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O N  SO M E  IN E Q U A L IT Y  OF T H E  
T R Y G O N O M E T R IO  T Y P E

Sum m ary. In the paper the following inequality

cos(a(x) +  7 sinx) >  sin(/3(x) +  <5cos x)

is discussed. The conditions, which the functions and parameters 
(a(x), /3(x), 7 , <5) are required to  satisfy, so th a t the inequality holds, 
are given. Also the value rnin{cos (sin x)  — sin (cos x) : x  6 R} is deri
ved. Some applications for other inequalities are given in this paper.

O PEWNEJ NIERÓWNOŚCI 
TRYGONOMETRYCZNEJ

Streszczenie. W  artykule omawiana jest następująca nierówność:

cos(a(x) +  7 sina;) >  sin(/3(x) +  <5cosx).

Podano warunki dla funkcji i param etrów (a(x ), J (x ) , 7 , 6), które 
gw arantują zachodzenie tej nierówności. Wyznaczono wartość:
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min{cos (sin x) — sin (cos a:) : x  6 M}. W  artykule zaproponowano 
także pewne zastosowania otrzym anych wyników do analizy innych 
nierówności trygonom etrycznych.

1. O ne sim p le  p ro o f

In support of the following, so called, summation formula (for complex numbers 
from the unit circle), we have

eiv> + ei '  ̂= 2 cos (  .
2

From this formula we easy obtain two special identities

1 +  el v =  2 cos ^  el 2

1 -  eilfi = 1 +  e* (7r+¥>) =  2 cos e* =  - i  2 sin

and the following one

cos if — sin ip = Re (e* ^ +  i e1 =

=  Re(elip + el ^2+^ )  =  Re^2cos(^(<p — i p  — e* _

=  2 c o s ( i ( < y9 -  i p  -  ■ c o s f y t p  +  i p  +  | ) ) .  (1)

Hence we get the next identity

cos ( a (x) + 7 sin x) — sin(/3(a;) +  hcosx) =

=  2 cos^-(a(:r) — (3(x) +  7 sin a: — 8cosx  — —)^ x

x c o s ^  (a(x) +  f3(x) +  7 sin a: +  6 cosx + ^-)J =

= 2 c o s ^ ( a ( x )  -  f3(x) + \Ay2 +  S2 sin(x -  x 0) -  j  x

x c o s ^ (a (x )  +/3(x) +  y/'y2 + 62 sin(a; +  xo) -  (2)

where cosx0 =  / ? „  , sinaio =  , s ~~ and x0 £ [0, 27t).y/~12+62 \J~i2+S2
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Now if we suppose th a t for every i e l

0 ^  P(x) <  ^  -  V l 2 + and la (x)l < ~  V/72 +  -  P(x), (3)

then we obtain

P(x)  +  \Ay2 +  S2 -  ^  <  a(x)  <  ^  -  V t^ + T 2 -  /?(x), 

which implies two following estimations

- 7 r =  v/7 2 + ^ 2 -  ^  ^  <

<  a(x) -  /3(x) + v/72+^2 sin(a; -  x0) -  ^  <

< a(x) +  /?(x) +  V T ^ + i2 -  ^  ^  -  1/ 7 2 +  ¿2 +  ^Ay2 +  ¿2 -  -  = 0

and

0 =  \ / 72 +  ¿2 -  ^  -  \Ay2 +  S2 + ^  < a(x) -  p(x) -  y V 2 +  S2 + — ^

< a(x) +  P(x) +  V 72 +  52 sin(x + x0) + ^  <

< ^  -  v / 7 2 4- S2 + y / ' y 2  +  S2 +  ^  =  7T.

The above considerations lead to the theorem.

T heorem  1. I f  the conditions (3) are satisfied, then the inequality holds

cos(a(x) +  7 sinx) sin(/?(x) +  <5cosx), i € l .  (4)

Additionally, if a(x) — P(x) > 1/ 7 2 +  ¿2 — f  /or x = - f + x o  +  2 fc7r, f c e Z  and
a(x) +  /3(x) < f  — y/^f~+lP for x  =  f  -Xo +  2 fc7r, k G Z, then the inequality (4) 
is sharp for every i € l .

Moreover, if y / j 2 +  <f2 G  [7r ,  27t ] ,  /3 ( x )  =  — \\J ri1 +  d 2 and

i  ^ \ / 72 +  d2 -  <  a(x) ^  i  ^37t -  V 72 +  d2)

i/ien it can be deduced, that

cos(a(x) + 7 sinx) > sin(— -y / 'y2 +  S2 +  dcosx) (5)

for every x  G [—xq, § — xo], such that — § € [—2xq, § — 2xq].
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C oro llary  2. The following inequalities hold

1 ° cos (7 sin x) > sin (<5 cos x ) , \ / 7 2 +  J2 ^  x G M;

2° cos^( -----V2) sinfc x +  sin x  J
2 / ^  sin^

'<5 -
■ a/2) cos2 x +  cos x j , fc > 2,

and
¿j

cos^( — — \ / 2) cosfe x +  sin x^ ^  sin^ V̂2) sin2 x +  cos x j , k ^  2,

3° cos^( ^  -  \ / 2)x a(z ) +  sin x j > sin^ V ^X e^ x) +  cosx) ,

where X b ( x ) means the characteristic function of the set B, for every B  C R. 

