n =  L n(L2n -  ( -1 )" ) , (37)
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and

5 h 3 n + i  =  - h n + i  +  L n + i L 2n +  5 F n L n  — ( L ^ + i  +  L ^ ) L n + i  +  5  F n L \  —

= (-̂ 2« + L2n+2)Ln+i + 5 FnL  ̂= 5F2„+iL„+i + 5 FnL2n, (38)

Fsn+l — Fin+lLn+i +  FnZ/j(. (^9)

We note that from the first two equalities of (35), by (18), the below identity 
can be concluded

( ( n - i + i 4)n+1+ ( i + i + e 4)n- 1)3 =  5 [ ( i + i+ € 4)3n+l+ ( n - i + i 4)3B" 1]- (4°)

Now, the following expression will be investigated 

25F4n+i +  25 F4n(e +  £4) =  25(1 +  £ +  £4)4” =

-  (VE{1 + £ + C4)")4 -  ( W  + In(i + £4))4 -
=  L4+1 + 4L*n+1L n{t + £4) +  6L2n+1L 2n(l -  £ -  £4) +

+ 4Ln+1L®(2(£ + £4) -  1) + L4 (2 -  3(£ + £4)) =
=  h 4+i +  6L 2n+1L2n -  4Ln+iLn + 2L4 +

+ ( 4 ^ +1Ln _  6L*+1L’ +  8Ln+lL l  -  3L4)(£ +  £4), (41) 

which implies two new identities

25F4n+1 =  h 4+1 +  6L2n+1L 2n -  4Ln+1L 3n + 2L4

=  -h4+i "b 6Ln+iL^(Ln+i — L„) +  2Fn(I/n+i +  Ln)

= I/4+1 +  6Ln+iLlLn- i  +  2J£Ln+2 (42)

and

25F4n = 4Ln_|_1Ln — 6Ln+1Ln +  &Ln+\Ln — 3 Ln

= 4Z,̂ _|_̂ Fn(Fn4-i Ln) 2Ln+iL n{Ln+i Ln) +  3Ln-\-iLn-\- 

+  3-L̂ (_Ln+i — Ln)

=  2Ln+iLn(Ln+i  — Ln) +  2Ln+iL n(Ln+i — Ln)2 +  3-L2 (2I/n+i — L n)

= 2L2n+1L nL n- i  + 2Ln+iL nL n -i  +  3L® (Ln+i -I- Ln- i)
=  2Ln+iL nLn_i(L n+i Ln—i) -I- 3Ln(Ln+i -(- Ln—\)

= (2Ln+iL nLn- i  +  3L^)(L„+i +  Fn- i)
=  5Fn(2Ln+1LnL„_i +  3L*) =  5F2n(2Lil+1Ln_1 + 3L*)t (43)

i.e.
5Z/2n =  2Ln+ iF n- i  + 3h)p (44)
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5. G en era liza tion s

The following identities form the generalizations of the identity (40):

(¿n+i +  L n(£ +  £4))2fe+1 =

=  ((1 +  e +  £4)"+1 +  ( ! + £  + ^4) " - 1)2fc+1
=  5fc(( l +  £ +  £4)(2*+!)n+l +  (1 +  £ +  £4)(2fc+l)n-l)

— 5feI/(2fc+l)n+l +  5fci(2fc+l)n(i +  £4)) (45)

(Ln+i + L n(i + ^ ) ) 2k =

= ((1 +  £ +  e4)n+1 + (1 +  £ +  e4)n“ 1) 2fe
=  5fc(l +  £ +  e ? kn =  5feF2fe„+i +  5kF2kn(t; + £4), (46)

and
{Fn+i +  F„(£ +  ^4))fc =  (1 +  i  +  e4)"” =  ¿ W i  + Ffcn(^ +  £4). (47)

From this, the two below identities can be generated

¿571+1 =  ¿n+l +  10-^n+l¿n _  10I/2+1I/® +  10-^n+lI/4 — 31/®

= ¿n+1 +  10^n+ l^n^n-l +  lO T n-l^4 +  7L®
=  L 5n+1 + 10 L lL n^ ( L 2n+1 + L l)  +  7T®

(by (33))

=  L„+1 +  50L^lL n-iF2n+i +  71/® (48)

and

25LSn =  5L4+1L„ -  10L 3n+1L2n + 20L 2n+1L3n -  15¿ n+1i 4 +  5L®

=  5L„(L4+1 -  2L3n+1L n +  4Z/2+1Z,2 — 3Ln+iI,® +  L4)
=  5Ln(L®+1Ln_i — L^+1LnZ/n_ i +  3Z/n+iL^Ln_i +  L4)

= 5Ln((X2n -  3(—l)n)2 + (¿2„ + 2(-l)")(4L2„ -  7(—1)"))
= 25Ln(L^„-(-l)n£2n -l),

i.e.

