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B B E A E H H E

B e c K o n e H H b ie  M aT p H n p i B C TpenaioT C H  b  p a 3 H b ix  p ;i3 /i ,e j ia x  M a T e M a ra K H . C h CTe m a T h  n  e -  

CKoe r o y n e n n e  n a n a j i o c b  b  T eo p H H  cyM M H poB anH H  p a c x o /p n p H x c H  n o c iiC A O B a T e jib iio c T e fi h  

p a ; ;o B , b  K B a irro B o ft M exaH H K e h  T eo p H H  p em eH H H  öecK O H eH H H X  c h c t c m  J im ie f n ib ix  y p a ß -  

H eH H ń C 6eCKOHeHHbIM HHCJIOM HeH3BeCTHbIX.

B TeopHH pąąoB paccMaTpHBaiOTcn npeoöpasoBaHHH nocjieflOBaTejibHOCTeñ ran a  

(zn) ->  (z'n) =  <j>((zn)), rpß z'n =  Y^k= \ ankZk- ripeo6pa30BaHHe (j) 3a;;aeTca ripn noM O -  

iu,h öecKOHeHHofi MaTpnu,bi a =  (a ,j). Heoöxo/uiMbie h AOCTaxomibie vcjiobhh ;j,jih to to ,  

HTOÖbi npeopa30BanHe <j> nepeRO/puio jnoßyio cxoAHmyiocH nocjie;i,OBaTejibHOCTb b  cxo/pi- 
luyiocH Hañ^eHbi Kojkhmoë.

T e o p H H  T e fe e H Ô e p r a —^ n p a x a  b  k b b h t o b o M M e x a n u x e  H c n o jib 3 y e T  p em eH H H  /m y x  j ih -  

h c h h m x  y p a B H e H H ñ  b  Ö ecK O iieH H bix M a T p n p a x :

A X - X A  = I  A X  -  X D  =  0

( n e p B o e  y p aB H eH H e n a3b iB aeT C H  y p a m ie im e M  K B aH TO B auH fl). I I j ih  n a x o m /ip iu iH  p e m e n n ü  

H cn o jib3yeT C H  T eopH H  c n e K T p o B  o n e p a T o p o B  b  r n j ib ö e p T O B b ix  n p o c T p a n c T B a x .

BypHoe pa3BHTHe Teopnn Jimiefnibix npocTpaHCTB GecKonemioñ pa3MepHocra HacTy- 

riHjro b  Hanajie XX b c k e .  OcHOBanHH 6buiH 3ajio>Keiibi rjiasHbi.M o6pa30M HccjießOBaHHHMH 

Hßapa OpeAroHbwa h  B h t o  BojibTeppw. O h h  paccMaTpHBajin Teopmo jiHHeöHbix ypaBHe- 

HHË C ÖeCKOHeHHbIM HHCJIOM ypaBHeHHÎ't H HeH3BeCTHbIX C HCri0JIb30BaHHeM npeflCTaBJieHHH 

B BH^e ripe/jejia j im ie Ë H b ix  ypaBnenHH c KOHemibiw h h c j io m  ypaBeneimfi h  neH3BecrHbix, 

Kor;j,a h h c j i o  ypaBHerorii h  HeH3Becrabix CTaHOBHTCH GecKOHeHHbiM. 3 t o  npnBejio k  pa3BH- 
th k >  TeopHH HHTerpaHbiibix ypaBneHHÜ. C flpyroü CTopoHbi, paöoTbi ^aBH^a FíijibóepTa, 

/I>KOHa cJjoh Hcñ.Mana, 3pxap,n,a IIIMH/pra h  O pnreca Pnca no Teopnn HiiTerpajibHbix 

ypaBiienHñ riocjiyncHjiH t o j i h k o m  k  paaBHraio TeopHH jimieñubix npocTpancra GecKonen- 
h o ü  pa3MepHocTH. 3 t o  h  npnBejio k  co3,T,anHio Teopnn öanaxoBbix h  rajibôepTOBbix npo- 

CTpaHCTB.

A jireôpaH H C C K H C  CBOËCTBa ô ecK O H e m ib ix  M a T p m i, h  G ecK O H eH H O M epubix j i h h c h h m x  h j i h  

K JiaccH H ecK H X  r p y n n  H ccjiejiy iO T C H  b o  m h o t h x  C T âT bH x h  M OHorpacJ)HHX. 3 t o  A ejiaeT C H  c  

pa3H bIX  T O neK  3peH H H , c p e / p i  KOTOpblX MbI OTMeTHM T eopH IO  aCCOU,HaTHBHbIX KOHep H 

M O fly jieił, a j i r e ß p a n n e c K y i o  A T -T c o p m o , T e o p m o  a j i r e 6 p  J I h  h  a j i r e ß p a H H e c K iix  r p y n n ,  T e o -  

p m o  ôeC K O H enfib ix  r p y n n ,  « Jiy H K p H o n ajib H b iË  a H a j i r o  ( n o j ib i j a  o n e p a T o p o B , c r ie K T p a jib H b if t 

a H a jiH 3 ) , s jie M e H T a p H b ifi a H a jiH 3  ( T e o p n n  c jiy iiK im ii, n o c j ie ,ą o B a T e j ib H o c r a  h  p n ^ b i ) ,  T e o 

p m o  npe,a,C TaB J!eH H ft, T e o p m o  M O /jc jieñ , G ecK O H em syio  KOM ÔHHaTopHKy h  T e o p n io  B epoH T - 

HOCTeË.

BecKoneMHbie MaTpnn,bi m h  m o jk c m  CKjiajjbmaTb k & k  o ô b iH H u e  M a r p u u b i .  C n ep H cJiH K a 

GecKOHeHHbix MaTpmj riomiocTbio BbiHBJineTCH npn nonbirae yMHoncara h x .  A HMeHHO,
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yMHOMceHHe ÖeCKOHeHHblX waxpiin He Bcer^a onpe;j,ejieno. B aHajiH3e, r^e HcriojiL3yiOTCH 
K0MnjieKCH03HaHHbie h Benj,ecTBeHH03naHHbie ÖecKOHeHHbie MaTpHpbi 3Ta CHTyaunsi npe- 
o;;oJieBaioT HanoxceHHeM Ha MaTpiiphi ycnoBHft rana cxoahmocth nocJieAOBaxejibiiocTeií 
K03cJ)cJ)Hi;HeHT0B b CTpoKax h cxojiöpax. B anreôpe paccMaxpHBaioxcii MaTpnnbi c ko- 
34>4)HII,HeHTaMH H3 npOH3BOJIbHOTO aCCOipiaTHBHOrO KOJI bpa R  C eAHHHHeft, TeM CaMbIM 

HaKJiaAbiBaiOTCii APyrne ycjiOBHH kohchhocth, Tuna KOHeHHO ctpohhocth hjih kohciho  
CTOJiöpoBOCTH. KpoMe Toro, y.MHO>KeHiie mojkgt 6biTb onpeAeJicHO, ho 6biBaeT neacconna- 
THBHbiM. B TpeTbux, oöparaMocra ôecKOHCHHbix MaTpHu, BCAGT ceösi CTpaHHO, cymecray- 
IOT HanpHMep ôecKoiic'nibie Maxpnn,bi HMeioipue ôockoiichiioc hhcjio oôpaxiibix.

BecKOHCMiibie MaTpnnbi mojkcm CKJia/jbiBaTb Kax oöbiHHbie MaTpupbi. CnenHcj>HKa 
ÖeCKOHeHHblX MaTpHH, nOJIHOCTbK) BblHBJIHCTCiI npH nonblTKe yMHOJKaTb HX. A HMeiIHO, 
yMHO/Kciiiic 6ecKOneHHbix Mai'pHu, He ncer/ja onpe;i,ejieHO. B aHajiH3e, r;i,e Hcnonb3yiOT- 
CH K0MnjieKCH03HaHHbie h BeinecTBeiiH03naHHbie GeCKOneHHbie MaTpnnbi 3Ty cirryauHio 
iipeoAOJieBaexcH najioMceinicM na MaTpnnbi ycnoBiiñ rana cxoahmocth nocjieAOBaxejibno- 
ctcö  K03([jc[)HHHeHT0B b CTpoKax h CTonönax. B anreôpe paecMaTpuBaiOTCH MaxpHpbi c 
K03(J)<|>HH,HeHTaMH H3 npOH3BOJIbHOrO aCCOU,HaTHBHOrO KOJIbpa R  C eAHHUpefi, TeM CaMblM 
HaKJiaAbiBaioTCH APyrue ycnoBHH kohchhocth, rana Konenho ctpohhocth hjih kohchho 
ctoji6u,obocth. KpoMe to to  yMHoxcenne mojkct 6bixb onpeAejieiio, ho 6biBaeT Heacconn- 
aTHBHbl.M. Bo TpeTbHX, OÖpaTHMOCTb ÖeCKOHeHHblX MaTpHU; BGJieX CeÖH CTpaHHO, cyipe- 
cxByiOT HanpHMep öecKOHeHHbie MaTpnpbi hmciou^hc öecKoneHnoe hhcjio oöparabix.

AjireöpaHnecKHft noAXOA k loyHeinni ÖeCKOHeHHblX Maxpnii, Hanancn b 4 0 - b m x  ropax 
XX-Toro Bena c paöoT P. Bapa, H. Al>KCKo6coHa, JJjk . Mann, M. AMHTpypa h Apyrax. 
Cuanana ohh H3ynajiH KOJibpo KOiieHHOCTpoHHbix ÖeCKOHeHHblX Max pun, Mr(oo, R ) HaA 
KOJIblJOM R  (KOAbU,0 3HAOMOpcj)H3MOB JieBOTO CBOÖOAHOTO MOAyAîl) H K0JIbH,0 Mrc(cO, R )  
KOHeHHOCTpOHHbIX H KOHeHHOCTOAÖpOBblX ÖeCKOHeHHblX MaTpHU, (K0AbU,0 HenpepblBHbIX 
3HA0M0pcJ)H3M0B HJIH K0AbU,0 3HA0M0pc|)H3M0B with adjoint), KOTOpOe nOHBHAOCb B HCCJie- 
AOBaiiHH cneraoMepHbix ajireöp h APyrnxx KOjieu, co CBOËcraaMH kohchuocth. HxoroBasi 
paöoTa H. ylyKeKoöcoiia o nenpHBOAHMbix Mojiyjinx noxa3ajia BaxHOCTb iuioxiibix noAKO- 
jieu, KOJibua Mr(oo, R), t. e. kojicij coAepjKaipHx KOJibpo M(-ß) -  cocxoninee h3 MaxpHii, 
HMeiOin,HX TOAbKO KOHCHHOe HHCJIO HCHyjICBblX SJICMCIITOB. TaKHe KOJIbpa H Ha3bIBaiOTCH 
KOJIbpaMH ÖeCKOHeHHblX Maxpiin, /p ía  MHOniX MaTeMaTHKOB KOJIbpa ÖeCKOHeHHblX MaT- 
Phu; cjiyjKaT TOAbKO npHMepaMH naxojiornii b KOJibpax. B Moiiorpacjnni [41] öecKonenHbie 
MaxpHAbl nOHBJIHIOTCH TJiaBHblM 0Öpa30M B KaHeCTBe KOHTpnpHMepOB. Ha IiepiSblii B3I7IÍIA 
ÖecKOHeHHbie MaTpnnw He HMeiOT HtiKaKofi oöo3peßaeMOö crpyKTypbi, bo3mo>kho noTOMy, 
HTO He yAOBAeTBOpHIOT IIHKaKHM yCJIOBHHM KOHeHHOCTH (HanpHMep OHH HHKOI'Aa He HB- 
JIHIOTCH OAHOCTOpOHHe HeTepOBCKHMH). Ha CaMOM AeJie B paÖOTaX MHOniX MaTCMaTHKOB 
BbiHBjiena hx öoraxan CTpyKTypa. HanpHMep, ABa yHHTajibiibie KOJibpa R  h 5  MopnTa 
SKBHBaJieHTHbl TOIAA H TOAbKO TOTAa, KOTAa M (fi) oj M (S ) <=> Möc(oO, R )  ~  Mfcc(oO, S ) <=> 
Mrc(o°> R ) — Mrc(oC, 5 )  <̂ > Mr(oO, R ) ~  Mr(oO, S ) (3flßCb Möc(oO, R) 0Ö03HaHaeT KOJIbHO
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Bcex MaxpHU,, y KOTopux Bce iieiiyneBbie sjicmchtbi tojibko b kohchhom HHCjie ctojiGhob). 

Kojihua Mr(co, R ) h Mrc(co, S )  HHKor^a HenaoMOpcjnibi, cyipecTByeT KOJibpa R, S  Tanne, 

HTo R  ~  Mr(oo, R ) h S  ~  Mrc(oo, 5'). Jljia  rpynn IÏHKapa HMeeM h30mop4>h3mh P ic (R )  

~  P ic (M {R )  =; Pzc(M r(oo, R ))  [38], [35], [36], [37], [92], [39],

McCJieAOBaHHH KOJieu, 3H/I,0MOpc])H3MOB eCTeCTBeHHbIM o6pa30M B030yflHJIH HHTepeC H 

K rpynnaM aBT0M0p4>H30B öccKOHeHHOMcpiibix MO^yjieñ. Ohh hhtchchbho iianajuicb H3y- 
HaTCH B paôoTax KaiuiancKoro [116], [117], K a r c o n a  [115], Mann [129] h Po3en6epra [153] 
1950-x roflOB. B rpoivia/piOM kojihhcctbc paôor paccMaTpiiBajiHCŁ paaininnbie rpyrinbi 6ec- 

KOHeanbix MaTpHu;. /ÍBa KpañuHX ycaoBwa koiichuocth uaKjia,itbiBae.Mbic Ha GccKoiieaubie 

MaTpupbi, ohh h naHÖojiee uiHpoKO o6cy>KAaJiHCb b JiHTepaType, sto:

GL(P) — CTa.ÓHJibiraH noanaa jnniciiHaa rpynna, KOTOpaa hbhhctch HH,ąyK- 
THBHbiM npe;i,ejiOM rpynn GL(n, R) OTHOCuxejibiio ecrecBeHHbix bjiojkchhë;

GLC(G, R) — rpynna aBX0M0p4ni3M0B npaBoro Moryna Rn (cooTBeTCTBemio 
GLr (fi, R) fljiH jtcBoro moavjih nR), rpfi fi -  6ecKOHennoe HH^encHoe mho>kc- 
CTBO.

G L (ñ ) 3TO He anajior cTaGnabnoro KOJibpa M (R ),  KOTopoe ne HMeer e^piHHijjbi, a ero pac- 

uiHpeHHH nocpe^CTBOM ,o.o6aBjieHHH CKaJinpubix MaTpHij. SjieMeHxaMH CTaönjibiioi! rpyn- 

nbl HBJIHIOTCH MaTpHU,bI, KOTOpbie cJlOpMajlbHO ÖeCKOIICHHbl, HO B ^CflCTBlITejIbHOCTH JIHUIb 

b KoiiennoM HHCJie MecT oTjiHHaioTca o t  e/xHHHMHOH MaTpiipw. 3 xa rpynna ycTpoeHa, b 
npHHininc, Kax KOHenHOMepiïbie non tibie jiHnefhibic rpyrinbi G L(n, R ), h ^axce npoipe. Ona  

Hamna nmpoKoe npuMCHCHHC b ajireöpannecKOH K -TeopHH (floCTaTonno noCMOTperb jno- 
6yio KHHJKKy no ocnoBaM ajireópannecKoft A'-Teopnn [93], [133], [3]). Mmchho STa rpyrma 

HBJiiieTCH Mo;;ejibiioß /ym  riocTpoeHHH A’-Tcopini Konen,, o/piano, npaKTunecKH iniKaKoft 

cneu,n4)HKH öecKoneHHbix MaxpHu, b Heß He na6jno,naeTc>i.
Bojiee HHTepecHbiM cjiynaeM, nojniocTbio BbiHBJiinom,HM cricixiic^nKy GecKOHeniibix M a x -  

pnn;, ecTb rpynna GLc(Cl, R) (cooTBeTCTBeHHO GLr(G, R)), b MaTpmi,ax OHa ripeycraB- 
JIHeTCH TaKHMH KO H C '  IH OCTOJI6 11,0 B bl MH (cOOTBeTCBeHHO KO II CH H OCTpO H H bl MII ) MaTpHIjaMH, 
OÖpaTHbie K KOTOpbIM TO>Ke HBJIHIOTCH KOHeHHOCTOHÖpOBblMH (COOTBeTCBeHHO KOfieHHO- 
cxponiibiMii) MaTpiniaMH. Hąąo OTMeTHTb, HTO flfln öecKOHeHHbix MaTpnn, ycjioBne ko- 
HeHHOCTH AJiii oöpaTHOH MaTDHUbi a~ l coBepmeriHO He BbixeKaeT h3 cooTBexCByioinero 
ycjiOBHH na caMy MaxpHuy a, xax noKaabiBaer cne/iyiounifi npHMep:

/ i - 1 0 0 0 . •• ^ (  1 1 1 1 1
0 1 - 1 0 0 . 0 1 1 1 1

a = 0 0 1 - 1 0 . , a 1 = 0 0 1 1 1
0 0 0 1 - 1  . 0 0 0 1 1

i / l . . .
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M a x p n u a  a  H B JiH eT cn  K O H eH H O C T poH H oft, n o  o 6 p a T H a n  k  n e í t  H e  HBAHeTCH K o n e H H o e x p o H -  

H O ft. C A P y r o ñ  c t o p o h h  w a T p H p a  a  H M eeT  K o n e H H O c rp o H H O io  n p a B b i i o  o 6 p a T H y i o  k  n e f t ,  

HMeHHo:

0 0 0 0 0
- 1 0 0 0 0
- 1 - 1 0 0 0
- 1 - 1 - 1 0 0

\   /
rp yn n a  GLC(Q, R ) sibjihctcji cj)opMajihiibiM aHajioroM rpynn GL(n,i?), ho cjxaKTHHe- 

ckh oHa ycTopoeHa óecKoneHno cjionaxee. Cjie^yer OTMeTHTb, h to  b cjiynae 6ecKoneHHoro 
Q, Ha caMOM /rene, nparcraHecioi Bce pe3yjibTaTbi He 3aBncnT o t  m ou/hocth Mno>KecTBa 

ü . 9 t o  3HaHHT, h to  y »ce cuynaíi' rpynnbi GLC(N, R ) HH/reKCHpoBaHHofi HaTypajibHbiMH 

HHCJiaMH, HBJIHeTCH MOfleJIbHblM AJIH HCCJieAOBaHHH CTpyKTypbl H CBOñCTB 6eCKOHeHHO- 
wepHbix rpynn. B AajibHeftineM, 3Ty rpynny 6yueM o6o3HaHaxb npocTO GLc(oo, R ).

Cpe/m  ycjioBHñ kohchhocth, HaKJiaflbiBaeMbix Ha 6ecKOíieHHbie MaTpnubi otmcthm 
em e cjie,oyiomne, BCTpeHaBHiHecH b  jiHTepaType:

GLrc(N, R ) — rpynna Konenno CTOJi6u,OBbix h kohchho CTpoKOBbix MaTpnu,
OHa HBjraeTCH ripocTO nepeceHeiiHCM rpynri GLC(N, R )  h GLr(N, R ), caMoe 

HHTepecHoe, h to  rpynnbi GLC(N, R) h GLr(N, R ) MaKCHMajibiibi h He co/rep- 
xíaTCH b KaKOñ t o  o6meñ na/i,rpynne;

GLh(N, R ) — rpynna, cocrosuuaH H3 MaTpnu a  Konennoft nmpnHbi, t o  ecTb 

TaKHx, /yin KOTopbix cyiuecxByeT xaKoe m , h to  Bce ajie.MeiiTbi MaTpnu, a  n o -1  

Bue /uiaronajibnofi nojiocbi mnpHHbi m  HyjieBbie;

GLi>c(N, R ) — 4>HHHTapHaa rpynna, cocTOHii;aH H3 Bcex MaTpnu a, pjisi koto- 

pbix Bce HeHyjieBbie aneMenTbi MaTpnubi a — e naxoAHTcn b kohchhom nncne 
CTpoK (3uecb e -  eunnunnan MaTpnua).

Tpynria G L ^N , R )  n eé nourpynnw mrreHCHBHO H3yHajincb b pa6oTax no Teopnn jio- 
KajibHO KOHeHHbix rpynn, b cjiynae Korua R  — K  -  KOHeHHoe hjih jiOKanbHO Konennoe 

nojie [94].

Fpynna GL¡,(N, R ) CBíraana c ajireópaMH Jln  paccMaTpnBaHHbiMH Bepune, eé no/u'pyri- 
nbi cocTOHiune H3 nepnoAHHecKnx MaTpnu HMeiox OTHOuienne k anreópaM Kaua-M yun  

[114] n k  rpynnaM KOHeHHbix cnnxpoHHbix aBTOMaTOB [17].

HccJieuoBanne rpynn óecKoneHHbix MaTpnu TecHO CBjnanb c HCCJieflOBamieM (KOHen- 
HOMepHbix) JiHHetebix rpynn. Pa3JinHHbie Bonpocbi, CBH3anHbie co crpyKxypoñ jinneñHbix 

rpynn, H3yHajincb y »ce K. >Kop,uaHOM, JI. ^ hkcohom, B. BaH uep BapueHOM, f .  BeftJieM,



>K. ^be^O H He H HX MHOI'OHHCAeHHblMH nOCJie^OBaTCJIHMH B OrpOMHOM KOJlHHeCTBe paÖOT. 

K o  BTopoË nojiOBHHe X X  B ena c a o jk h a o c b  H ecx o n b x o  K pyn iib ix  iiarrpaBaeirHÍí nccncAO ija- 

h h h  jiHHcí'nibix r p y n n . yxa>xeM  Te, KOTopwe h m c io t  o c o ó e n n o e  oTiiom eH He k  ßecxoiien iib iM  

MaTpHpaM.

Tpąn,Hii,HOHHo, caMbiñ 6onbinoñ Hnxepec Bbi3breaiOT HopMajibHbie noArpynnbi. Ileii- 

TpajibHbiñ pe3yjib'raT b 3 t o  fi oónacTH noJiyneH X . BaccoM, onncaBiiiMM CTpoeHHe nop.wajib- 

Hbix /jejiHTCJieií cTaÓHjibHoñ rpynnbi G L (/Î) [3], OTKy/ia nonynaeTCH onucanne na eraÖHAb- 
HOM ypoBne CTpoeHHH HopMajibHbix AejiHTeJieft noAHoft AHHefiHOfi rpynnbi G L(n, R )  na/; 

KoabąaMH. R jiíi  HecTaÖHAbHOfi cnTyan,nn anajiorn pe3yjibTa'ra Bacca p,jih GL(n, R )  6 h a h  

no3Anee riojiynenbi b paöoxax A .A . CycjiHna, R'm . ynjicona, A .3 .  ronyßnuxa  

h  HeKOTopbix A pynix aBTopoB. C  Apyrofí CTopoHbi pa6oTbi P. B-)pa h H . /J,>kcko6co- 

na paccMaTpHBaiomne KOAbpa 3haomop4>h3mob ßecKOiieHHOMepirbix MOAyneft (oxMeruM 

3 ag Cb onHcaHHe BapoM ABycxopoinmx HAeanos) h  paöoxbi P. Bapa h  C . X/iaMa onncbi- 

liaioiAHe HopMajibHoe CTpoeime rpynnbi noACTaHOBOK öecxoHennoro MHOJxecTBa ßosöy- 

AHJiH HHTepec k nopMajibiioMy CTpoeiiHio GLC(N, R ).  B  pa6oTax A . Po3en6epra [153], 

T. MaxcBejia [135], IO . Xay3en [99], 3 .  PoöepTCona [147], [148], R .  Appena [44], [45], [46] 

onHCbiBajiHCb HopMajibHbie noArpynnbi h jih  noArpynnbi HopMajiH3yeMbie ajieMenxapiibiMH 

Ma'rpHiiaMH b rpynne GLC(N, R )  a a h  panjiimubix KAaccoB xonen;. Oxa3aapCb, h t o ,  Tax xax  

b pe3yjibxaxe Bacca, o h h  noriaAaiOT b HHTepBaAbi CB3aHHbie c xoiirpyam ; noArpynnaMH 

coOTBexcByromHM ABycToponniiM HAeajiaM. H . OapyKii a& a npHMep GecKonennoro m ho- 

jKecTBa Hecnexiibix u;enefi b p em eT x e  HopMaAbiibix noArpyrm rpynnbi G L C(N , Z) o6o6nt,aii 

onpeAeAeHHe xoiirpysimrioArpyimbi [83]. P . BepHC h  H . <3>apyxH onncajiH MaxcHMaAbHbie 

HopMaAbHbie noArpynnbi b rpynne n,enOHHcneiiHbix Max-pm; G L C(N , Z ), o h h  ecTecTBemibiM 

o6pa30M HHAyn,HpoBaHbi roMOMopc|>H3MaMH Z  —> Z /p Z  (p — npocToe) [60].

P iiA  aBTopoB paccM aTpHBan noA rp yn n b i, onpeAeAHeM bie b TeopeTH K O -rpynnoBbix T ep- 

MHHax: a6eA eB bi,pa3peinnM bie, iiHAbnoTCHTHbie, c h a o b c k h c  h  t .a . ;  ocuoBH bie a o c th a c c h h a  

b 3TOÍÍ oÖAacTH npm iaA AeJxaT b xonenHOMepHOM CAynae „Uyx. fliiKCoriy, B . B cpcfip in iy , 

Æ A . CynpyHeHKO, B .n .  IlnaTOHOBy, A .E . 3aAeccKOM y h  ApyrnM  aA reöp ancxaM  m h h cx o ö  

niKOAbi. JIjva r p y n n b i G L C(N , R )  ananorH 'iH bie HCCjiCAOBamiH npoB eA enbi B .H . IT a o tx h -  

HbiM [29], M .P . CeAHÖBofi [32], H .J\. I lB a m o x o fi [19], J I .A . K y p A a n en x o , H . Cy66oTHiibiM  

[122] h APyrwMH.

IIpeAMCTOM nocTOHHHoro HHTepeca hbahctch  o n n ca iiH e  AHHeñHbix r p y n n  c  riOMOinbio 

o6pa3yioin;H x h  onpeA eA H iom H x cooT uom enH ii — o c o ô o e  BUHMamie k  sto m v  B o n p o cy  6 u -  

Ao CTHMyAHpoBaHO paßoTaMH 6 0 -x  rOAOB P . C T efin ö ep ra  h /3,>k . M HAHopa n o  CTaôinib- 

Hoîi r p y n n e  CTeftHÔepra. B  p a ô o x a x  II. B ep M ein a  h  e r o  ynemiKOB: A ftp em a , K . ü a c r o p a ,  

ÍI. t e n e u r  a  HccAeAOBaAocb nopoJKAeHHe cTpHHraMH paaH bix r p y n n  ó ecx o n en H b ix  M arp un . 

T ax x a x  h pa3AO>xeHHe b xoM nnexcH oe npoH 3BeAeH ne n o A rp y n n . B  nacTHOCxn ohh  n o x a -
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3ajiH, h to  rpyrraa kohchiioctpom hlix h KOHeHHOCTon6n;oBbix MaTpnu, HMeeT uinpHHy ab a 

OTHOCirrejibHO CTpmiroB (AnaroHajibHbix Maipm; c KonenubiMii 6noKaMH na rjiaBiioft Ana- 

roHajin) HaA nojiew KOMnAeKCHbix nncen [175]. B nocjiCAnce BpeMH B. Tojibctblk pennui 
npo6jic.My BepruiMaHa, noKa3biBaH, h to  cymecTByeT naTypanbiioe k  Tanoe, h to  nojman 

jiHHefłnaH rpynna kohchho CT0Ji6u;0Bbix MaTpnu HaA TenoM HMeeT KOHeHHyio umpHHy ne 

6ojibiuc k  A-iifi npoH3BOJibiioro MHO>KecTBa o6pa3yiouyix [33].

C TeopeTHKOMOAGJibHOii tohk h  3peHHH rpynna GLC(N, R ) n ee noArpynnbi HCCJieAO- 
BaAncb b pa6oTax II. HeftMana, J\. MaKcjiepcona, /I . 3Banca, C. Tonaca, R>k . Bepr- 

Mana, M. /Ip o ctc , P. re6cji5i, B. TojicTbixa h flpyrrac. Ohh paccMaTpnBajni b rpynne 

GLC(N, K )  b cjiynae, KorAa K  — nojie, noArpynnbi MaAoro (cneTHoro) hhagkcb [82] 
h MaKCHMajibHbie noArpynnbi [130], iranpaBjiciiHe Tecno CBiraaiiHoe c iiccjieAOBaiiHeM mbk- 

CHMajibHbix noArpynn KOHeHHbix npocTbix rpyrm. BbmcHHAOCb, h to  neKOTopbie Tnnbi 
Mai<CHMaAbHbix noArpynn b KOHeHHOMepnoM cjiynae hbahiotch TaKHMH n GecKoncniioM 

cjiynae. Ho c Apyroft cropoiibi iiohbjihiotch HOBbie ra n a  MaKCHManbHbix noArpynn ecre- 

CTBenHbie p jia  6ecKOHeHHoro cjiynan, kek CTa6njiH3aTopbi MaKCHMajibiibix HAcanoB hah  

<J)HAbTpOB, nOHTH CTa6nAII3aTOpbI nOAMOJKeCTB TOH >KC MOIH,HOCTH, HTO HX AOnOJIHeHHH. 

Otmcthm Tox<e, h to  rpynna GLC(N, K )  ne hbhsictch cyMMofi chcthoh  BOspacTaiomeO 

nocjieAOBaTejibnocTH cbohx co6cTBeHHbix noArpynn, s t o  BbiTeKaer c Toro, h to  OHa yąo- 

BJieTBOpHeT CBOftCTBy KOcjlHIiajIbHOCTH.

n o cn e 3aBepmenHH KJiaccH4>HKau,HH KOneHHbix npocTbix rpynn BunwaHne MaTeMara- 
kob npnBACK Bonpoc onncaHHH CHeTHbix AOKajibHo KOHeHHbix npocTbix rpynn. 9 t h  bo- 
npocbi paccMaTpiiBaAiicb b pa6oTax Xnpm a, KjioBca, O. Kercjia, Bepcjppnua, P. XapTJiH, 
A. 3aneccKoro, Y. M cepc^panxeiicjicjibAa, O. JlaHiiena, O. nyjibH3H, B. Jlauniurcpa  

ii Apyrnx. nojiyneno onncaHHe cneTHbix AOKajibHo KOHeHHbix noArpynn b rpynne 

GLtc(oo, K )  naA KOHeHHbiM nojieM K .  OKa3aAocb, h to  ohh hbahiotcji oGoGiachusimu npo- 

c t h x  KOHeHHbix rpynn KjiaccnHecKnx cepnfł [94].

Ein,e oahh Ba>KHbiH acneKT b HCCAeAOBaHHH AHHeiłHbix rpynri CBH3aH c H3yHeimeM 

pemeTKH Lat(G 0, G) noArpynn rpynnbi G, coAepx<amHX HeKOTopyio BbiACJiennyio noA- 
rpyrmy Go, — Taicyio 3aAany oówhho Ha3biBaiOT onucanueM npoMeotcymoHHUX nodzpynn. 
Umrepec k STOii 3aAane tcch o  conpiiKacaeTCH c npoeKTOM KnaccH<J>HKan,HH MaKCHMajibHbix 

noArpynn KOHeHHbix npocTbix rpynn, b TeneHiie nocAeAHHX AecirrHJierafi HaxoAHm,eMCH 

b  neirrpe BHHMaiiHH BeAymnx cneipiajiHCTOB — Y .  3eiin,a, M. JInóeKa, H .  CaKCAa, A. Ko

śna, R .  TecTepMan h MHornx APyrnx. Oco6eHHO 6ypno s t o t  pa3Aen Teopun KoneHHbix 
rpynn pa3BHBaeTCsi nocne noHBJicHiiH CTanmeft ya<e KJiaccHHecKoft pa6oTbi M. Am6axepa, 

rAe 6buio A0Ka3aH0, h to  KasKAast manchmanbhaa noArpynna Konennofi iinnefiiiofi rpynnbi 
jih6o npH!ią.a,;ie>KHT OAHOMy H3 bocmh onHcaHHbix KJiaccoB, jih6o HBnneTCH nonra npo- 

CToń rpynnoii b HeKOTopoM aScojnorao nenpHBOAHMOM npeACTaBneHHH. /I,ah jiHneńnbix
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rpynn na;; kohchubim nojieM, noaiiocTbio axa npoÖJieMa 6bijia pemeHa ü . K/iefiAManoM 

h M. JlHÔeKOM. 6ecKoneMHbix iioaeft, a rraK>Ke ąjm  pa3Hbix th iiob  kojicm,, Bonpocbi, 

CBH3aHHbie c oniicaHHeM peinexKH npoMOKyxoHHbix noArpynn b k oh tck ctc kaeccob Aui- 

ôaxepa, paccMaxpuBajiHCb bo Mtiornx coxhhx paöox, aBxopaMH Koxopbix hbjihioxch >K. 
Thxc, A. Bopejib, /( .  /I,bOKOBHM, B .n . UrcaxoHOB, K. CyA3yKH, JIh IIIaHHJKH, H.C. PoMa- 

hobckhü, P.A. LUMHax, A .B . CxenanoB, JIh Oyan h MHorne Apynic. C;ie;iyex oxMexnxb 

npoöacMy onHcaHHH naAxpynn pacu;enHMoro MaKCHMajibiioro xopa. O ahh h3 ochobhmx 

pe3yjibxaxoB npeACxaBnaeMoft paöoxbi oxhochxch k 3xo.\iy HanpaBAeinno H3ynenHH jih- 
nefiHbix rpynn.

/Ja a rpynn IIIeBajuie HaA ajireöpannecKH 3aMKHyxbiM nojieM K  oiiHcaiiHe npoMe>Ky- 
xoxHbix noArpynn paccMaxpHBaeMoro xnna c ncnojib30BanneM moxoaob ajireöpannecKoft 
reoMexpHH öbiao riojiyneno A.BopeaeM n /K.Thxcom: ecjin Go — pacmenuMbift Maxcn- 
MajibHbift xop rpynnbi G  =  G ($ , K ) ,  xo /um  Kax<xoñ noArpynnbi H  pemexKH Lat(G , Go) 

cymecxByex xaxoe eAHHCXBemioe 3aMKnyxoe noAMHO>xecxBO S  Ç <I>, mxo Bbinojiinuoxca 
BKjnoneHHH

G (S ) < H <  N (S ),

rflß n o A  G (S )  n o H H M a e x c a  n o A r p y n n a ,  n o p o ^ K A e n n a n  x o p o M  Go n  bccmh K o p n e B b iM n  3Jie- 
M enxaM H  z Q(£ )  n p H  a  €  S  h Ç E K ,  a  n o A  N(5) — n o p M a j iH 3 a x o p  G (5 ) b r p y n n e  G. 

T a x a n  cnen,H<J>HHecKaii KAaccH<j>HKan,Hii B e c b M a  o6b iM H a n p n  on H caH H H  n p o M e> K y x o H H b ix  

n o A r p y n n  — yA O Ö no H a 3 b iB a x b  ee c x a iiA a p x H O ii, r o B o p a  n p n  sxom, mxo n o A r p y n n b i  G(S) 
c j i y j x a x  ee 6 a 3 n c o M .

ripn nepenoce xeopeMbi B opejia-T nxca na APyrne nona h KOJibpa b paßoxax paxubix 

aßxopOB B03HHK h Aaaee cxaji oömeynoxpeÖHxanbHbiM noAXOA, CBH3aiiHbiö c paccMOxpe- 

HneM ocoöbix Maxpm; M3 hagbaob h cooxBexcxByioiiyix hm noArpynn — cexeft HAeanoB 
h cexeBbix noArpynn, xax ohh cxajiH Ha3biBaxbca b paöoxax 3 .H. Bopeisnaa h ero yaem i- 

KOB jrcHHHrpaACKoft-nexepöyprcKoft niKOJibi. K ax nacxiibie cjiynaw paßoxbi öojibiiinHcxBa 

ynoMHHyxbix unace aßxopoB BKAioaaiox b ceöa ajireGpannecKH 3aMKHyxbie h KOHeaHbie 

iioah. ho xexuHKä A0Ka3axeAbCTBa b hhx coBepmeHno oxAnnaexca ox Mei’OAOB ajireGpan- 
necKOft reoMerpuH h Koncnibix rpynn. Oxmcxhm, nxo H.P. HlacJiapeBHH naynajt öecKonen- 
HOMepHbie AHiiefiHbie rpynnbi MexoAaMH aAreßpannecKoß reoMexpiin [34], 3 .H. BopcBH'i 

A0Ka3aji, mxo ecjin K  — npon3BOJibiioe none, coAep>Kain;ee He Menee 7 sacmchxob, xo 

pemexKa HaArpynn Awaronajibiioil rpynnbi D (n , K )  b G L(n, K )  Aonycxaex cxaiiAapxHoe 

onncanne, 6a3HCOM xoxoporo cayixax D-cexeßbie noArpynnbi G(<x) [4], B AaAbiiefinreM 

3 .H. BopeBHH h H .A . BaBHJiOB A0Ka3ajin, nxo peinexxa L at(D (n , /?), G L(n, R j)  onncbi- 

BaexcH cxaiiAapxHO h aJih 6oAbiiiHiicxBa nojiyjiOKajibHbix xonei; R  (He o6a3axe.’ibiio kom- 
MyxaxHBiibix) [6].

B iipcAcxaBAHeMoft MonorpaijiiiH Mbi o6o6in;aeM cpasy necKOAbKO H3 yno.Manyxbix 

3Aecb pe3yjibxaxoB. C.'ieAyex cKa3axb, hxo xexHHKa, pa3BHxaa pjin  sxh x BonpocoB, n03B0-
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jiHCT nojiyHHTb cooTBeTCTByioiu,HC pc3yjibTaTbi u flfla flpyrnx KjiaccnnecKHX rpynn 6ec-
KOHCHHblX MaTpiIIV

TaKHM o6pa30M, Bonpocbi, paccMaTpnBaeMbie b iiameft Monorpacjnin, TecHO CB5t3a- 
ubi c o6nj,HM pa3BHTHeM ci’pyKTypnofi Teopnn ßecKOHCHHOMepiibtx jiHHeöHbix rpynn. 3 to  
h oripeACJineT aKTyanbHOCTb TeMbi Monorpac^nn.