In the next two sections our aim will be to find the following value 

min { i £ l :  cos (sin x) > sin (cos x )} .

2. S om e au x iliary  fu n ction s

Let us denote
, sm x . ./  x) =   , x ^ O ,

X 
cos x

g{x) = ------ , x / 0,
X

7T
h(x) — / ( sinx) — 5 (cosx), x  /  k —, k G Z,

and

rj{x) = cos(sinx) — sin(cosx).

and

2

L em m a 3. We have

i 2 ^  ~ '  ' ‘ >2
1 7T

/ '(x )  =  ~ 2  (x — tgx) cosx, x ^ ( 2 f c + l )  —, k e  Z,

</(x) =  — (x +  ctg x) sin x, x ^  fc 7T, k G Z.
x2
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C orollary  4. Let tg:ro =  Xo, xq e  (n, §7r). Then function f(x )  is decreasing in
the interval (0, zo] from the value 1 to ai" .

C oro llary  5. Let ctgaq =  —x \, x \ € ( f  , 7r). Then function g(x) is decreasing in
the interval (0,x i) from +oo to the value co*Xl ■

Directly from Corollary 4. and 5. we obtain the following two lemmas.

Lem m a 6. Function f(s in x) (as composition of increasing function with decre
asing function) is decreasing in the interval (0, Ç] from the value 1 to sin(l), howe
ver in the interval [f ,7r) (as composition of two decreasing functions) is increasing 
from the value sin(l) to 1 .

Lem m a 7. Function g(cos a;) in the interval [0, is increasing from the va
lue cos(l) to +oo, however in the interval (§, 7r) this function (equal to — g(\cos:r|), 
as composition of one increasing function and two decreasing functions) is incre
asing from —oo to the value — cos(l).

At the end, from Lemma 6. and 7., we get the basic result.

T heorem  8. The function h(x) (as a sum of functions / ( sin a:) and —g(cosx)
i.e. two decreasing functions) is decreasing in the interval (0, | )  and this function 
has exactly one real root z\ E (0, f ).

Proof. Because we have

lim h(x) =  1 — cos(l) > 0,X—►()+
lim h(x) = sin(l) — (+oo) =  —oo,

therefore there exists exactly one root Zi 6 (0, f ) of the function h(x). Because 
< 2 < ?>thus h ( l )  =  v/2( s in ( ^ )  —cos(:'^ ))  < 0 and in consequence Z \  < j .  

After direct calculation we obtain

z1 ~  0.692728570186833888347365 rad ~  39.6904234198376057055880°

and
/(s in zi) = g(coszx) ~  0.933396189408898411846964.

□
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3. T h e m in im u m  o f  th e  fu n ction  rj(x)

T heorem  9. We evaluate

min{?7(x) : i £ l } =  v iz i) =
cos(cos z{) +  sin(sin zi) cos(cos zi) 
cos(sin z \ ) +  sin(cos z i ) cos z\

cos z\ +  sin z i cos2 (cos z \ )

■ (cos z\ — sin zi) =

• (cos z\ — sin Z\ ) ~
cos(sin z\) +  sin(cos zi) cos2 z\

~  0.107126944872952996112029.

Proof. We have
T]'(x) =  — -  h(x) sin2x,

from where we obtain

r]'(x) < 0  for x  G (0, zi),

i f { x ) >  0 f o r x e ( z i , | )

and t j ' ( z i ) = 0. Let us remind, that /(s in z i)  =  <?(coszi), which implies the follo
wing equalities

. . cos2 (cos Zi) — sin2 (sin zi)
Vizi) —  rz------r-— r- =cos(sm z i) +  sm(cos z i)

5 2 ( c o s z i )  cos2(zi) -  / 2(sinzi) sin2(zi)
cos(sin zi) +  sin(cos zi)

cos2(zi) — sin2(zi)
cos(sin z i )  +  sin(cos Z i )

• g2(cosz1)

or

cos(coszi) T  sm (sm zi) , . . ,
ry(zi) =   —----- r -——------- -(^(coszi) coszi -  /  smzi smzi j  =

cos(sm zi) +  sm (coszi) v
cos(coszi) +  sin(sinzi) . , , N

=   T----- T7— :—7-------- r 3 (coszi)(coszi - s m z i j .cos(sm zi) +  sin(coszi)

□
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4. A n oth er  prob lem

In this section we will find the maximum value p > 0, such that 

(cos(sina:))P ^  sin(cosx), x £ (o,

Fig. 1. P lot of the function r(x)  
Rys. 1. W ykres funkcji r(x)

We will give only the numerical solution of the considered problem. The plot 
of the function

ln(cos(sinx)) 
r X ln(sin(cosx))

is presented in the Figure 1. The function r(x) has the maximum for the argument 

20 «  0.847025264081253322819775 

and the value of this maximum is equal to

Vmax = r(xo) «  0.6410192376328008246798234.