(Carlitz, 1970);

¿5n =  ¿ « (¿ L  -  ( - l ) nX2n -  1) (49)
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C2n+1 -  Fn+l +  (50)
F2n =  2FnFn+i — F 2, (51)

Fzn+i =  F 3+1 +  3Fn+1 F 2 -  F 3, (52)
F3n =  3F 2+1Fn -  3Fn+1F 2 +  2Fn3 =

=  3 F„+1F„Fn_i +  2F 3, (53)

=  F„ (^(¿2n +  3 ( - l ) n)  +  |  (Ian -  2 ( - l ) nv5 v /  5
= -F„(h27l +  (-l)n) (54)

(Koshy, 1999);

F4n+1 = F*+1 +  6F2+1F 2 -  4Fn+1Fn3 + 2F4 =
=  F 4+1 + 2F2+1F 2 + 4Fn+1F 2Fn_x + 2Fn4. (55)

Hence

25F4n+i =  F2n+2 + 2 F 2nF 2n+2 +  6 i 2n — 20

=  ( F 2 n + 2  + L2n)2 +  5F2n — 20, (56)

which provides to

5F4n+i =  5F |n+1 +  F 2„ — 4, (57)
Fin =  4F3+1 Fn -  6Fn2+1F 2 +  8Fn+1F 3 -  3F4. (58)

From identities (55) and (58) we obtain

F4n+2 =  F 4+1 + 4F3+1Fn + 4Fn+1Fn3 -  F 4 (59)

= F t+l -  F 4 +  4Fn+xFn(F 2+1 + F 2)

=  (7*n+x +  4F„+iFn -  F 2)(F 2+1 +  F 2),

i.e., by (49):

F 2n+i =  F 2+1 -I- 4F„+iFn — F 2
= (Fn+i + 2Ft7)2 -  5F2 =  F2+1 -  5F2; (60)

Fsn+i =  Fn5+1 + 10F3+1F2 -  10F2+1F3 + 10Fn+1F4 -  3F„5 
= Fn5+1 + 10Fn+1F2(F2+1 -  Fn+1Fn + F2) -  3F„5 
= F„s+1 + 2Fn+1F2(2F2n + (-1)") -  3Fn5

= Fn5+1 +  ^ F n+1 (2L2n + 5(—l) nF 2n + 2) -  3F„5; (61)
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Fon — 5Fn(Fn+1 2Fn+1Fn +  4 F 'F n+1 3FnFn+i + Fn)

= 5Fn [(F2+1 +  F 2)(F2+1 -  Fn+1Fn +  F 2n)

-  Fn+1Fn(F 2 + F 2̂ ) ]

= \ F n{ \L \n +  L2n+1L2n- i  +  5 ( - l  )nL 2n) 

=  Fn(L4n +  ( —l)" F 2n +  1)
= Fn (L22n + ( - l ) nL2n - l ) - ,  (62)

F7n- i  = F 7n+1 -  7F„6+1Fn + 42Fn5+1F 2 -  105F4+1F 3+
+  175F3+1F 4 -  168F2+1Fn5 +  9 lF n+1F„6 -  21 Fn7 

=  F 7n+1 -  7F„ [F®_! +  F 3(—F 2F„ -  Fn+2F„Fn_ 1 -  5Fn+1 F 2_ i )]. (63)

R em ark  4. Many general identities for sum of powers of Fibonacci and Lucas 
numbers have been proven relatively recently by H. Prodinger in the paper [4], for 
example

F  2 k + 1  ( k  +  l \  p 2 l + l
■C(2fe+l)(2n+l) /  P  I J 07 1 1 U _  7 / 2n+l>21 -f 1 — I

m— ? — l I Hi
J" ( 2 n + l) ( 2 m - 2 j )  -  ^ n + l  J Z  ( m  _  Z  / _  l )  L 2n + V

1=0

etc.
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S treszczen ie

Praca jest kontynuacją wcześniejszego artykułu autorów [7]. Wykorzystuje się 
w niej nową metodę dowodzenia różnych tożsamości i zależności dla liczb Fibo- 
nacciego i Lucasa. Metoda oparta jest na wykorzystaniu fundamentalnego wzoru 
dla potęg liczby zwanej złotą proporcją. W pracy otrzymano oryginalne wzory dla 
sum pewnych szeregów, tożsamości dla iloczynów skalarnych skończonych wekto
rów o składowych złożonych z liczb Fibonacciego i Lucasa oraz wzory redukcyjne 
związane z potęgami tych liczb.