OcnoBHoñ pejibio pa6oTbi hbjihctch nccjieflOBanne cxpyKxypbi noArpynn öecKonennbix 

MaTpnn nan, npoH3BOJibHbiM accou,naTHBHbiM KOjibpoM. B paMKax sxoñ 3aAann Tpcöyercn 

pa3pa6oTaTb TexHHKy pa6oTbi c öecKoneHHbiMH MaTpnnaMH. B stom me KonxeKCTe cjieny- 

ex nocxpoHTb anajior Teopnn cexenbix nonrpynn, BbipaöoTaTb iipaBHjibHbie oripcAeneinisi 
h MexoAbi.

B paöo'ic ncnoJib3yiOTCH aHajiorn xpaAnnnoinibix mctoaob Teopnn Jinncftubix rpynn 
naA KOJibpaMH, BKjnonan mgtoa nccjie/j,OBaiinsi nonrpynn jniiiennbix rpynn npn noMO- 
npi cereñ iiAcanoB, npnMeHeHHbie b cjiynae ÖGCKonennbix Maxpni;, BbipaöoTaHbi noBbie 
noHHTHH A-'isi paßoTbi c ôocKonemibiMH MaxpnnaMH (noHHTne poora), ycoBepmeHCTBOBa- 
Hbi MexoAbi paöoxbi c nOHiiTHBMn pannee Hcnojib30BaHHbiMH b nconeAOBaHHH öecKonen- 
Hbix Maipnu, (cTpnurn). ripnMensnoTcn xaione o6m,ne TeopemKO-rpynnoBbie n Teopemno- 
KOJibneBbie MeroAbi.

B MOHorpacjnni nojiynenbi cnenyroinne noBbie naymibie pe3yAbTaTbi:

•  B B e A e n o  b  p a c c M O T p e n n e  H O B oe n o H H T n e  p o c T a  H a T y p a j ib H 0 3 H a n i ib ix  c j jy H K n n f t ,  n o 3 -  

B o j u i i o i n e e  K ;ia c c iK [ )H U ,n p o B a T b  n o A r p y n n b i  G e c K o n e n i ib ix  M a r p n p  n  A P y r n x  c h g t h o -  

M e p H b ix  a j i r e G p a i tn e c K H X  c T p y K rr y p ,  onncano C B o ñ c T B a  p e m e T K H  p o c t o b ;

•  o6o6in,enbi na cjiynan ripoiOBOJibnoro acconnaTHBiioro KOJibpa pc3yjibTaTbi o no- 
po>KAeHHH CTpnnraMH Bamiibix KjiaccoB rpynn 6ecKOiienHbix MaTpnn, Bbinncjiena 

mnpiiHa OTHOCHTejibHO cxpimroB hgkotoplix nonrpynn rpynnbi 6ecKonennbix M aT- 

pnn;

• onncaHbi c ncnojib30BanneM GecKonennbix aHanoroB ceTeił n cereBbix nonrpynn npo- 
MeJKyTOHHbie noArpynnbi rpynnbi KOHenHOCTOJiönoBbix öecKonenHbix MaTpnn (co- 
Aepncainne KJieTOHHO-nnaroHaiibHbie Ma'rpnnbi), TpeyrojibHbix MaTpnn n rpynnbi 
MaKAeiina (conepncainne nnaronajibHbie MaTpnnbi), onncaHbi napaôojinnecKne noA
rpynnbi rpynnbi Bepuinna—KepoBa;

• nocTpoeHO HOBoe npencTaBJienne cboöoahoü rpynnbi GecKonemibiMH yHHTpeyrojib- 
HbiMH MaTpnnaMH HaA KOJibno.M xapaKTepncTHKn HyAb n p > 2, ynpomaioinee flo- 
KanaTejibCTBa KJiaccnnecKnx TeopeM o cboöoahbix rpynnax;

•  A 0 K 3 3 a H 0 , MTO b r p y n n e  6 e cK O H G H iib ix  y H H T p e y r o ; ib H b ix  M a T p n n  H a A  KoneHHbiM n o -  

AeM noM T H  Bee fc-nopo>KAeHHHbiHe n o A r p y n n b i  hbjihiotch cboGoahmmh r p y n n a M n  

paH ra k;
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•  flOKaaano, u to  b nojiyrpynne 6ecKOHenHbix TpeyrojibHbix Maxpun, na;; kohchumm 

nojieM noHTH B c e  /c-riopo>K^CHHHbnie ]io;;nojiyrpynnbi hbjisuotch cbo6o;;hi,imh no- 
jiyrpynnaMH p an ra  k;

•  onucaHbi HOBbie iio;;rpyiinbi rpynnw aBTOMop4>H3MOB cbo6o;;iioíi rpynnbi cnexno- 

ro panra n OTHOCHTejibHO CBOöo^Hbix rpyrm, onpe;;eaeiio ecTecTBenHbie ;;jih hhx 
MUO/KCCTBa nopo>K;;aiou;nx;

•  oxapaKxepn30BaHbi CBOńCTBa ppyx KjiaccoB noflrpynn rpynnbi aBTOMopcbnsMOB Kop- 
neBoro rpacjja cuerno# oajiciiTnocTU.

M oiiorpacjnia hocht xeopeTHuecKHñ xapaKTep. BneAeinibie b nefi hohhthh, pa3Bnxbie 

Mei'o;;bi h nojiyueHHbie pe3yjibTaTbi npHMeHHMbi npn HccjiąnpBaHHH CTpyKTypbi rpynn 

GecKonennbix MaTpm; hea pa3JiHHHbiMH KJiaccaMH KOjiei;. M aTepnaji, H3Jio>KeHHbiñ b mo- 
norpacpiui, MO>Ke'r 6biTb Hcn0Jib30Ban ripn htciihh cnennajibitbix KypcoB no JinnetabiM  

rpynnaM.

Pe3yjibTaTbi, nojiynemibie b i i pe;;crra bah e m o ft pa6oxe, ;;o k ji a/;bi nan h c b Ha MOKAyna- 
poAHbiOH ajireßpauMccKOH KoncJrepenuriH, nocBíiii;ciiHOM naMsmi 3.H .BopcBnna ( C e h k t -  

ric'rcpöypr 2002), na Me>KAyiiapoAHOíí KOHtbepemyui no Teopnn rpynn "Groups St. A nd

rews" (CaHT SuApioc, BejuiKoßpuTaiiHH, 2001 n OxccbopA 2005), na me>K a j napo;;nbix koh- 
cj)epein;HHx "Groups and Group R ings"(Ustron 2003, Bedlewo 2005), na KOHtJtepeHipni 
no reoMerpunecKoñ Teopnn rpynn (Xañcjra 2000), Ha ajireópannecKnx KOH<j)epeHHH5ix 

B Yupam ie (y>Kropo;; 2001, KneB 2001, JlbBOB 2003), Ha KOHcJrepennnn nocBHinenno# na- 
MHTH /( .A . PpaBe (KneB 2002). Pe3yjibxaxbi paöoTbi ;;0Kjia.;;biF3a.xncb na ajireßpaHnecKnx 

ceMHuapax ynHBepcnxeTOB Bnpr;6ypra (2001), Gpnanren (2001), A cJjhh (2002), Bapcejio- 

Hbi (2003), BapmaBbi (20026 20046 2006), BpoipiaBHH (2004), aTaioKe Ha neTepßyprcKOM 

ropoACKOM ajireópannecKOM ceMnnape hm. R.K. OaAAeeBa.
lIpaKTHuecKH Bce pe3yjibTaTbi, nojiyuemibie b MOHorpacJrnn, onyÖJiHKOBanbi b paßoxax 

[12]—[14], [91], [100]—[107].

Moiiorpacjnisi coctoht h3 BBeAerora, nexw pex m aß  (coAepJKam,HX b o6m,e# cjio>khocth 

19 naparpacjroß) n cim cxa jiHTepaxypta, HacnHTbiBaioin,ero 180 nanMenoBainiñ. 06in,Hñ 

oöbe.M paßoTbi 133 CTpaHHi;bi xencTa.

IIpi¡Be;;eM  ocHOBHbie onpcACJiCHHH n nonyuem ibie penyHbxaxbi b tom nopa^Ke, b kekom 

ohh pacriojio>KeHbi b npeAcxaBJiae.Moii paGoxe.

B nepBoñ m äße Mbi noApoöno onncbiBaeM ocHOBHbie oóbe.KXbi nccneAOBanna. OHa no- 

CBHu;eHa onpeAenenmo rpynnbi 6ecKoneuHbix KonenHOCxo;i6i;oBbix MaTpm;. IIpHBeAeHbi 

ocnoBHbie pe3yjibTaTbi o ee noArpynnax. Bbcacho n o in m ie pocTa h aTy p ají b h 03 h au n bi x
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4 ) y iiK H H ft ,  o n i i c a i i o  e r o  c b o K c t b e  h  n p n M e H e iio  A-1155 n o c x p o e i in n  h o b m x  c e n e f t c T B  n o A -  

r p y n n .  H c c j ie A O B a n a  n r a p n i ia  n o A r p y n n  o x H o e n x e j ib H O  c e M e f t c x B a  c x p n H r o B .

B  § 1 M b i n a n o M H n a e M  o n p e A e j ie n i ie  kojimia ö e c K O iie M iib ix  M a x p i- ii;  n  n o A p o Ô H O  e r o  06- 

cy> K A aeM . M b i  Aae.M  r ip H M c p b i 6e cK O H eM H b ix  M a x p m j,  K o x o p b ie  o ô p a x u M b i h H M e io x  M H o ro  

o ö p a x H b ix ,  H B i o * e  B p e M H  hbaîiioiahmhch A e a n x e j is iM H  i iy j iH .  K p o M e  x o r o  M b i n p n B O -  

A H M  n p H M e p b i B e p x H H X  x p e y r o j ib H b ix  M a x p n u ; , o ö p a x u b ie  k K O X o p b iM  îibjihioxch HH>KHne 

x p e y r o j ib H b ie  h K o x o p b ie  H M e io x  n e o ô p a x H M b ie  o j ie M e i ix b i  H a  A n a i 'o n a J in  JI1160 Aa> xe n y j in .

F p y n r ia  ö e c K o n e n i ib ix  M a x p n u ;  o n n c b iB a e x c a  b § 2 , r ip u B e A e n b i o n p e A e J ie u n n  H3B e c x H b ix  

e e  n o A r p y n n .  M b i  A 0Ka3 b iB a e M , n x o  r p y n n a  G L ( R )  hbjihcxch H o p M a j ib i io ñ  n o A r p y n n o f t  

r p y n n b i  G L r c ( N ,  R )  ( n p e A J io JK e n n e  2 ).

B  § 3 mm HanoMHHaeM o n p e A e j ie m ie  h ocHOBHbie CBOiîcxBa cxaÔHjibiioft aneMeuxapnoft 
rpynnbi (nopoJKACHiiofi ajieMeiiTapiibiMii TpancBeKunnMn) h oxHocnxejibHoñ cxaönjibHOÄ 

ojieMeirrapiioñ rpynnbi. Mbi bboahm noHíixne S L — xpaHCBeKU,nn (xoxopasi o x jra n a e T C H  ox  

eAHHHHiioñ Maxpiipbi xojibKO b OAHOñ expone Biie AnaroHajiH) h o6o6in,enHOii xpancBeKii,HH 

(6xtOHHO-AnaronajibHoñ Maxpini,bi. y  Koxopofi Bee 6jiokh cyxb ajieMeiixapiibie xpaHCBeK- 
Ahh). 3 xh o6o6iii,chhíi ajicMeuxapiioö xpaHCBeKipin 6o;iee ecxecxBeHHbi b cjiynae 6ecno- 

HC'iiibix Maxpnu,. ^ jih o6o6meHHbix peryjiapHbix xpaiiCBeKij,nñ Mbi hbxoakm komMyxau,n- 
omibie cJiopMyjibi.

M b i  H C C J ieA ycM  c x p o e H H e  h  H o p M a j ib i ib ie  n o A r p y r m w  r p y n n b i  t/T ¡,c (00 , R )  c o c x o n iu e i i  

H3 B c e x  y m ix p e y r o j i b i i b i x  M a x p n u ,  y  K o x o p b ix  B ee  H e H y jie B b ie  a u e M e iix b i n a A  r j ia is n o i}  

A n a r o n a j ib io  n a x o A n x c n  b  kohchhom M H o n ce cx B e  e x p o n .

B  § 4  BBOAHXCH riOHHXiie poexa HaxypajibH03HanHbix (JjyHKunñ n  onncbiBaioxcsi oc- 
HOBHbie ero CBoncxBa. B  cneAyioipeM § 5 iionsmie poexa ripuMeimeTCH f l j in onncaHnsi 
Go.'ibmoro KJiacca noArpynn rpynnbi 6ecKonenHbix Maxpnu,. IIoHHXHe pocxa nrpaex kjiio- 
ncByio pojib b xeopnn rpynn. R ax ({niKCupoBainioro MHOJKecTBa o6pa3yK>m,nx S  rpynnbi 
G  (cHMMexpn'inoro n ne coAepncamero 1) Mbi onpeACJincM A-anny ajieMenxa g  nan paccxo- 
HHne ox g  AO 1 b rpacjie K a n n  rpynnbi G  no oxHOiueHHio k S. Ilycxb / ( n )  — KOJinnecxBO 
ajie.MCiixoB rpynnbi G  b niape paAnyca n  c  nenxpoM b 1. OyHKuna /  Hey6biBaioin,aH n 
MO>nex 6bixb pacnpocxpaHeHa na bcg neoxpnuaxejibnbie BemecxBeHHbie nncna. H a  mho- 
jKecxBe Bcex xannx HeyöbreaioiuHX 4>yHKU,nñ mo>kho onpeACJinxb nenoxopoe oxHOineHne 
SKBHBajienxHocxn, Kuaccbi noxoporo naabiBaioxcn pocxaMn Ha G.  Pocx ne 3aBHCHx ox 
Bbiöopa 5  h / ,  h, xaKHM o6pa30M, HBjinexcH miBapnaHxoM ca M O ft rpynnbi G.
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Jiflx k o h c h h o  nopo>KAeHiiOH öecKoneHHoii rpynnbi G  BbinojmnercH cjieAyioipaji Tpnxo- 
t o m h h :  G  HMeeT j i h ö o  noAHHOMnajibHbifi pocT, j i h 6 o  iipoMOKyTOMHbiii poCT, j i h ö o  s k c i i o -  

iieHUHajibHbiñ pocT. l io  TeopeMe M. PpoMOBa [89] Kjiacc rpynn iiojinnoMnajibnoro pocTa — 

s t o  B t o h h o c t h  Kjiacc Bcex BHpTyajibHO HHjibtTOTCHTHbix rpynn. Kjiacc rpynn 3KCiioneii- 
u,HajibHoro pocTa coAep>KHT, nanpHMep, Bce ncsjieMenTapubie rnnepöojiHMecKne rpynnbi

[87]. AjibTepHaTHBa >K. TnTca [164] yTBepxcAaeT, h t o  cpe^n JinnefiHbix rpynn neT rpynn  

npoMejKyTOHnoro pocTa. OfluaKO, P. rpnropnyK [15], [16] OTKpbui npnMepbi rpynn n p o  

Me>KyTOMHoro pocra, TanuM o6pa30M, pernnB 3HaMennTyio npoßjieMy JÎ k . MnJinopa [137]. 
B HacTOHin,ee BpeMH HMceTCH pa3BHTan reopiiii Tannx rpynn.

Äjih ajireöp UMeercíi ananor noHHTHH rpynnoBoro pocTa, c iipiiMepiio Tano fi >kc koh- 

CTpyKU,neñ (no# cuizeöpoü mm ßyzjeM noHUMaTb accopiiaTHBiiyio ajireöpy c eAHiinpefi Ha/; 

nojieM). IlycTb A  — kohchho nopooKAeinian ajireöpa naA nojieM F  c mhojkcctbom o6pa3y- 
ioipnx a i , . . . ,  am. IIojiojkhm V o =  F n ąjm  n >  1 o6o3HaHHM nepe3 V n noAnpocTpancTBO, 
nopojKAeHHOe o/nionjienaMn cTenenn n  b o6pa3yiomHX a x, . . .  ,a m. Tor;i,a A  =  U ^ qA ,,, 

i’Ae A n :=  F  +  V  +  V 2 +  . . .  4- V". <J>yHKipno d y (n )  =  dim F(A„) mojkho paccMaTpnBaTb 

Kax (]iyHKU,Hio H3 4> ~ MHCwecxBa Bcex B03pacTaioipnx no ji o>k iixe ji b n 03 h an n bi x cjiyHKijHfi 

f  : N —>■ R . ß n a  f ,  g G $  hojiojkhm f  <* g  ecnn h t o j i b k o  ecnn cyipecTByiOT c, m  G N 

ranne, h to  / ( n )  <  c • g (n m ) ąjw  iiohth  Bcex n  £  N, u /  ~  9 ecnn u TOJibKO ecnn f  <* g 

h 5  <*  / .  Kjiacc SKBHBajieHTHOcra [/] G 4 > /~  4)yHKU,nn /  G $  HasbiBaeTcn pocTOM / .  

riopiiAOK < *  H H A y u ,n p y e T  nacTHHiibift nopHAOK <  H a  4 > / ~ .  P o ct [dy(n)] hbjihctch H H B a- 

pHäHTOM ajireßpbi A.

06biHHO HBHO HaftTH pocT ajireöpbi a o b o j i b h o  Tpyapo. KpoMe Toro, p o c t  He npncno- 

coöjien AJiH pacc.MOTpcHHH noASJireöp, roMOMopc|>Hbix oöpa30B h  pacmupeHHö Ope. Ta- 

KHM o6pa30M, HHTepecHee paccMaTpnBaTb acHMnTOTHHecnoe noBeAeHne B03pac.Taioin,nx 

c])yHKi;nñ. B AeöcTBHTejibHOCTH, caMbiM nojie3HbiM ji/tn  npaKTHHecKHX pejiefi noHH'rneM 
pasMepHOCTH h b j i h c t c h  pasMepHOCTb Penbc]>aH;.;a—K 11 p 11 j i  j i  o b  a (na3 bmaeMaH Taione G K -  

pa3MepH0CTbio), KOTopaa onpeAejineTCH cjieAyioupiM o6pa30M [120]

G K  dim (yl) =  sup lim logn d y  (n ),
V

t a c  cynpeMyM öepercH no b cc.m  KOiieniiOMcpiibiM noAnpocTpaHCTBaM V  ajireßpbi A . G K -  

pa3MepH0CTb MOJKCT paBHHTbCH 0, 1, JIIOÖOMy BeipeCTBeHHOMy HHCJiy H3 HHTpeBajia [2, oo) 

HJIH OO.

B [96], [97], [144] ^ jk . X am ia h  K.C. O ’M npa b b o a h t  h  H3yHaiox HOBoe nonsirne 

pocTa anreöp. 9 t o  i i o h h t h c  He ncnojib3yeT pocT ajireöp b  TepMHHax o6pa3yiomHx, h o  

ocHOBaHO Ha noAXOAHHi,HX npeACTaBjieiiHHX öecKoneHHbix MaTpHn;. IIo 3TO.\iy noBOAy c t o -  

h t  OTMeTHTb, h t o  KOHeHHbie MaTpHu,bi HrpaiOT coBepmeHHO BbiAaroiuyiocH pojib b  TeopHH 

iipeACTaB/iCHuft rpynn h  ajireöp. B t o  >ne BpeMH ßecKOHeniibie M aipapu npaKTirnecKH 

ne HcnoJib3yioTCH, Tan nan f l j i x  h h x  HeT oneBHAHbix aHanoroB Tannx HHCTpyMeHTOB, nax
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onpąneJiHTejib, cjie;; h a h  paHr. Bfe pæyjibTaTa K. PyAnpjia, ü .  MeHajia h  X. MoHKa3H

[88] cjicjiyer, h t o  xajKAyio cneTiio-Mcpnyio aareöpy A  naA noaeM F  m ojxho Bjio>KHTb 

B anreöpy A rc(o o ,F ) ,  CTponiio h  c t o a ö a o b o  xoneHHbix MaTpmj naA F . B AaAbneftmeM 

m m  3a4>nKCHpyeM TaKoe BAOJxeHne h  o t o j k a c c t b h m  A  c ee o6pa30M b  s t o m  b a o j x c h h h .  Bee 

netiyjieBbie MaTpnHHbie ajieMeiiTbi Mai’pnu h 3  A  pacnoAOJxeHbi b 6 a h 3 h  niamioft Anarona- 
a h .  Tenepb m o > k h o  cnpocnTb, nacxoAbxo 6 a h 3 k o  k  iuiaBHOH AHaronajin m o j x h o  coöpaTb 

3TH SJICMCHTbl? XailHa H O ’M upa BBCAH KOJIHHeCTBCHHyiO Mepy 3TOTO. KpHByiO pOCTa, 
KOTopaii orpaiiHHHBaeT mnpHny nojiocbi sjieMeii'ra ajireópbi.

M b i  ro B o p H M , h t o  /  : N - »  R + , f ( n )  =  n  +  h ( n ) ,  h b a h o t c h  x p H B o t t  p o c T a  j ijv a  

a  =  ( d i j ) G A ,  i, j  G N, e c j i n  a n k —  0  =  a^ n  A a h  B c e x  k >  f { n ) .  P o c t  S J ie M e n x a  a  H e 

n p e B o e x o A H T  h ( n ) ,  h a h ,  x o p o n e ,  a  —  S A eM e H T  p o c T a  0 ( / i ( n ) ) ,  e c j r n  n añ A C T C H  xaxoe c  >  0 , 

h t o  c  • ( n  +  h ( n ) )  h b a h c t c h  x p H B o ñ  p o c T a  p / ia  a .  A j i r e ö p a  A  H M ee T  p o c T  0 ( / i ( n ) ) ,  eCAH 
K a> K A biii a j i e M c n x  a  G A  H M e eT  p o c T  0 ( h ( n ) ) .  P o c t  nopsmxa O ( n )  H a 3 b iB a e T C H  j i h h c K -  

H blM . OcHOBHOft p C 3 y jIb T a T  [97] MOJKHO C C JjO pM yA H pO B aT b C A e/lyiOUJ,HM  o6pa30M: K ajK A yiO  

c n e T H O - M e p u y io  a j i r e ô p y  A  H a a  h o a c m  F  m o jk h o  b a o j k h t b  b  X rc(oo, F )  x a x  n o A a J i r e ö p y  

A H H e ñ H o r o  p o c r a .  3 t o  no3BOAHex o n p e A e A H T b  p a 3 M e p H 0 C T b  b  n o A O c e  ( h a h  A e i iT o n n y r o  

p a 3 M e p H 0 C T b )  c n e T H O -M e p H o ii  a A r e ö p b i  x a x

i n f { r  G  R ,  R  >  0  | A  b k  a a A b i  B a e x c H  b  Arc(oo, F )  c p o c T O M  0 { n r ) } .

B  [1 4 4 ] AOKa3ano, h t o  HaA npoH3BOAbHbiM noAeM F  pasMepnocxH b  noAoee k o h c h h o  

nopojKAGHHbix ajireöp b  t o h h o c t h  3anoAHHiOT eAunHHiibift HHiepsaji [0 , 1 ]. 3 t o  noxa3bi- 
BaeT, h t o  pa3MepnocTb b  noAoce BeAeT ce6a 6oAee peryAHpno, neM GK-pa3MepnocTb. 
Pa3MepnocTb b  noAoce c b o ô o a h o î î  aiireöpbi c AßyMH oöpaayiomuMH paBHa 0 , b  t o  BpeMH 

Kax ee GK-pa3MepHocTb paBHa oo. TaxHM oöpa30M, pa3MepH0CTb b  noAoce s t o ö  aA- 
reöpw npHHHMaeT HaHMeubmee B03MOJKiioe 3naHeHHe, b  t o  BpeMH Kax GK-pa3MepH0CTb 

— naHÖOAbiuee b o 3 m o j k í i o c  3naHenHe. 3 t o  noKa3biBaeT, h t o  pa3MepHOCTb b  noAoce m o - 

JKeT npHBOAHTb K COBepmeHHO APyrOMy B3TAHAy Ha BeUI,H, B OCOÖeHHOCTH A-’IÍI ÖeCKOHeH- 
Hoü GK-pa3MepH0CTH. HexoTopbie pa3MepnocTH b  noAoce BbipaJxaxjT HHTepecHbie h h c t o  

KOAbpeBbie cBoñcTBa anreöp ( c m .  [9 7 ] ,[1 1 ], [3 1 ], [1 2 0 ] no noBOAy AeTajieft).

K c o JK a jie H H K ), b  o ö m e M  C A y n a e  s t o  h o h h t h c  p a 3 M e p n o c T H  b  n o A o c e  H e  o n e u b  n o A e 3 H O , 

T a K  K a x  MHOJXeCTBO

B ( r )  =  { a  €  A r c ( o o ,  F )  | a  H M eeT  p o c t  0 ( n r ) }

HBAHeTCH riOAajireßpofi b A r c ( oo, F )  to a b k o  ecAH r  G  [0 , 1 ]. XaHHa h O ’ M n p a  ccjjopMyiin- 
poBaAH 3aAany HaxojxAeHHH n0AX0AHm,ero oöoö ia chhh  s t o fo  h o h h th h  fljm  HecHeraoMep- 

H b ix  aAreöp.

B  n a p a r p a c j j a x  3 h  4 M b i p e r n a e M  3 T y  3 a A a n y .  A hm chho, mm o ö o ö m a e M  n o H H T H e  p a 3 -  

M e p H O C T H  b n o A o c e  h  p o c r a  r p y n n .  3 t o  o ö o ö m e H H e  o c H O B a H o  n a  H A e e ,  a n a - i o r n H i i o f t  to h ,
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KOTopa« Hcn0Jib30Banacb b pafioTe [21] iipn H3yaeHHH rpynri nepecxaitOBOK. Mbi paccMaT- 

pHBaeM Hey6biBaioipHe 4>yHKu;HH H3 N  U { 00} b N U { 00}. Kaaccbi b th x cJwhkhhh oth o- 

CHTejibHO nopxopHipero OTHOHieiiHH SKBHBajicnTiiocTH na3biBaioTca pocTaMH. Mw onpe- 

pejiHeM ;;bc ecTecTBeHHbie onepan.nn na MHOXcecTBe Cl* poctob. Ilo  othoiijchhio k 3thm  

oricpamiHM Q* o6pa3yeT pemexKy c HHTepecHbiMH ajire6paHaecKHMH cBoftcxBaMH. Hmch- 
ho

T eop eM a 1. Muootcecmeo pocm oe Cl* c onepapvMMu toi V 012 u w j A  u>2 o6pa3yem  

pem emKy, o6Aadawiu,yio aiedyioxu,UMU ceoUcmeaMU.

a) B peiuemKe Cl* cyiu,ecmeyem navM eubum u adaMcnm. ujq u uau6oJibiuuu 

OAeMenm Woq.

b ) JJaji aioSobo pocm a u> matzozo, umo ui <  u>00 cyxuficmeyem maKaji cm pozo  

eoapacmawmaH nocjiedoeam.ejibHOcmb pocm oe m =  cjq <  u}\ <  w2 <  ■ ■ • <  

uin <  . . nrno Kaoicduu poem  wi+1 OKcnoHenyuaAbHO Sojibiue u i} i  =  0 , 1 ,___

c )  Pem emKa fi* ruiomncui, m .e. d/ui aio6u x o j \ <  uio, Wj,W2 €  Q*, cyigecm ey-  

em  maKoti, poem  w3 £  Cl* %mo <  w3 <  oj2.
d) B pem emKe Cl* ne cy iyecm oyevi nu amoMoe, nu KoamoMoe.

e )  JJaji ecex u ,  uio <  lj <  coaol cyinecm eyem  necuem noe ceMeucmeo nonapno  

uecpaenuM ux pocm oe, Komopue ne cpaemiM u c u> ( necnem nue an m u yen v).

f )  PememKa Cl* ducmpu6ymu8Hasi (u, maKUM o6pa30M, ModyAApnan).

g) PememKa Cl* uoauoji.

C Kaxgxpft 6ecK0iieMH0ft MaTpnpeii a  mojkho CBH3aTb hhjkhioio h BepxHioK) rpamiH- 
Hbie c|>yiiKpHH / ( n )  h g {n ). B HexoTopoM cmbicjic (JxyHKipra f u g  paiox rpaHHpbi pan  

inapaHbi noaocbi Bpojib rviaBnofl pnaronajiH, copepxcamefi Bee neny.'ieBbie OJieMeiiTbi Mar- 
papbi a. Hhbimh caoBaMH, Bee ncnyjiCBbic ajieMCiixu 3axiaTbi Mexcpy AByMH kphbbimh, 

onpepeaennbiMH <J>yHKpnxMH / ,  g.

P hcviiok 1

3 t h  rpaHHpbi ecTeCTBeHHbiM o6pa30M corviacoB aHM co cxoxceHHeM 11 yMHOxceHHeM 

3 x o  no3Bo;iiieT 4>opMyaapoBaTb Haora pexyxbTaTbi Ha xsbiKe yHHBepcajibnoii



anreöpbi ( c m . [62]), TaK h t o ö m  c o b m c c t h o  oxßaTHTb nojiyrpynnbi, rpynnbi, Ko/ibpa, aji- 
reöpbi n ajireöpu JIn.

B TepMHHax pocTOB, cBH3anHbiMH c flaHHbiMH h h j k h c h  h  BepxHeft rpammaMH Mbi onpe- 

A c ji j ic m  h  er u p e rio/(MHo>KCCTBa yiiHBepcajibiioH ajireöpu X c(o o ,R )  KOHeHHocTOÖpoBbix 

MaTpuu,. 9 t h  riOAMHO>KCCTBa h b j i h i o t c h  yHHBepcajibHbiMH iiOAaJU'eßpaMii (TeopeMa 2 ) .

KpoM e Toro, Mbi oripeflejiHCM abc pemeTKH noAaJireöp, i i30Mop<J)Hbix pemeTKe fi* (Teo

peMa 3). M b i AOKa>KeM, h to  pm i Kaxc^oro noAMHOncecTBa Y  MHoncecTBa X c(oo, R )  cyme- 

CTByioT HaHMenbuiHe pocTbi u)\,U2 Tanne, h to  Y  co/mepjKHTCH b X (w i,  w2) — no^ajireö- 

pe, oiipe^ejie imoii s thm h pocTaMH (TeopeMa 4). 3 to  iiaöjnoAeHne HBnneTCH ochoboh p j in 

oiipeACJienHH poora b nojioce (n;in npocTO pocTa). M b i ycTanoBjuiCM ocHOBHbie CBOücTBa 

pocTa.

B § 6 HccjieAyeTCH noiiHTne cxpnura n noponcAaeMOCTb CTpnnraMH paanbix noArpynn 

rpynnbi öecKoneHiibix MaTpnn,. Mbi AOKa3biBaeM pe3yjibTaTbi o innpnHe rpynn noACTano- 

BOK Sym(oj) =  Sym (N  D GL(w) n BepxHeTpeyrojibHbix MaTpnn, U T(w ) =  U T r(oo. R ) fl 
GL(in) OTHOcirrejibiio cooTBeTCBCByioiniix CTpnnroB. Mbi roBopnM, h t o  ninpnua rpynnbi 
G  OTiiociiTejibHO nopo/K/iaiomero MiioncecTBa S  paBHa k, ecjin KajKAbiö ajieMem? h3 G  h b -  

j i s i c t c i i  npoH3Be;j,eHiieM ne öojibine h c m  k  sjiewenTOB H3 S  n cymecTByeT TaKoii ajiCMeux, 

KOTopbiii 'ne HBjineTcn iipoiraBe/ienncM MeHbiuero niicjia sjieMeirroB h3 S.

MaTpnpa a £  GLc(oo, R ) Ha3biBaeTCii cm pum -M am puyeü  nun cm pum oM , ecjin cyiije- 

CTByeT GecKOiieHiiaH iiocjienoBaTejibnocTb {n ¡} naTypajibiibix nuceji Tanan, h to  npn ecTe- 
CTBennoM AnaronajibnoM BJionceHnn s t o to  iipon3BeAeiniii b GLc(oo, R)  HMeeM BKjiioHeniie 

o 6  n S i  GL(n¿, R ). Bycnnoft Ha3biBaeM ctp hh t, y KOToporo tojibko oahh HeeAUHHHHuii 
6jiok na Anaronajm.

ÜHbiMH cjioBaMH, a iiBJiHCTCH 6ji0Hiio-nnaronajibH0H MaTpiipeft c ójioxaMii pa3MepH0C- 

Teñ n i ,n 2, . . .  no AnaroHajin. C h m b o j i o m  GL.,ír(oo, R ) oöo3HaHHM ceMeËCTBO b c c b o 3 m o > k -  

Hbix KoneHHbix iipoii3BeAennH CTpnnroB. O h c b h a h o ,  h t o  rpynna GLsír(oo, R )  coAepnaiTCH 

b  GLrc(oo, R). FjiaBiibiM pc3yjibTaTOM HacTOsnnero naparpacjia h b j i h c t c h

TeopeM a 5. rp y n n u  Sym(w), UT(w) u  GL¡,(oo, R) nopootcdammcn c m p u m a M U .  UIupu- 
na zpynn  Sym(w) u  UT(cn) paena 2.

IlycTb Sym(w) =  Sym(N) fl G (0). FIoArpynna Sym(wo) na3biBaeTCii rpyimoii 4>hhht- 
h ux nepecTaHOBOK (noArpynnoñ Bcex nepecraHOBOK, KOTopbie CABnraiOT Jinnib kohch- 
Hoe HHCJio ajie.MCHTOB). Tpynna Sym(ÓD0) cJjhhhthux nepecraHOBOK nopMâJibHa b  Sym(N) 
(npeAno>KeiiHe 13).

Hhbojiiohhh a £  Sym(N) Ha3biBaeTCíi DAeMenmapnoit, ecjm Bce 2-ahkjim b a hmciot 
bha (¿,¿ +  1). Fpynna Sym(w0) nopojKAaercn sjieMeirrapiibiMii hhbojiioahíimh (npeAAonce- 
Hwe 14).
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Mbi A0Ka3biBaeM, nxo b  cjiynae iiojih rpynna GL,.c(oo, K )  HMeeT innpHny ne ßojibine 
6 (npe;;jio>KeHne 17). HaM iieH3BecxH0, nopo>K,ąacxcH jih rpynna GLr;;(oo, R) CTpnnraMH 
AJIH npoH3BOjibHoro KOJibpa R. Ho, rpynna nopon^ennan CTpnnraMH ncer/ja HopMajibHa 
b  GLrc(oo, R ) (npeAJio>KeHHe 18).

KpoMe xoro, ajih jnoöoro KOMMyTaTHBHoro Kojibpa R  rpynna E (R ) nopMajibHa 
b  GL3ir(oo, R ) (npeAJionceHne 19).

BecKonennoe ripoH3Be;;enHe t =  ü S i  ^ e  UT(oo, R )  ajie.MeuxapHbix TpancBCKnnn í¿ 
Ha3biBaeM o6o6m;eHHOß xpaHCBeKnneß, ecjin cymecxByex nocjie;;oBaTCJibnocTb {n ,}  (n¡ >

1) na.TypajibHbix nacen xanas, nxo ajih i<a>K;roË xpaHCBexpHH í¡ =  BbinoJiiiHexcsi
ycjiOBne n i +  . . .  +  n¿_i <  <  í¿ <  n i +  . . .  +  n¿.

Hhbimh cjioBaMH, t  =  n S i  U ^ n S i  UT(nt,-ß) <  UT(oo, R ), n Bce í¿ coA6pn<axcH 
b cooTBCTCTByioinHX ö .T O K ax  UT(n¡, R )  rio rjiaBHOß anaronajiH.

Maxpnpa a G UT(oo, R) naawBaexcsi n-KBa3n;;naroHajibHon, ecnn ay =  0 /ym Bcex 
i , j  TaKux, HTO j  — i > n , n ai i+n ^  0 Ann xoxs 6bi oflHoro Hiinexca i. Mbi roBopnM, nxo a 
KBa3HAnaronajibHa (hjih o6o6m;eHHO HKOÖneBa hjih Konennoß mnpnHbi hjih jienxonnasi), 
ecAH a n-KBa3HAnaroHajibHa /ym nenoxoporo n. Bce Maxpnpbi a M3 UT(oo, R)  xaxne, nxo 
a n a-1 KBa3HAnaronajibHbi, o6pa3yiox nojiypynny UTb(co, R).

Fpynna UT¡,(oo, R ) nopoHinaexcs l-KBaanAnaroHajibHbiMH o6o6in,CHHbiwH xpancBCK- 
n,HHMH (lipe/yiojKcnne 21).

Bo Bxopoft mäße nonaxun cexn nneajiOB n cexeßoß no;n’pyrinbi oöoöipaioxcH Ha cny- 
naß öecKonenHbix Maxpnn,. 3xo  no3Bajinex npnMennxb sxy xexHHKy k nccjiCAOBannio no;y 
rpynn rpynnw KoneMnocxoa6n,OBbix ßecKonennbix Maxpnn, rpynnbi ßecKonennbix Bepxnnx 
xpeyroJibHbix Maxpnn, rpynnbi MaKjießna, rpynnw BepmiiKa-Kepoßa. Onncbraaexcii xo- 
nce cxpyxxypa neKoxopwx nonrpynn co;;ep>Kam,HX xojibico cxpnHrn.

B § 7 Mbi n a c M  o i i p e n e i i e n n c  c e x e ß  n  cexeßbix n o n r p y i i n  b  c j i y n a e  ö e c K O H e n n w x  M a x -  

pup. n p n B O A H M  o c H O B H b ie  hx C B o ß c x B a .  HccnenyiOTCH npHMbie n p c n e j i b i  c e x e ß  h c e x e ß b i x  

n o n r p y n n .

nycxb R  npoH3BOJibHoe accnnaxHBHoe Kojibno c ennnnneß. Cncxewa a  =  (oy), i , j  €  
N, A ß y c x o p o H H H x  H A ea jiO B  K O J ib n a  R , n a 3 W B aeren c e x b i o  nneajioB b  R , e c j i n  airarj c  o,j 
npn Bcex 3Ha'iennHX i , j , r  G N. Cexb ct Mbi na3biBaeM D - c e x b i o ,  ecjin ctu = R  npH Bcex 
3HaHeHHHX i.

JXnn cexeß a  h r  mh bboahm oxiioinenne nacxiinnoro nopa^xa riojiaran a  <  r  ecjin 

CTy Ç Tij npn Bcex 3HaneHHHX i , j .  JlerKO BHnexb, nxo Bce cexn b R  oxnocnxejibHO BBe- 
Aennoro nacxiinnoro nopnAKa o6pa3yiox nonnyio pem exxy c HaHMeHbiuHM ajieMCHxoM —
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nyjiCBofi cerbio (ßce nneajibi iiyjicBbie) n nanöojibmeß cerbio — ennmiHnoft ceTbio (ßce 
HAcajibi paßHbi R).