Hence the required maximum value of p is equal to

Pmax = — «  1.560015583452483583231204.
T max
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5. S om e ap p lica tion s o f  th e  fu n ction  rj(x)

We have the identities

sin </? +  sin xp + sin(y> +  xp) = lm(el v + el ̂  + el (v+ip)) —
= I m( ( l  +  elip) (l +  =  4cos ^  cos ^  lm (e t:£̂ L) =

t p  i p  .  i p  +  i p
4cos — co s— s in — -— , (6) 

2 2 2

1 +  cos</? +  cosip +  cos((/? + tp) = R e(l +  e'“fi + e =

=  Re^( l  +  ei¥>) (l +  =  Re^4cos ^  cos ^  el£^ L) =

p  xp p  +  xp 
=  4 cos — cos — cos—-— , (7) 

2 2 2

1 +  cosv? — cos ip  — cos {i p  + xp) = R e(l + elv> — e 1 ^  — e %^ + ^ )  =

=  R e^(l +  elLp) ( l — = Re^—4i cos ^  sin ^  el *^ )

, <p . xp . <p + xp= 4 cos -  sin -  sin -  . (8)

Immediately from equation (8) we obtain

7T
cos ip — sin xp =  cos ip — c°s( — — xp) =

=  c o s(-  ip xp) 1 +  4 cos — sin sm^   j  =

=  -  sin(y -  xp) -  1 +  4 cos ^  sin ^ ^  sin^  +  ^— —j  (9)

and hence (for ip =  sin x  and xp =  cos x) we get the estimation

sin x f  — cos x (  § +  sin x  — cos x  \
4 cos —  s in     sin(^   J =

=  1 +  sin(sinx -  cosx) +  r](x) ^  1 +  sin^v^sh^x  -  —)^ 4- r](zi) ^

> 1 -  sin(V^) +  r}(zi) ss 0.119360998880217469042895. (10)

This estimation is very good, because the function ri (x) =  1 +  sin (sin x —cosx) +
T](x) has the minimum value equal to r \min sa 0.120100736258068063753489.
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Similarly, from equation (6) we obtain

cos ip — sin ip = sin(— + ip) +  sin(—i/’)

. ,7 T  A  í í + 9 > \= - s i n ( -  +<p-il>) + 4 cos(^^-y-J cos —  sin^   J =

=  _  cos(^  _  t) +  4 c o s ( Í ± ^ )  cos |  s i n ( Í ± p ^ )  (11)

and hence (for <p =  sin a; and ip = cos x) we receive 

■? +s i nx \  cos X  /  f  +  sinx — cosx
4 cos

/ T j + s m x \  cosx . + sinx — cosx\
( 2 ) C0S 2 Sm( 2 ) =

= cos (sinx — cosx) +  rj(x) ^  cos^V2 sin(x — ^ ) )  +V(zi)

^  cos(%/2) +  r](zi) «  0.263070639638327469566677. (12)

This estimation is also very good, because the function: r 2(x) =  cos (sinx—cosx) + 
r)(x) has the minimum value equal to r^min ~  0.265230413973439632397303.

R em ark  10. All numerical calculations were made in Mathematica}
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S treszczen ie

W artykule omawiana jest następująca nierówność:

cos(a(x) + 7 sinx) > sin(/3(x) +  <5cosx).

Podano warunki dla funkcji i parametrów (a(x), /3(x), 7 , 6), które gwarantują za
chodzenie tej nierówności. Badano także wartość: min{cos (sin x) — sin (cos x) : x  € 
IR}. Zagadnienie to jest uogólnieniem problemu zaproponowanego przez autorów 
w American Mathematical Monthly [4]. Problem ten dotyczył udowodnienia omó
wionej we Wniosku 2 nierówności 1°. W artykule wyznaczono także numerycznie 
maksymalną wartość p > 0, takiego że (cos(sin x))p p  sin(cosx) dla x 6 (0, 7r /2). 
W ostatnim rozdziale zaproponowano także zastosowania otrzymanych wyników 
do analizy innych nierówności trygonometrycznych.