IlycTb M(er) o6o3iiaMacT mhojkcctbo Bcex MaTpnn a G Mc(oo, R), Taxnx h to  ay G 
cTij npii Bcex 3HaneHH5ix i , j .  Ecjih a  yAOBJieTBopneT (*), t o  M (a) jiBJiiiercn kojibhom, 
a MHOxcecTBO e +  M(cr) =  {e +  a : a G M(cr)} jibjihctch m yn branjiHKaTH bho# cncTeMOß. 
Hcho, mto b cjiynae D-cerru a  mhojkcctbo e +  M(<r) C0Bna;;aer c M(cr).

MaKCHMajibnaa nonrpynna rpynnbi GLc(oo, R) conepncamancn b e+M(cr) HasbiBaeTcn 
cereBoñ no^rpynnoñ cooTBercTByioineß ceTH a h o6o3Hanaercii G (er). Ecjih er HBjineTCH 
D-ccTbio, to G(cr) Ha3biBaeTCH Tan nee D -cctcboh nonrpynnoß.

IlpHMepaMH cereBbix nojjrpynn hbjiíhotch: rpynna BepxHnx (hjih hhjkhhx) oöpara- 
Mbix TpeyrojibHbix MaTpnn, rpynna KjieTOHHO-AnaronajibHbix o6paTHMbix MaTpnn c 4>hk- 
cnpoBanHbiMH pa3MepaMH kjictok b n acraocra  rpynna AnaronajibHbix MaTpnn;. B nacTHO- 
CTH, c/nnnriHaH riOArpyima n nojinan jinnefluan nonrpynna Konenno ctojiOaobhx MaTpnn, 
— cereBbie. CooTBeTByioui,ne hm cera — 3xo HyjieBan ceTb (ßce nneajibi nyjieBbie) n enn- 
HHHiian cex'b (ßce njjea-xbi coBiiajjaioT c R).

rionrpynna GLc(oo, R), nopojKAennasi BceMn 3jicmenTapnbimn TpaHCBennnnMH, co- 
Aep>Kain,nMHCfl b G(er) na3biBaeren sneMeirrapnoñ cereBoñ noArpynnoß, cooTBercByioineß 
cera a, n o6o3iia'iacTC5i nepes E(cr). JRna cera a nepe3 N(er) Mbi o6o3HanacM HopMajin- 
3aTop noArpynnbi G(cr) b rpynne GLc(oo, R).

B cjiynae craónjibiion rpynnbi T =  GL(7í) onpeneJineM ceTeByio noArpynny r(cr) Kan 
nepecenennc G(<7 )nG L(f?), a chmbojiom Nr (a) o6o3nanaeM HopMajiH3aTop r(cr) b rpynne 
GL(R). Mbi A0Ka3biBaeM

IIpeAJionKeHHe 24. ílycmb R — nonyAOKOAbuoe KOAbyo, nojin eunemoe Komopozo 
otuauhhu om F2, F3, F4, F5 u M(2, F2). Tozda ôaa moôoü nodzpynnu H cmaövjibnoü 
a imeÜHOÜ zpynnu T =  GL(i?) codepcHcaiyeü ece duazoncuiHue Mampuyu cyiyecmeyem 
eduHcmeeHHOA D —cemb udeaAoe a maKcm, umo r(ff) <  H < Nr(o').

B § 8 AaeTCH onncaHne noArpynn rpynnbi 6ecKonenHbix KonenHOCTOji6noBbix M arpnn 
coAepjKamnx rpynny k jiero4no-aharonajíbnbix MaTpnn.

üycTb R  KOMyTaTHBHoe KOJibno c 1, R* rpynna o6parrnMbix ajiCMenTOB KOJibpa R. 
IlycTb V — OTHOineHne SKBHBajieHTHOCTH Ha MHOJKecTBe HaTypajibHbix nnceji N ranoe, 
MTO BCe KJiaCCbl SKBHBaJieHTHOCTH I \ ,  . KOHCMUbl. HaHMeHblLIHH H3 IIOpíIAKOB

| / i | , . . . ,  | /n | , . . .  3THX KJiaccoB 6yAeM o6o3nanaTb nepe3 hv . Ecjih i n j  3KBHBajieHTHbi 
OTHOCHTejibHO V, t o  imrneM i  ~  j .
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C  3KBHBajieHTHOCThio u  n a  N  CBHJKeM D -ceTb [u], onpeflejiHB ee ycjiOBHHMn: (i/]¡¿ — 

ąn,HHHHHbift H^caji R , ecJiH ż ~  j ,  h [u]ij — nyjieBOii H^eaji b npoTHBHOM cjiynae. C ootb ct-  

CTByiouiyio D-cereByio iio;j,rpynny G ( M )  o6o3itaHacM raioKe 'iepe3 D (i'). Fpynny D(t') 

öypßM Ha3biBaTb rpynnoił KjieTOHHO-flnaronajibHbix metphu, 3aflaHHoro ran a  v.
SjieMem-apnyio cereByio riOArpynny E ([v\), cooTBCTCTByiouiyro D -cexn [i/] na3biBaeM 

ajiCMCHTapnoH KJieTOHHO-AH&roHajibHoił rpynnoił Tnna v  n o6o3HanacM xaKJKe nepc3 E {v).
fljra IipOH3BOJlbHOH D-CCTH <7 OripCACJIHM Ha N SKBHBOJieHTHOCXb Va, CHHTEH HHACKCbl X 

H j  BKBHBajieHTHblMH OTHOCHTGJIbHO Va TOI’Aä H TOJlbKO TOrfla, KOr^a <7ÿ =  (Jji — R. HCHO, 
HTO [i/o-] < <T, TaK HTO D(va) < G((J) H E(va) < E(cr). OneBHflHO TEKJKe, HTO D{va) (co- 
OTBGTCTBeHHO E{va)) — 3TO Han6oJibniaH KJieTOHHo-^naroHajibHaH rpynna, coAepjKaman- 
CH b G (a) (nanGojibiuaíi sjicMenTapnaa KjiexoHHO-AHaronajibHaH rpynna, coAepJKamancH 
b E(a)). ¿¿nn D-cera a nonaraeM h{a) =  h{va).

riycTb H  noArpynna rpynnbi G = GLrc(oo, R ) conep^ainan rpynny E (v )  sjicmch- 
Tapnbix KneTOMHO-AHaronaJibHbix Ma’rpnn, Tnna v, rpß h{y) >  2. C nOArpynnoił H  mm 
CBHJKeM 0AH03iiaHH0 onpeAeneHHyio D-cera HAeanoB a. ¿¿un yriopHAonennoft n a p b i pa3- 
JIHHHblX HHACKCOB i H j  MepC3 <7ij 0603HaHHM COBOKynHOCTb TeX 3AeMeHTOB H3 a  € -R, RJIH 
KOTopbix tij(a) 6 H. rioJiojKHM AonoAHHTejibno au =  R flflii Bcex i € N.

IlocTpoeHHaH D-cera HAeanoB a Ha3biBaeTCH D -ceraio, accoipipoBanHoił c rioArpynnoił 

H . Mbi A0Ka3biBaeM cjiCAYiomyio

TeopeM a 6. Rycrrib R  npou360M>Hoe KOMMymamuertoe koawąo c eduHupeü, G = 
GLrc(oo, R ) — noMiaji Auneuncui zpynna ôecKOHeuxiux kohohho cmoAÔpoeux Mampuv, 

nad R, v  — om m m en u e dneuecuieumnocmu na  N, e w m opoM  ece kaüccu aKeueajienm- 

Hocmu KOHeuHue u djm Komopozo h {v)  >  3. Tlycmb E { v )  — aAeMenmapnaa KJiemoHHO- 

duazoHUJivuan nodzpynna m una u, H  — nodzpynna e  G, codepoicavicui zpyn n y E { v ) . Tozda 

cyiu,ecm eyem  u npumoM edu n cm eem an  D -cem b a  >  [y], manan, w no

E(<t) <  H  <  N(cr).

Cerrib a , dnsi Komopoü uauîpm nocAednue enMOHenun nennerncn D -cem w o accouupoaan- 

h o ü  c nodzpynnoü H .

B § 9 Aceren onncanne noArpynn rpynnw ôecKOHCMHbix Bepjonrx 'rpeyro/ibHbix met- 
pnp T(oo, R) coAepJKauiHX (hjth nopMajiH3yeMbiex) crraGmibnoił rpynnoił AnaronajibHbix 

MaTpnn, D{R), npn neKOTopwx orpannHeHHHX Ha accopnaraBHoe KOJibpo R. Pe3y;ib'rarrbi 

HacTOHm,ero naparpacjja onyÔJiHKOBaHbi b [100].

IlycTb R  accopnaTHBHoe KOJibpo c 1, R* rpynna oöparaMbix aneMenTOB
KOJibpa R. Tpynna T(oo, R) coctoht h3 Bcex öecKOHeniibix BepxHnx xpeyroiibHbix MaT- 
pnp HaA KOJibpoM R, y KOTopbix Bee ah ar o h a-ri b ji b ii bi e ajiewenTbi oöpaTHMbi, D (oo, R)
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r io ; j , r p y n n a  B c e x  e e  ^ n a r o n a j i b i i b i x  MaTpun;. T o iy ia  cxaÖ H JibH asi r p y n n a  D(i?) co c to h t M3 

B c e x  f l i i a r o n a j ib H b ix  M axpH U , y  ic o x o p b ix  xo jibK O  K o n e n n o e  hhcjio aneM eH TO B  H a  Anarona- 
jiH  H e p a B H o  1 .

B 3TOM naparpa<J>e mm paccMaTpHBaeM to jilk o  eepxnue cem u a jxjih KOTopHX cry 

TpHBHajibHO Bcex i > j .  Ecjih KpoMe Toro an =  R  ajiíi Bcex t £ N  Mbi na3biBaeM a 
eepxneu D —cemwo.

IlycTb M(cr) MHO>KecTBO Bcex TpeyroJibHbix Maxpun, a xaKiix, nxo ay G cry. Ilycxb  

G(cr) o6o3HanaeT ceTeßyio noArpynny, a E(cr) ajieMenxapnyio ceTeByio noArpynny rpynnbi 
G(cr), nopo>KACHnyio BceMH ajieMeirrapHbiMH TpaiiCBeKipiHMH iy(Ç), r;.\e Ç G cry, i , j  G N, 
i < j .

TjiaBiibiM pe3yjibxaxoM naparpacjia HBJinexcn cneAyroman

TeopeM a 7. Tlycmu R  — accoyuamueuoe KOAuyo c 1 maKoe, umo cyiąecm eyem  3Ae- 

Menm 9 G R* ôaa Komopozo 9 — 1 G R* u  R  addumueno nopootcâaemcA SAeMenmoMU R*. 
Ilycm b H nodzpynna zpynnu  T (oo ,R ) codepoicaiąaA I)(R ). Tozda cyiąecm eyem  edun- 
cmeeHHcm eepxtvui D —cemu a  =  (cry) deycm oponnux udecuioe KOAbąa R  maKOA, nrno

D(R) • E(cr) < H  < G(cr).

Ecau KpoMC mozo nodzpynna H codepotcumcA e cmaGuAtmoü mpeyzoAbnoü zpynne T(R), 
mo H  = G(er).

ripH HeKOTOpblX AOUOJIHHTCJlbHblX yCJIOBHHX KOMMyTaTHBHOCTH Mbi MOJKBM AOKaaaxb
6ojibuie, HMeHHO

TeopeM a 8. Ecau npu npednoAooicenuAx TeopeMu SAeMenm 6 npunadAeoicum yeumpy 
R* u H  AôAAemcA nodzpynnoü zpynnu T(oo,jR ) nopMCUiuayeMoü nodzpynnoü D {R), mo 
cyiąecmeyem eduncmeenncui eepxHAA D —cemu a — (a¡j) udeaAoe R  maKOA, umo E(cr) < 
H  <  G {a).

OneBHAHO, HTO 9 iip h h ea jiok h t n;eHxpy R ' ecjiH HanpHMep R* hah  R  KOMMyxaxnBHbi.

B § 10 mm HCCJieAye.M cxpyKxypy HopMajibHbix noArpynn rpynnbi M anjieñiia c Hcnojib- 
30BEHHeM cexeñ ąneajiOB h ceTeBbix noArpynn. Mbi onpeAenHM 6ojibinyio noApemexKy A 
pemexKH HopwajibHbix noyrpynn rpynnbi Matcjieftua npn neKoxopux orpannneHnax na 

accon,naxHBHoe Kojibpo R. 3 x a  no;ipeinexKa cocxonx h3 cexeBbix noArpynn cooxBexcBy- 
loiAHx HopMajibHHM ccxíim. B cjiynae KorAa R -  none, |iî| > 2, npn Heöojibiiinx orpa- 

HHHeHHHX Ha MHOXCeCXBO HAeKCOB, A H30M0pcJ)Ha pemeXKe MOHOXOHHMX 4>yHKAHÄ H He 
3aBHCHX OX OCHOBHOrO nOJlH.
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riycTb I  — SecKOHeHHoe jiHHeiiHO ynopajionetmoe mhojkcctbo HimeKCOB h T/(7, R ) — 

rpynna Bcex 7 x 7  o6paTHMbix BepxHHX TpeyroJibHbix Marpnn, TOJibKO b kohchhom micjie 

K03cj?4>HU,HeHT0B OTjIHHaiOm,HXC5I OT MaTpHIJ,bI. 06o3HaHHM nepe3 D f { I , R )

h UT/(7, R ) cooTBeTCTBeHHO ee AHarona/ibnyio h yiniTpeyrojibiiyio no^rpynnbi.

Fpynna UT/(7, R) Ha3biBaeTCH (o6o6ineim oił) rpynnoii MaKJietoa. rpynnbi MaKJieił- 
Ha cjiy>KaT Kan npHMepbi b o6iu,eft TeopiiH rpynn noKasbiBaioupie orpauHMeiinsi pmi mho- 
i'hx pe3yjibTaTOB.

EtycTb <t — cerb H,ąeajiOB. IlycTb G(cr) — ceTeBaa rioarpynna. CeTb a na3biBacTCH 

uopMaAbHoil cemwo ecjia ą.uh B c e x  i < r < j ,  i , j , r S 7, mm HMeeM air C h arj  C crir  
IlycTb G(ct) — cereBan noarpyim a.

FjiaBHbi.M pe3yjibTaT0M naparpacfca hbjihctch

TeopeM a 10. Tlycmb R accoyuamuenoe KOAbpo c edunuyeil 1, Komopoe addumueno 
nopootcdaemcA odpamuHMU OAeMenmaMu u maKoe, urno 1 mAsiemcA ci/mmoH deyx 06- 
pamuMux 9ARMe.Hmo6. Tlycmb H nodzpynna zpynnu UTy(7, R). rpynna H mAHemcH 
HopMcuibHoU nodzpynnou zpynnu T/(7, R) mozda u moAbKO mozda, Kozda H  =  G(er) djui 
ueKomopoil HopMajibwd cemu a.

Mbi oiiHCbiBaeM HopMajibHbie noflrpynnbi ripu noMonpi mohotohhmx cJjyiiKimń.

IlycTb R =  K  nojie (hjih npocToe kojimjo) TaKoe, mto |7F| >  2. 06o3 iia ’mM nepe3 

M F ( I )  MHOHKeCTBO BCex cJ)yHKIl,HH /  : 7 —> I  U {o o }  KOTOpbie MOHOTOHHbie, T. e. p/isi 

KOTopbix H3 x  <  y  cjiąąyer, h to  f ( x )  <  f ( y ) .  J\nn  G(c) ( a — HopMajibHaa ceTb) Mbi 
onpcflcjiHM f a CJie^yiomuM o6pa30M: f a(i) — MHHHMajibHoe j  TaKoe, h to  c y  ^  0  u co 
b ocrajibHbix cjiynasoc. Ecjih a iiopMajibHaa ceTb, t o  f a 6 M F (I).

Mhookcctbo M F (I)  HBjiiteTca peuierKoii OTHOCHTejibHO oriepapuM 

( /a  A f T)(i)  =  max { U ( i ) ,

Uo  V f r ) { i )  =  m in { f a {i),

Mbi HMeeM

TeopeM a 11. E cau K  noAe, \K \ > 2, u I  ydoenemeopsiem ycAoeuio (**), mo coomeem- 
ceue G(ct) f a onpedeAAem pem em onnuu u30Mop<fiu3M Meatcdy peuiemKoil A = {G(er) €  
UT/(7, K ) : o — HopMOJibHaji cemb } u pememKOil M F (I).

Otmcthm , h to  pe3yjn>TaTbi h MCTOAbi SToro naparpacjia mojkho Hcnojib3ÓBaTb ;;o onu- 

camiii noArpynn rpynnbi T /(7 , R) coAep>Kaiii,nx D/ ( 7 ,  R).

TeopeM a 12. Tlycmb R accoyuam uem e Kcuibyo c 1, Komopoe addumueno nopootcda- 
emcH o6pamuMUMU DACMenmaMu u maKoe, urno 1 neM em cA cyMMoil deyx o6pamuMux
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3JieMenmoe. Tlycmb H  nodzpynna zpynnu  T /(P  R ) codepotcaiąan D¡ ( I ,R ) .  Tozda cyiu,e- 
cm eyem  eduHcmeennasi eepxjuisi D —cemb a  =  (ay) deycm oponnux udecuioe KOAuya R  
manan, urno H  =  G (er).

§ 11 nocBHinen rpynne BepuiHKa-Kepoßa. 3Accb noKa3biBaeM, hto  Bce napaóojnraecKne 

noArpynnbi rpynnbi BepnniKa-KepoBa GLvk(P) (t. e. noArpymibi coAep>Kau;ne T(oo, R) 
— rpynny 6eCKOHeHHbix BepxnexpeyrojibUbix Maxpmi,) hbjihiotch ceTeBbiMH no/;rpynnaMH 

AJiM ixiHpoKoro KJiacca iiojiyjioKajibnwx kojici; R.

Fpynna G Lvk(P) onpeAeJinexca KaK noAxpyniia rpynnbi GLc(oo ,R )  cocxosnnan h3 
Bcex MaTpnu, HMeiom,nx Konennoe hhcjio nenyjieBbix 3JiCMenxoB iihxcc Anaronajin (ec
ho, h to  T(oo, R )  <  GLvk(jR) <  GLc(oo, R )). Ona paccMaTpnBajiacb BepmnKOM n Ke- 
poBbiM B cnynae Konennoro nojin K  b pa6oxe [10]. OHa HMeex npnMeHeHHH b Teopnn 
npeACTaBJiCHHił. G L vk(^ ) HBjiaexcii OeCKonennoMepuoñ, jioxajibHO KOMriaKxnoñ, Briojine 
HecBH3Hoñ, aMeHaóejmoñ b xonoJioriinecKOM CMbicjie n yHHMOAyJiíipHoñ rpynnoñ. CTa- 
önnbHan iiojinaH jniiiefnian rpynna GL(iF) hbjihcxch ee hjiothom noArpynnoñ, cjmKxop- 
rpynna GLVk (^ )  no uenxpy hbjiectch xonojiornnecKii npocToñ rpynnoñ.

Mbi nonyHHJiH hnexo ajircöpannecKoe onncaHHe napaßojmnecKHX noArpynn rpynnbi 
GLvk(-R). FnaBHbiM pe3yjibTaT0M jiBJoiexcn

TeopeM a 14. IJycmb R  noAyAOKOAbuoe KOAbpo, e KomopoM 1 neAnemcn cyMMOü deyx  

oôpamuM ux SAeMenmoe. Ecau H  napadoAunecnan nodzpynna zpyn n u  G Lvk(P), nao cy- 

ląecm eyem  cduncm eennan T —cemb a  =  (c y )  deycm oponnux udeajioe e R , maKon, nmo 

H  =  G(ct).
Hcnojib3y5i 3Ty TeopeMy mw MoxceM A0Ka3aTb cTaHAapTHbie CBoñcTBa (cmotph [54] 

§2) napaßojinnecKHX noArpynn b  GLvk(P)

TeopeM a 15. Ecau R  noAyAOKOAbnoe KOAbpo, e KomopoM 1 neAnemcn cyMMoü deyx  

oôpamuM ux SAeMenmoe, mo:

(i) Ecau P i, P2 dee napaôoAunecKue noàzpynnu e G Lvk(P) u gP ig~ l C P2
ÖAH neKomopozo g S G Lvk(P), tuo g G P2 u P\ C P2.

(ii) Jltoôue dee pasnue napaôoAunecKue noàzpynnu zpynnu  G Lvk(P) ne conpAotcenu.
(iii) Jlwôan napadoAUHecKcui nodzpynna caMonopMOAU3yeMa.

riycTb Symfin(N) o6o3Hanaex perynapiioe MaTpnHHoe ripeACxaBnenne rpynnbi nepe- 
CTaHOBOK HaxypaxibHbix nucen c KonemibiM hochtcjicm. Mbi HMeew

TeopeM a 16. JĘa a  awóozo uoaa K

GLvk{K ) =  T(oo, K )  • Symfin(N) • T(oo, K ).
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B § 12 m m  onpąąejiHM Ana Tana rpynn ßecKOHennbix Max pun, cocTOHipee t o j i ł k o  h3

CTpHHrOB.

IlycTb X 6 G L(n, f i) . 06o3HaHHM nepe3 D (x) decKOHennyio ÔJiOHHO-AHaroHajibnyro 

MaTpHpy diag (x, x,  x , . . .).
Mbl nOJIOŻKHM

G L *(fi) =  {D(sc) : x  €  G L(n, f i) ,  n  6 N }. 

í I c h o ,  h t o  GL* (fi)  3BJIHCTCH rpynnoft.

rp yn n a  GL* (fi)  HMeer APyroe npeACTaBJieHue KaK npHMbiń npe/ieJi KoneHiioMepnbix 

rpynn. IlycTb m ,  n  naTypajibHbie HHCJia Taxe, h t o  m  ;;ejinT n (m\n). IlycTb (¡>̂n  ecTecTBen- 

Hoe Bnoxíenne rpynnbi G L(m , f i)  b  rpynny G L(n, f i)  3a;j,aHHoe paBencTBOM

4>m(x ) =  d i a g ( x , x , . . . , x ) .

3 t o  Tax Ha3UBaeMbie CTporo Aaaronajibubie BnoiKennn. Hcho, h to  ajih Jiioóbix naxy- 
pajibHbix k, m, n Tai<nx, h to  m |n  n n\k mm HMeeM . CyMMa rpynn G L(n, f i) ,
n S N, OTHOCHTeJibHO 3THX bjiojkchhCi coBna^aeT c npHMHM npeflenoM lim (G L(n, f i) ,  </>" ) 

n paBna G L *(fi). Otmcthm , h to  G L *(fi) OTJinnaercii o t  CTaÖHJibHoft jiHHeñHoft rpyrinbi 

GL(f i) ,  KOTopan hbjihctch npHMbiM npe^ejiOM npn BJiojKennnx 4>m(x ) =  d iag (x > L ■ • ■ > !)•

IlycTb £  MHoacecTBO öecKoneHHbix nocjieAOBaTejibHoereñ (721, 722, 713, . . . )  HaTypajib- 
HblX HHCejI, TaKHX, HTO 72¡ >  2 H 72¿|72i+i AJIH BCeX 2 €  N. EcjIH Ę =  ( l i i , 722, . . .), TO 

«(-roMorennoñ iiojihoK jinneñHOñ rpynnoñ Ha3biBaeM npHMbift npeAeji HHAyKTHBHoñ ch- 

CTeMbi (GL(n,fi),</>") r^o n , m  npo6eraiorr toabko 3¡iaHcirHíi h3 nocAeAOBaTeAbHOCTH 

£. 3 t o t  npnMbiñ npe^eji 6yąeM o6o3HanaTb GL(Ç, f i)  hah GL(£). C Kaavroft noc;ie;i,o- 
BaTejibHOCTbK) £ M02KCM CBH3aTb cynepHaTypaAbHoe hhcao a ( 0  cjieAyioin,HM o6pa30M: 

s(£) =  2Sl • 3S2 • . . . ,  r^e s¡ paBHO Hanöonbmeft CTenemi HHCJia p¡ ppnnnißü Bce n j  hah  

Sí =  oo ecjiH Taxoe hhcjio He cymecTByer. 0Ka3biBaeTca, h to  npíiMbie npe^enbi oaho- 

3HaHHO onpeACJieiibi hhcabmh s(£ ). Pa3HbiM cynepHaTypajiHbiM HHCJiaw oTBenaiOT nerao- 

Mopc{)Hbie iipeAeJibi. 3 t o  jictko cAeAyeT h3 paccyjKAennft paßoTbi [121].

B ce Ç-MOHoreHHbie rpynnbi b GL* (fi)  cocTaBjisnoT pemeTKy H30Mop4>Hyio peuieTKe 

cyiiepnaTypajibHbix nncen.
PeineTKa ^-Monorennbix rpynn nojm aa, AHcrpnöyTHBHaH, HMeeT naHMeiibiiiHii h  Han- 

öoAbniHÜ sjieMeiiT.

Mbi onHCbreaeM HOpMajibHbie noArpynnbi h  noArpynnbi coAepxcamne Aaaronajibiibie 

MaTpnpbi b  rpynne G L*(fi) h  rpynne GL(£) HcnoAb3yn cooTBeTCByromne aneMetiTapiibie 

rpynnbi h  KonrpysHiinoArpynnbi.
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I I I  iviaßa nocB5m;eiia c b o ö o a h h m  noArpynnaM 6ecKOiieHHbix yHHTpeyrojibiibix rpynn. 

H3BecTH0, h t o  KOHenHOMepubie yHHTpeyrojibHbie rpynnbi nnjibnoxenTHbi, a CTaGi-uibnaa 

ym n ’peyrojibHaíi rpynna JioxajibHO nnjibiioTeiiTna, xe.M caMbiM o h h  ne co;j,ep>KaT c b o -  

G o a h o í i  no;j,rpynnbi. 0Ka3biBaercn, h t o  y>Ke rpynna ynirrpeyrojibiibix Maxpnu, coAepxŒT 

cnoGoAHbie noArpyrinbi n nx MHoro, b  t o m  h o  onpeACJiemioM CMbicjie.

B § 13 nocTpoeno upeACTaBJiemie cboöoahom rpynnbi panra 2 GecKonenubiMii ymiT- 
peyrojibHbiMH MaTpnpaMH HaA KOJibpOM pejibix nnceji n kojù>uom bmhctob no MOAyjno p  
(p > 2). 9 t o  ripeACTaBJienne npoCToe, a AOKaoaTCJibCTBa ajieMeirrapubi.

Bo MHornx paßoxax p ac c m axp h  b aexcn ciixy au ra , xorAa g p (a ,6 ), noArpynna rpynnbi 

G  nopo/KACHnan oneMeirraMii a,b, HBJineTcn cboôoahoü rpynnofi paHra 2. Oömhho, G  

HBJineTCH rpynnoö KOiiCMHOMcpHbix MaTpnu [30], [81], nepecTanoBOK chcthoi’o MHOxcecTBa 

[76] nnn npeo6pa30BaHHÍi OBKjniAOBa npocTpancTBa [167].
IlpocTOii npiiMep (c npocTbiM AOKauaTeAbCTBOM) p p yx  sjieMenxapHbix TpancBenuníi 

T n ( 2 ) ,  T 2 i ( 2 )  nopo»CAaioin,Hx CBOÖOAHyio noArpyuny öbin npnBeAeH CaHOBbiM [3 0 ]. E c j ih  

A  h  B  nopox<AaiOT CBOÖOAHyio noArpynny b  rpynne G L ( n , Z) ,  t o  ncnojib3y5i AnaroHajib- 
noe BJio>KCHiie BHAa diag (A,  Ą ,  I l t . . . )  h j i h  diag (A,  A , A , . . .) m m  nojiymiM ii30Mopd>Hbie 

Konnn c b o G o a h m x  rpynn b  rpynneöecKOHeMHOMepubix Maxpnn, (/„  o6o3Hanaex n x n  epji- 

niiMuyio Maxpiiuy). Harnn npnMepbi c b o ö o a h m x  rpynn paHra 2  h b j i í h o t c h  noArpyimaMii 

rpynnbi U T (oo, Z ), rpynnbi Bcex Bepxunx GecKonennbix yHiixpeyro;ibHbix MaTpnu HaA Z  

n He Moryx öbixb nojiynemd c ncnojib30BaHneM AHaronaJibiibix BJionceHHii. Bce rpynnbi 

UT(fc, Z) (k  6  N) 5IBJI5HOTC5I HHJIbnOTeHTHbIMH H He COAepjKaT CBOÖOAHOÜ HepHKJIHHeCKOÖ 

noArpynnbi. T h k iim  o6pa30M, naniH npnMepbi h b j i h i o t c h  caMbiMH npocxefimnMii p j m  yHHT- 
peyrojibHoü rpynnbi. O t m c t h m ,  h t o  rpynna U T (oo, Z ) HBJinercH iipoHiuibnoxeHTiioñ xax  

oöpaTHbift upeAeJi rpynn UT(fc,Z).

Ha caMOM AeJie, Mbi noxanceM Gojibine. BecKOHCHHan BepxHHH yinrrpeyrojibiiaii Max- 

pnpa A  =  (ciij) na3biBaeTCH m —KeaauduazoHajimwü ecjni =  0 aJïh j  > i + m  
n dk,k+m r  0 AJiH HexoToporo k. MaTpiipa A  Ha3biBaeTCH Kea3uduazonaAbitoü ecjin OHa 

m —KBasHAHaroHajibHOii pfln Hexoroporo m . C h m b o jio m  UT¿(oo, Z) o6o3HaMHM noArpyn- 
ny rpynnbi U T (o o ,Z ) cocTonuiyio H3 Bcex MaTpnu, A  Taxnx, h t o  A  h  A ~ l h b j i í i i o t c í i  

KBa3HAnaroHajibHbiMH. C h m b o jio m  /1(s¡ o6o3HaHHM noAMaTpnuy MaTpHUbi A , KOTopyio 

nojiyHae.M BbiöpacbiBaimeM nepBbix s  C TpoK  h  nepßbix s c t o j i ö u o b  Maxpnubi A . I I o j i o -  

> khm  r e s ( y l )  =  {A , zip], z ip] , . . . } .  M h o j k c c t b o  U T res(oo, Z) =  {A  G U T (oo, Z) : | r e s ( A ) |  <  

oo and |res(xl_1)| <  oo} s i b j i h c t c h  noArpynnoft.

n a =  diag (a2, a2, a2, . . . ) , b  =  diag (1, a2, a2, . . . ) .
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T eopeM a 17. rpijnna gp(a,6) m jim m cu ceoóodnou zpynnoü pauza 2 e zpynne 
UT¡,(oo, Z) fi UTres(oo, Z).

IIpHBąąeM xenepb npHMep c b o ö o p h o ö  noprpymibi b  MopynppnoM cnynae. ITycxb <pp  : 

UT(oo, Z) —> U T(oo,p) KaiioHHHCCKHñ roMOMopc]>H3M no Mopymo p  ynHxpeyronbiioft 
rpynnbi (p - npocToe h h o t i o ) .  H3 Teopewbi 17 cnepyer

T eopeM a 18. Ecjiu gp(a, b) zpynna U 3 TeopeMU 17, mo gp(<pp(a), 7>P{b)) .iiaAJiemcji 
ceo6odm>iM npou3eedeHueM Cp * Cp deyx yuKAunecKux zpynn nopsidna p.

C nepcTB H e 7 . JXjik aioSozo npocmozo p >  2, zpynna U T b(oo,p) H U T rcs(oo ,p ) codep- 
Oicum ceoóodnyw nodzpynny pauza 2.

O t m c t h m ,  h t o  CBOÖOAHbie noprpynnw rpynnbi UT(oo, q) 6 m j i h  nocTpoenbi Ha H3biKe 
KOHeHHbix aBTOMaTOB b  paöoxe Ajiennina [2] pna q =  2 (poKa3aTcnbcxBO xaM h c h o a h o c ) ,  

b  paôoxe BpyHHepa h  C h p k h  [55] pjisi q =  2n (n >  2) h  b  paöoTe OnHtabina [25] pnsi q — 
2,3 . Paöoxa OnHftiibnca h  CyipancKoro [27] copepxKHT nepBbift npnMep pnyx ßecKoneHiibix 
MaTpHii,, KOTopbie riopo>KAaiOT CBoGopnyio noprpynny b  UTfc(co, 2) n UTres(oo,2).

Haine npepcTaBnemie CBOÖopHOft rpynnbi HMeer TexHHHecKoe upeiiMyipecTBO b  o t h o -  

inenHH K npeAcraB/ienuHM c b o ö o a h o ü  rpynnbi noBopoxaMH TpexMepnoro npocxpancTBa 

(Xaycpopcji) [167], (JiopManbHbiMH pnpaMH (M arayc) [132] h j i h  KBappaTHbiMH MaTpnpaMH 

CTeneHH 2 (Canoß) [30]. Hcnojibsyii s t o  iipepcxaBiieiiHe b  § 14 paioTcn coBceM npocTbie po- 

Ka3aTCJibCTBa annpoKCHMnpyeMOCTH CBOÖopiibix rpynn HnjibnoxeHTHbiMH rpynnaMH (Teo

peMa 20 — M arayc) n KonenHbiMH p-rpynnaMH (xeopeMa 21 — HßacaBa).
HanoMHHM, h t o  rpynna G annpoKCHMnpyeTcn rpynnaMH co c b o î î c t b o m  P ,  ecjiH pna 

nancporo ajieMenxa g G G, g ^  1, cyipecTByeT HopMajibHan noprpynna Ng rpynnbi G , ne 
copepxiaipan g h  xanan, h t o  c])aKxoprpynna G /Ng oönapaex c b o î î c t b o m  P .  Mnane rOBopn, 
G annpoKCHMHpyeTCH rpynnaMH co c b o î î c t b o m  P, ecjiH Bce HopMajibiibie noprpynribi, HbH 
4>aKToprpynnbi oônapaiOT c b o î î c t b o m  P  nepecenaiOTCH no epHHHpe.

Mbi paeM TO>Ke npocToe poKaaaTenbCTBo Toro (paiera, h t o  KOMMyTanT 2—noponcpeHHoß 

CBoöopHoft rpynnbi h b i i h c t c h  cnexno nopoHipei-inoît CBOÖopnoö rpynnoił (TeopeMa 19 —  

JleBn).

B § 15 poKa3biBaexcH, h t o  s i o h t h  Bce Â;-nopo>KpeHHbie noprpynnbi rpynnbi 6ecKoneH- 

H b ix  yiiHxpeyrojibHbix MaxpHU, nap, KonennbiM noneM h b j i h i o t c h  c b o ö o p h m m h  rpynnaMH 

panra k.
IlycTb G  =  U T (o o ,p s) rpynna Bcex OecKoneHiibix ( h npe kc h p ob a h h bi x Miio>KecxBOM 

N) BepxHHx yHHTpeyrojibHbix MaxpHp Hap KoneHHbiM noneM nopapna ps (p - npocToe 

HHcno). Mho/kccxbo N m bccx MaTpmi, a H3 G  TaKHx, h to  nepBbie m  CTonßpoB a  Tanne,
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K a n  y  cflHHHMHOñ M aTpH u,bi e, c o c T a B jin e T  H o p M a jib H y io  n o ; ; r p y n n y  r p y n n b i  G. í í c h o ,  

h t o  IG  : /Vm | <  o o  h  G  HBJiaeTCH n p o K o n e n n o Ë  r p y n n o ö  x a x  o ö p a T H b iü  n p ą z je j i  r p y n n  

G /N m ~  U T ( m , p 3) [171], [146]. IIpoK O H eH H aH  T o n o A o r n a  m y i y p u p y e T  M e T p H x y  d(x , y) ,  
O T H ocH T ejibH o K O T opoft r p y n n a  G  iiB A H ercst non iib i.M  M e rp H ^ ecK H M  n p o cT paH C T B O M . T o  >xe 

c a w o e  BepH O  h  pjw  r p y n n b i  Gk =  G x  ..  . x G  e c j i a  p a c c M a r p H B a T b  n p o H S B e A e n a e  M e rp H K  

d(x , y) .  E c a h  X G G k, t o  c h m b o a o m  (x ) o 6 o 3 H a H H M  n o A r p y n n y  r p y n n b i  G  n o p o a ^ e n n y i o  

BC6M1I KOOpAHHaTaMH a n e M e u x a  X. I Io a o x c h m

F  = { x  G G k I (x) abahctch cboöoahoh rpynnoft paura k}.

IloAMHO>KecTBo MerpHHecKoro npocTpancTBa naabmaercH nnr;ie He ruioTHbiM, ecjin ero 

AonojraeHne coacp>kht oTKpbiToe, n jioraoe noAMHOx<ecTBO. CyMMa cm er noro ceMeËCTBa 

HnrAe He nnoTHbix MiioxcecTB Ha3biBaeTC5i MiioxcecTBOM nepBoft KaTeropnn (b CMbicjie Ba- 
pa). TeopeMa Bapa yTisep>KAaeT, hto b noAHOM MexpunecKOM npocTpaHCTBe AonoAHemie 

MHOHtecTBa nepBoii KaxeropHH hbahctch iuiothmm mhokcctbom. 9 to 3HaHHT, hto b TaxoM 

npocrpaHCTBe Miio>KecTBa riepBoft Karreropnn wajieHbKHe, HanpnMep Bee npocTpaHCTBO He 

MOHceT 6biTb npeACTaBacuo b bhaë cyMMbi cneTHOro ceweftCTBa MHOXcecTB nepBofi xaTe- 
ropuH.

B paöoTe [81] Snc'reÜH rioxaaan, h t o  noHTH Bee fc—nopoACAeinibie noArpynnbi c b h 3 h o ë ,  

Hepa3peniHM0Ë, KonennOMepiioH rpynnbi J I h  h b a h i o t c h  c b o ö o a h h m h  rpynnaMH paHra k, 
3Aecb BbipajKeiiHe nonra Bee HHTcpnpexHpyeTCA ncnoAb3yH HaTypaAbHyio Mepy Xaapa 
Ha rpynne. B paöoTe [76] ^ h k c o h  noKa3aA, h t o  nonra Bee /c—nopoxcAemibie noArpynnbi 
b  rpynne noACTaHOBOK cnei’noro MHOXcecTBa a b a h i o t c a  c b o 6 o a h b i m h  rpynnaMH paHra k  
b  HaTypanbHoñ TonoAorHH ónpeAeneHHoił Ha rpynne noACTaHOBOK. BaTanap>KH nonyHnna 
aHaAODHHHbie pe3yAbTaTbi b  [53] a a a  oópaTHbix npepenoB cnnereiiHft iieTpHBnaAbHbix 
rpynn. Mbi AOKa3biBaeM

TeopeM a 22. Flonmu ece k —nopootcdennue nodzpynnu e zpynne G  =  UT(oo,ps) aejin- 
lomcji ceoôodnuMU zpynnoMU panza k , e moM CMUCJie, Htno Mnooicecmeo G k\ F  aejwemcsi 
MHOoicecmeoM nepeoü Kamezopuu e G k .

3Ta TeopeMa noKa3biBaeT npHHu,HraianbHoe otahhhc crpoeHHsi 6ecKOHeHiioMcpHoft 
yiniTpeyroAbHOH rpynnbi G = U T(oo , ps). Otmcthm, hto xoneHHOMepnaa yiiHTpeyroAb- 
naa rpynna U T (m ,p3) KOHeHHa, a CTaônAbuaa yHHTpeyroAbHaii rpynna UTw(ps), Kan 
ripHMbiii npeAeA KOHeniibix rpynn U T (m ,ps) ripn HaTypanbHbix baojkchhax, Aoxajibiio 
KOHeHHaa, TeM caMbiM ohh He coAepxcaT HHKaKHX cboöoahmx Hen,HKAHHecKHX noArpynn.

rp yn n a  U T (co ,p s) coAepx<HT TO>Ke MHoro HHTepecHbix HecBOÖOAHbix noArpynn, Ha- 

npHMep HoTHHreËMCKyio rpynny. H3BecTHO, h to  nioöaa cneTiio nopoACAeHiiaa npo-p- 
rpynna BnoxoiMa b AÍ  [64], h TeM caMbiM b U T (o o ,p s). B nacTiiocTH, m oöaa kohchho 
nopojKAeHHaa pænAyanbHO KOneniiaH p-rpynna BnoxoiMa b U T (o o ,p 3).
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Hcnojibsyíi pe3yjibTaT Fapcaö;j,a h H atoa  mm ycHJiHBaeM Ham pe3yjibTaT AOKa3biBaH, 
hto noHTH Bce cneTHO nopojKAeHHbie no/írpynribi rpynnbi G = U T (oo,ps) hbjihiotch 
cboöoahmmh noArpynnaMH cneTHoro paHra h rpynna G — UT(oo, p3) coAepíKHT ne;j,HC- 
KpeTHyio CBo6oAnyio noATpynny paHra A^a (cneACTBHe 8).

Hame AOKasa'rejibCTBo TeopeMbi 22, b  o t j i h h h h  o t  A0Ka3aTejrbCTB b  paöoTax [53], [76]- 
[86], Hcnojib3yer KOHKpeTHbie npHMepbi c b o ö o a h m x  noArpynn. O h o  BbiTexaeT H3 cym,e- 
CTBOBaHHH b  G KOHKpeTHOH cHCTHoñ noArpynnbi, b  KOTopoñ MHoro (oónjme) c b o ö o a h m x  

noArpynn. H m c h h o

TeopeMa 23. rpynna G = UT(oo, ps) codepoicum cnemuyio nodzpynny H manyio, umo 
nepecenenue H k c aioúum omKpumuM mapoM e Gk codepoicum ceoóodnyio nodzpynny 
pama k, 3adamiyio KOHKpemnuMU nopooicdaiovj,UMU.

B § 16 A O K a3 b iB a io T C H  a H a j i o n i H H b i e  p e 3 y j i b T a x b i  a j i h  c j i y n a n  n o j i y r p y n i i M  ö e c K O n e n -  

H b ix  T p e y r o j i b H b i x  M a T p n p .

M iiorne Bonpocbi o cymecTBOBamm c b o ö o a h m x  noAnojiyrpynn b  pa3Hbix erpyKTy- 
pax noxa He pemeHbi (ßce paccMaTpHBaeMbie HaMH c b o ó o a h m c  iiojiyrpyriribi neKOMMy- 

TaTHBHbie). Maxap-JInMaiioB cnpocHJi b  [134] xorAa MyjibTiinjiuxa™ b haa rpynna Tena 

coAepxíHT CBOÖOAHyro noAnojiyrpynny. Knefin nocraBHJi Taxofi Bonpoc jxji'a oÖJiaci’H n,e- 

j i o c t h o c t h  [119] (cMOTpn TaKHce [65] Ajm nacTHHHoro OTBeTa h  c c m j i o k ) .  E c j i h  ppmiasi 
nojiyrpynna S  HMeeT CBOÖOAHyio noAnoJiyrpynny, t o  S  He yAOBAeTBopaeT HHxaxoMy no- 
jiyrpyunoBOMy TO>KAecTBy. Bonpoc, BepHO j i h  oóparao, nona o t k p m t .  B paöoTe [142] 
O k h h h c k h  h  CajibBa nojiynnjiH noAOJKHTejibHbiñ o t b c t  b  cjiynae jinnefónoñ riojiyrpynribi 

HaA KOHenHO nopoxyiennbiM nojieM.

BBHAy 3THX pe3yJIbTaTOB, HHTepeCHO HCCJieAOBaTb CBOÍlCTBa MHOÄeCTBa CBOÖOAHMX 
noAnojiyrpynn Aannofl nojiyrpynnbi. Ojihühmk noxaaaji b [26], hto noHTH Bce Konen- 
Ho nopoxcAeHHbie noAnojiyrpynnbi nojiyrpynnbi aBTOMarabix npeoöpaaoBaHHft hbjihsot- 
ch CBOÖOAHbiMH. Mbi iiOKä>KeM ceftnac, hto b tohho onpeAe/ienHOM CMbicjie, noHTH Bce 
k —nopoxíAeHHbie noAnoJiyrpynnbi MyjibTHnjiHKaTHBHOñ nojiyrpynnbi öecKOHeHHbix Bepx- 
HeTpeyrojibHbix MaTpnu, HaA kohchhmm noJieM F  hbjihiotcíi cboöoahmmh nojiyrpynna- 
MH panra k. 9 to t  pe3yjibTaT HHTepeceH, Tax xax KOHeHHOMepHbie nojiyrpynnbi BepxHHX 
TpeyrojibHbix MaTpun, HaA KOHenHMM nojieM kohchhm, a hx npnMbiñ npeAcn npn ecre- 
CTBeHHMx BjiozKeHHHx jiOKajibíio KoneHeii. 9 to  3HaHHT, hto OHH He coAepxcaT CBOÖOAHMX 
noAnojiyrpynn.
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T jiaB H biM  p e 3 y j ib x a x o M  H R jisiexcH

TeopeM a 24. f l o n m u  e c e  k — n o p o o ic d e n n u e  nodnoAyzpynm i n o A y z p y n n u  S  = T (co,pr) 
a e ju n o m c H  c e o S o d n u M u  n o A y z p y n n a M U  panza k ,  u u a n e  z o e o p n  M H O O tcecm eo  S k \ F  h saa- 

e m c A  M H O o tcecm eo M  n e p e o u  n a m e z o p u u  e S h.

B  I V  rvraB e m m  npiiM C H aeM  a H a j i o r n  noH H TH ft b b c a c h h m x  b  n p e f lb i^ y tu ,H X  p a 3 A e jia x  

k  HCCJie^OBaHHio A P y r 'H x  "c M e T H O M e p H b ix "a jire 6 paH M ecK H X  c x p y i c r y p ,  a  HMeHHO r p y n n b i  

aB T0M 0pcJ)ii3M 0B  c b o 6 o a h o h  r p y n n b i  C H e x n o ro  p a n r a ,  r p y n n b i  aBTOM op4>H3MOB K opH eBO - 

r o  A .e p e n a  c n e x n o f i  B a jieH T n o cT H , a c c o n n a x n B H O it  a j i r e 6 p b i  n  a j i r e 6 p b i  J i n  S e c K o n e H H b ix  

M a x p n p .

B  § 1 7  paccM aT pH B aiO T C H  n o A r p y n n b i  aB T 0M 0pcjin3M 0B  c b o 6 o a h o K  r p y n n b i  c n e x n o r o  

p a n r a .  F p y i n i a  aBTOMOp4>H3MOB C Bo6o;i,H ofl r p y n n b i  K o n e n n o r o  p a H r a  6 b u i a  iic c j ie A O B a n a  

b o  M H o ra x  p a 6 o T a x .  H . H iu i b c e n  b  [141] n o j i y n i u i  e e  n p e A C x a B J ic n iie  H c n o J ib 3 y n  3 jie M e n -  

T a p H b ie  aBTOM op4>H3M bi n a 3 b iB a e M b ie  T e n e p b  a B T O M o p c jn m ia M n  H n j i b c e n a .  E r o  m c t o a  

HHHU,HHpOBajI CHCXCMaXHHeCKHe HCCJieAOBaHHH B 3TO li o 6 jiaC T H . K p aC H B b lft o 6 3 0 p  n o j iy -  

n eH H b ix  p e 3 y j ib 'r a x o B  m o jk h o  n a f t a i  b  [132 ] n  [1 2 6 ].

Flo cpaB H eiiH H  c  K O iien iib iM  c n y n a e M  r p y n n a  aBX0M0pc}>H3M0B Aut c b o 6 o a h o {1 r p y n 

n b i  c n e x H o r o  p a H r a  iic c jie A O B a n a  c J ia 6 o . I I p o 6 j ie M a  K JiaccH cJn iK aiiH ii e e  n o ^ r p y n n  o n e n b  

x p y A n a n .  M 3 b c c th m  x o j ib x o  n e K o x o p b te  e e  e c x e c x B e H H b ie  n o A r p y n n b i  n  i i s o j in p o B a n n b ie  

p e 3 y j ib x a x b i .  r p y n n a  AutFoo o n e n b  6 o j i b m a n ,  x a n  n a n  o n a  c o A e p n c n x  n a n  n o A r p y n n y  

r p y n n y  S y m ( N )  B c e x  noA C xanoB O K  n a x y p a j i b i i b i x  n n c e A . C A p y r o f t  c x o p o H b i  H3 BecxH O  

[7 7 ], h x o  S y m ( N )  c o A e p x n r r  cB o 6 oA H yio  n o A r p y n n y  p a H r a  2 N° ,  m m  n o j iy n a e M  ein ,e  OAHy 

6 o A b in y io  n o A r p y n n y .

H n x e p e c n b ie  CBOftcxBa Aut F*, C B io a iib i  c o  CBOiicxBaM H c a M o ii CBo6 o A n o ft r p y n n b i  F00 

c o  c b o 6o a h m m h  o 6 p a 3 yioiii,HM H X \ , X 2 , —  H a n p n M e p  Fx  o 6x a A a e x  c b o K c x b o m  K O ijiH H ajib- 

H o ro  6 a 3 i i c a  ( b a s is  c o f in a l i t y  p r o p e r t y )  [1 2 6 ], x. e . a-Jih  A io S o ro  a  S  Aut F x ,  n  ; n o 6 o r o  

n  S  N c y ip e c x B y io x  r  €  N h  f t  G A u t ( ( x i , . . .  , x r ) )  x a n n e ,  h x o  r  >  n  n  /3(x ,-) =  a ( x t ) a j i h  

i  =  1 , . . . ,  n  (3 A e c b  ( x i , . . . ,  x r ) o 6 o 3 n a n a e x  n o A r p y n n y  n o p o jK A e m iy io  x i , . . . , x r ) .  F p y n -  

n a  Foo H M eex  x o> kc c b o K c x b o  w a j i o r o  m iA C K ca  t h e  s m a l l  i n d e x  p r o p e r t y ,  x . e .  p j is i  ji  106  o ft 

r iO A rp y n n b i A u n A C K ca  M e H b in e ro  n e w  2 H° b  r p y n n e  Aut Fx  c y ip e c x B y e x  K O H en n o e  n o A - 

M H oncecxBO  Y  r p y n r iM  Fa0 x a n o e ,  h x o  n o x o H e n n b i t t  c x a 6 n n n 3 a x o p  M H o n cecx B a Y  b  Aut Fx  

c o A e p n c n x c H  b  A ( o 6p a x H o e  y x B e p > K A en n e  o h c b h a h o )  . H 3  s x o r o  p e 3 y A b x a x a  cA eA y ex , h x o  

Aut Fqo n e  h b j i h c t c h  cyM M Oft ( n o 3 p a c T a io  m e l t  n o cA e A O B a x e A b H o e x n )  c n e x n o r o  M H oncecxB a 

c o 6 c x B e H H b ix  n o A r p y n n  [56].

P e m e x x a  n o A r p y n n  r p y n n b i  Aut F »  x o n c e  n ccA e A O B aH a c n a 6o . F fe B e c x n b i e c x e c x B e H - 

H M e n o A r p y n n b i  c o A e p J K a u p ie  B n y x p e H in ie ,  c ]n in n x a p H b ie , o rp a H H H e n H b ie , x p n a H ry A H p -
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H b ie , noflCTaHOBOHHbie h  f lu a ro H a j ib H b ie  aBTOM opc]>H3M bi. H o  a e j k o  A Jiu  r io A rp y n r ib i  o r p a -  

HHHeHHblX aBTOM Op(})Ï13 MOB H e H3BeCTHE HHKaK aH HOAXO/piIHaH CHCTeMa ITOpO>K;i,aiOIHHX. 

J \ .  C o j iH T a p  B biA B H iiyji rm iO T C 3 y  [6 9 ], h t o  9 T a  r p y n n a  n o p o J K A a e r c n  óecKOHCHHbiMH a j ie -  

M eH TapH blM H  0;iH O B peM eIIHblM H (cH M yjIbTaH H blM H ) aBTOMOpc[)H3MâMH I l l l J lb C e i ia ,  HO 3X a 

i 'H n o T e 3 a  n o n a  n e  A O K a a a n a . O t m b t h m ,  h t o  b  G ecK O iiennoM  c a y n a e  o ö b iH H b ie  aB TO M op4>H 3- 

M bi H i u i b c e n a  n o p o jK A aiO T  t o j i b k o  n o A r p y n r iy  Aut¡inFx  co A e p > K a n iy io  TOJibKO T e  aBTO- 

M op4 jH 3M bi, K O T opbie  A ciícT B yiO T  H eT pH B H ajibH O  TOJibKO H a  KoneHHOM  HHCJie o 6 p a 3 y io iH ,H x  

[1 2 6 ],

B 3TOM naparpac]>e m m  c t p o h m  HOBbie nojirpymibi A ut i 1«  h  oimcbiBacM HeKOTopbie 

h x  CBofiCTBa. OranAapTuoe noiiiiTHe orpaiuiHeimocTH aBT0M0pc[)H3Ha a  €  A ut Fœ  c o c t o -  

h t  b  cym,ecTBOBaHHH Bcpxiieíí rpaiiH n  na /y in n y Bcex peAyunpoBainibix c j i o b  b h a h  a (x ¡)  

h  a ~ 1 ( x i ) .  Mbi paccMaTpHBaeM orpaniiHCHiiocTb c  c o B c e M  ;ipyroíí t o h k h  3peiiHH. Mbi 
TpeóycM t o j i b k o ,  h t o G m  KaxiAbiñ CBo6o;iHbiñ iiopojKAaiouuiñ x2 noíiBaíiioiipiñcsi b  a(x<) 

IiaXOAHJICH BÖJIH3H X{, B CMbICJie, HTO | í  — j \  He OHeHb GoJIhlIIOe. OTMeTHM, h t o  cyMMa 

3KCH0HCHT nopojKA.aiomeñ Xj b  a( x , )  m o j k c t  óbiTb npon3BOJibHofi. 3 t o  oneHb pa3JiHHaeT- 

CH OT nOHHTHH OrpaHHHeHHOCTH IÍBCACHIIOrO B [69]. Mbl BBOJUIM nOHHTHe CTpHHra, KOTO- 
poe peajiH3yeT Harne h o h h t h c  orpainiHeiiHOCTii. C xpiiiin i h b j i í i i o t c h  aHajioraMH GecKOnen- 

Hbix 6jiOHHO-A,HaroHajibHbix Maxpup c  k o h c h h m m h  öjiOKaMH Ha raaBHoñ AnaroHann. Cne- 

HHajibHHË BHA CTpnHroB b  rpynne BepxuerpeyrojibHbix aBTOMopc[ui3MOB HCCJie^OBajiCH 

b  [69]. M h o j k c c t b o  Bcex k o h c h h b i x  iiponsBeAeiuiM erpunroB T í  h b j i í i c t c h  rpynnoñ, na3bi- 

BaeMofí rpynnoñ CTpiiHroB. Ona nrpaeT BancHyio pojib b  AajibHeñmeM. Mbi A,0Ka3biBaeM, 
h t o  T í  coAcpJKHT rpynny nopojKAennyio n O A C r a n o  b  o  h  h  bi m h  h  BepxHeTpeyrojibHbi.MH aB- 
TOMopc])H3MaMH h  H3ynaeM HeKoropbie riapaóojiHHecKHc riojirp.ynnbi T i .  Mbi onucbiBae.M 

TOJKC GoJibiuyio peineTKy no;i,rpynri T í  CBiraamibix c pocTaMH. EnaBHbiñ pe3yjibTaT napa- 

rpacjia roBopuT, h t o  A ut F ^  nopojK^aeTCH (no MOAyjno / A —aBT0M0p(])H3M0B) CTpHHraMH 

h  HHXŒeTpeyrojibHMMH MaTpnuaMH. B nocjie/uieñ nacra naparpa<[>a riojiynaiOTCH aHano- 

i’H 9THX pe3yjibTaT0B AJiH HeKOTopbix Apyriix MHoroo6pa3Hñ.
H a n r a  p e 3 y jib T a T H  B e p n b i  h  ; y r a  c b o G o a h o í í  r p y n n b i  n e c H C T H o ro  p a n r a .  F lp n  9 t o m  

i i a ^ o  n p eA n o J io x K H T b , h t o  ceM eñcT B O  c b o G o a h h x  n o p o > K A a io m n x  B n o jiH e  y r io p í iA o n e n o . 

3 t o  H eyA H B H TejibH O , T a n  K aK  A a x c e  H 3 B e cx n aH  T e o p e M a  H n j i b c e H a - H I p a ñ e p a  ( n o / u ’p y m i a  

c b o G o a h o í í  r p y n n b i  c B o ó o A iia )  T p e ö y e T  T a x o r o  y n o p H A o n e n im  iiopo> K A aion i,H x  b  c j i y n a e  

6ecK O H eH H oro  p a H r a  ( c m o t p h  [6 6 ], c .  8 9 ) .

l io  aHâjiorHH c MaTpnHHbiM cjiynaeM m m  b b o a h m  noiurrae CTpHHra.

IlycTb a  aBTOMop4)H3M Foo cjieAyiouiero THna:

(1) c y m e c T B y e 'r  p a 3 6 n e iiH C  {X j\j  G N} M H O >K .ecT B ariopoi-K A aioiiy ix  {x\. x 2 , ■ ■.} 
TaK O e, HTO X \  =  { x i ,  . . . , £ „ , }  H flJlH  B c e x  j  >  1 Mbl HMeeM
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X i  =  + i , . . .  ,x „ i+1} rße ni  <  n 2 <  . . .  HBJisiercn cTporo B03pacxaiomeii
rioc/ieAOBaTejibHocTbio HarypajibHbix nucen;

(2) fljia JiioGoro k  Taxoro, h to  rij + l <  k <  nJ+1 Mbi HMeeM

6 (Xnj+i, . . . , X„j+J).

A btomop<J)H3m yflOBaeTBopaiomHñ ycnoBHHM (1) u (2) na3biBaeM erpiwroM.

M hojkcctbo Ti Bcex KOHeHHbix npon3BeAennfi CTpnuroB íiBJineTCH noArpynnoñ rpyn- 

nbi AutFpo (npe/yioJKeHue 39). Fpynria cxpiinroB coAepxcirr ncyippynriy riopo/K^enHyio 

BceMH BepxHHMH Tpeyi'OJibHbiMH h nOACxaHOBOHHbiMH aBTOMopcJ)H3MaMn (npeAnonccinie 

40). Mbi A0Ka3MBaeM, h to  noArpynna BepxHnx Tpeyro.ubHbix aBT0M0pc[}H3M0B coacp>kht 

CBo6oAHyio noA.rpynny (upeAnoxceinie 38).

CymecTByeT HecHeraoe ceMeftcxBO nonapHO necpaBHHMbix napa6onnnecKHX noArpynn 

B H  (npe/yioxíenne 41). A nn nioôoro pocTa u> onpeAeniiexcH noArpynna H(uj)  h ;;0Ka3 bi- 
Baexca, h to  MHOxcecTBO TaKHX noArpymi h30mop4>ho peiueTKe pocTOB h3 naparpa<J>a 4 

(npeAno>KeHHe 42).
rVraßHbiM pe3yAbTaT0M naparpacjia HBJinexcH

T eopeM a 25. Jhoôoü aemoMojxßu3M U3 A ut Fx  jieAxem cx cjwotcenueM neKomopozo IA -  
aemoMopçfhiâMa, u aemoMopcfju3Aia U3 nodzpynnu  nopooicdemwü huoichumu mpeyzojibHU- 

Mu u KOHeuHo cmoAÔyoe'biMu aemoMop(ßu3MOj.m, m. e. A ut Fx  =  ( T “ ,/C) • A .

Mbi A0Ka3biBaeM Toxce, h to  rpynna A ut F ^  coAepjKHT Asa cnerubie ceMencxBa noA- 
rpynn: OAHy cocTOiuuyro h3 MaKCHMajibHbix HopMajibHbix noArpynn h BTopyio, coAepxca- 
iuyio HopMajibHbie HecpaBHHMbie noArpynnbi (npeAnoxceHne 45).

B 3aKJUOHHTeJIbHOÜ HaCTH Mbi nepeHOCHM HeKOTOpbie pe3yJIbTaTbI Ha OTHOCHTeAbHO
CBOÔOAHbie rpynribi (npeAnoxceHne 347).

B § 18 HccjieAyioTCH aBxoMopcjpimtbi KopHeBoro Acpeisa cneTHoft BajieiiTiiocTH. K/iacc 

rpynn aBT0.M0pcj)H3M0B KopHeBbix AepeBbeB b nocneAnee BpeMH npHBneK BniiManne mho- 

rax MaTeMaTHKOB. 3 tot Kjiacc coAepxciiT BaxŒbie npHMepbi rpynn, HanpiiMep, iieno- 

Topbie He AOKajibHO KOHeHHbie, nepiiOAiiHecKiie rpynnbi, îiBAHiomiiecsi KOHTpnpHMepaMii 
k  HeorpaHHHeiiHOH npoôJieMe BepucañAa [1] h npHMepbi rpynn npoMencyxonnoro pocTa, 
KOHTpnpiiMepbi k  npoôjieMe M iuinopa [15].

Bce ara npHMepbi hbashotch npHMepaMii rpynn aBXOMOp4>H3MOB noxanHO KOHeHHbix 

AepeBbeB. C APyroii CTopoHbi, hx ecTecTBeHHoe oöoöiAeHHe, rpynna aBTOMOp4>H3MOB xop- 

HeBoro AepeBa CHemoñ BajieHTHocrn, HccAeAOBaHa cnaôo [163], [138]. B AanHOM napa- 

rpacjje mbi HccnenyeM noArpynnbi stoë rpynnbi. OnncbiBaeM ab  a  ceMeñcxBa noArpynn 

BbiAeJieiiHbie pocraMH (icnaccaMH HaTypajibH03HaHHbix ([lyHKHHft iiaA N). FIphboahm oc- 
HOBHbie CBOÍtcTBa 3THX noArpynn.
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C n a u a n a  b  r p y n n e  B c e x  aB T O M op4> H 3M O B  A ut ; ; e p o i ï a  c u e n i o ñ  B a j i e n T n o c r n  

BBOAHM CeM eftCTBO  aBTOM Opc})H3M OB KOnCHHOI’O T u n a  C B H 3 aH H b ie  C pO C T aM H . Mbi rOBOpHM , 

UTO c jiy ilK lIH il /  5IBJ1HCTCJ1 / in —O rp a iIH U e iIH e M  flJl'A aB T O M O pcJ)H 3M a r  G A ut 7~(H\  eCJIH  

r< t(n)  =  T0- 1 ( n )  =  n  a a h  B c e x  n  >  / ( l ) ,  n  Ti u .„i ik ( n )  =  r ^ _  i k ( n )  =  n  ą j i h  B c e x  n  >

f ( k  +  1 ) .  E c j i h  iiocHTenb noAcranoBKH t ï ,  ik  öccKOneuen, roBopuM, u t o  noACTaHOBKa

Ai o r p a H H u e n a  uepe3 f ( k  +  1) =  o o .

JXjih Jiioôoro pocTa oj mhojkcctbo Bcex r  G A utT ^N\  Taxnx, u to  Bee noepecranoBKn 

tx f i n —orpannueHbi nexoTopbiMH cj:)yHKniiHMH / ,  / ( n )  +  n  G hbahctch rpynnofl 060- 

3iiauacMott uepe3 G /¡„(w). Jlerxo bhactb, u to  A ut =  G /¡„(w^o) u hmccm paBeriCTBO

Urf=2 A u t7 ^ ^  =  G fin(u>0).

PemeTKa nonrpynn { G / ¡ „ ( w ) } w en* naoMopcjuia p eínente poeroB i l *  (npeAnonteHne 4 9 ) .  

fln n  juoöoro pocxa oj rpynna G /¿n(w) ccjiepnuecKH Tpan3HTHBH0 AcftcnjycT na ccjicpax 

(ypoBiiux) AepeBbH (npcAJiojKenne 50). Mbi noKa3biBaeM Tonte, u t o  a j im  nanMenbinero 

pocTa ujqj rpynna G’/ Ul(ojo) riopontnacTcn aueMeirrapfiBiMH h h b o j i i o i i h h m h  (npeAnonœnne 

51).

^Ipyroe ccm chctbo Ha3biBaeM aBTOMop4>H3MaMH GecKoneuiioro Tima. Mbi roBopriM, 
u to  noACTaHOBKa tt G N  orpannueHa 4>yHKn,neñ /  G 51 oo, ecnn Ann Bcex uncen n  Mbi HMe- 
eM 7r(n), 7T_1(n) <  f (n) .  3 t o  onpeACJiemie orpaHnueiiHOCTH noACTanoBKH cymecTBCHHO 
OTunuacTCH o t  f i n —orpaHHueHHOCTH. O rpannuennaíi noACTaHOBKa Moncer HMeTb GecKO- 
HeuHbiii nocnrejib.

Mbi roBopnM, u to  4 a ’hkii,híi /  G il* orpaHHUHBaeT aBTOMop4)H3M T G Aut r (N) ecnn 
T<l¡{n ),T¡fy{n) < f {n)  aah Bcex naTypajibiibix uncen n n

A i û ( n ) , r ^ ,,tik(n) <  / ( n )

Ann Bcex HaTypanbHbix uncen n.
JJjm nioGoro pocra u> onpeAensieM noArpynny rpynnw Aut cneAyiom,HM o6pa30M

G (lj) = { r G  Aut T (N) : t  orpaHHuena neKOTopoñ /  G u i}

O ueB H A H O , u t o  Aut T (N) =  0 (0/00) .  M b i  n o x a s b iB a e M , u t o  p e in e T K a  n o A r p y n n  

{ G ( w ) } u,6 n .  H 3 0 M o p 4 )n a  p e í n e m e  p o c t o b  i l *  ( n p o A n o n c e n n e  5 2 ) .  l i n n  n io G o r o  p o c r a  oj 

r p y n n a  G(uj)  H M e e r T p n B n a n b H b iË  n e i r r p  n  u io G o ë  e ë  aBTOMop<J>H3M H B u n e T c n  B H y T p e n -  

HHM ( n p e A n o > K e u n e  5 4 ) .  K p o M e  T o r o ,  r p y n n a  G (o j0)  nopo> K /iaeT C H  b c c m h  a n e M e n T a M ii r  

TaKHM H, u t o  Tx  iiB uueT C H  a u e M e u x a p H O Ë  H H B oniou ,H eñ  ;y iH  Bcex x  h 3  n e p B o r o  y p o B im  

A e p e B a  (iipey ino> K eH H e 5 3 ) .
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B § 19, 3aKjiiouaioineM say  rjiaßy, omicbiBaioxcH HeKOTopbie accopnaTHBHbie ajire6pbi 
h  anreópbi JIh 6ecKOiieuHbix ¡uarprni, CBsraamibie c pocxaMH h npHBefleHbi pæyjibTaxbi 

o nopoatACHHH cxpmiraMH. ^0Ka3biBaeTCH, h to  anreöpa CTporo BepxHHX (iiynn itn>Ke 

h Ha rjiaBiioi'i AnaroHajra) KOHeuHOCTpouHbix 6ecKoneunbix Tpeyronbiibix MaTpuu; nopoxt- 

AaeTCH cxpHHraMH (npeAJioxtemie 55), a ee noAaJireöpa KBa3HAnaroHaJibHbix MaTpiiu, no- 
poxtAacTCH HHJibnoTeHTHbiMH ajiCMeuxaMH (npeAnoxteHiie 56). OnncbiBaeM pe3yjibxaxbi 

XaHHax h Omhpm o neHTOMHOË pa3MepHOCTH na sobixe BBeAeHHoro hemm pocTa.
B 3aKjnouHTCJibnoH uacxii onncbiBaeM MiiorouiicneuHbie npnMepbi ajireöp c noMom,bio 

pocTa h AacM naßpocoK B03MO>Kiibix o6o6meHHfi.



rJTABA I 

rpynnbi öecKOHenHbix MaTpnu;

9 x a  rjiaiia nocBHiąeHa onpe;;ejienmo rpynnbi 6ecKOHennbix KoneHiiocTOJißnoBbix Max- 

pnu,. IIpHBeAeHbi ocHOBHbie pe3yjibxaxbi o ee no;;rpynriax. BBąąeHO noHHxne pocxa Haxy- 

pajibH03HaHHbix 4>yHKu,nñ, onncaHbi ero ocnoBHbie CBoñcxBa. 9 x o  noBoe noHnxne pocxa  

npiiMeHeHO a a h nocxpoeiinn h o b m x  ceweßcTB noArpynn rpynnbi GecKoneniibix Konenno- 
cxojißpoBbix Maxpnn,. Hccjie/iOBano innpnHy nexoxopbix ee noArpynn oxHocuxejibiio ce- 

MCftCTBa cxpnHroB.

B § 1 M bi H a n o M H H a e M  o n p e A e J i e i m e  K O J ib p a  ö e c K o n e n n b i x  M a x p n n ;  n  n o A p o Ó H O  e r o  

o ö c y n c A a e M . V p y n i i a  6 e c K o n e n n b i x  M a x p n p  o n u c b i B a e x c a  b  § 2, n p u B e A e n b i  o n p c A C J ie iiH H  

ee H 3 B e c x H b ix  n o / x r p y n n .  9 j i e M e n x a p H b i e  n o A r p y n n b i  b b o a h x c h  b  § 3. B § 4 b b o a h x c h  n o -  

H H x n e  p o c x a  H a x y p a j i b H 0 3 H a n H b ix  c i iy i iK p n f t  n  o n n c b i B a i o x c n  o c H O B H b ie  e r o  C B o n c x B a .  B 
cjieAyiomeM § 5 n o n a x n e  p o c x a  n p n M e i r a e x c H  a a &  o n n c a H n n  ß o j i b i n o r o  K J i a c c a  n o A r p y n n  

r p y n n b i  6 e c K o n e n n b i x  K O H eH H O C xo ji6n ,O B bix  M a x p n n ; .  B § 6  n c c j i e A y e x c n  n o n n x n e  C T p n H r a  

n  n o p o jK A a e M o c x b  c x p n H r a M n  p a 3 H b ix  n o A r p y n n  r p y n n b i  ö e c K o i i e n i i b i x  K o n e n n o c x o j i ö n o -  

B b ix  M a x p n n , .

§ 1 . K o jib p o  SecKOHeHHbix M axpnn,

r iy c x b  R  — acco n ,n ax H B n o e  KOJibpo c eA n n n n ,e ii 1, / ,  J  — A c a  H en y cx b ix  M HoncecxBa. 

OyiiKunio a : I  X J  R  Ha3biBaeM  I  x  J  M a x p n u e fi HaA kojibaom R.  I ly c x b  a — I  x J- 
M a x p n p a  HaA R-  Ätch -rcioöoft n a p b i  (i, j )  G I x J  o6o3HaHHM a( ( i , j ) )  =  atj G R. 9jieM eH X bi 

di j  nanbiisaiOTCii K03(jic^HU,HenxaMH, M axpnnnb iM H  sjieM en x aM n  h j ih  n p o c x o  sjieM CiixaMH 

M a x p n p b i a. r in in e M  a =  (Oy)/xj  n u n  n p o c x o  a — (%■), e c j in  M H oncecxBa / ,  J  acH bi H3 

KOHxexcxa. Ecjih I ' C I ,  J ' C J  A n a  n e n y c x b ie  noAM HOncecxBa, x o  c y n c e n n e  c ^ y n u n n  a ao  
M H oníecxB a I '  x  J' Ha3biBaeM  n o A M axpn ineß  M a x p n p b i a n  o 6 o 3 iia n a eM  (ay)//*,//.

Etycxb i G / ,  j  G J. TorAa Maxpnn,bi (ay){,-}xj  n (a y ) /x{¿} Ha3biBaeM cooxBexcBeHHO 

i-oñ  cxpoKoft Maxpnpbi n j'-bim cxojiöhom Maxpnpbi. Maxpnu,a a =  (a¿j) na3biBaexcn ko- 
HeHHoexpoMHoß (KoneHHOCxojiÖAOBOß) ecnn Bee ee cxpoxn (cxojiötibi) coAepncax tojibko 
Konennoe hhcjio nenyneBbix ajieMenxoB.
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Miio>KecTBO Bcex I  x J-MarpHp naß xojibpoM R  o6o3iiaHaeM M (/ x J, R) ,  a noAMHOJxe- 

CTBa KOIieMHO CTpOHHbIX H XOHeHHO CTOJlÖpOBblX MaTpHU, M ,-(/ X J, R ) H Mc(-f X J, R)  COOT- 

BeTCBenHO. Ecjih I  — J , to  iiMine.M npocTO M ( / ,  R ), Mr{I, R) h M c(A -R), h naabiBaeM hx 
3JieMeiiTM / -  K B a;ip aa ii bi M h hjih I  x 7—KBaApaTHbiMH MaTpii paMH. FjiaBHoii fluaronajibio 

/-KBaflpaTHoñ MaTpHu,bi a HasbiBaeTca Hi-mexcupoBainioe mho/kcctbo (a¡¡)¿6/. M aTpupu, 

y KOTopbix üy =  0 pjia Bcex ?’ j  Ha3bmaeM AnaroHajibHbiMH.

5Tcho, MTO M (/ x J, R ) oGnapacT ecTecTBeHHOft rpynnoBoń CTpyxTypoñ, s t o  aöeae- 

Ba rpynna c noToneaiibiM cJio>xeHHeM. Hmchho, ecjiH a =  (aÿ), b — (6ÿ) cyTb 3Jie- 

MeHTbi M (/ x J, R ), t o  noToneHHoe cjio>kchhc onpepeAeHO paBenci'BOM (a¡¿) +  =
(a¡j +  b,j).  HeiiTpajibHbiM sjicmchtom stom rpynnbi hbjihctch iiyjieBaa MaTpnpa 0 =  (Oy), 

a npoTHBHofi (npoTHBonojioxinoii) k o M a T p u p e  HBJiaeTca M a x p a p a  — a =  (—a¿j).

riycTb I ,  J , L  — HenycTbie Miio>KecTBa, h nycTb a =  (ay) 6  M( /  x J, R), 6 =  (6y) €  

M (J x L, R ). Æjih .moöbix i G I ,  l e  L  Mbi paccMaTpHBaeM cjiopMajibHbiö pap J 2 je j aij^ji- 
E c j i h  a HBilHCTCH XOHeHHOCTpOHHOft HJIH b HBJIHCTCH XOHeHHOCTOJlÖpOBOft, TO 3TOT pap 
HMeeT TOJibKo KoneHHoe HHCJio iicnyjicBbix sjiCMeiiTOB, a 3HaanT HMeeT epuncTBemiyio 
cyMMy Cu £  R, h xorpa I  x  L  Marpima

Ha3biBaei'ca iipoH3BepcnneM MaTpm; a  h  b  (b  3 t o m  n opap xe). 3aMeTHM, h t o  earn a  

h  b KOHeaiiocrpoMHbie (xoHeHHOcmnöpoBbie) MaxpHpbi, t o  a b  t o j x c  xoneiHOCxpoaHaa 

(KOHeanocToaöpoBaa) MaTpnpa.

I ly c T b  e¡ ö y p e r  I  x / - M a T p H p e f ł  n a p  R ,  o r i p e p e j i e m i o ñ  paß e iicT B O M  e¡ =  ( ¿ y ) ,  r p e  

c h m b o j i  Sij o 6 o 3 H a a a c T  p e j i b x a  c j iy n x p H io  K p o i i e x e p a .  M a i p a p a  e¡ a i u i a e T c a  k o h c h h o -  

c T p o H iio íí  h  K o n ean o c T O Jió n o B O H , u  n a 3 b iB a e T c a  eA H H H H H oñ M a x p i ip e f í .  O n a  a B jia c T c a  

n e ííT p a jib H b iM  3jieM eH TO M  y M H O x cem ia  K B a A p a ra b ix  M a T p n p . O t m g t h m ,  h t o  p j i a  o 6 ip e -  

r o  a j i e M e t i r a  M a T p u p b i  e¡ H H K orA a H e n c n o j i b 3 y e r c a  3 a n H C b  e , j , T a x  x a x  s t o  o 6 o 3 n a 'i e i iH e  

i i c n o j ib 3 y e rc H  b  co B ep m eH H O  A P y rO M  C M bicjie , H m c h h o ,  c r a i i p a p T i i o f t  M a x p n 'i i io i i  epH H H - 

p e í i  e¡j H a 3 b iB a e T c a  M a i p u p a ,  y  K o r o p o í i  b  no3H u;H H  ( i j )  c t o h t  1 , a  B ce  o c T a jib H b ie  M aT- 

pH H H bie  SJie.M eiiTbi p a s H b i  0 .  J l e r x o  b h a o t b ,  h t o  xa> K A aa  cJjH H H Tnaa M a x p a p a  ( y  K O T opofí 

TOJibKO K o i ie a n o e  MHCJio i ie i iy j ie B b ix  KOScJxJaipHeHTOB) n p e p c T a B a a e T c a  0A H 03H aH H 0 x a x  

a i m e i n i a a  K O M Ö m iap iia  C T an A ap T H b ix  M a x p iiH H b ix  eA H H iip , n p p p e M  K 034)4)H pH eH T bi 3TO ñ 

JIHHCÍÍHOñ KOM ÖHHapiiH aBHHIOTCa B TOHHOCTH MaTpiIM IIblM H  SHCMCHTaMU paH H O ft M aT- 

p p p b i .  9 t o  n p e A C x a B J ie u H e  o c o ó e im o  v a o 6 h o  a h  a  B b ia n c jie n n K , T a x  x a x  o h o  y p H T b m a e T  

T o .'ib x o  T e  n o 3 n p H H , x o T o p b ie  c j ia x T H a e c x i i  iiM eioT  3 H a a e H H e . B  A a jib i ie f tm e M , m m  ö y p e M  

in ic a T b  BMecTO M a T p H p b i e /  n p o c T O  e  b  c j i y a a e  G e c x o n e a n o r o  MHO>xecTBa I, h p h  e „ ,  e c j i n  

I  XOHeHHOe MHOJXeCTBO MOipHOCTH Tl.
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IIpeflJicxHceHHe 1. MHoacecTBa Mr(7, R)  h Mc(/, R)  c MarpHHHbiM cjio>KenHCM h  yMno- 
JKCHHeM HBAHIOTCH aCCOU,HaTHBHbIMH KOAbIJ,aMH C CAHHHUCft C;.

Chmboaom Mr c ( I , R)  o6o3HanaeM nepeceneirae Mr( / , ñ )  H M C{ I , R ) ,  3 to  noAKOAbup
KOHeHHOCTpOHHbIX H KOIie'!HOCTOJl6uOBbIX MaTpHI.1,.

B CAynae Koraa I -  KOHeHHoe mho>koctbo moui,hocth n,  Bee MaTpnubi KoneniloCTpo'ihwe 

h KOneHHOCTOJiôpoBbie h Mbi nmueM npocTO M (n, R)  ąjisi MHO>KecTBa Bcex n x n  MaTpnu,, 

no npeAbiAymeny npeAJiOHceHHio M (n, R )  íibujictch koabhom.
B cjiynae KOMMyTaTHBHoro KOAbu,a nojiynaeM, cootbotctbchho ajireßpy kohchhoctpoh- 

HblX H KOHeHHOCTOJl6u,OBbIX MaTpnu, RFA (/, R )  h CFA (I , R ).

Ha H3biKe MOAyneii: MC(R R ) — kojibho 3haomop4>h3mob npaBoro Mo/iynn R 1 (coot- 

BexcTBeHno Mr(^i R ) AJia acboto MOAynn 1 R ), ¡yip I  -  ßecKoiicHiioc HUAeKCHoe mhojkcctbo.

Ecah I  AHHeñHO y r io p í iA o n e m io e  miiojkcctbo, t o  M a x p n u y  a  =  ( a y )  €  M ( / ,  R )  n a 3 b i -  

B aeM  B e p x n e ñ  (im anieíi) x p e y ro jib H O H  b c j i y n a e  x o r A a  H3 i  >  j  (i  <  j )  c j ie ; iy e T  a y  =  0 . 

H c h o ,  h to  A n a r o H a j ib n a n  M a T p n n a  a B J i a e r c a  OAHOBpeMeHHO n  B e p x n e ñ  u  n ií> K H eñ T p e -  

y ro jib H O H .

JlerKO BHAexb, hto mhoa-ccctbo BM (I, R ) Bcex BepxHnx TpeyroAbUbix MaTpnu, M3 
Mc(/, R) sibjIhctch noAKOAbii,OM KOJibpa MC(R R ), a mhoaccctbo RBM (I, R )  Bcex Bepxnnx 
TpeyroAbHbix MaTpnu, m  Mr(A R )  HBJiaeTca noAKOAbi;oM b Mrc(R R)-

E c a h  I -  k o h c h h o c  m h o x c c c t b o ,  CBoñcTBa KOAbua M C{I,  R)  He 3aBHCHT o t  Anueñiioro 
ynopAAOnenHH MHoncecTBa I.  Ho yxce b  c h c t h o m  CAynae I  m o j k h o  ynopHAOUHTb m h o t h m h  

cymecTBcmio pa3AHHHbiMH criocoöaMH, nosTOMy itaAO ocTopoJKHO nepenocHTb Bee onpe- 
AejiemiH BBeAeiiHbie a h a  M ( n ,  R ) .  B nameñ paßoxe Mbi 6yąeM b  o c h o b h o m  paccMaxpHBaTb 
CAynaft, xorAa I  =  N m h o j k c c t b o  HaTypaAbHbix HHceA h  HcnoAb30BaTb o6o3HaneHHH BHAa 
Mc(oo, R)  =  MC(N, R).  Ham Bbiöop CBH3an c t c m ,  h t o  npaKTHnecKH Bee pe3yAbTaTbi pjih 
ßecKOHeHHbix MaTpnu, o ö m h h o  He saBncsrr o t  m o i u , h o c t h  MHoaeecTBa h u a c k c o b .  Boaee t o 

t o  CAynañ I  — N  HBAHeTcn npeAeAbHbiM, b  t o m  CMbiCAe, h t o  pjin  Hero yace b b i î i b a h i o t c î i  

noAHOCTbK) Bee ocoßeHHOCTH h  napaAOKcaAbHbie h b a c h h h  jxjiíi öecKoneHHbix MaipHip

CaeAaeM ceñnac HecKOAbKO 3aMeHaníiñ noKa3biBaiomHx ocoßenHOCTH noBeAcinia 6ec- 
KOHeHHbXX Ma'rpHU,.

H3BecTH0, h to  aureßpa naTpui; M (n, K)  naA noAeM K  HMeeT yHHBepcanbHoe CBoft- 

CTBo, h to  Aioßaa acconnaTHBHaH aAreöpa A  pa3MepHOCTH n  HaA K  baokhm b b M (u, K),  
h Aioóaíi nOAyrpynna (c eAHHHueñ) h ah  rpynna nopHAKa n  H30Mop4>Han cooxBeTCBy- 
iom,eft m yA bT h n a  h KaT h b h o ñ noAyrpynrie h ah  rpynne MaTpnu H3 M (a. K )  c 3Ae.MenTaMH 

paBHbiMH 1 h ah  0. 3 t o  ac tko  BbiTexaeT H3 CBoñcTBa peryAHpHoro npeACTaBAenHH. TaKHM
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jxe o6pa30M m o j x h o  AoraeaTb, h t o  jno6asi accopHaTHBHan aareöpa c h c t h o ö  pa3MepnocTH 

HMeeT TOHHoe npeAcxaBJieuHe b  ajireöpe CFA (oo, K ). AnajiorHHHbifi pe3yjibTaT BepeH 

h  cneTHbix nojiyrpynn h  rpynn h  h x  b j i o j k g h h h  b  Mc(oo, K).
B t o  >xe BpeMH, cymccTByioT aHaaora s t h x  pe3yjibTaT0B pjisi Heaccou,HaTHBHbix aji- 

re6p h  rpynnoHflOB. Ho ąjih 3Toro HyjKHO paccMaTpiiBaTb m h o j k c c t b o  M (oo, K ) h  Apy- 
rne paccy>K;j,ennH, Tax xax rjih  t o h h o c t h  pcryjiapnoro iipeACxaBjienHH acxoipiaTUBHOCTb 
neoöxoAHMa. B paßoTe [73] nocTpoeHO TOHHoe npe;;cTaBaenne j i i o ö o ü  KOHeHHOMepHOÄ h j i h  

cneTHOMepHoñ HeaccopuaTHBHoñ ajireöpbi b  M (oo, K) h  t o h i i o c  upeACxaBjieHiie jiioöoro 
KOHeAHoro h j i h  CHexuoro rpynnoHAa b  M (oo, K). O t m c t h m ,  h t o  anajiorHHUbie pè3yjib- 
TaTbi BepHbi h  6e3 orpaiiHHeiitift Ha Mom,HOCTb (rpynnoHAa h j i h  6a3Hca ajireöpbi npn 
noAxoAflipeM Bbiöope MHO>xeCTBa h i i a c k c o b  /).

M h o j k c c t b o  M ( o o ,  R) Bcex öecxoHeHHbix MaxpHi; HiiAeKCHpoBannbix naTypajibHbiMH 

HHCJiaMH HBJIHeTCH HaCTHHHbIM HeaCCOHHaTHBHblM KOJIbpOM OTHOCHTeJIbHO MaxpHHHOI'O 

cjio>KeiiHH h  yMHOJKenHsi. 3 xo 3HaHHT, h t o  npoH3BeAenHe AByx MaTpHu; ne Bceiyi,a onpe- 

Aejierio. C Apyroö cropoHbi, Aa>KC ecjiH 06a  npoH3BeACHHH (xy)z  h  x(yz)  cyu;ecTByiOT, 

OHH ne o6ii3aTCJibHO paBHbi, xax noKaabiBaeT cjieAyiomufó npHMep [73]:

X  —

(  1 

0 

0 

\

1 . . .

0 ...
0 0 . . .

z —

(  1 0 0

1 0 0

1 0 0

V . . . . . . . . . . . . . .

y =

1 0 0 0

- 1 1 0 0

0 - 1 1 0

0 0 - 1 1

\

J l e r x o  B H A C Tb, h t o  b  s t o m  c j i y n a e  (xy)z ^  x(yz). TaxHM o6pa30M, y M i io jx e i iH e  M ax -p im , h 3  

M ( o o ,  R) H e  HB.xjiex'CH A a x c e  c j i a ö o  a c c o p H a T H B H M M . H i i T e p e c n o ,  h t o  n p o H 3 B C A e iiH e  x  ■ z 
H e o n p e A e a e n o .

F j ia B H b ie  n a p a A O K c a j ib i i b i e  C B o ñ c T B a  ÖecxoHeHHbix M a T p H u  C B H 3 a iib i c o ö p a T H M O C T b io  

M a T p iiu ,.  H 3 B e c T H o , h t o  a j t h  x o j i b p a  K O H eH H O M epH bD c M a T p H u , M ( n ,  K) a a A  n o j ie M ,  h 3  

O A H O C T o p o H iie ii o 6 p a T H M O C T H  B b iT e x a e T  A By c T o p o H H a ? i  o ö p a T H M O C T b . J X n n  Ö e c x o H e H H b ix  

M a T p u u ;  n p o c T o ñ  n p i i M e p  n o K a 3 b iB a e T ,  h t o  9 t o  ne T a x .  R n n  M a T p im
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(
a =

\

. . .  \ (  0 
1

V /

H3 KOJibu,a Mc(oo, R ) HMeeM a ■ b — e, ho b npoH3Be/;cHnn b ■ a nepBbift ctojiGca nyjiebofi. 
Bojiee Toro, Aa>xe HaA KOneniibiM kojibaom Marprnia a HMeer cne-moe hhcjio npaBbix 
oôpaTHbix b KOJibpe Mrc(oo! R) 11 necMexiioe miiojkcctbo b KOJibije Mc(°o, R). Ohh nweiOT 
BHA

Oil <*2 «3 a 4
1 0 0 0
0 1 0 0
0 0 1 0

\

V /
3tO JierKO SHAKO Ha 513blKC 3HA0M0p4>H3M0B AHHeËHblX npOCTpaHCTB. ECJIH V  JIHHefł- 

Hoe npocrpancTBO HaA nojieM K,  co cneTHbiM 6a3HC0M X\ , X2, X 3 , . . . ,  to  aah jiiineftHbix 

OTo6pa>KeHHñ a  : x¡ x i+1 ß  : x \  —» 0, x¡+i -*  x,- a-'ih i  >  1, Mbi HMeeM ß  o a  =  id y  
H Q O ß  HMeeT HCTpilBHajIbHOe HAPO.

C APyroft CTopoHbi, b KOJibAe Mc(oo, R) HMeeM a (6a — e) =  (06)0 — a =  0 h Mai'pupa 
a HBJineTCH npaBbiM AeJiHTejieM nyjia.

Otmcthm, hto (ba)2 =  ba t. e. ba H BJiH eTCH  HerpHBHaJibHbiM HAeMnoTeHTOM. JJjkckoó- 
coh A0Ka3aji cjicayioiahK <$>aKT [110], [111]. IIojiojkhm a0 = e = b° h e^j) — 6,-1aJ_1 — b'aj .
T o i ’A a  C (¿j)e (rs) =  ¿ j j - e p s )  H e(¿j) HBJIÍHOTCH O pT O T O H ajIbH b lM H  H A CM IIO TeU TaM H . 9 t O  3H aH H T , 

HTO K0 JIbU ,0 R  C O A epH iH T  C T aÖ H H bH O e K O JIb lip  G eCK O H eH HbIX  M a T p H U  (c O C T O Íim e e  H 3  M aT 

p H A , y  K O TO pbIX  TO JIbK O  K O H eH H O e HHCJIO H e H y jieB b IX  K03<J)c{)H A H eH T0B ) K aK  nO A K O JIbA O .

Otmcthm T o n c e  C JieA y ro iA H Ë  H H x e p e c i ib iH  c]iaK T . J I i o 6 a H  M a T p H A a  H3  T  (00, Z) H M e e r  

K B a A p a T H b ii i  K o p e H b  b T  (oo,Z) [108]. jßnsi kohchhwx M a T p H A  3to H eB ep H O  T a x  x a x ,  H a -

He HMeer KBaApaTHoro Kopna b T (2, Z) (cMorpn TaxHce [84],npHMep MaTpHAa 

[85], [98],
0 1

B KOHeHHOMepHOM cjiynae MaTpHA naA nojieM K  Mbi oripeAeAHHeM nojiHyio jiHHeñuyio 
rpynny xax m h o j k c c t b o

GL(n, K)  =  {A  €  M(n, K)  : A  -  oöpaTHMa }
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B cjiy'iae öecKOHeHHbix Maxpiip, npiiMcp Maxpmibi

/  =

(  1 

1 

0 

0

\

0

1

1

0

o \

/

noKa3biBaeT, h t o  /  €  Mrc(oo, K ) h  /  1 € Mr (oo, K ) -  3 t o  3H aH H X , h t o  /  H e o ö p a r a M a  

b  Mc(oo, K) x o T H  H M e e T  o 6 p a x H y i o  B Mr(oO, K).

Ceft'iac n p H B e ^ e M  c a M b iń  i iH T e p e c n w K  n p H M e p  [178]. nycTb c =  a  +  a l ,

\

d =
O

1 0 - 1 0 1

1 0 0 0 0 0

0 0 0 1 0 - 1

- i 0 1 0 0 0

0 0 0 0

i 0 - 1 0

i 0 - 1 0 1 0

0 0 0 0 0 0
- 1 0 1 0 - 1 0

0 0 0 0 0 0

1 0 - 1 0

0 0 0 0

V /
Tor^a c oßpaTHMa h  c  h b j i í i c t c h  ACJinxejieM nyjia. B caMOM ppne,

c • d = d • c = e,

c ■ {d +  ßg) = {d +  ßg) ■ c =  e, 

c- g =  g • c -  O.

3 aM eT H M , HTO C, d, g — CHM MeTpHHeCKHe M aTpH Iflbl, a C KOHeHHOCTOJl6u,OBaH H KOHeHHO- 

C T p o H H aa  M a T p iip a .

TeM caMbiM noBe^enne 6ecKOHeHHbix M a x p u p  n p H H p H n n a j ib H O  oxjiHHaeTCH o t  k o h c h -  

Horo cjiynaíi:
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1) yMiio>KCHHG HeaccounaraBiio,

2) M aT p H n ,a  M oaceT  H M eTb 6 ecK oneH H O  MHoro n p a B b ix  ( j ie B b ix )  o ó p a r a b i x ,

3) M a T p w p a  m o jk c t  HM eTb 6 e c K 0 n e H H 0  m h o t o  o ó p a T H b ix ,

4) o ó p a T H M a a  M a T p n p a  Moncer 6 b iT b  ,a,ejiH TejieM  iiynü.

Ceñnac Mbi ripuBe/íCM HHTepecHbie npHMepbi napa,noKcajibiibix cboííctb o6paTHMOCTH 

KOHeHHOMepHwx TpeyroxrbHbix MaTpnu; c K03(])4>HU,HeHTaMH H3 kojich 6ecKOHeHHbix MaT- 
PHU.

B CTaHflapTHbix Texciax no jTHuefínoñ ajire6pe AOKa3biBaeTCíi, hto b KOHeHHOMepiiOM 
cjiynae MaTpnpa o6paTitan k Bepxuefí TpeyrojibHOH caMa BepxHHH Tpeyrojibiiaa h o6e 
Marpinibi hmciot o6paTHMbie ajieMeiiTbi Ha ¿piaroHajin.

IlycTb R  accon,naTHBHoe KOJibuo c eAHnupeñ 1 . Mbi roBopHM, h t o  R k o h c h h o c  n o  JJe- 
deKundy, ecjin H3 xy = 1 cjie/iyex yx =  1 r j i s i  Bcex x, y H3 R. IIpHMepaMH KOHeHHbix 

no ,ÍI,eAeKHHAy Kojien j i b j i h i o t c h  Konennbie KOJibpa, KOMMyTaTHBHbie KOJibua, EndK(K n) 
— KOJIbpO 3HAOMOp4)H3MOB JIHHeÜHOrO npOCTpaHCTBa K n Ha/J, nOJieM K . EcjIH R  KOMMy-

TaTHBHO, to  Kojibpo MaTpHu, M(n, R) Toxce KOHeHHo no /Je^eKHH^y [109]. 3 to  BbiTeKaeT 
H3 TeopHH oripeACJiiiTejieñ. B [47] Moncna nañrrn pa3Hbie ajieMenxapHbie ,a,0Ka3aTejn>CTBa 
3thx 4>aKTOB. Ecjih R  koiichiio no /le^CKHH îy, to  Kojibpo MHoronnenoB l?[í] h kojibuo 
cjaopMajibHbix CTenenHbix pa^oB R[[t}\ to>kc Konennbi no flefleKHH^y [109].

Ecjih R  He HBJiHeTCH koiichubim no ,ZleAeKHH/iy (cyin,ecTByiOT x  h y TaKHe, hto xy = 1 
h yx 1), to /?[í], R[[t}} h M(n, R) Tan ace Tanne, HanpHMep:

KpoMe Toro:

riocjieAHHH npiiMep H3 [161] noKa3biBaeT, h t o  nano TinaTeJibno noAxo^HTb k  npaBHjib- 
HOMy onpe^eJieHHio TpeyrojibHoft rpynnbi. Ha caMOM ppne, MaTpnpa oópaTnan k  Bepxneft 
TpeyrojibHOií m o j k c t  6biTb HHJKHeñ Tpeyrojibnoñ h naa<e HMeTb Hynn Ha AnaroHajiH.
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CTaimapTHbiM npHMepoM b yneÖHHKax KOJibpa, KOTopoe He iiBJiaercii Kone'iHbiM no 
JJß P fiK H H fly  eCTb KOJIbHO KOH0HHO CTpOHHbIX H KOHCHHO CTOHÖpOBblX MaTpHU, Mrc(°0> R )  

[112].

BepneMcn k  narneMy npHMepy ö e c K o i i e H H b ix  W arpnu T a x n x ,  h t o  aaL — e h  a1 a ^  e.
/ I  0 0 . . .  \

Ü0JI05KHM A — B  =
a 0
w  a

JlerKO BH^eTb, hto AB  = B A  =  I, rpe I  =

I, ryje w  =

e 0 

0 e

0 0 0 
0 0 0

eAHHHHuaH war puna b KOJibpe

M(2, Mrc(oo, R)). T a K H M  o ö p a a o M  A n  B  o ô p a T H M b i ,  A  B e p x i m a  T p e y r o j i b i i a a ,  b t o  B p e w a  

n a n  B  h i d k h h h  r p e y r o j i b H a n .  / ^ H a r o n a j i b i i b i e  K O S cjjcJjH iineH T bi o 6 e n x  M a r p m ;  H e o ö p a r n -  

M b ie  3 J ie M e H T b i K O J ib p a . 3 t o t  npHMep b 3 h t  h 3  p a ö o T b i  a B T o p a  [1 0 3 ].

HxoGbi nojiyHHTb Taxon npHMep c nyjiHMH na AHaroHajm napo yBejiHHHTb pa3Mep 

MaTpHp.
IlycTb u  h  V ABe Oecxoneniibie MaTpmjbi onpeAejiennbie ycjiOBHHMH: u ^ i - i  =  1 

u Vifii = 1 AJOi Bcex i s M n  u ¡j — 0, Vij = 0 b oerajibHbix cjiynaax.
IIojIOJKHM

H c h o , h t o  y x  — e a x y  —

R2 h  R  [5 1 ], [7 0 ], [7 1 ]. 

IIojioxíhm Tenepb

e 0 

0 e
I. MaTpHU,bi X ta y oripepejmiOT H30M0p<J)H3M xojieu,

C =

ÎÏCHO, HTO CD  =  DC

/  ul V* 0 \ ( u 0
° ^

0
0 u , D = V 0

0
V 0 0 V ) \ 0 ul v ' J

§  2 .  T p y n n b i  6 e c K O H e H H b i x  M a T p u p

Pe3y;ibTaTbi sxoro naparpacjia 3aHMCTBOBaHbi h3 [1 0 7 ]. MyjibTHiumxaTHBHaH rpyn- 
na KOJibpa M a r p u p  Mc(°o, R)  o6o3HanaeTCH c h m b o jio m  GLc(oo, R) h  Ha3WBaeTCH nojinoñ
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jiHHeñHoñ rpynnoñ KOHCHHOCXOJi6u,OBbix Maxpnij. Aiiaaormnio onpeAeanexcn noAHaa an- 

H etaan rpynna GL,.(oo, R) KOHeHHOcxpoHHbix Maxpnn,. H x nepecenenne GLrc(o o ,ií)  — 
rpynna KOHeHuocxpoHHbix n KOHeHHOCxoa6u,OBbix Maxpnu;, caMoe nuxepecHoe, hxo rpyn- 

nbi GLc(oo, R )  n GLr(oo, R ) MancnMaabHbi b MHO>necxBe M(oo, R ) n He coAep>naxcH 

B nanoñ-xo o6m,eñ uaArpymie.

Onpe^eJiHM Tenepb HeKOTopbie BajKHeÄmne noArpynnbi rpynnbi GLc(oo, R ). Cpean 
ycjioBHñ kohchhocxh, HaKJia/j,biBae.Mb!x Ha öecKOHeaiibic Maxpnu,bi, OTMeTHM ein,ë cae/iy- 
ioiu,ne nacxo BCTpenaeMbie b anxepaxype:

GL(i?) — CTaÖHJibHafi noauan anH etaan rpynna, KOTopan UBanexcn hiiayk- 
THBHbiM npe;j,ejiOM rpynn GL( n , R )  oxHoenxeabHO ecxecBenHbix bjicokchhh, 
COCTOHT H3 BCeX MaxpHU, OTJIHHaiOipHXCH OT eAHHnHHOË MaxpHU,bI TOJIbKO B 

KOHenHOM HHCjie aaeMenxoB (raKue oóp a im ib ie Maxpnubi 6yAeM naabmaxb 

4)hhhthm m h);

GL(,(oo, R)  — rpynna, cocToaipaa H3 Maxpnu, a Konennon uinpnHbi, xo ecxb 
xaKHX, ajih Koxopwx cymecxByex xanoe m, hxo Bce ajieMenxbi Maxpnu, a h a -1 
BHe AHaronajibHoíí iiojioch uinpnHbi m nyjieBbie;

G L ^ oo , R)  — 4)HHHxapiiaH rpynna, cocxonman h3 Bcex Maxpnn; a, aJih koxo- 
pbix Bce HeHyjieBbie saeMCHXbi Maxpupbi a — e HaxoAnxcn b kohchhom nncae 
expon.

Tpynna AnaroHajibHbix Maxpnu, D(oo, R)  cocxonx h3 Bcex Maxpnu, h3 GLc(oo , R) ,  
y  Koxopwx Bce HCAnaronajibiibie sjieMenxbi h b j i h i o x c í i  HyanMn. O h c b h a h o ,  h x o  Bce 
roHajibHbie aaeMenxbi Maxpnpbi h3 D (oo, R),  cyxb o6paxnMbie aaeMenxbi nonbu,a R.  Eë 
noArpynna D(R)  =  D(oo, R)  fl G L (ñ), ( J j h h h x h m x  AHaroHanbHbix Maxpnu, cocxonx H3 
Maxpnn;, y Koxopwx x o j i b k o  xonenHoe nncao AnaronaabHbix aaeMeuxoB o x j i h h h o  o x  1.

Tpynna Maxpnn, nepecxaHOBOK Sym(N) cocxonx H3 Bcex Maxpnn,, b na>KAOfl expone 

n nancAOM cxoa6u,e Koxopwx poBHO oahh nenyacBofl aaeMenx, noxopbiñ paßen 1. Tpynna  

MOHOMnajibHbix Maxpnn, N(oo, R)  cocxonx H3 Bcex Maxpnu,, b najnAoñ expone n kx>kaom 
cxoaöpe noxopbix poBHO oahh HenyaeBoü saeMeHX (noxopbiñ b 3xom caynae oßpaxuM).

Bce oöpaxHMbie Bepxnne xpeyroabHbie Maxpnn,bi, oöpaxHbie n noxopbiM x o * e  Bepx- 

Hne xpeyrojibHbie, o6pa3yK>x noArpynny T(oo, R),  Ha3biBaeMyio rpynnoñ Bcpxnnx xpe- 

yrojibHbix Maxpnu,. AHaaornHHO onpeAeanexcn rpynna hh>khhx xpeyroabHbix Maxpnu, 

T _ (oo, R).  IIpHMepbi H3 riaparpacjxa 1 nona3biBaiox, hxo ycaoBne Ha oöpaxHyio Maxpnuy 

b axoM onpeAeaeiinn HBuaexcn coBepmeHHO HeoßxoAHMbiM.

Bepxiisra xpeyroabHan Maxpnu,a Ha3biBaexcn Bepxueñ yunxpeyrojibHoñ, ecan Bce ee 
AnaroHaabHbie aaeMenxbi paBHbi 1. 0na3biBaexcíi, hxo oópaxnaa Maxpnpa n BepxHeñ
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y H H T p e y r o j ib H O Ë  M a r p n p e  h3 GLc(oo, R) x o x c e  B ep x H H H  y i i H x p e y r o j i b n a H .  TaKHM o 6 p a -  

3 0 M  M HO>KecTBO B c e x  B e p x H H X  y H H T p e y r o j ib H b ix  MaxpHu, o ô p a a y e r  n o ^ r p y r t n y  UT(oo, R) 
B r p y n n e  GLc(oo, R).

5 I c n o ,  HTO D(oo, R) H o p M a J ib u a  b  N ( o o , R) h  4 > a K T o p r p y n n a  N(oo, R )/  D(oo, R) H 3 0 -  

M o p c jm a  Sym(N). F pyim a T(oo, R) î i b j i h c t c h  nojiynpHMbiM npoH3Be,n,eHHeM H o p M a jib H O Ë  

n o A r p y n n b i  UT(oo, R) h  A o n o j i r i i i T e j i b n o ñ  n o A r p y n n b i  D(oo, R).

I I p e f l J i o > K e H H e  2 .  T p y n n a  GL(iî) n o p M a j i b u a f l  n o ^ r p y n n a  r p y n n b i  GLrc(N, R).

/ j o K a 3 a m e A b c m e o :  JI1060Ë s a e M e n T  r p y n n b i  GL(R) H M e e T  bha h  =
h 0

0 e
- 1  _

= (5

\ ,  r p p  h  £

n i  —  m i n  { i  : g k j  =  0  a j i h  Bcex k  >  i ,  1 <  j  <  n }  

n 2 =  m i n  { j  : g ik  =  0  . iy if l  Bcex k  >  j ,  1 <  i  <  n } .

IIojioxcHM m =  m a x {n i,n 2,n } . Heno, h t o  m b i m o > k c m  n p e A C T a B H T b  s j i c m c i i t  h  b  cjie-

A y io m ,e M  6 j i o h h o m  b h a ô
h 0

0 e
h -

| ,  r p g  h  6  GL( m , R ) .  /leH C T B H T C Jib H O , B c e  H e H y j ie B b ie

BHM  g , g ~ 1 B TaK O M  xce caM O M  ô j i o h h o m  B H A e. Tor^a: 

9 ~ l h g  --
9l 9 2)  ( h 0

93 \ A J  \ * \ e
9i 92
93 9\

* g [ ( h  -  e m ) g 2

9 Ś ( h  -  e rn )ff2
1 -*"v

e  +  0 3  -  e m ) 9 2

II3 Hauinx npe;.;nojio>KenHH BbiTexaeT, m t o  g'3 ( h  — em) =  0  h  ( h  — e m ) g 3 =  0 .  Oxcto^a 
3aKjnonae.M, h t o  g ~ l h g  €  GL(7?).D

IIpeAJioiKeHHe 3. J T io ô a s i  M a x p u p a  h 3  GLc(oo, R) h b j i h c t c h  n p o n 3 B e A c n n e M  o ô p a x H O Ë  k  

K 0 Iie H I1 0 C T 0 J l6 u ,0 B 0 ft H K O H eH H O CTpO H H O Ë M aT pH U ,b I H B e p X H e Ë  y iIH T p e y rO J Ib H O Ë  M aT p H U b l.

O t m c t h m ,  h t o  H a m e  n p e A - n o x c e m ie  H e  0 3 H a n a e T ,  h t o  n p e A c r a B i i e n n e  j i i o ô o ë  o ô p a T i i -  

M OË M a X p H P b l B B H A e npOH3Be,ZJ,eHHH O Ô p aT H O Ë  K KO ne H H OCTO J 16  u o  B O H H K O H eH IIO CTpO H - 

h o ë  M a T p n n ,b i  n  y H H T p e y r o j ib H O Ë  M a T p H iç a  0 A H 0 3 H aH H 0 . 9 t o  H e  T a x  b b h a y  p a B e H C T B a  

UTr(oo, R) =  GLrc(oo, R) n UT(oo, R).
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/ J o K 0 3 a m e j ib c m e o : ü y c T b  g  6  G L c ( o o , i î ) .  I l y c T L  g m i ó y ą e T  n o c j ie ^ H H M  n e H y n e B b iM  3 J ie - 

M e n T O M  n e p B o r o  c r o j i6 u ,a .  T a n  K a K  r ie p t ib i i i  c to j iG c h ,  M a r p u u b i  g  y H H M Ô f ly j in p e H , c y ip e -  

C T B y io T  r l t . . .  , r m G R  T a ro ie ,  h t o  r y g n  + . .  . + r m g m i  —  1. Y M i io x o a i i  M a a p u p y  g  c j ie B a  n a  

c o o T B C T C T B y io m y jo  M a rr p H u y  M b i A O Ô aB jis ieM  a o  m  +  1 -  o f i  C T p o K H  n e p s y io  e x p o n y  yM H O - 

m e n u y io  H a  r y ,  B r o p y r o  y M iiO H c e r i i iy io  H a  r-¿, . . . ,  m - T y io  V M H O JK C im y io  n a  r m . B n e p B O M  

C T O J iôp e  n a  m  +  1 - t o m  M e cT e  n o j iy H H M  1. T e n e p b  m h  B b iH H T a e M  m  +  1 -T y io  C T p o K y  yM H O - 

JK e H H y io  n a  g u  o t  n e p n o w  c t p o k h ,  B b iH H T a e M  m  +  1 - T y io  C T p o K y  y M i io a c c n i iy io  n a  521 o t  

B T O p o fi C TPO KH , H T a K  A a J ie e . I lO T O M  3aM GH5ieM  n e p B y iO  H 771+ 1 -T y iO  C T p O K y  yM H O JKeHH G M  

C J ie B a  H a  M a T p n u y  r 1 o A C T a i 1013k h . H c h o ,  h t o  B c e  s t h  o n c p a ip iH  m o jk h o  n o j iy H H T b  y.MHO>KC- 

H H eM  c j ie B a  H a  c ^ ii in iT i iy io  ( K O H e n n y io )  M a x  p i  m y  c  G j io k o m  p a 3 M e p a  ( m + l ) x ( m + l ) B  

J ieBO M  B e p xH G M  y r j i y .  I l y c T b  3^2  G yAC T  h o c j ic a i ih m  H e H y j iy B b iM  s a c m c h to m  B T o p o ro  c t o j iô -  

p a .  r i o c j ie  B b iH c p 'ra i iH H  n e p B o ñ  c t p o k h  B x o p o f t  c T O J ió e p  yH H M O A yn s rp e H . 3 t o  3 n a H H x , h t o  

M O îK e M  C AG JiaTb  K03(J)c j)H nneHT  b M e cT e  (A: +  1 , 2 )  p a B H b iM  1, n p n 6a B a s i î i  c t p o k h  c  HOM e- 

p a M H  2 , 3 , . . . ,  k  y  m Ho>Ke h  h  L ie  n a  c o o r B e r c T B y io m H e  a j ie M e iiT b i K O J ib p a . H c n o j ib 3 y a  3 -ry  1 

A e j ia e M  i iy j iH  b o  B T o p o M  e r o j iG u e  b  C T p o n a x  c  H O M ep aM H  2 , 3 , . . . ,  k .  3 a M e iiH e M  M e cT a M H  

B T o p y io  h  k  +  1 - y io  C T p o K y .

TaKHM oSpasoM, cymecTByeT cbuHirniasi MaTpnpa aj Taxan, hto ripon3Be/ieHne ai • g 
HMeeT nepBbiñ ctojiGcii, tekoh, KaK y cahhhhhoíí Maipniibi e. CymecTByeT cbinniTiiaa 

METpHpa Û2 TaKOH, HTO BTOpOÜ CTOJlGeiI, MaTpHH,bI 02(013) HMeeT 1 Ha ITiaBHOił AHarOHcL'IH 

h HVAH HH>Ke eë. Mbi npoAOAJKaeM 3Ty npopcAypy. H a KaxcAOM m are HMeeM paBeiicTBO 

an(an_ x ( . . .  (ßi<?). . . )  =  (an ■. . .  • 01)3 . TaKHM o6pa30M noAynaeM

OO

J J a ¿  -3  =  u,
¿=1

TAe u  BepxiiHH yiiHTpeyrojibnaH MaTpupa. MaTpmja n £ i  a» KOHeHHoerpoHHaa. K pone  

TOTO OHa KOHCHHOCTOAÔHOBaH, TaK KaK U Z i  ai =  u ' 9~ l €  GLc(oo, R) H OHa OÔpaTHMâ. 
□

§ 3. 3jieMeHTapHbie rpynixbi

O c o G o e  MecTO b  T eo p H H  K OHeH HOM epHbix jiH H e ih ib ix  r p y n n  3 a iiH M aio T  c a M b ie  n p o c T b ie  

3A eM 6H Tbi, T aK  H a3 b iB aeM b ie  B jieM eH T apH bie  TpaH C B eK iiH H . B c A y n a e  GecKO HCHiibix M a ip n u ;  

OHH H e H r p a io T  T aK ofi p o jm ,  G o jie e  ecT ecT B eH H biM H  0K a3biB ai0T C H  n eK O T o p b ie  h x  o 5 o 6 m ,e -  

HHH.

HanoMHHM, h to  3JieMeHTapiioñ TpancBeKipieft fy (a )  HasbiBaeTCH MaTpupa £y (a )  =  
e + a e y , rAe a  6  R, i , j  6  N. 0  603 h  an h  m nepe3 E(R) noArpynny GL(iî) iiopo>KAeiiHyio
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BceMH ajieMeiiTapiibiMH xpaHCBeKijHHMH. rpynny E(R) na3biBaeM cxaónjibnoft ajieMen- 
TapHOit rpynnoñ. fljiH ABycxoponnero n^eajia A KOJibpa R, nepe3 E(i?, A) o6o3naHHM 
HopMajibHoe 3aMbiKanHe rpynnbi E(A) b rpynne E (R)-  Ohcbhaho, hto

E(/?, A)  =  ( t ^ ( a)  : a  6  A , i , j , e  N )Ê .

3 xa rpynna na3biBaexcíi OTHOcnxeJibHoft cxa6Mjibnoft ajieMeHTapHoñ rpynrioñ. Hapo ecTe- 

CTBeiinoro roMOMopc]DH3Ma G L(ií) ->  GL(R/A)  o6o3iiaHHM G L(ñ, A) h HaabraaeM rjiaB- 
Hoñ KOnrpy3HU,noArpynnoñ.

Cjie/iyioupiñ pe3yjibTax Bacca [3], [93] onncbmaex HopMajibiioe cTpoeHHe cTa6nnbHoft 

nojmoft jiHHettHOft rpynnbi GL(/2):

E cau R accovíuam uenoe KOAtyo e l ,  H  — nodzpynna nopMCuiwyeMan zpynnoü  
E(R), mo cyw,ecmeyem deycmopoHnuü udeoui A KOAbpa R  maKoü, nmo

E ( R , A )  < H  < GL( R , A) .

9 m o m  udecui odfio3naHHO onpedejuicmcsi U3 paeencme:

E ( R , A )  =  [H,E(R)} =  [H,GL(R)}.

IÍ3 jieMMbi YañxxeAa h KOMMyxapHOHHbix (J>opMyji BbiTeKaiOT cjieAyiouyie paBeHCTBa:

E(f l ,A)  =  \E(R),E{R,A)] =  [GL(i?)> GL(/Í, A)].

OnpeflejieHHe 1. MaTpnny, orjinnaioiiiyiocH ot eAHHHHHOÍÍ Maxpunbi TOJibKO b oahoíí 
CTpoKe bhc Anarona.au Ha3biBaeM SX-xpancBeKii.Heft. rpynna E(oo, R) nopoxeACHHan Bce- 
mh SL-TpancBeKHHHMH Ha3biBaeTCH ajieMeuxapnoíí rpynnoft.

Epynna E(oo, R) nrpaeT ocHOBiiyio pojib b paóoTax no óccKoncnnoMepiibiM rpynnaM. 
OneBHAHO, hto  E(i?) <  E(oo, R) <  GL(x.(oo, R). rioArpynnbi H  xanne, h to  E(R) < H  < 
E(oo, R) Ha3biBaioTCH S L —rpynnaMH. B pa6oTe [123] nonasano, hto KaxíAaa S L —rpynna 
nopo>KAaeTC5i S L —TpancBeKipiHMH, a Bce noArpynnbi E(oo, R) HopMajiH3yeMbie rpynnoft 
E (ñ ), Tan Kan b cjiynae KOHeHHOMepHbix rpynn, BKAiOHeHbi b HHTepBaJibi oripeAenenubie 
KOHrpyanprpynnaMH cooxBexcxByiomHMH HAcanaM KO.abpa R.

Chmbojiom UTtc(oo, R)  o6o3naHHM rpynny Bcex MaxpHp «3 UT(oo, R) ,  y KOTopbix 
Bce HeHyjieBbie a.aeMenxbi naA rjiaBHOíi Anaronajibio naxoAHTCH b KonennoM Mno>KecTBe 
CTpoK. Heno, h to  UTic(oo, R) He siBjinexcH S L —rpynnoñ. AHajiornHuo npeAbiAyipeMy 
npeAHO>KeHHK) aok03biBaeren cneAyiomee yxBepjKAenne [12].

npeAJiOHceHHe 4 . Fpyiiria UT(,c(oo, R) HBJinexcH HopManbHbiM AennTejieM yHHTpeyrojib- 
Hoñ rpynnbi UT(oo, R).
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floKaaamejibcmeo. CooTHOiueHHe UT¡,c(oo, R)  < U T (oo, R)  cjie/iyex m  paBencxBa

V w v  — «í V2 \ (  m w 2 \
(  Vl

v2
0 < ) U l o v4 0

r^e MaTpnu,bi v  G U T (oo, R), w  G UT¡,c(oo, R)  paaônxbi na cooxBcxcxByioiiyie öjiokh.D  

OxwexHM, Mxo U T i)C(oo, R)  n U T r(oo, R) = U T ( iï) ) ho o6e axn rpynnbi ycxpoenbi 
coBceM no APyroMy. H¡neeM

I I p e A J iO B K e H H e  5 .  T p y n n a  U T j c ( o o ,  R)  n o p o j K A a e x c n  s a e M e i r r a p u b i M H  x p aH C B eK p H H M H  

H C O npH >K eH H bIM H  C HHM H S JieM eH X aM H . K j i a c c  COnpa>KCHHOCXH n p 0 H 3 B 0 J I b H 0 r 0  H e x p H B H - 

a j i b H o r o  s j i e M e n x a  h3 UT¡)C(oo 1 R) c o A e p n c n x  n e x p H B n a j i b n y i o  a j iC M C iix a p H y io  x p a H C B e K - 

UHIO.

JlOK03ameAbcmeo. Jlioóasi Maxpnpa a  h3 UT¡,c(oo, R) 3ariHCbiBaexcii b  BHAe a =  an- an_i • 
. . .  a i, rAe MaxpHna at ox eAHHHHHoft oxjinnaexcH xojibKO fc-xoft cxpoKOË, Koxopan xanan  

>kc, nan y  Maxpnu,bi a. n ycxb

a i =

/ 1 al2 Û13 dj4 . f 1 0 0 0 . -  \
0 1 0 0 .

,bx =
0 1 fl13 Û14 .

0 0 1 0 . 0 0 1 0 .
V • • ) \

TorAa Oi =  (¿12(1 — Û12))""1 • b f1 • <12( 1 ) • ¿>i- AHajioninno mojkho npeACxaBHXb Maxpnnbi 
02, 03, . . . ,  an , oxnyAa cjieAyex nepBaa nacxb xeopeMbi. M axpnny a G U T Łc(oo, R ) mojkho 

npeACxaBHXb b BHAe

a =
0

xaK, nxo6bi b ^  e„. üoaoîkhm

h  = en u \
k  i<V 0

0 •
’ 1

V ° e

h nycxb ax =  aha l h 1, o 2 =  axka x 1k  x. TorAa

a2 =
e„ 1»
0 e

n w  = u(en —b)(v — en). JlerKO bhacxb, hxo Maxpnubi u n »  mobího noAOÖpaxb xan, hxoöbi 
y  MaxpHAbi w  6biJi xojibKo oahh HenyneBoft aneMenx. R jm  axoro AocxaxoHHo Bbiópaxb 
Maxpnnbi u, v  xojiBKO c OAHHM nenyaeBbiM ajieMenxoM.D
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KaK cjiąącTBHe nojiynaeM cncAyioipee

IIpeflJio>KenHe 6. E cjih H  -  Hopiviajibuan rio^rpynna rpynnbi UT¡,c(oo, R), coAep>KaiH,aH 

UT(i?), t o  =  UTte(oo, f i) .

3 to 3naTHT, hto HeTpuBnajibHbie HopMajibHbie noArpynnbi rpynnbi UT(,c(oo, R) He co- 
Aepn<aT pejiHKOM noArpynnbi UT(iï). B haho, hto sto onncannsi coBepmenHO otjihh aeren 
ot onucaHHH HopwajibHbix noArpynn E(oo, R) H3 [123].

BecKonennoe nporaBeAenne t =  f l S i  U £  G L(oo, R) aaeMeirrapHbix TpancBeKipiił 
ti naabiBaeTCH o6o6in,eHHoñ TpancBeKiinen, ccjih cymecTByer nocneAOBaTenbHocTb {n¿} 

(n¿ >  1) HaTypajibHbix nucen Taicaa, hto p jin  Ka>¡<AOñ TpaHCBeKn,nn í¿ =  tki}i({a) Bbinoji- 

HHiOTCH ycjioBHH n i +  . . .  +  n¿_i <  k¡ <  ri\ + . . .  +  n¡, n i 4 - . . .  +  n¿_i < U <  4- . . .  4- n¿.

Hhhmh cjioBaMH, t =  U Z i ti e íli^ i GL(n¿, fl) < GLc(oo, R), n Bce í¡ coAepxcaTcn 
B cooTBeTCTByiomnx ÓJioxax GL(n¿, R) no rjiaisnoft Anaronann.

Heno, h to  noArpynna rpynnbi GLc(oo, R) nopo^KACtniaa o6o 6in;eHHbiMH TpancBeKu,H- 
íimh Aaerr naM noBbift npnwep aneMeiiTapnon rpynnbi. H a caMOM pßnz  nx moxcho onpe- 

AeJiHTb 6ecKoneHHO mhoto, kuk s t o  noKaxceM b riaparpac]ie 12. Ceftnac Mbi nprnefleM  

KOMMyTapnomibie cJjopMyjibi Ana nacTuoro cjiynaa o6o6in,eHHbix TpaHCBeKii,níi, Tan na3bi- 
BaeMbix peryjiapnbix o6o6memibix TpancBCKipift.

nycTb n, m  cJniKcnpoBaHHbie naTypajibnbie nncjia, n nycTb lcm(n, m) = an = bm. Mbi 
nOJIOXCHM

I? =  {i,i + n , . . . , i  + ( a -  l)n}, I f  = { j , j  + n , . . . , j  4- (a -  l)n} 
jm = {rtr  + m , . . .  , r  + (b -  l)m}, I™ = {s, s + m , . . . ,  s + (b -  l)m}

Mbi paccMaTpHBaeM ^Be o6o6m,eHHbie TpaHCBeKu,HH BH^a

=  6 4" OL̂ -ij 4“ ^^:+nj+n 4" &&i+2nj+2n 4" • • • >
r̂s(Ẑ ) =:  ̂4" ß&rs 4” ß c r+m ŝ+m 4* ß^r+2m,s+2m 4" • • • 

ByąeM na3biBaTb hx peryjinpHbiMH o6o6meHHbiMH TpaHCBeKu,HHMH.

PaccMOTpHM KOMMyraTop i"  (/?)] =  tfj(a ) ■ tffs(ß) ' ( i? j( « ) ) _1 • ( t f ÁP))~l
Mbi HMeeM

f ä j ( a )i t™s(ß)\ — (e +  a e ij +  Qei+n,j+n +  - • -)(e +  ßZrs +  ß^r+m:s+m +  • • •)
(e aei j  • ■ *)(^ ß^rs ß&T+m}s+m ■ • •)
=  (e +  a e , , ,  +  /3e,,. +  a ß e ,t,)(e  -  a e , , ,  -  /3e,,. +  a /3e ,.,)
=  e +  a/3e ,,, — ß a e , , ,  4- ß a ß e — a /? a e ,,. +  a/3a/3e»,,

Hcho, h to  npn BbiHHcnenun SToro KOMMyTaTopa AoeraTOHHO paccMaTpuBaxb TOJibKO 

lcm(n, m)  x  lcm(n, m)  MaTpnpw. Mbi noerpoHM abc lcm(n, m ) x  lcm(n, m ) MaTpnpbi A, B  
cjieAyiomnM o6pa30M (onpeAejina nx KOSc^c^nnneHTbi b MecTax (k , l )):
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(A )ki = 1 ecjiH (k , I) e  {(i , j ), (i + n , j  + n), (i + 2n , j  + 2n), . . . } h O b  n p o T H B H O M  cnynae,

{ B ) u  =  1 e c j r a  ( k , l) G  { ( r ,  s) ,  ( r  +  m ,  s  +  m ) ,  ( r  +  2 m ,  s  +  2 m ) , . . . }  h O b  o e r a j ib H b ix

cjiynaHX.

0  60311 rhum Mepe3 A *  B  6yjieBCKoe npoH3Bąn;eHHe Maiprn; A u B.  J l e r x o  npoBepHTb,
HTO

A * B 0 ecjiH I? DI™ 0
5 * >1 0 ecjiH I™ n /"  ̂0

5Icho, h to  npon3BC/i;eHHe /t  * B  accou,HaTHBHO. KpoMe Toro, hmccm A * A  =  B * B  =  0. 

Ecjih n|m, t o  B  * A * B — 0, ecjiH m|n, to  A * B * A = 0. B o6enx cjiynanx hmgcm 

A *  B * A *  B =  0 .

riojiynaeM cjiąnyiomyio KOMMyTaiiHOHHyio 4>opMyjiy pjia peryjinpubix o 6o6m,eHHbix 

TpaHCBeKpuñ.

• n (M ) ( 4 r (n’m)( - ^ ) ) (B*A)ki

■ n m ( i 7 in'm\ ß « ß ) ) {B' A' Bhi

•n

riepBoe npoH3BeACHne m oxíct 6biTb 3arincano Toxce xax

ntcssiw )).
(c,d)

ryje npoH3BeAOHHe 6epercH no Bcex napax (c, d) Taxnx, h to  j  + cn — r + dm  n Tax Æanee 

(HaM xajKeTCH, h to  s t o  6ojijiee cjiOJKHaa 3anncb).

§ 4 . P oct CJ)yHKU,Hft

Pe3yjibTaTbi HacTonmero n c jiąąy iom ero naparpac^a ony 6 nnKOBanbi b [13]. 

r iycTb  N  — MHOJKecTBO HaTypajibHbix hhccji c ecTecTBeHHbiM riopn/iKOM. ü p o a o jiä h m  

3TOT nopn^OK Ha MHOJKecTBO Noo =  N U {o o }  no jia raa  n  < co a jix  Bcex n  €  N. M ho/Kcctbo
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P ( N )  B c e x  4> yH K ijM  /  : - >  N « ,  o 6 p a 3 y e T  n o j iy r p y n n y  n o  OTHom eHHio k  xoM no3nn,H H

fj)yi!Ku,HH. M e p e 3  Clœ o 6 o 3 H a n n M  n o A n o n y r p y n n y  B c e x  c^ y m cp u ft /  G P (N ) ï a x i i x ,  m t o  

f ( n  +  1) >  f ( n )  >  n  n B c e x  n  G N  n  / ( o o )  =  o o . 5Ic h o , m t o  b  n o j iy r p y n n e  Cloo n e r  

H e fiT p a jib u o r o  a jieM eirra .

O n p e A C J iH M  r io p a A O K  n a  n o n a r a a :  /  -< g  e c j in  n  t o j ib k o  e c jn i  c y m e c T B y e T  tlq T a x o e , 

m to  / ( n )  <  g ( n )  f l j i a  B c e x  n  >  no -

K a x  oôbiMno, /  <  g o a n a n a e r ,  m to  f ( n )  < g(n)  a j i h  B c e x  H a T y p a j ib H b ix  n. Mbi iinrueM 
/  <C g, e c j in  f k X  g a h a  B c e x  k. 3 ; \e c b  f k o 6 o 3 H a M a e T  k-io H T e p a p in o  (J)yH K pH H  /  n o  

O T H O in e iiH io  k  K O M n o 3 H n n n . I l y c T b  M ( f )  =  { h  G h } .

OripenenuM cjienyiom ee OTHomeHne sxBHBaneHTHoern na MnoxxecTBe

/  ~  g e moM oiyuae, nozda M ( f )  =  M  (g).

3 t o  O T H o m e n n e  B K B H B a jieH T H O C T H  m o jk h o  C J ie ; iy io in ,n M  o 6 p a 3 0 M  o x a p a K T e p n 3 0 B a T b  b  T e p -  

M H H a x  O TH O U ieH H B  -<:

IlpeA-noxKeHHe 7 . /  ~  g b  t o m  cjiyMae, Kor;j,a cyinecTByer k  G N  Taxoe, m t o  /  -< gk

h g < f k -

lJoKa3 ameAbcmeo: Ecjih /  -< g k j\na  HexoToporo k, t o  M (g )  Ç M ( f ) .  OôpaTHO, ripen- 
nojiOJKHM, mto M ( g )  C  M { f ) ,  no 5  /  f  ;j,jih Bcex naTypajibHbix k. 3a4)nxcnpyeM s 

n 0Ô03HaMHM Mepe3 {n 3li}igN BoapacTaïoinyio riocjieAOBaTejibnocTb naTypanbiibix Mnceji 

m  Taxyx), mto g(m)  >  f 3(m).  IIoaojxhm n* =  m Tax xax  {713+1^ }*^  C {n Sii} i6N, to  

rii <  n;+i. Tenepb Mbi moxkcm oripenejiHTb HOByro cj)ynxu,nio h nonaraa h(n) =  g(rii+ 1) 

AJin Bcex n  G (n j,n ;+i]. Tor^a h(n  +  1) >  h{n)  =  g (n i+i) >  n I+1 >  n  n, TaxiiM o6pa- 

30M, h G Cl. O /niaxo, h He neJKHT b M  (g) Tax xax h n g  coBrianaioT Ha 6ecxoneMHOM 

Mno>xecTBe. C npyrofi CTopoHbi, ajih cjpHxciipoBamibix k  h t  >  k, n  G (n(, n (+i] HMeeM 

h(n)  =  g (n t+i)  >  f t+1 (n t+ l) >  f k(n).  3 t o  noxa3biBaer, mto /  <£. h h h  G M ( f )  Ç  M (g ) ,  

npoTHBopeMne. □

K n a c c b i  3 X B H B a jie H T H o cT H  ~  6y;.iyT naabiBaTbCH pocmaMU. M n o > xe cT B O  B c e x  p o c t o b  

o 6 o 3 H a M a e rc n  Mepe3 Cl*.

n p e , z y io > K e H H e  8 .  K a x < A b if t  p o c T  u i a B ju ie r c n  n o A n o n y r p y n n o f t  b  C l^ .

/JoKaaameA'bcmeo: ^ocraTOMUo AOxaaaTb, mto u> 3aMXHyro OTHOCHTenbHO xoMno3Hn,nn 

(J>yHXAHH. E ca h  /  ~  g, t o  g -< f k a ™  HexoToporo k  n, tbxhm  oôpa30M, /  o g -< f k+1. 
C APyroft CTopoHbi, /  - < / o 5 ^ ( / o  g ) k+1 n, tbxhm  o6pa30M, /  o g ~  / .  □

OnpeAeAHM ABe Ba>XHbie 4 ) y n x n n n  H3 Q M :

foo(n) =  00 n / 0(n) =  n  +  1
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H o603HaHHM COOTBeTCTByiOIH,He pOCTbl Woo =  [foo] H W0 =  [/o]. Heno, HTO /  G Wqo eCJIH 

h TOJibKO ecjin Hañ^eTCH n G N  TaKoe, hto / ( n )  =  oo u 3  £  u 0 ecjin  h to jiłk o  ecjra 

cym ecTByer d G N TaKoe, hto g(n) < n  +  d /y in  Bcex n  G N.

Onpe^eJiHM HacTHHHbift nopaAOx Ha Í2* no jiaraa

u¡\ <  w 2 e c jiH  M ( / )  5  M { g )  A » »  HexoTopbix /  G w x, 5  G w 2 .

H e n o ,  h t o  w 0 <  w  <  Woo a j i h  B c e x  w  G O * . l i o  n p e j y i o / x e i n n o  7  3T 0T  no p a ;i,O K  m o> kiio  

o x a p a K T e p H 3 0 B a T b  c jie /jy io iy H M  o 6 p a 3 0 M : [ / ]  <  [<7] e c j i n  h  t o a ü x o  e c j in  c y m e c T B y e T  ko 

T a x o e ,  h t o  /  -< g k h  g -fi f k rjisi B c e x  k  >  k0. KpOMe T o r o ,  [/] h  [5] n ecp aB H U M b i, 

e c jiH  /  /  ( f  ® 3 /  f k A Ji»  B c e x  k. H a n p H M e p , J i e r x o  B H A eTb, h t o  c jie A y io m ,H e  p o c T b i 

o 6 p a 3 y iO T  B 0 3 p a c T a io iu y io  n o cjieA O B aT ejibH O C T b: [n  +  1] <  [2 n ]  <  [ n 2] <  [en]. F o B o p a T , 

h t o  /  3 K cnoH eH U ,H ajibH O  6 o j ib iu e ,  n e w  g,  e c j i h  [e9] <  [ / ] .

f ljia  Wj =  [/] h w2 =  \g] mo>kho onpeACJiHTb ppa. hobwx pocTa:

wi V w 2 =  [m a x { /,g } j , wi A w 2 =  [m in { /,p } ] .

KoHenHO, wi V  w2 >  Wi, w2 h wi A w2 <  üJi , w2. Ha caMOM AeJie wx V  w2 11 wi A w2 hbahiotch  

KoppeKTHO onpeA&neHHbiMH peureTOHHbiMH onepaiyiiiMH.

JleM M a 1 . E c jih  W3 >  wi A w 2 , to  W3 >  Wi h jih  W3 >  w 2 . E c jih  W4 <  Wj V  w 2l to  w4 <  Wx

HJIH W4 <  W2.

Mbi AAAHM AOKa3aTejibCTBO 3TOft jieMMbi h cjieAyioui,eíí TeopeMbi b  § 5. B  cjie/iyiomeií 
TeopeMe Mbi pæiOMHpyeM ocHOBHbie CBOñcTBa pocTOB.

T eop eM a 1 . M i i o j x c c t b o  pocroB fl* c onepai;naMn wx V w 2 h wx A w 2 o6pa3yeT peuieTxy, 
oönaAaiomyio cjieAyiomHMH CBoficTBaMH.

a)  B p e m e r n e  Q* c y m e c T B y e T  H aH M eH b iim íí s^ eM eH T  Wo h  n a H Ó o jib i im ñ  a j ie -  

MeHT Woo-

b) JXflH jHOÔoro pocTa w Taxoro, hto w <  Woo cymecTByeT Taxaa CTporo B03- 

pacTaiom aíi nocjieAOBaTejibnocTb pocTOB w =  w0 <  wx <  w2 <  . . .  <  w„ <  .. 

hto  KaxcABiü pocr Wj+ x 3KcnoHeHu;najibHO 6ojibine w¿, ¿ =  0 ,1 .......

c)  PemeTKa Cl* ruioTnaa, T.e. a a »  Jiioôbix wx <  w2, wx,w2 G Í2*, cymecTByeT 

Taxoft pocr w3 G fl* HTO Wx <  w3 <  w2.

d ) B p e m e T x e  Q* H e cymecTByeT hh aTOMOB, hh xoaTOMOB.

e )  J\sin  Bcex w , w 0 <  w  <  Woo, cymecTByeT necHeTiioe ceMeñCTBo nonapHo 

HecpaBHHMbix pocTOB, xoTopbie He cpaBHHMbi c w  (HecneTHbie aHTHpenn).

f )  PemeTxa Q* AxcTpuöyTHBHaH (h, TaxHM oöpaaoM, MOAyAapHaa).

g) PemeTxa fi* nojinaa.
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O t m c t h m ,  h t o  fi* He í i b a h c t c í i  ö y jie B O Ü  ajireöpofi. A nanorn yTiicpHc^eiiHfi b), c) h  e )  

TeopeMbi 1 öbuni cc})opMyjiHpoBaHbi 6 e 3  flOKaaa'rejibCTBa b  [2 1 ] .

B oo6m,e r c m o p a ,  cjxyH K pH H  A a n H o r o  p o c T a  M Oi’y T  6 b iT b  y c T p o e H b i  a o b o a b h o  c a o j k h o .  

T e n  n e  M e n e e ,  b  k e j k ^ o m  p o c T e  m o j k h o  naîtra m h o f o  c o B c e M  n p o c T b i x  c J iy H K ip iö ,  T a n  

H a 3 b iB a e M b ix  C T y n e n a a T b i x  ( jx y H K ip ii i .

O npe/J,ejicH ne 2. IlycTb N  =  {n¿}¿SN ~  B03pac'raioinaa nocneAOBaTcnbiiocTb HaTypajib-:
H b ix  H H C eji T a x a s i ,  h t o  1 =  n 0 <  n x <  < ____ Cmyneunamaji (ßijHKUtui, O T B e a a i o i n a a  '

nocJie^oBaTejibnocTH N  oripeAeaena nocpe/;cTBOM 5,v(n ) =  n¡+i ajih Bcex n £  [n¡,n¡+ i).

Kaac^biñ pocT npe,n,cTaBJiaercíi nexoTopofi CTyneHHaToñ (JxyHKpnefl.

ripe^JioxKeHHe 9. Ka>KAbiñ pocT u HBjiaercH KjiaccoM SKBiiBajieHTHOCTH HeKOTopoi! CTy- 

neHHaTOË cJ)ynKU,HH.

/JoK0,30,mejibcrneo: I l y c T b  f e u .  O r ip e A e n i iM  n o c  ji e ;j,o  b a a e  ji b  h o  c t  b  N  =  { n , }  c j r e ^ y -

IOHI.HM o 6 p a 3 0 M  n o  =  1, n í + i =  / ( n ¿ )  =  / î + 1 ( l ) .  f fjm  K a>i<A O ro n  £  [ n ¡ , n ¡ + i )  H M eeM  

f {n)  <  f ( n i+1) =  n , + 2  =  S%(n). C A P y r o f t  C T o p o H b i,  S N ( n )  =  n i+1 =  / ( n . )  <  / ( n ) ,  

O T K y ;;a  C A e A y e r  /  ~  S p j .  □

Koneano, paajmanbie cJiynKumi MoryT SbiTb SKBHBajieHTHbi o a h o ë  h  t o ë  jxe cryneH- 
HaTofi 4>yHKU,HH h obpaTiio, Ka>KAbifi pocT coAepJKHT MHoro pa3AHHHbix CTynenaaTbix 
cjiyHKipn'i. CTyneHHaTbie 4>yHKu,HH xoporno ce6a BC/iyT no OTHomenHio k  k o m h o 3 h u , h h .  

E c a h  n 6  [n¿,ni+i) , t o  Sjy(n) =  ni+k-

JleM M a 2. ,U,ah AByx nocneAOBaTeAbHOCTeñ N  =  {n¿}ieN, M  — {rrij}jeH nepaBCHCTBO 

Sp iin )  -< S m  (n) BbinoAHHeTCH b tom  h toam co tom cjiynae, k o ia a  noHTH Bee HHTepBajibi 
[mj,Trij+1) coAep>KaT He Goaee k  — 1 hachob nocneAOBaTeAbHOCTH N .

JfoKaaamejibcmeo: B caMOM Aene, ecAH Sm S'f, h n 3 , . . . , n s+* £ [m¡,m¿+i)  pjin

HeKOToporo i, t o  Sm (tis) — m i+1 >  n s+k =  S ^ ( n s). C APyroft CTopoHbi, ecAH n  £  

[n¿, n i+ i) fl [rrij, mJ+i) ,  t o  5 a /(n ) =  m J+1, Sj^(n) =  n i+k■ E cah, xpoMe to to ,  [mj,  m J+1) co- 

Aep>KHT ne 6oAee k — 1 hachob nocAeAOBaTeAbHOCTH N,  t o  n i+k >  m J+1 h S m (n) -< S%{n).  

□
OxapaiereproyeM Tenepb riopaAOK Ha MHOxcecTBe pocTOB c ncnoAb30BaHHeM CTynenna- 

THX (jiyHKi|HË. OcHOBHyio poAb b AaAbiieftiuHx paccyACAeHHHX HrpaeT CAeAyiomee npeA- 

AOAieime, KOTopoe a c t k o  CAeAyeT h 3  npeAbiAymeft a s m m b i .
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IIpąąjiojK eH H e 10 . ^ jih  ppyx  npoH3BOAbHbix iiocJiCAOBaxejibiiocxefi N  h M  Mbi HMee.M:

a )  [Ą y ] =  [5’a /]  c c j i h  h  T o jib ic o  c c j ih  c y m e c x B y io x  rp a iiH ii,b i  a j t h  K O J in n e c x B a  h a c h o b  

nocjieA O B aTeJibU O C TH  N  b  H H T e p B a jia x  [m ,- ,m ¿ + 1 ) h  r j i h  K O JiH xecxB a h j i c h o b  n o c j ie ^ O B a -  

T6JlbHOCTH M  B H H T epB âJiaX  [rij,nj+1).

b ) [5at] <  [Sm] ccjih h tojibko ecjiH cymecxByiox rpaHHU,bi p,jw KOAHnecTBa HJienoB 

riocjie^oBaTeabHOCTH N  b HiixepBajiax [m ;,m i+i)  u ne cyu;ecxr¡yex xaxnx openoK a a «  

KOJiHHecxBa HJieHOB nocjieAOBaxejibHOCXH M  b HHxepBajiax [rij, n J+i).

c) [Ąv] h [Sm] HecpaBHHMbi b xoM u xoJibKO xoM CJiyiae, KOi'Aa He cymecxByex xaxiix  

opcHOK ají a KOJiHHCCXBa HjienoB iiocjieAOBaxejibHoexeñ N  u M  b HHxepBaJiax [m¿, m ¡+i) 

h [n j ,n j+1), cooxBexcxBeHHO.

JleMMa 3. Ecjih N  C M ,  xo [Sm ] <  [SW]. 06paxHO, ecjni wi <  w2, t o  cymecxByiox 
nocjieAOBaxejibHOCXH N  h M  xaxne, hxo oj\ =  [5m], w2 =  [Ąv] h IV C M.

/^OKCujamejibcmoo: l io  npeAAOJKeHHio 3, ui\ =  [S'jv], w2 =  [5*/] A-1 ni neKOxopbix N , M .  

Tax xax u>i <  ui2, nHxepBanbi [m¿, m i+ í) coAepxcax 6ojiee k  hjichob nocjieAOBaxejibHocxH 

N  AJia Hexoxoporo <J>HKCHpoBaHHoro k. llycxb

[mh , m h+1) , . . .

— nocjieAOBaxejibHocxb Bcex HHxepBajiOB, coAepjKamnx no KpañHeñ Mepe oahh Hjien N .  

üojiojkhm n's =  m¿,, N '  =  {n's }. TorAa N ' C  M .  IlHxepBajibi [n', n's+l) coAepjKax ne 6o;iee 

k  HjieHOB nocjieAOBaxejibHOCXH N .  C APyroñ cxopoHbi, HHxepBaAbi \r i j ,n j+1) coAepxcax He 

6ojiee OAHoro Mjiena nocjieAOBaxejibnocxH N ’, oxxyAa c.ie;iyex, nxo S n  ~  S n 1- □

0xapaxxepH3yeM xenepb b xepMHHax cxynennaxbix <J>yHyii,Hñ onepan,HH ui\ V w2 

h w  i Aw2. Ajih nocjieAOBaxejibnocxeñ N ,  M ,  mm HMeeM m in(Sjv, S m ) =  S n u m , rae N u M  

oóbiHHoe oGxeAHHeHHe mhojkccxb.
BßeAeM HOBbie onepapHH n a nocjieAOBaxejibHocxnx N, M.  IIpe>KAe Bcero, onpeAe- 

jiHM HOByio nocjieAOBaxejibHoexb L — N  V M  cjreAyioiHHM oöpasoM. IIpeAnojioJKHM, nxo  

n i <  m i. IIojiojkhm l x — n i.  IIpeAnojioJKHM, nxo M bi y>Ke nocxponjin HJienbi lx, . . . ,  l2i_x. 

TorAa / 2¡ —  HanMeiibuinií niien nocjieAOBaxeJibiiocxH M ,  Gojibiiinñ, h c m  l 2 i_ x h nycxb / 2 l+ 1 

HaHMeHbuiHË Hjieii nocjieAOBaxejibHocxH N  öojibiuHÜ, hcm l2i. íIcho, h io  max(5A', Sm ) ~  

S a'vm ■ HMeex Mecxo cjieAyioiHHíí pe3yjibxax.

JleMM a 4 . Ecjih N  ~  TV', M  ~  M \  xo N  U M  ~  N'  U M ', iV V M  ~  N'  V M '.

/J)oK03amejibcmeo : llycxb  N  =  {n i} , N ' =  {n 'J , M  =  { m j ,  M ' =  {m^} h N  U M  =  

K  =  {k i} ,  N '  U M ' — K '  =  {fc-}. TorAa cym,ecxByex HaxypajibHoe n  xaKoe, nxo HHxep- 
Bajibi [n¿, n¿+i) , [m¿,m J+1) coAepjxax He 6ojiee n  hjichob nocjieAOBaxejibHocxeñ N '  h M \  

cooxBexcxBeHHO, a HHxepBajibi [n', n '+1), [m ', m '+1) coAepjKax He óojibine, neM n  HJie- 

hob nocjieAOBaxejibHocxeñ N  h M , cooxBexcxBeHHO. B  3xom cjiynae HiixepBajibi [fc¿, fc¿+1).
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[k'n k'i+i ) coflepxcaT He 6ojiee 2n  hjichob nocjieAOBaxejibiiocTett K ' ,  K ,  cooTBeTCTBeHiio. 
TaKHM o6pa30M, K  ~  K ' .

IlycTb Tenepb L — N  V M, I! =  N'  V M '. HuxepBaji ¿2¡) coacp>khtch b HHTep- 
Bajie [rrij,nij+ i) , ryje m j +l =  l2i, h, TaKHM o6pa30M, coAcpjKHX He bojiee, neM n  HJieHOB 

nocjieAOBaTe^bHOCTH M'  ;ijih HeKOToporo n. TeM caMbiM, [i2»-i> hi) coAepjKHT He 6ojiee, 
neM 2n HjieHOB nocjteAOBaxcjibiiocxH L', Tan kek oii coacp>kht ne öojiee, neM n  hjichob 

nocjie;i,OBaxejibHocxH M ' . KpoMe to to , [¿2¿> ¿2t+i) coAepxcHT He 6ojiee, neM 2n hjichob no- 
cjieAOBaTejibHOCTH L', TaK KaK oh co;;ep>KHX He bojiee, neM n  hjichob nocjieAOBaxejibnocTH 

N' . IIoMeHHB b 9THX paccyjKAcmiiix L h L' MecTaMH, mm nojiynuM xpeöyewoe 3aKjnoHc- 
HHe. □

,H,OKa3aTejibCTBO JleMMbi 1: IlycTb uj\ =  [5k],W2 =  [Sm], K  =  N \ J M ,  w3 =  [5k]- TaK 

KaK K  D N , M ,  t o  no jieMMe 2 m u mo>kcm 3aKjnoHMTi>, h to  [5k] >  [5k], [5m] >  [5k]- Te
nepb ripeAiiojieiiHe oj =  [5k'], K '  =  {^¿}, Aaer w yi w3. Ho xoiyj,a He cymecTByeT rpanHi|bi 
AJiH KOJiHHecTBa HjienoB nocjieAOBaTejibHOCTH K  b HHTpeBajiax [fc[, k'i+ l). IIpeAnojiojKHM, 

h to  u) < u i h u) <  u>2 - Tor;j,a cymecTByeT n  TaKoe, h to  [/o', k'i+ l) coAepxtHT He 6ojiee, neM 

n  hjichob nocjieAOBaTejibíiocTeñ N  h M,  h, TaKHM oöpasoM, He bojiee, neM 2n  HjieHOB 

nocJieAOBaTejibiiocTH i i ,  npoTHBopenne.

IlyeTb w4 =  [L], L =  N  V M, L =  {¿¿}. IIojiojkhm L1 =  { /2¡ - i } ,  ¿ 2  =  {hi}- T o r y j a  

Li  ~  L 2 ~  L. T a n  K aK  Lx C N,  L2 C M,  t o  [5¿] >  [5k], [Sm \- I lp e A n o jio > K H M  T e 

n e p b ,  HTO uj ft UJ4, u) — [5¿<]. T o r ^ a  n e  cymecTByeT r p a i i H i j b i  p,Jin K O JiH H ecT B a  H jie n o B  

n o c jie A O B a T e jib H O C T H  M  b H H T e p B a j i a x  [/¡,/¿+1) h, TaK H M  o 6 p a 3 0 M ,  t o  >kc c a M o e  B b in o j i -

HHeTCH AJXH HHTCpBajIOB [hi-l ,hi)  HJ1H HHTepBajlOB [hi,hi+l]- Ho [¿2t 1 , hi} COAepJKHTCH B
HeKOTopoM [ms,m s+i), a  [hi, hi+i) co,n,ep>KHTCH b HeKOTopoM [n(,n t+1), h to  h 3aBepmaeT 
AOKaaaTejibCTBO. □

,H,OKa3aTejibCTBo T eopeM bi 1: H3 jieMMbi 3 cxe/iyer, h to  Í2* hbjihcxch pemeTKoft. 
HacTb a) oneBHflHa. J\jin  ApKaaaTejibCTBa b), nojio>KHM w =  [/] h onpeAeauM g\{n) =  

/ n (n). Tor^a u>i — [gi] > u . Tenepb nojioxcHM u>k =  [y ]̂, r^e gk{n) — g%_i(n). HMeeM 

U) <  u>i <  ui2 <  . . .  <  UJk < ___

c) npeAnojio>KHM, h to  wj =  [5k], w2 =  [5m], N  =  {n¿}, M  =  {m_,}, uji <  u>2. 
H3 npeypioxienHH 4 b) cjie^yeT, h to  HHTepBajibi [n¡, n i+ i) coAep>KaT orpaHHHeHHoe ko- 

JlHHeCTBO HJieHOB HOC.XeAOBaTejIbHOCTH M,  HO KOJIHHeCTBO HjieHOB nOCJie;;OBaTejIbHOCTH 

N  b HHTepBajiax [m j,m J+1) He HBJineTCH orpaiiHHemibiM. IlycTb {[m j,, m jj+1]}, s =  

1 , 2 , 3 , . . . ,  — riocjieAOBaTejibHOCTb HHTepBajlOB Taxait, h to  [mJs, m,j3+i)  coAep>KHT 60- 
jiee, neM s 2 hjichob N.  06o3HaHHM 3th  HJieHbi nepe3 n ,J+1, . . . ,  n ia+s2 . Hojiojkhm K '  =

-• • ,^¡,+«(3- 1)} h i i  =  M U / i ' ,  ü  =  {k i} .  nycTb w3 =  [5k]. Tax KaK 
M  C Ü ,  t o  w3 <  u>2 npHHeM s t o  HepaBeHCTBo HBjmeTcn tohhbim, TaK Kax KaxcAbiñ 

HHTepBaji [mJa,m Js+1) coAepxorr s  hjichob nocjieAOBaTejibHOCTH K .  C APyroft cTopoHbi,
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Ka>KAwń HHTepBaji [n¡,rii+ i)  co;i,ep>KHT He öojiee, neu  ko hjichob riocjiCAOBaTCiibiiocTH M  

h ne 6ojiee 1 HJiena nocjie^OBaTejiBHOCTH K ' .  9 t o  3hbhht, h to  uii <  ui3. Ho Ka>K//bift hh- 

TepBaji [¿j, fcj+i), cornia/iaion/uft c HeKOTopbiM HHTepBajiOM [n,^, riit+ s), co^epjKHT s  hjichob 

nocjieÆOBaTejJbHOCTH N ,  TaK h to  u>i <  ui3 <  uj2.

d) jierKO cjie^yer H3 c).

e) E c j ih  Wq < ui < wTO, t o  b  cujiy h j i o t h o c t h  m o > k h o  naiíTH uix, ui2 Taane, h t o  

OJq < UJ, < UJ < ÜJ2 < OJoo. nyCTb Ul =  [5¿v], UJ\ =  [5jyf], Ul2 =  [Sk-]. B35IB HeKOTO- 
pyio MO/inocjieAOBaTejibHOCi’b N'  Ç  N,  m m  m o jk c m  npe,ąno.naraTb, h t o  Ka>K;j,biñ nHTpeBaji 
[n'-,n-+1), B nacTHOCTH, coflepjKHT TpH nocjie/jon axe j i w m x  rrij h  Tpn nocjie,ąoB axe j i b h h x  

ki. IlycTb A  —  öecKOHeHHoe h o ^ m h o jk c c t b o  N . n pe/i,CTab h m  ero b  Bn^e /pt3-biOHKTHoro 
odpeflHHeHHH A = Ai U A2 iieHCTiibix h  h c t i i b i x  h j i c h o b  A i =  {a2s+ i} , A-¿ =  { 0 2.,}. Heno, 
h t o  m o jk h o  onpefleHHTb HOByio cfiynKnuio FA, TaK h t o  na HHTepBajiax [n-, n-+1) 4>yHKU,HH 
Fa onpe/jeJieiia KaK S¡\, ecjiH i G N  \  A, k&k Sk,  ecjiH i G Ai,  h  KaK Sm, ecjiH i G A2, 
npH 3TOM CKjieñKa hpoh3boahtch TaK, htoóm  Bbinojnmjiocb cboiIctbo Fa G He». Poctm  

[Sjv] h [Fa] HecpaBHHMbi.
f l j iH  K a jK f lo ro  B e m e c T B e im o ro  HHCJia r  B b iô ep e M  ó c c k o i i c h u v i o  nocjie jip B aT ejiL H O C T L  

{ b n }  p a3 J iH H H b ix  p a n H O H íu ib H b ix  H H ceji, cx o flH 3 y io cH  k  r ,  h  o n p e /;e jrH M  T r  K aK  m h o /k c c tb o  

{ 6 ri : n  =  1 , 2 . . . } .  T o r j j a  { F r  : r  G M } h b j i í i c t c h  H C C H onibiM  ceM eËCTBOM no^M H O H iecTB  

b  Q  T aK H x , h t o  KaK F ,  T aK  h  Q  \  r  G e c K o iie n iib i, n p iiH e M  / i b  a  jh o ö m x  p a3 J iH H H b ix  n j i e n a  

3 T o ro  c e M e ñ c T B a  F ,  T ' n e p e c e K a io T C H  n o  KOHeHHOMy M iroxcecT B y F f l F .  9 t o  K JiaccH H ecK H Ë  

p æ y j ib T a T  B. C e p n H H b C K o ro , A 0 K a3 aH H b iñ  b  1 9 2 8  r o j iy  [1 5 9 ]. n y c T b  <p : Q  N —  j n o ö a «  

6neKH,HH H A , =  4>(rr).

Tor^a ceMeñcTBO pocTOB {[FAr]}reR hbjihctcíi xpeóyeMbiM HecnenibiM ceMeËCTBO no- 
napH O  n ecpaB H H M bix pocroB.

f) F[pe/tnojio>KHM, h to  ui\ =  [Sftr], UI2 =  [5a/] , ui3 =  [5//] nonapHO HecpaBHHMbi. IIo-

CMOTpHM Ha Skum  =  m in(5/v, Sm), S n u k  =  m in(5/v, S k )-  npejmojio>KHM, h to  Snum  ~  
S n u k ,  L — N U M ,  L' — N U K .  Torjja cymecTByer Tanoe k, h to  Kaxíflbiñ nirrepsaji [/¿, li+\)  

cco^epjKHT He Gonce k  hjichob nocjiąąoBaTejibHOCTH L' . Ho jihöo [li,li+i)  — [ms,m s+i) ,  
jih6o [/,-, li+2) =  [ms ,m s+i) ,  TaK h to  [ms,m s+i)  coflepncHT ne öojiee, new 2 k  hjichob no- 

c;ie/;oBaTejibHOCTH N .  B CHJiy CHMMerpHH, Taxxce S n  ~  Sm,  npoTUBopenne.

ripe;j,nojio>KHM xenepb, h to  uji =  [IV], ui2 = [M\, ui3 = [K], pocTbi ui\, uj3 w. u>2, ui3 
nonapHO HecpaBHHMbi h u>i < ui2. IIo neMMe 2 mm mojkcm npeflnonaraTb, hto  M  C N. 
Ecjih, KpoMe Toro, npeAnonoJKHTb, h to  op A ui3 = ui2 A u>3 mm tohho TäK>Ke nonynuM 
npoTHBopeHHe c npe^nojioxieHHeM ui, < ui2. TaKHM o6pa30M Q* He coAep>KHT KaK no/4- 
pemeTKy hh ^naManT M5 , hh nHTHyrojibHHK IV5 h, TaKHM o6pa30M, ÄHCTpnöyTHBHa [62], 
Xopoino H3BeCTHO, HTO flJIH peHieTOK //HCTpHÖyTHBHOCTb BJieHeT MO/iy/IHpHOCTb.
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g) IlycT b  {wQ}Qg/ — npoH3BOJibHoe ceMeftcTBO pocTOB. Bbi6cpeM jnoôyio cjpytixumo 

f Q H3 0Ja . CeftMaC MbI nOCTpOHM ABC (JjyHXUHH /  H g. A HMeiIHO, nOJIOJXHM /( n )  =  

m axQ{ / Q(n )} h  g(n) =  m inQ{<?a (n )}. Hcho, hto f , g  g PÏ3 nocrpoetiHa cjie^yeT, 

HTO [/] H [5] —  BepXHHe H HHJKHHe rpaHHUbl CCMeñCTBa {wQ} Qg j. □

§ 5. IToflrpynnbi o n p e ^ e J i e H H b ie  pocTaMH

IlycTb R  — accou,naTiiBHoe xojibuo c 1. Hepe3 M (oo, R ) mm o6o3iiaHacM mhojkcctbo 

Bcex N X N-MaTpnu,. Cjio/xem ie MaTpuu h3 M (oo, R)  BCiOAy onpeAejieno, ho yMHOîxe- 
hhh s t o  He Tax. KpoMe Toro, xax noKa3biBaeT npwMep H3 naparpa(J)a 1 [73], yMHOxcenne 

MaTpHU, H3 M(oO, R) He HBJIHeTCH Aa}Ke CJiaßo aCCOU,HaTHBHbIM.

Otmcthm  ABa CJieAyioupix Ba>KHbix pe3yjibTarra H3 [73]. Ecjih R ~  F  none, to:

1) xa>KAyio cueTHOMepuyio accouuaTHBHyio ajireôpy naA F  mo>kho bjiojkhtb 

b M (oo, F),

2) KaJKAblÜ XOHeHHblft HJIH CHCTHblii rpymiOHA MOJKHO BJIOXÍHT B M(oO, F).

B HacToamefi cTaTbe mbi, Booôipe roBopa, HHTepecyeMca accoHiiaTHBHMMu cTpyxTypaMH, 

Tax h to  mm Hcnoab3yeM AonojiHHTejibHue npeflnojioaceHHa, rapaHTHpyiouyie accounaraB- 

HOCTb yMHOJxeHiia. ByąeM paccMaTpHBaTb Mc(oo, R) — xojibno Bcex kohchhoctoa6uobh x

MaTpHU, H ero IIOAKOJlbUO Mrc(oO, R) — Bcex XOHeHHOCTpOHHMX H XOHeHHOCTOaÔUOBblX 

MaTpHU-

O n p eu eJ ieH u e 3 . ToBOpaT, h to  ([lynxipia /  g  P (N ) aBjiaeTca cmpoHHOü zpcmuv,eü AJia 

MaTpHUbi a =  (a.ij) g  M (oo, R),  ecan  a„,m =  0 ahh Bcex m  >  / ( n ) .  AiiajioruHiio, 4>yHxuna 

g  g  F (N ) na3biBaeTca cmoji6v,oeoü zpanupeü pjin a, ecjin an,m =  0 A^a Bcex n > g(m ).  

YcjiOBHe orpaiiHMeHHocTH ohcbhahmm oöpaaoM Bbino/maeTca, ecan / ( n )  =  00 h g(n) =  

00.

B HexoTopoM CMbicae, c[)yiixuHH f u g  hbjihiotch rpaHHuaMH iuhphhm nojiocu baojib 

raaBHoñ Anaronajin, coAepxcaiueft Bee nenyjieBbie sjieMetiTbi MaTpnubi a.

I I p e A J io > K e H H e  1 1 . ,3a  a  x a a < A o ñ  M a T p H U b i a g  M (oo, R) c y iu e c T B y e T  H a H M e H b iu a a  

C T p o H H a a  r p a H H u a  p jm  a b fi,*,, o 6 o 3 n a a a e M a a  n e p e 3  ß “. Tohho Tax> xe , ah  a  n io ö o ß  

M a T p n u b i a g  M (oo, R)  c y iu e c T B y e T  H a H M e H b iu a a  C T o n ó p o B a a  r p a i iH u a  ah  a  a b 

o 6 o 3 H a u a e M a a  n e p e 3

/ioK03ameAbcmeo:  IIonoxcHM F “( l )  =  m, rAe m  =  m ax(2 ,m ax(n  : ai„ ^  0)),  hhh

1) =  00, earn Taxoro m  He cyiuecTByeT. IlycTb B “( n + 1) =  max(n +  2, B “(n ), m ), rAe
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m = m ax(k : ank ^  0), hjih B“(n 4-1) =  co, c c j i h  TaKoro m  He cymeerayer. rp an up a no 
CTOJ1611BM B“(n) onpe;i,eji}ieTCíi aHajioranno. Ü 3 3Toro onpe;i,ejiennH cae/iyex, hto B“(n) 
h B£(n) oÖJia^aioT TpeöyeMMMH cBoñcTBaMH. □

riocTpoeHHan b ,n,0Ka3aTejibCTBe rpaiiHi;a B “ Ha3biBaeTCH eepxneü zpauuv,eü pjm a, a 
B“ — nuotcueü zpanupeü rjix a. Hnxanie h Bepxime rpammbi coryiacoBaiibi c yMnoxceinieM 
MaTpmj,. A HMeHHo, ecjrn B“, B b < f ,  t o  B“6 < f 2 ( c m .  PwcyHOK 2). Tohho Tan >Ke, ecjiH

3aMCHaHHe. PÎ3 n p efljio jK eH H H  6 c j ie n y c T , hto .xyra Ka>K,n,oro a  € M(oo, R ) c y m e c r a y i o T  

p o c T b i Wi, u>2 T aK H e, hto =  [B“], u>2 =  [B“]. K p o M e  T o r o ,  e c jiH  w;i UJi, x o r , ; ;a  hh o /m  a  

H3 4>yHKIJ,HH /  G W3 HC 5IBJIHCTCH CTpOHHOË rp a iIH I/C H  flflH a, a  eCJIII ÙJ4 A ÜJ2 , TO HH O flH a 

H3 4>yHKu;Htt g £  u>i n e  H B/iaeTCH  C TO JiöpoB O # r p a n n p e ñ  p /ih  a.

C f l p y r o ö  C T opoH bij / y i n  KajK,ąoro p o e r a  io m o > k h o  iia ftT H  M a T p n n y  a S M(oo, R) 
T a K y io , h t o  u) =  [ B “ ]. I l y c T b  u> =  [Sjv] A-'ih HeKOXopoß c x y n e H H a x o f t  <J)yHKu,HH S n - R o - 

CTaTOHHo B3HTt. B epxH ioK ) y H H T p e y ro jib H y to  M a T p n u y , y  K o x o p o f i  H a  rjiaB H O Ë  /y ia r o H a j iH  

p a c n o j io H c e n b i  KOHeHHbie 6 j i o k h  p a a M e p o B  n i ,  n 2 — n i ,  — n 2 , . . Be e  a j ie M e iix b i  K O T opb ix  

paB H W  1 . A n a jio rH H H b if l p e 3 y jib T a T  B b in o jiiiH e x c H  h  a j i h  c r o j iô p o B b r x  rpaH H U ,. □

Rna  KOJiep Mc(oo, R) h Mrc(oo> R) o6o3HaHH.\i nepe3 GLc(co, R) a GLrc(oo, R) hx 

rpynnbi oôpaTHMbix sjicmchtob. PaccMOTpHM TaKxxe cooxBeTCTByioume nojiyrpyriribi 
Sc(oo,R) h Src(oo,R).

R jííí KOMMyTaTHBHoro KOJibpa R  MOJKHO onpeflejiHTb xafoxe accorçHaTHBHyio i?-a n re - 

6py Ac(oo,R)  KoneHHocTOJi6i;oBbix MaTpHH, h ee noflajireôpy A rc(oo,R).  PaccMaxpHBan 

CKOÔKy JIh [a, b] = ab — ba mbi oômhhwm o6pa30M nojiyHHM ajireopy JIh Lc(oo, R) h ee 

noAajireöpy JIh Lrc(oo, R).

B“, B bc < g, to B ?  < g2.

PncyHOK 2
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TaK KaK flOKasaTejibCTBa itaumx pe3yjibTaT0B p /m  rpynn, riojiyrpynn, kojicu,, ajireöp 

h ajircöp J1h, mm (JjopMyAupyeM hx Ha h3mkc yHHBepcajibHoñ ajireöpbi. 
B AajibneftmeM TeKCTe X c o6o3iiaHacT oahh h3 cjieAytom,HX oöxcktob: 

Mc(oOi-ß), GLc(oo, R), S c(o o ,R ) ,  A c(o o ,R ) ,  L c(o o ,R ) ,  

a X rc 03HanaeT ero CTpoHiio h ctojiöhobo KOiienubiñ anajior. OiipeAe;iiiM neTbipe iioamho- 

xíecTBa b X c, OTBenaioinne pocTaM ui\ h uj2-

X (w i,w 2) =  {a £ X c : B “ < f ,  B° < g pjia neKOTopbix /  €  u i , g  S w2},
X(u>i, ćD2) =  {a e  X c : B “ <  / ,  B “ <  g pjw  neKOTopbix / G w i , j 6 w2},

X(ĆDi,w2) =  {a  G X c : B “ <  / ,  5 “ <  5  a a »  HeKOTopbix /  G oiu g E w2},

X(£Di,ćD2) =  {a  £  X c : 2?“ <C / ,  B “ <C g pnn neKOTopbix /  €  a>i, <7 €  w2}.

B CJiynae X c =  GLc(oo, i?) mm H3MeniiM s th  onpeAeJieHiiH, Ao6aBHB Te jkc cawbie 

orpaiiHHeHHH pjin a - 1 . H anpim ep,

X (w !,w 2) =  {a  G X c : B%,B“~' <  / ,  B “”1 <  g ajih n e K O T o p b ix  /  G ą . j G ^ }

H toöm  oxBaTHTb HeKOTopbie BaJKHbie cjiy ia ii, mm ripeAriojiaraeM AonoJiHHTejibHO, h to  

X (So, —), cooTBeTCTBeHHO X ( —, £D0), 03naHaeT, h to  bo Bcex MaTpmi,Mx tojibko Koiiennoe 

hhcjio ajieMeHTOB noA, cooTBeTCTBeHHO HaA) rjraBHOñ AnaroHajibio, otjihhhm  o t  0.
H3 3aMeiianHH cjieAyeT, h to  paBeHCTBo X (0 11, 012) =  X (o /3 , oją) BbinojmneTCH b tom  h 

TOJibKO tom cjiynae, KorAa oil =  013 n oi2 =  014. Booöm e roBopn, BbinojinneTca cjieAyiomaii 

AHarpaMMa Xacce BK/noneni-m.

X  (wi , 0J2)

P n c y n o K  3

EAHHCTBeHHMMII HCKJIiOHeHHHMH 3JieCb HBJIHtOTCH X(Ó}oo, 01oa) =  X’(w00,W00) =  X c W

X^QC, UJqq) — X^QQ, CJqq) — X rC.

T eop eM a 2. (Rna jiioômx pocTOB ui\, o>2 MHO>KecTBa

X(uJi,UJ2),X((jJi,Ul2) ,X (w i ,U l2),X(uJi,U)2)

HBjiHiOTCH noAajireöpaMH ajireópM X c (b CMMCJie ynnsepcajibnoft ajireöpbi). Ecjih u¡\,ui2 < 
Woo, t o  X (o ii ,o j2) noAajireöpa X rc.
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O öhhho Mbi m im eM  ripoci’o X(u>) =  X ( u , l j )  h .X'(tD) =  X (C j ,ü ) .

T e n e p b  h3 aaMenaiinH BbiTeKaeT c j ie / iy io n j i i f l  p e 3 y jib rrax .

T eop eM a 3. P em eT K H  {X (w )}  h  { X (S ) }  h 3 0 m o p 4 >hm pernerae p o e r o B  fî*.

C jie^ y io iU H it p e 3 y j!b x a T  n r p a e T  ocH O BH yio p o j ib  b npHJiOHcenHHX pocTO B k  n a y n c in n o  

yH H B ep cajib H bix  a j ir e ö p .

T eop eM a 4 . E c j ih  Y  —  no^MHOJKecTBO X c , t o  c y m e c T B y e x  x a io i e  n a iiM eu b iiiH c  p o cT b i ojx 

H UJ2 B fi*, HTO Y  C X ( u > i ,U)2).

JlJoKa3 amejibcmeo: E c j ih  Y  — { y a } ae i ,  t o ,  KaK h  b 3 aM eH aiiH H , jjj ih  Ka>K,ąoro ya mm  

MO>KCM nOCTpOHTb JJBa CCMCflCTBa { / Q} „ e /  H {<?Q} a € /  BepXHHX H HHJKHHX rpailHU;. I I o -  

CTpoHM T e n e p b  flB e  (JiyHKipiH f u g .  I ly c T b  / ( n )  =  m a x a { / a ( n ) }  u  g ( n )  =  m a x Q{ £ Q( n ) } .  

H c h o ,  h t o  f , g  G Qoq. H 3  n o c T p o e n n H  c p a 3 y  c jie ^ y e T , h t o  [ / ]  h  [5 ] h b a h io t c h  BepxroiM H  

H HHJKHHMH rpaHHÍjaM H JJJI5I CeMeÖCTBa { y a }ae l  h ,  TaKHM o 6 p a 3 0 M, Y  C  X ( [ g ] ,  [ / ] ) .□
B cjiynae rpynn 3 t h  paccyjKAeHHH cjiejjyex MOAH(J)HU,HpoBaxb TaKHM o6pa30M, h t o 6 m  

ynecTb b oripejiejiennH cJiyHKpnii f u g  xaKxce Bepxune h  h h jk h h c  rpaiiHii,bi pjiH sJieMen- 
TOB, OÔpaTHblX K SJICMCHTaM Y . EcjIH Y  HBJIHeTCH IIOJUpyilHOft, B TaKOM H3MeHeHHH neT 

HeOÖXOflHMOCTH. □

O npe/i,ejieH H e 4 . PoBopsiT, h t o  noAMHOXtecTBo Y  ajireöpbi X c(oo, R)  b TeopeMe 4 HMeeT 

pocT b  nojioce (o j i ,  u>2). E c j ih  u \  =  u 2, roB o p u T , h t o  Y  HMeeT pocT b nojioce w (h j ih  npocTO 
POCTOM u>).

C cJiopM yjiH pyeM  T e n e p b  3 aflaH H , O T H O canpiecn k pocT aM .

ü p o S jie M a  1 K axne ajireópannecRHe c b o S c t b e  yHHBepcajibHoił ajireöpbi X  

CJiejiytOT h 3  t o t o  cjiaKTa, h t o  X  B K Jia^biB aeTcn b  X ( uji, u)2)?

I I p o 6jieM a 2 Onniumre C B oñcT B a X ( u > i , u j 2 ) ,  3 aBHcniHHe o t  u ) i , t v 2 .

B cjieAyiomeM naparpacjie mm  npuBojyiM HeKOTopbie pe3yjibTaTbi no 3 t h m  npoÖJiewaM 

Ajih rpynn.

§  6 .  n o p o ^ c f l e H H e  c t p h h t ć i m h

B HacTOiimeM naparpac|>e m m  AOKaiKeM pœ yjibTaTM  o ninpHHe rp ynn riojjCTanoBOK 

Sym(w) =  Sym (N  n GL(w) h  BepxneTpeyrojibHbix MaTpnu, UT(w) =  U T r(oo, R)  fi GL(w) 

OTHOCHTejibHO cooTBeTCBeßyiomHx CTpHHroB. Mm roBopHM, h t o  niH piina rpynnbi G  o t h o -  

CHTejibHO nopoiKflaiomero MHOxcecTBa S  paBHa k, ecjin k&'aîjxiÆ s j i c m c h t  h 3  G  HBJineTCH
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npoH3Bąn;eHneM He Gojibuie mcm k sjicm chtob  h3 S  h  cymecTByeT TaKoft ajienenT, ko to - 

pbiii ne hb jiíic tch  npoH3BeAeiiHCM MeHbmero HHCJia sjicm chtob  h3 S. 0Ka3biBaeTCH, h to  

jnoóan noACTanoBKa H3 Sym (w) îib jihctch  CTpHuroM h jih  npoH3BeACHHeM Aeyx cTpnn- 

roB. AnajiorHMiio, Jiioöaa M aTpnna H3 U T(w ) hbjiííc tcíi c tp h h to m  h jih  npoH3Be^enHeM 

AByx CTpHHroB ;u ih  npoH3Bojibnoro accopnaTHBHoro KOJibpa R. 3 t o  o6o6maeT H3BecT- 

Hbie pe3yjibrraTbi BepM em a [175], [176], p e n e c a  h  Ilam T opa [74] b cnynae rpynrib i Sym (N ) 

h  BepM em a h A ńpem a a jih  Tpeyrojibiioii rp y n n b i öecKoneHHbix MaTpm; tia;j, nojieM kom- 

njieKCHbix HHceji. B Kom;e iiaparpac])a mm AonaxteM, h to  jno6oñ 3JieMenT rpynnb i GL(w0) 

íiBnneTCH iipoiOBeAenneM CTpnHroB /y in  npoH3BOJibHoro acconnaTHBHoro KOJibpa R. 3 t o t  

pc3yjibTax H3BecTeH pjin rpynrib i G L rc(oo, K ) naA KoneniibiM nojieM K  [165]. B cjiynae no- 

jih  KONiruieKCHbix HHceji, BepMem n  Aftpem  noKa3ajiH, h to  jiioöan M aTpnpa H3 G L rc(oo, C ) 

HBnneTcn npon3BeAenneM He 6ojiee neM neTbipex c rpnn roB  [175], [176] ([172], [173], [174], 

[177], [179]).

Pc3yjibTaTbi SToro naparpacjia  onyÖJiHKOBaHbi b  paßoxax aBTopa [13], [107], [12].

O n p e A e j ie im e  5. M aTpnn,a a  & G L (oo, R) na3biBaercH c m p u m - M a m p u v , e u  h j i h  c m p i m -  

ZOM,  ecjin cymecTByeT 6ecKoneHnan nocjie;j,OBaTejibnocTb {n¡} naTypajibiibix nnceji Tanan, 

h t o  a S n S i  GL(n¿. R) n p n  ecTecTBeimoM AnaroHajibHOM b j i o j k c h h h  sxo ro  npoH3BeAenn>i 

b  G L (oo, R). BycHHOii Ha3biBaeM CTpunr, y  KOToporo TOJibKO o a h h  HeeAHHHHHbiii 6 j i o k  n a  

/n ia ro iia jin .

H i ib iM i i  c j iO B a M H , a H BJ in eTC H  ó j iO H iio - A H a r o n a J ib n o ñ  M a T p n p e ñ  c Ö JiO KaM H  p a a M e p -  

HO CTen n i ,  n 2 , . . .  n o  A n a r o n a j iH .  E e  m o jk h o  3 a n n c a T b  b  B H A e  ö o c K O iie n n o r o  n p o H 3 B e A e i iH i i  

K O M M y r a p y io iA H X  K O H e n H b ix  ö j io k o b  a =  as- O T C io A a  b h a h o ,  h t o  a~l =  a7 1^

3H aH H T  o ó p a r a a n  k  a M a T p n u ,a  T o sne  h b j i h c t c h  c r p H n r o M .  O t m c t h m ,  h t o  n p O H 3 B eA 6 H H e  

A n y x  C T p H H r-M a T p n u , He B c e r A a  H B J in eTC H  c t p h h t o m .

C hm B O JIO M  G L sir(oO, R) o 6 o 3 H a H H M  C eM eñC T B O  BCeB03M0JKHbIX K O H eH H blX  n p O H 3 B e A e -  

HHÜ C T p iIH rO B .

OneBHAHO, h t o  rp y n n a  G L sír(oo, R) coAepxcHTcn b  G Lrc(oo, R).

T jia B H b iM  p æ y j ib T a T O M  H a c T O ii in ,e ro  n a p a r p a c j i a  H B jin e T c n

TeopeMa 5. Tpynnbi Sym (w ), U T(w ) n GL(,(oo, R) nopo>KAaiOTCH CTpimraMH. IIInpHHa 

rp y n n  Sym (w ) h  U T(oj) paBHa 2.

IlycTb Sym(ó)) =  Sym (N ) fl G(Q). ÜOArpynna Sym(w0) naabiBaeTcn rpynnoft 4>h- 
HHTHbix nepecxaHOBOK (noArpynnoft Bcex nepecTanoBOK, KOTopbie CAßnraiOT jinmb ko- 

neHHoe hhcjio sacm chtob). KoHenno, Tan xax p/ia  nepecTanoBKn o HMeeM a -1 =  ał , t o
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K anaan noArpynna S y m ( N )  c o A e p x a r r c H  b  neKOTopoM G (u > )  f i  S y m ( N ) .  Otm cthm , h t o  

E .A .  KoBajib'iyK onHcaji HopMajibHbie npąrpynnbi S y m (w o )  [21].

/^oK a3aT C JibC T B o T e o p e M b i C A enaeM  b  i i e c x o j ib x o  m a r p B .

M b i  ro B o p H M , h t o  M a T p n u ,a  a  H M eeT 6 j i o h h o  TpcxAnaroHajibnyio 4>opMy, eciin

(  ^1
V\ U 2 W2

a  - - V2 U3 W3 (*)
V3 Uą UI4

V /

t a c  H a r a a m io f i  A n a r o n a .n n  p a cn o ;io > x eH b i K BaA paT H bie M a a p n u b i u x, u 2, u3, . . .  p a 3 M epoB

n x X m , (n 2 -  n i)  x  (n 2 -  n i ) ,  (n3 -  n 2) x  (n3 -  n 2) , . . .

MaTpHU,bI Vi,V2 , . . .  HMeiOT pa3MepbI

(» 2— n x) x  n  1 , (n 3 -  n 2) x  (n 2 -  n x) , . . .

a MaTpHuybi w x, w2, . . . ,  cooTBeTCTBeHuo, pa3Mepbi

n x x  (n 2 -  n i ) ,  (n2 -  n x) x  (n3 -  n 2) , . . . .

KpoMe t o t o ,  Bce nenyaeBbie o j ic m c h tm  Maïpnn,ï>i a h o h b j ih io tc h  b  ónoxax u¡, , i >  1.
Ciianajia Mbi AOi<a>KeM jieM M y

JleM M a 5 . Jlioöyio M aT pw py a h 3 r p y n n b i  GLrc( o o ,l í )  m o>kho n p eA craB H T b  b 6 j io h h o  

T p ex A H a r o n a jib H o ñ  <])opMe.

/ j ( o K 0 3 a m e A b c m e o .  BbißepeM ;no6oe n x >  1 . üycTb m \  —  HaHMeHbiuee hhcjio Taxoe, 
h to  Bce HeHyaeBbie sjicmchtm nepBbix n x c to ;i6ij,ob pacnojioxcenbi b nepBbix m x CTpoxax, 

a Bce HCHyacBbie oaeMeiiTbi nepBbix n x crpox pacnonojxeHbi b nepBbix m x CToaöpax. 
rioaojKHM n 2 =  m ax{nx + 1 ,  m i } .  ÜycTb Tenepb m 2 — HaHMeHbiuee hhcjio Taxoe, h to  Bce 

HenyaeBbie aneMeHTbi nepBbix n 2 ctojiöuob pacnonojxeHbi b nepBbix m 2 cxpoxax, a Bce 

HenyaeBbie ajieMenTbi nepBbix n 2 crpoK pacnojioxcenbi b nepBbix m 2 CTonönax. E[ojio>khm 

Tenepb n 3 =  m ax{n 2 +  l , m 2}. IIobtophh 3Ty npopeAypy, Mbi nocTpoHM 6ecxoHeHHyx>
nocaeAOBaTeabHOCTb n i <  n 2 <  n 3 < ___

Ü 3  nocT poeH H H  c a eA y e T , h t o  a HM eeT 6 j io h h o  T p e x A H a r o n a jib H y io  c])opM y (*) h  B ce  

iie n y jie B b ie  aaeM eH T bi M aT pH pbi a  n o H B a n io T cn  b  ó a o x a x  Uí,Ví,wx, i >  l .D

T e n e p b  m u  AOxa>xeM  c a e /]y io n ;H Í i p e 3 yabT aT .
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IIpeflJioxceHHe 12. Tpynna Sym(u>) nopoJK^aeTCH CTpunraMH. ToHHee, xajx/xbift ajie- 
MeHT Sym(w) j i h 6 o  caM j i b j t h c t c h  CTpmiroM, j i h 6o  npe^CTaiuiHeTCH KaK npoH3Be,ąeHHe 

AByx CTpHHroB H3 Sym(td).

JJoKd3ameAbcmeo. IIpe;i,rio/io>KH\í, hto a £  Sym (w ), npnne.M a He sibíihctcíi CTpHHroM. 
Mbi nocTpoHM /[»a cxpxmra 6, c  Tanne, hto npoH3Be;x,eime c ■ a ■ b HBJiHercíi e^HHHHHoii 
MaTpnn;eíi.

f io  jieMMe 5 m m  npe^CTaBHM a b ójiohho Tpex;;ifaronajibHoñ cjxopMe

Wi

U2 w 2

V2 Uz W z

Vz Ui Wi

V  •• /
I T o j io jk h m  r 0 =  s 0 =  0  h  n y c T b  r *  =  n 2k , s t  =  r i 2k - \ -  P a c c M O T p H M  ppa . c j ie ,n y io m H e  

p a 3 6 H eH H H  M H O X íe cT B a  n a T y p a j ib H b ix  n u c e n  B k  =  { r * _ i  +  1 , . . . ,  r ¿ }  h  C k  =  { s * , - i  +  

1 ) • • • i Sfc}-
ü e p e y n o p H A O H H M  n e p B b ie  r t c t o j i 6 h o b  M aTpH U ,b i a , x a x c f lb i f t  h 3  K O T o p b ix  co/j,ep> xjiT  

pO BHO  0/T,HIi e A H H H H H b lił  B JieM eH T , TH XH M  o 6 p a 3 0 M , HTOÖbl CTOJlÖeU,, HM CfO U in iX  1 B fc-tt 

e x p o n e ,  k £  C\, o K a 3 a j iC H  k-m c to j i6 h ,o m . T a x a «  n e p e c T a H O B x a  c to j i6 u ,o b  H e e ^ n H C T B e im a , 

T a x  x a x  o c T a j ib H b ie  c t o j i6 u £ i ,  H M e x o m n e  1 Hn>xe c r p o x H  c H O M ep o M  S j ,  m o jx h o  p a c n o j ia -  

r a T b  npoH 3BO J!bH O . í l o c j i e  T a x o ñ  n e p e c T a H O B x n  6 j io x  m  c raH O B H T C H  e^ H H HH H O ñ M a x p u n e ñ  

p a 3 M e p a  ą  x  a  6 j i o x h  w \ ,  v \  o 6 a  3 a M e H H i o t c h  H a  n y j ie B b ie  MaTpnu,bi. 3 x a  n e p e c T a n o B -  

x a  c to j i6 u ,o b  S K B H B a j ie n T H a  yM H O > xeH H io  a c n p a B a  H a  ö y c n n y  d ia g  (6X, 1 , 1 , . . .). T e n e p b  

CTOJIÖHM C H O M ep aM H  H 3 B2 MO>KHO y r iO p H A O H H T b  T a x ,  HTOÖbl ÖJIOX Uz CTa jI eAH H Ü H IIO ñ  

M a T p H u ,e ił, a  o 6 a  ö n o x a  w 3 , v 3 c h tu ih  HyjieBbiMH. 3 T a  n e p e c T a H O B x a  s x B H B a j ie H T H a  yM H O - 

xceHHK) a ■ d ia g  (& i, 1 , 1 , . . .) c n p a B a  H a  ö y c H H y  d ia g  ( 1 , . . . ,  1, b2, 1 , 1 , . . .).
H c h o ,  h t o  n p o A O J iJ x a a  A e ń cT B O B a T b  T a x H M  o 6 p a 3 0 M , M b i o /p xoB peM eH H O  n e p e c ra B H M  

CTOJi6n,bi c  H O M ep aM H  h 3  B  1( B i , B -¿, . . . ,  s t o  O T B cn a e T  yM n o > xe H H io  a c n p a B a  n a  C T p n u r  

b =  d ia g  (6i ,  ¿ 2 , 63, . . . ) .  T o h h o  Tax> xe , M b i M o>xeM  n e p e y n o p ix ^ o H H T b  c T p o x n  c  H O M ep aM H  

H3  C2 T a x ,  H T o ö b i 6-x o x  u2 c T a j i  e A H H H H H o ñ  M aT p H u ,en , a  ö j io x h  w2, v2 06a  3a M e in u n x c b  

H a  H y j ie B b ie  M a 'rp n n ,b i. T a x a s x  n e p e c T a H O B x a  C T p o x  a x B H B iu ie H T H a  y .\m o> xeH H io  a C J ieB a  

H a  ö y c n n y  d ia g  ( 1 , . . . ,  1, c 2 , 1 , 1 , . .  .)■ T e n e p b  h c h o ,  h t o  n p o ^ o n jx a a  A e ñ C T B O B a T b  T a x x iM  

0 6 p a 3 0 M , M b i MOXXeM Q gH O BpeM eH H O  n e p e C T a B H T b  C T pO X H  C H O M e p a M H  H3 C2, Cz, Ci, ..., 
3TO  3 X B H B a jie H T H 0  y.M HOJKCHH io c j ie B a  H a  C T p xn x r c  =  d ia g  ( 1 , . . . ,  1, c 2 , c z ,  c 4 , . . . ) .  O x o h -  

n a T e j ib H o ,  3TO 3H aH H T, h t o  n p 0 H 3 B e /xe H n e  c  ■ a ■ b H B jia e T C H  e;xH H H H H on  M a T p m ;e ft . I I p H  

3TO M  x a x  c , T a x  h  b n p n H a ;j,jie > xaT  S y m ( w ) ,  h t o  h  A o x a a b m a e T  T e o p e M y .D
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npefljio iK eH H e 13. r p y n n a  S y m (ć D o )  4>hhhthłix n e p e c x a n o B o n  n o p M a j i b H a  b S y m ( N ) .

J^OKasamejibcmeo. ÍIonaxceM, nxo conpnjKenHe 4>hhhxhoíí nepecxaHOBKH npn noMom,H 
cxpimra ÍIBJI5ICTC5I 4>hhhthoü nepecTaiiOBKOñ. Tor^a pe3yjibxax CJie/iyer h3 ripeAbiAyme- 
ro iipe/pioJKenHii, yxBepjKAaiomero, hxo rpynna nepecTanoBOK nopoJKAaeTCH cxpHHraMH. 
IlycTb b =  d ia g ( 6i,  1 , 1 , 1 , . . . )  — (JiHHHxnaH nepecxaHOBKa, a a =  diag (ai, a2, a3, . . . )  

— CTpiiHr. BbiôepeM s  Tan, mtoôm pa3Mep b\ 6wji He 6ojibme, new cyMMa t  pa3MepoB 
a i , . . . ,  as . TorAa Maxpnpa a - 1  ■ b ■ a — diag (b\, 1 , 1 , 1 , . . . )  (JjHHHXHaH (rAe pasMep b\ 
paßen t). □

H h b o j i i o a h h  a G Sym (N ) Ha3biBaexcn SAeMenmapnoü, ecjm Bce 2 - h j h k a h  b  a HMeiox 

BHA (i,i +  1).
ripeAno>KeHHe 14 . r p y n n a  S y m ( w 0 ) n o p o x iA a c T C H  a j i e w e n x a p H b iM H  hhbojhoahhmh.

floKaaameAKcmeo. E c j i h  a G S y m ( w 0 )  — c x p H H r  a =  d i a g ( a i , a 2 , a 3 , • • •), t o  p a 3 M e p b i  

ô j i o k o b  o 1 ( a 2 , . . .  o r p a n n n e n b i  n e K o x o p b iM  H a x y p a j i b H b i M  k .  T a K H M  o 6 p a 3 0 M ,  K a x c A b iö  

6 .1 0 K m o j k h o  p a c c M a x p H B a x b  K aK  n e p e c x a H O B K y  h 3  S y m ( f c )  K a x c A a n  n e p e c x a n o B K a  h 3  

S y m ( f c )  H B J ia e x c H  n p o H 3 B e A 6 H H e M  n e  ô o j i e e ,  n e M  f ( k )  s j i e M C H x a p n b i x  n n B O jn o u ,n { i  h ,  x b k h m  

o 6 p a 3 0 M ,  x o  » c e  c a w o e  B b i n o j i n n e x c n  ąjih a. Ecjm a n p o n 3 B e A e n n e  flpyx  c x p H H r o B ,  x o  

M bi n p e A C x a B H M  K ax < A b ift c x p u n r  n a n  n p o H 3 B e A e H n e  s j i e M e H x a p n b i x  h h b o j h o a h ü ,  o x x y A a  

h  c J ie A y e x  H a m  p c 3 y j i b x a x .  □

OnpeAeJieH H e 6 . M axpnpa a G U T (oo, R) Ha3biBaexca cmpum-MampuvfiÜ  hjih cmpun- 

ZOM, ecjiH cymecxByex ôecKonennaH nocjieAOBaxeJibHoexb {n¿} naxypajibHbix nnceji xanan, 

hxo a G n £ i  U T (nj, R) npn ecxecxBeHHOM AnaroHajibHOM bjiojkchhh axoro npoH3BeACHHH 

b U T (oo, R).

Chmbojiom U T sir(oo, R ) 0603 h an hm ceMeËcxBO BceB03M0JKiibix Konennbix npoH3BeAe- 
HHń cxpHHroB. 3 x o  rpynna, noxopan Moxcex ôbixb oxapaKxepn30BaHa b Maxpunnbix xep- 

MHHax cjieAyionpiM o6pa30M. R jim ioñ  cxponn Maxpnn,bi H3 U T (oo, R )  Ha3biBaeM HOMep 

cxojiôpa nocjieAiiero neHyneBoro ajieMenxa b expone, b cjiynae, norAa xanoro 3JieMenxa 

He cymecxByex roBopnM, hxo AAHiia exponn öec.KoneHna. M axpnny Ha3biBaeM Konenno 

cxpoHHOñ ecjm A-Tuna ;no6oft ee cxpoxn KOHenna. Chmbojiom U T r(oo, R )  o6o3nannM rioA- 

rpynny Bcex a h3 U T (oo, R )  xannx, hxo a h a ~ l KonennocTponnbie Maxpnnbi. K a n a a n  

expona xaKoñ Maxpnubi coAepjKHX Konennoe hhcjio HeHyjieBbix sjieMenxoB.

OneBHAHO, nxo noArpynna U T s(r(oo, R) coAepncnxcsi b  U T r(oo, R).

E[peAJio>KeHHe 15 . Fpynna U T r(oo, R) nopoJKAaexcn exp h h r- m axp h p an  h , x. e. HMeex 

Mecxo paBencxBO U T r(oo, R) =  U T str(oo, R). Bojiee xohho, jno6oñ ajieMeHx H3 U T r(oo, R) 
HBjinexcH cxpnHroM hjih npoH3BeAGHHeM AByx cxpHHroB.
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floK03ameAbcmeo. Ilycxb g 6 UTr (oo, R) — neicoxopaa Konenno cxpoHHaa Maxpnpa. 

OHKCHpyeM ripoH3BOJibHoe HaxypajibHoe hhcjio n i >  1. Ilycxb m i 6y;j,ex nanöojibiueß h3 

AJihh nepBbix n i cxpoK Maxpmi, g h p- 1 , a m 2 — naHÓojibLueñ h3 ajihh nepBbix m i cxpoK 

Maxpim, g h g~ l . HMeeM m 2 >  m i  >  rii. IIojioxchm n 2 =  m 2 +  1.
Ilycxb m 3 6yACx nanGojibriJcñ h3 aah h  nepBbix n 2 cxpoK Maxpnpbi g h g - 1 , a  m 4 — 

Hanöojibineß M3 a a hh nepBbix m 3 cxpoK Maxpnu; 5  n g - 1 . ITojiojkhm n 3 =  m 4 + 1 .  IIpoAOJi- 

xcan nponeAypy nocxpoeinra hhccji n¡, Mbi o/piOBpeMenno nojiyHHM pa36neHne Maxpiip g 

(n p "1) Ha 6jiokh, npn axoM Ha rjiaBHOft AHaroHajra öyayx Haxo/inxcn KBa^paxiibie Bepx- 
Hiie yiiHxpeyrojibiibie MaxpnpM o i, a2, a3, . . .  ąjisi Maxpmibi g  (c i, C2 , c3, . . .  cooxBexcxBeHHO

A J ia  M a x p n p b i g _ 1 ) p a 3 M e p o B  n i  x n i, ( n 2 — n i )  x ( n 2 — n i ) ,  (n3—n2) x (n3—n 2) ,  K p o M e

xo ro , Bce HenyjicBbie ajieM eiixbi Maxpnn, g (g-1) pacnonoxceH bi b  ô jio x a x  a i ,  b\,a2, 62, . . .  
( c i, d i,  C2, ¿2, • • -)i KaK 3X 0  cxeMaxHHecKH lo o ô p a a c e iio  mince.

9 =

 ̂ ûi bi 
Ü2

\

\
¿2

03 3̂

Û4

/

Ci ¿1

c 2 d 2 

C3

\

^3

C4

V /

M a x p n p b i  6 1 , d i  H M e io x  p a 3 M e p  n i  x  ( n 2 — n i ) ,  M a x p H ii ,b i  b2, d2 p a s M e p  ( n 2 — n i )  x ( n 3 — n 2 ) ,  

h  x .  a -

H 3  n o c x p o e H H H  c j ie A y e x ,  h x o  r j i s i  B c e x  n  H M e e x  M e c x o  paB eH C X B O  d n  ■ b n + 1 =  0 .  9 x o  

B b i x e x a e x  h 3  x o r o ,  h x o  b  ß j i o K a x  b k , d k  n e n y n e B b i e  s n e M e H X b i H e  n o H B J is n o x c a  b  c x o j i ô p a x  

c  H O M ep aM H  ( x u i b i n e ,  n e w  n 2k ~ \ ,  a  b  ô j i o x a x  b k + i , d k + i  H e H y j ie B b ie  s j i e M e u x b i  H e  n o s iB -  

j iH io x c H  b  c x p o K a x  c H O M ep aM H  M e H b in e ,  n e M  n 2k ■ T a x  x a x  g ■ g ~ l =  e ,  m b i H M eeM

« n  ■ d n  +  b n  ■ Cn-j-i =  0  h  Cn =  a “ 1 a - h h  B c e x  n .  C n e A O B a x e j ib H O ,

* dn ~  bn * Cni_ 1 — bn •

Y M H o n c a n  0 6 e  c x o p o H b i  s x o r o  p a B e H C X B a  n a  6 n + i ,  n o j iy n a e .M

* dn * 6n+1 “  bn • an_|_i • 6„+i — 0.

rïocxpoHM xenepb ABa expirara u, v  xaxiix, h x o  g =  u  ■ v. B pa30HeHHH Ha 6 j i o k h

Maxpira,bi g 3aMeHaeM Bce a i , a 2, . . .  eAHHHHHbiMii MaxpiipaMH eni ,e„2_ni, . . . ,  Bce ô2n -i -  

HyjieBbiMii MaxpHpaMH h  Bce b2n -  npon3BeAeiiHHMH b2n ■ a^ + i- IIoJiyHHM HOByio cxpHHr- 
Maxpnuy, Koxopyio o6o3iiaHHM c h m b o j i o m  u. 3aMeHsra b  pa30HeHHH no ÔJioxaM MaxpHipbi 
g Bce b2n nyjieBbiMH MaxpiipaMii, nonynHM APyryio cxprair-Maxpimy v.  Cxpirar-MaxpHii,bi
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u, V HMeiOT cjicvíyroinHñ bha

f e

e bo  • a 7 1

u ■

u2 ■ u3

e

e 64 ■ a5 1

e

\

^  ú i  b \  

a  2

•• /

Û3 b¡¡
CLą

\
T e n e p t ncnojiB3yH paBeHCTBO 6n • • 6n+1 =  0, npoBcpsicM, h t o  g =  u • v , h Teopewa
flOKa3ana.D

H 3 f lO K a a a T ejib C T B a  n a  c b m o m  f l e j i e  n o j iy n a c T C H  c j i e p y i o i p e e  

C / i e / i ; c T B n e  1 .  U I n p H H a  r p y n n b i  U T(w ) O T iio c H x e j ib n o  c t p h h t o b  p a B H a  2 .

Ü3BecTH0, HTo B cjiynae K or^a R = K  -  Koitennoe none, rp y n n a  G L rc(oo, K)  nopojK- 

AaeTCH CTpHHraMH (cMOipii HanpHMep {165]). IIpoÖJieMa noposKAacMOCTH cxpimraMH a jih  

npoH3BOJibHoro accoąnaTHBHoro KOJibpa R  noKa OTKpbrra. Mbi nojiyHHjiH noJiOHarrejib- 
Hbifi oTBeT b  HacTHOM cjiynae iiOAipyinibi GL(,(oo, R).

E[peAJio>KeHHe 16 . Jlroöasi MaTpHpa a h3 rpynnb i G L fc(oo, R) hb jih g tch  np o n 3BeA6HHeM
CTpHHTOB.

^OKa3aTejibCTBO oimcbiBaeT ajiropiiTM pflsi iiaxosKAemisi npeACTaBjieinisi jijoöoü xiaT- 

pm ipi a €  GL(,(oo, R) KaK npoH3Be,ąeHHefl c tp h h to b . O xeiib mn-epeceH cjiCAyioiipiñ o t-  
KpbiTbiñ Bonpoc:

Bepuo JIH, HTO HHCJIO CTpHHTOB B TBKOM npOM3Be/T,eHHH OtpaHH'ieHO AJI SI Bcex 

MaTpmi, HeKOTopbiM HaTypajibHbiM hhcjiom k?

O tm cthm , h to  Hanie aof<a3aTeabctbo paßoxaex h  b 6ojiee o6m;eË CHxyan,nn pjix Maxpni; 

HMeioiAHX He 6ojibm c k  iienyjieBbix sjieMeHTOB b kbjkaom  ßjioice 6jiOHHO-TpexAHaroHajib- 

hoö  (J)opMbi Maxpnii,bi paccMaxpHBaeMOií b AOKaaaxejibCTBe.

XJoK03ameAbcmeo:

Tenepb m u  onnmeM npope^ypy, KOTopasi vnihokchhsimh Ha kohchhoc hhcjio ctphhtob 
npHBOAHT MaTpnuy a k eAHHHHHOñ MaTpHpe. CpeJiaeM 3to b Tpex marax:

I. HaftpeM bjiohho  TpexAnaronajibiiyio <|>opMy Maxptipbi a.

II. OnnnieM npiiBCAeime o a h o to  ö jio h h o to  cxojiGpa b TpexAHaroHajibHOñ 4>op- 

Me k  eAHHHHHOMy CTOJiöny c Hcnojii>30BaimeM yMiiosKeiiHH Ha c rp u n r , KOTopbiñ 
SIBAHeXCH 6yCHHKOñ.
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I I I . On h me M rjiannyio npope/iypy np«Be/i,eHHH Maxp«HM a n eflHHHHHoft Max- 
pHLI,e yMHO>KeHHHMH Ha CTpHHru.

I . n o  JieMMe 5 Mbi npe^CTaBHM a b  6jiOHHO-xpexA«aroHajibHofł <^opMe

\

IIa-
t=l

(  bx e2 

d\ ¿2 C3
¿ 2  Ć>3 

dz

c4

b4 c5

V /

r^e na rjiaimo« Anaronaji« KBa,ąpanHbie Maxp«pbi b\, 62> £>3» • ■ ■ pa3MepoB n i x  n  1 , (n 2 —
n i )  x  ( n 2 — n i ) ,  ( n 3 — n 2) x  ( n 3 — n 2) ,  Maxpnijbi di ,d2, . . .  HMeiOT pa3 Mepbi ( n 2 — n Ł) x

n i> in3 — ^ 2) x  ( n 2 — n i ) , . . .  h  M â T p H p b i c 2 , c 3 ) . . .  H M eioT  p a 3 M e p b i  n i  x  ( n 2 — n i ) ,  ( n 2 — 

f t i )  x  ( n 3 — n 2) , —  K p o M e  T o r o  B ce n e n y j ie B b ie  a j ie M e u x b i  M a x p « u ;H  a n o H B jm io x cH  x o j ib n o  

b  ö n o n a x  b i , d i , C i ,  b i , d ¡ ,  i  >  2 ,.

II. 1) M b i p a c c M a T p u B a e M  T e n e p b  x ojilk o  ft—x b if t  ójiohhlim c x o j iß e u , et, bk, dk- 3 x o x  6:ioh- 
H b if i c x o j i6 e ą  n p o x o / j,« x  x e p e 3  c x o j i6 iy > i M a x p u p b i a c  H O M ep aM H  n fc _ i + 1 ,  n ¿ _ i  +  2 , . . . ,  n * . 

T a n  K a K  K a> K ;;b iil c x o j iß e u ,  y H H M O A y n a p e H  M b i mo>kcm n p « 6 a B « x b  B c e  n e H y n e B b ie  c x p o K H  

c  Tik - 1 +  l - x o r o  c x o j iô p a  k n jt+ i  +  1 - x o ñ  c x p o x e  x a n « M  o ó p a a o M , h x o 6 m  n o j iy n n x b  1 H a  

M e c x e  ( r i k - i  +  1 )  x  ( r i k + i  +  1 ) .  n o x o M ,  H C iro j ib ë y H  a x y  1 ,  m m  ^ e n a e w  H y j i«  b  r i k + i  +  l - x o i i  

e x p o n e  b  c x o j iö u a x  c  H o n e p a w u  r i k - i  +  2 , r i k - i  + 3 , r i k -  A i ia j io r H H i io ,  mm n p « 6 a B J iH -  

eM  co oxB e xcB yn > iu ,H e  e x p o n «  n  r i k + 1 +  2 -x o í 'i  e x p o n e  n x o ö b i r io j iy m ix b  1 b  n ¡ t - i  +  2 - x o m  

c x o j iö p y .  n o x o M ,  H c n o j ib 3 y í i  a x y  1 , mm A e n a e M  i iy jm  b  n^ + i +  2 - x o ñ  e x p o n e  b  c x o j i6 u ,a x  

c  H O M ep aM H  r i k - i  + 1 ,  T i k - i  + 3 ,  n* ;_ i +  4 , . . .  , r i k -  n p o A o n > n a H  a x y  n p o n e ; iy p y  mm n o j iy x H M  

HH>ne 6 j io n a  d k  K B a A p a x n y io  e A H H H H H y ro  M a x p m iy  e p a 3 M e p a  ( n ¿  — n * _ i )  x  ( n ¿  — i i k - i )  

n a n  n o n a 3 a H O  HH>ne:

Cfc Cfc 0 0

bk bk 0 e

dk dk 2) -> 0 3) —> 0

0 e e 0

0 0 0 0

2) Mbi MCiiOjib3ycM axox 6;ion e hxo6h CAenaxb HyjiH Bbirne axoro 6/ioxa. Hcnojib3yH 
1 c Tik+ i  +  1-xoñ cxponn mm AenaeM íiyji« b r i k + i  +  1 - x o m  cxoji6i;e bo Bcex exponax 

Bbirne rik+i +  1-xoñ. AHanorHHHO, mm AejiaeM Hy/ra «cno-ray« 1 c njt+i +  2-xoñ expon«  

b rik+i +  2 - x o m  cxojiGpe bo Bcex exponax Bbirne rik+i +  2-xofí. Mbi xohhhm axy nponeAypy 

nor^a c^enaeM Hyji« bo Bcex önonax Bbirne ßnona e.
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3) Mbl MCHHM MeCTEMH flfc+i +  1-TyiO CTpOKy C n fc_i +  1-T0ft CTpOKOft, 7lk+l +  2-'I’yiO CTpOKy 
c rik-i +  2-Toft cTpoKoft, ... . TaKHM o6pa30M nam öjiok e nepeMecmiTbCH na hoshuhio, 
KOTopyio paiibiue 3aiiHMaji öjiok bk-

4 )  Tenepb Hcnojib3yH e/pumpLi öjioKa e Mbi AejiaeM HyjiH b  CTponax c iioMepaMii r i k - i  +  

1 , . . . ,  r ik  cjieBa o t  e, a i i o t o m  cnpaea.

Bce in arn  H a rn e f t  -np one/iyp u m o jk iio  ocymecTBHTb yMHoncan cjieBa ( h jih  cnpaßa) na 

cooTBCTcoyiomyio óycnmcy, KOTopaH h b jih c t c h  sjicM eirrapnott M arpinjeñ.

I II . Mbi onnnieM Tenepb npouejiypy ripiiBe/jeiiHH MaTpmjbi a  k eflHHHHHOíí MaTpnu,e yMiio- 

JKeuHHMH cjieBa n cnpaßa Ha cooTBeTCTByiomne CTpimra. Ü3 3Toro cjiejiycx, hto a  hbjih- 
excH npoH3BejjenneM cxpnnroB.

1) Mbi paccMaTpnBaeM Tenepb öjiohhmh cTOjiöen c5 ,b5 , d 5.

a) Mcnojib3yH npope/iypy h3 II Mbi nejiaeM öjiok e5 (eAnnnmiyio MaTpnny pa3Mepa n 5 — n 4) 

HHJKe ds-

b) Mbi jjejiacM Hyjin cjieBa n cnpaßa o t ÖJiOKa es.
c )  /lejiae.M Hyjin Bbime öjiona es.
d) MemiH crpoKH nepeMeipaeM öjiok e5 Ha rjiaBHyio jniaronajib.

H e n o ,  h t o  B ce  3TH o n e p a p u H  H a  M a T p n n b i  a  m o jk h o  o c y ip e c T B U T b  yM H O JK em ieM  H a  öy- 
CHHKH coo T B eT C B y io in ,n e  s jie M e iiT a p H b iM  M a ip n i ja M . K p o M e  t o t o ,  m m  m o jk c m  s t o  c j je j ia T b  

OAHOBpeMeHHO jy iH  ö j io k o b  c  H OM epaM H 1 , 5 , 9  =  5  +  4 ,  1 3  =  5  +  8 , 1 7  =  5  +  1 2  h  T a n  

A a j ie e . 3 t o  cooT B eT C T B yeT  y M H o n c e iin io  H a  crpuHra. I Io j iy n a e M

ei 0
0 * ★

★ * ★
★ ★ 0

0 es 0
0 ★ ★

★ 0 ★ ★ ★
★ ★ 0

0 eg 0 

0

* 0
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2) IIp iiM e H H S t n p o p ą n y p y  h 3  1) b  n p H M e H e H H H  k  ÖJiOK aM  c H O M ep aM H  2, 6 ,  10, . . .  n o j i y -  

naeM:

ei

V

e2
*
k

0 e5

0 e6
* ★ ★

★ *

0

0

★
GlO

* *

3) a) Tenepb b ccamom öjiomho.m cxoJi6u,e Mbi rąejiaeM Maxpmiy e7 (eAHinrm yio Maxpnuy 

pa3M epa n 7 -  n 6) hii>kc nocjiCAnero HeHyjieBoro ÖJiOKa TaK KaK b I.

b) /lejiaeM Hyjin cjieBa h cnpaBa ot e7 a noTOM Bbime e7.
c) Mbi nepeMeipaeM 6jiok e7 Ha rjiaBHyio AHaroHajib.
d) IIpHMeHHsi ^Ba HenyjieBbie ÖJiOKa c ;ieBHTOH öjioh iioö  c tp o k h  m h  HcnpaBjineM jicbbiK 

BepxHiiii yroji b ÓJiOKe eg (oh  6bin  ncnopnen  npe^biAyipHMH onepapHflMn).

e )  H c n o j ib 3 y}i eg ^ .ejiacM  iiyjiH b AeBHToft 6 j io in io ít  CTpoKe.

HcHO, HTO BCe 3TH onepaipin MOHCHO OCymeCTBHTb yMHO>KCHHHMH Ha COOTBeTCTByiO- 
ume öycHHKH. Bojiee to to ,  mbi mojkcm oAHOBpeMeiiHo s t o  cAenaxb ąjih öjiokob c HOMepaMH 

3, 7, 11, 15, 19 yMHOJKeHHeM TOJibKO na cxpinirn.

B KOHu,e Mbi nojiyHHM cjieAyioinHñ oôpaTHMbift crpHiir:

diag (e i, e2, e3, x4, e5, e6, e7, x8, eg , . . .).

Tenepb, yMHO>Kan ero Ha odpaxiibift k HeMy cxpnnr noJiyxHM CAiimiHuyio Maxpmiy 

h Teope.Ma AOKaaana.D

Ceftnac Mbi n p iraeA eM  A0Ka3aTejibCTB0 T o r o , h t o  b  c n y n a e  n o n «  r p y n n a  GLrc(oo, K )  
HMeeT m n p H n y  He 6 o j ib m e  6 .

IIpeAJioHceHue 17 . Æjih nioßoro noAH K  K anaan MaTpnn;a a G GLrc(oo, K)  hbjiíictcíi 

npoH3BeAeHHeM ne öojime neM 6 CTpuHroB.
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floK03amejibcmeo: IlycTb a E GLrc(oo, K) .  HąsoBeM rjiyÖHHOft crpoKH iioMep nepsoro  

CTOJlGpa, B KOTOpOM HaXOflHTCH nepBblft IieHyjICBOft BJieMCHT CTPOKH. MaTpHfla a  HMeeT 

Konennoc h h c j i o  cTpoK rjiyÔHHBi 1. Tanne crpoKH oösraaTejibHO cyiąecTByioT, TaK KaK im a
ne, y MaTpHu,bi a nepBbifi cm nöeii, coflepxcaji 6bi t o j i b h o  h v j ih .  Hcnojib3yH nepByio CTpoKy 

r.nyÖHHbi 1 flcjiaeM HyjiH nn>Ke b  nepBOM CTOJiöpy. 3 t o  m o j k i io  ocymeCTBHTb yMirojKciineM 

cjieBa Ha tiHxcuyio yiiHTpeyrojibiiyro Maxpmiy c\ (öycHHKy). B Marpimp Ci • a HMeeTCH 

TOJibKO KOHeHHoe h h c j i o  CTpoK rjiyömibi 2  (Tanne CTpOKH o6'bH3aTejibH0 cymecTByiOT). 
Ilpoflojm aa 3Ty npoąeflypy nonyHHM Ha n —t o m  m ary Ma/rpnuy c„ • . . .  ■ c ( • a. OóbeflHHHM 

ßyCHHKH MOÄeM flOÖHTbCH TOrO, HTO HOJiyHHM HOBOe HpOH3BefleHHe dm ■ . . . ■ dl ■ a, B KO- 
TopoM Maxpnua d ¡ HMeeT nepBbie i  — 1 c t o j i ö h o b  ranne Kan y eflHHHHHoñ Maxpupbi. 3 t o  

3HaHHT, h t o  öecKOHeHHOe ripoH3BCflCHHe d-  a =  . . .  ■ dm • . . .  ■ di ■ a cymecTByer h  h b j i h c t c h  

ögckohchiioö MaTpnpeË, y  Koxopoft HMeeTch pobho OflHa crpoKa rjiyömibi 1, poBHO ofliia 

CTpoKa rjiyÖHHbi 2, h TaK ;;a/iee, a d hbjihctch KoneHiiocTpoHHofi. Heno, h to  yMHOmaa 

CJieBa MaxpHiiy d ■ a Ha noflxoflMmyio MaxpHiyy iiepecTaiiOBKH p  nojiyHHM BexHioio Tpe- 

yrojibHyio Maxpmiy n  =  p  ■ d  ■ a. OxKyfla d =  p* ■ n -  a - 1 , h d  KOHeHHOCTanöflOBaa. Torfla 

oópaTiiaa MaTpnpa d“ 1 =  d [ l ■ d2 1 ■ ■ ■ ■ hhjkhhh KOnennocTOjiópoBaH h a — d _1 ■ p* ■ n. 

Tan KaK Bce Tpn MaxpHpbi b stom  npoH3BefleHHH hbjihiotch npoH3BeflemieM ne öojiee hgm 

flByx cTpHHroBj MaTpupa a hbjihctch npoH3BeflemieM ne 6ojmie ne.M 6 CTpmiroB.D

HaM HeH3BecTH0, nopoac^aeTCH jih rpynna GLrc(oo, R)  cTpimraMH ajih npoH3BOjibHO- 
ro KOJibpa R. Ho, rpynna nopoíKfleHHaa cxpHuraMH Bcerfla HOpMajibHa b GLrc(oo, R).

üpeAJXOJKeHHe 1 8 . Fpynna GLstr(oo, R) hbjihctch HopMajibHoü nóflrpynnoñ rpynnbi 
GL,.c(oo, R).

floKaaameAbcmeo: IlycTb g  6  GLrc( N ,R)  h  h , . . . , h '  E GL.5tr( N ,R).  Bbhay paBencTBa 

g~ l h ■ •  hlg =  (g~xh g ) . . .  {g~l h'g) floeraTOHHO noKa3aTb, h to  g~l hg  €  GL5(r(N, R).
riycTb h — b\ ■ l>2 • 63 • . . .  hbjihctch crpHHroM cooTBeTCByiom,HM nociieflOBaxejibHocxH 

(n 1 , n 2, n 3, . . . )  c AnaronajibHbiMH KJieTKaMH pasMepoB — n¿_ 1 cooTBercTBeHHo. Heno,
HTO Mbl MOJKCM cJjOpMajIbHO OÖ'beflHHHTb HCKOTOpbie COCCfllIHe KJieTKH HTOÖbl HOJiyHHTb
HOByio öojibmyio KJiexKy h  h o b b iW  CTpnnr h — b\ • b'2 -b '3 •  JlerKO BiiAexb, h t o  ajieMeHT

g~ l big  HMeer tojibko o^ny AHaronajibiiyio KJieTKy pasMepa m i  x  m i (Mbi mohícm npe^no- 

jio>KHTb, h to  m i  >  n i) .  IloHOíKHM b[ =  bi. BbiÖHpaeM nepBoe k TaKoe, h to  >  m i.  M u  

oóbeAHHHeM KJiexKH 62 • 63 • . . .  • bk — b'2. Tenepb g~ xb'2g HMeeT KJiexKy pa3Mepa m 2 x  m 2. 
BbiÖHpaeM nepBoe r TaKoe, h to  n r >  m 2 + n j .  Göxe/nnrneM kjictkh  1 • b^+2 ■.. . ■ br — b'3 

h xaK flanee. ÜOBTapHH 3Ty npopeflypy nonynHM h — b[ ■ b'2 • 63 • . . hobbië bha cTpHHra
fljiH h. IlycTb Si =  htx ■ 63 • 65 • . . s2 =  &'2 • 64 • 6g •  C tp h h th  s i ,  s 2 KOMMyxupyiox

h h =  s i  • s 2. KpoMe Toro, h3 nocTpoeHHH cjieflyer, h to  g~ xhg — (g_1s i y ) ( 5 _1S25) hbjih- 
ercH npoH3BefleHHeM flByx ctp hh tob , flOKa3aTejibCTBo 3aKOHHeno.D
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PÎ3BCCTH0, h t o pjiñ  KOMMyTaTHBHOTO KOJibpa R h npH n  >  3 rpynna E(n, R) HopManb- 
Ha B G L(n, R) [93]. H3 axoro <J>aKTa jierKO nojiynaeTCH CJieAyioiH.ee

IIpeAJiołKeHHe 19. JXnx Jiioöoro KOMMyTaTHbhoto KOjibpa R  rpynna E(R)  HopMajibHa 

b GLstr(oo, R).

JJoK03amejibcmeo: ConpsuKeHHe ajie.MeHTapnoft TpaHCBeKU,HH crpuiiroM HBjraeTCH npoH3- 
BeAeHneM GjieMeiixapHbix xpaiiCBCKpHft, TaK KaK mcükho CHHxaxb, h to  TOJibKO oahh 6jiok 

CTpHHra "3apenjiiieT"3JieMeHTapnyKi xpancBeKHHio (oótcah ih ih  HecKOJibKO 6jiokob b oahh  

6jiok) h TorAa mo>kho Hcnojib30BaTb KOiieHHOMepiibiń pe3yjibTax. TaKHM o6pa30M, CHOBa 

conparaa ripoiraBe/jeniie ajieMCHTapiibix xpaHCBeKn¡Hñ ctphhtom  nojiyHHM npon3Be;;enne 

sjieMeHTOB conpa>KeHHbix ajieMeirrapubiM TpaHCBeKii,HHM. 3 t o  k ohh ht AOKa3aTeAbCTBO.D

Ceftnac M b i AOKajKeM HeKoxopbie pc3yjibxaxbi 06 nopo>KAeHHH rpynnw KBa3n;j,Haro- 
najibHbix ynHTpeyrojibHbix MaxpHU,.

HanoMHHM, h to  öecKoneHHoe npoH3BeAeHHe t  =  f l S i  ^ €  U T (oo, R) ajieweHTap- 
Hbix rrpancBeKu,nii naabmaeM o6o6m,eHHOñ TpancBeKAHeñ, ecjin cymecTByeT iiocjicao- 

BaTejibHOCTb {n ¡} (n¿ >  1) HaTypajibHbix nucen Taxasi, h to  /yiíi KajKflofi: TpaHCBeKu.Hn 

t¡ =  t i t i l a )  BbinojiHaeTCH ycjiOBne n\  +  . . .  +  n¿_ 1 <  fc¿ <  lt <  n i  +  . . .  +  n¿.

Hhhm h caoBaMH, t  =  n ï ï i  S r iiS i U T (nj, ñ )  <  U T (oo, R), h Bce í¿ coAepxcaTCH 

b cooTBeTCTByion^HX 6jiOKax UT(n¿, R) no iviaBHOft AHaroHajiH.

MaTpupa a €  U T (oo, R) Ha3biBaeTCH n-KBasHAHaroHajibnoö, ecjin a tj  =  0 ajih Bcex 
i , j  TaKHx, h to  j  — i >  n,  h ai¡i+n 0 pjin  xoth  6m OAHoro HH^exca i. Mbi roBopHM, h to  a 

KBa3HAHaroHajibHa (hjih o6o6m,eHHO iiKOÖHCBa hjih KOHeHHoii HiHpHHbi hjih jienTonnaa), 
ec.au a n-KBa3HAnaroHajibHa ąjih  nexoToporo n. Bce MaTpHu,bi a h3 UT(oo, R) TaKue, h to  

a h a - 1  KBaanAHaroiiajibHbi, o6pa3yioT noArpynny U T i)(oo! R). 3 Ta noArpynna coBiia^aeT 

c HaHMeHbineñ rpynnoñ UT(w0), onpeacaeHHOñ pocTawH.

IIpeAJio>KeHHe 2 0 . IIoArpynna UTj,(oo, R)  KBa3HAHaroHajibHbix MaTpnu, b UT(oo, R) 
coflepjKHT craÖHjibiiyio yuHTpeyrojibiiyio rpynny U T (ií) . Ec.nu R  coAepjKHT Z  b xane- 

CTBe no/iKOJibua hjih HMeeT nojioxaiTejibiiyio xapaKTepncTHKy, t o  UT(,(oo, R) coAepxKHT 

CBo6oAHyro rio/u’pynny cneTHoro paura.

floKaaam ejiiicm ao. H a n M e i- ib im iñ  a / iew em ?  u>0 G fi* c o A e p x a r r  B c e  c j)yuKu ,H H  B n ^ a  / ¿ ( n )  = 
n  +  d, r p ß  d -  ( J jH K C iip o B a H H o e  H a T y p a j ib u o e  hhcjio. T a K  K a K  jn o ô a n  M a ip u p a  H3 U T ( i ? )  

o rp a H H H e H a  cjDVHKU,Heñ f d a ta  n e x o T o p o r o  d, t o  U T ( i î )  c o A e p JK H T c a  b UT¡,(oo, R).
B paßoTe [105] noKa3aHo, h to  Ase GecKOHeniibie MaTpmyj

c =  d iag (i12( l ) ,  £12(1 ), • • •) h d =  d ia g (l, i 12( l ) ,  i i 2( l ) , . . . ) ,
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rpß  ¿12( 1 ) -  sjieM eirrapiiafl TpancBCKUHH, nopoxcAaiOT CBOÖOAHyio noA rpynny paH ra 2 

B rp y n n e  U T (oo, Z). ^ jih  p  >  2 ohh nopo>KAaiox b rp y n n e  U T (oo, K ) ,  rp£ K  -  110/ie H3 p  
3jieM6HTOBj CBOÖOAHoe npoH3BeACHne ab>’x  HHKJiH'iecKHx noA rpynn nopHAKa p, KOTopoe 

To>Ke coAepjKHT nenHKJiH'iecKyio CBo6oAHyio noA rpynny [132], flocTaroHHO paccMOTpeTb 

noA rpynny, nopoxcASHHyio MaTpiipaMH x  — c(cd)e_1, y  =  dc(cd)c~ld r 1. f ín n  p = 2 npn- 

Mcpbi MaTpHU nopoJKAaioiAHX CBoñoAnyio noA rpynny mo>kho iiaiłTH b [27]. Kan h3B6Ctho 

[132], KOMMyTaHT CB060AHOH rp y n n ti  paH ra 2 hbjihctch cboBoahoü rp y n n o ñ  e n a m o ro  
paH ra.□

ripeAJio>KenHe 2 1 . Tpynna UT¡,(oo, R)  riopoxiAacTCH l-KBa3HAHaroHajibHbiMH 0606-
IAeHHblMH TpaHCBeKU,HiiMH.

floKa3 ameAbcmeo. JIro6asi MaTpiipa h3 UTj,(oo, R )  hbjihctch ctphhtom  hjih npon3BeAeHH- 

eM AByx CTpHHroB, KOTopbie tohkc KBasHAnaroHajibHbi no cjicactbhio 1. Tenepb peayjibxaT 

BbiTexaeT h3 cbohctb yHHTpeyrojibHbix MaTpnp.D

06o3HannM chmbojiom U T fc(co , R) mhojkcctbo Bcex MaTpnn; h3 U T (o o ,i î)  c k — 1 
nyjieBbiMH AaaroHajiHMH Bbirne rnaBHoft. I l y c T b  U T £(oo, Ft) =  U T fc(oo, R) n  UT¡,(oo, R). 
CnpaBeAJiHBO caeAyiom,ee

CneACTBHe 2. HneeM paBeHCTBo 7 „(U Tí,(oo, R))  =  U T£ (00, R).

OTMeTHM, h to  b o6iu,eM cnynae Mbi HMeeM BKjnoHeiiHe 7 n(U T (oo, R)) <  UT"(oo, R).

K j ia c c H ' ie c K a a  T e o p e M a  F a M H J ib T O iia — Kojih y T B e p jK A a e r ,  h to  j n o ö a a  KOHeHHOMepHan 

M a T p n p a  hbjihctch K o p H e M  C B o e ro  x a p a K T e p n c r a H e c K o r o  M H o ro H j ie n a .  Ohcbhaho, h to  

3 T 0 T  p e 3 y j ib x a T  H e  HMeer G e c K o i ie n H O M e p u o ro  a H a j io r a .  C A p y r o f t  C T o p o H b i, pjw  K B a 3 H - 

A n a r o H a j ib H b ix  M a T p n u ; M b i mojkcm A O K a a a T b

ripeAHO>Keime 2 2 . Ecjih K  -  KOHeHHoe none h crpi-mr a  cOAepJKHTCH b rpyrme 

UTi(oo, K ),  to  cyiAecTByeT HeTpnBHajibHbiñ mhotohjich /  €  K[x\  thkoh, h to  f ( a ) =  0.

/foK03ameAbcmeo. I l y c T b  a =  ]”[ a, hbahctch  d - K B a 3 H A n a r o H a j ib n b iM  ctphhtom . T o r A a  

K a> K A blß  M HOXKHTeJIb ß,* HBJIHCTCH C X C -M aT p H II,e ft n p H  H eK O T O pO M  C <  d. C jie A O B a T e jIb H O  

a¡ H B jm eT C H  K o p H eM  H e x o T o p o r o  M H O T O H JieH a / ¿  €  K[x\ c r e n e H H  <  c 2 . I l y c T b  /  -  n p o -  

H 3B eA C H H e B c e x  nOJIHHOM OB C T e n e H H  <  d H 3 K [ x] (hhCJIO THKHX nOJIHHOM OB K O H eH H o). 

T o r A a  f (a¡)  — 0, h 3 n a xn iT  / ( a )  =  0. □
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rJlABA II 

K j i a c c b i  n p o M e jK y T O H H w x  n o ,n ,r p y n n

B 3 t o ë  r j i a B e  it o iih t h h  c e x n  H A e a a o B  n  c e x e B O ft noArpynnbi o 6 o 6 m ,a io x C 5 i  H a  c a y n a f t  

ö e c K O H e 'iH b ix  M aT p H u ;. 3 t o  n o 3 B a a n e x  n p H M e n H T b  axy x e x i n i K y  k  n c c a e A O B a H n io  noA- 
r p y n n  GLc(co, R),  x p e y r o j i b H o i i  r p y n n b i ,  r p y n n  M an aetaa . OnncbiBaexcn xo> K e c x p y K -  

x y p a  n o A r p y n n  H e x o x o p b i x  n o A r p y n n b i  c o A e p > K a in ,H x  x o j i b x o  c x p n u r n .

B § 7  Mbi A a e w  onpeAeAeHHe cexeü h  cexeBbix noAxpynn b  caynae OecKoneuHbix 

Maxpnu;. IIpHBOAHM ocHOBHbie h x  CBOñcxBa. OnHCbiBaeM noArpynnbi cxaOnabnofi noa- 

noft HHHeftnoft rpynnbi coAepTKaiąne AnaronanbHbie Maxpnu,bi. B § 8 nccaeAyeM noArpyn
nbi rpynnbi OecKoneunbix KonenuocxonönoBbix Maxpnu, coAep>i<ainnx rpynny k j ic x o h h o -  

AnaroHajibHbix Maxpnu;. B § 9 Anexen onncaune noArpynn xpeyroabHoft rpynnbi coAep- 
ncaui,HX Anaronajibiibie Maxpnu,bi. B § 10 onncbiBaexcn noArpynnoBoe cxpoenne rpynn  

Maicneñiia. § 11 nocBHiu,eH rpynne BepiuiiKa-Kepoßa. 3Aecb ripuBOAnxcn onncaHiie napa- 

öojiHnecKHX noArpynn n paaaoTKenne Bpioa. B § 12 onncbmaexcn noArpynna y  Koxopöß 

Bee ajiCMenxbi cxpnHrn. A acTCn onncaHne HopMajibHbix noArpynn n noArpynn coAepaca- 
mnx AnarouajibHbie Maxpnu,bi.

§ 7. Cexn n cexeBbie noArpynnbi 

riycxb R  npoH3BOJibHoe accn,naxnBHoe Koabiio c eAHHnueft. CncxeMa

CT = ¿ j e  N,

ABycxopoHHUx HAeaaoB KO.ibiia R,  HasbiBaexcn cexbio HAeaaoB b R,  ecan

(★) (JxyOrj Cl <7ij

npn Bcex 3HaneiiHHX i,  j ,  r  G N. Cexb a  mbi Ha3biBaeM D-cexbio, ecan <jxi =  R  npn Bcex 

3IiaHeHH5IX i.

B caynae KorAa R  npocxoe Koabu,o (x. e. He coAepncnx HHKaKiix ABycxopoHHnx hac- 
aaoB, KpoMe eAHHHHHoro n HyaeBoro), xo ycaoBne (*) 03Hanae, mxo b caynae paBeHCXBa 
<7ij =  (0) Ann aïoôoro r no Kpaftueft Mepe oauh h3 HAeaaoB a ir nan a rj HyaeBoft.

Ecan a  =  (<7y ) n r  =  (ry) - Abe cexn, xo cncxeMa a  fl r  =  (cry fl Ty)xaK>Ke HBaaexca 

cexbio, naabiBaeMoñ nepeceneHneM cexeii u h t .  AnanoriiHiibiń cMbica HMeex nepecenenne 

npou3BoabHoro ceMeñcxBa cexeö.
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Æjih c c t c í í  a  h  r  Mbi b b o a h m  oTHonieiiHe HacTHHHoro nopn^Ka n otaran  a  <  r  ecjut 
o y  Ç Tij npH Bcex 3HaneHHHX i , j .  Jlerxo BąąeTb, h t o  Bee c c t h  b  R  oraocHTejibHO bb& - 

AeHHoro nacTHHHoro nopHAxa o6pa3yioT nojinyio pemeTxy c HaHMeiibuiHM ajieMenïOM — 
nyjieBofl ceTbio (ßce HAeajibi nyjiCBbie) h  naHÔojibineft ceTbio — c a h h h h h o K  ceTbio (ßce 

HAeajibi paBHbi R).

ITycTb M (ît) o6o3HaHaeT m h o j x c c t b o  Bcex MaTpHA a G Mc(oo, i ï ) ,  Taxux h t o  a y  G a  y 

npn Bcex 3HaneHHHX i , j .  E c j i h  a  yAOBJieTBopner (*), t o  M(cr) h b j i h c t c m  xojibu;oM, a m h o -  

jKecTBO e 4- M(cr) =  {e +  a : a G M(cr)} HBjineTCsi M y jib T H n jiH x a T H B H o f t CHCxeMoti. H c h o ,  

h t o  b  c j i y n a e  D -c c th  a  M HO >xecTBO  e  +  M(cr) coBnaAaeT c  M(cr). O h c b h a h o ,  h t o  a t j i c k o  ne 

Bce noAFcojibAa KOJibua Mc(oo, R)  HMeiOT b h a  M(ct) a a h  HcxoTopoii c c t h  a. ^ocTaToniio 

pacMOTpeTb noAKO/ibno nepxnerpcy t o j i b i i b r x M a T p u u ;  c nocTOUHHbiMH xoecJxjBiniicHTaMH 

Ha AHaronajuix. Tax x a x  M(cr (1  r) =  M(cr) f l  M (r) h  3 t o  paBeHCTBO Bepuo pjisi nepe- 

c c h c h h h  j i i o 6 o t o  ceMcftcTBa cexeñ, t o  pjin Jiioóoro no a m h o>Kec t b a S  xojibpa M c(o°, R) 
cymecTByeT eAHHCTBeHHaa naHMeHbmaH ceTb a  Taxau, h t o  S  C M(er). C APyroft c t o -  

poHbi, ecjiH pjin ceTH r  nepe3 E M ( t ) o6o3naHHM noAKOJibijo nopojxAenHoe MaTpnu,aMH 

BHAa Q’y 6(y) rAe Qy G T y ,  t o  o h c b h a i i o ,  h t o  cymecTByeT nanóojibiuan ceTb r  Taxan, h t o  

E M ( t ) C S. npHBCACHHbiñ Bbime ripHMep BepxneTpeyro;ibiibix MaTpHu, c nocTOiuiHbi- 
MH X034>4>Hii,HeHTaMH BAOJib xaJXAOñ AHaroHajiH noxa3biBaer, h t o  b  nacTHbix CJiynaax 

HHTepBaji E M ( t ) C S C M(cr) m o j k c t  öbitb o h c h b  b c j i h x h m .

IlycTb F (a) o6o3HanaeT nepeceneime M(cr) fl F R M  (oo, R).  B cjiynae xorAa npn Bcex 
i , j  HMeeM paBeHCTBO ery =  I  m m  nniueM xopoTxo F(I)  hjih M(I) ,  BMecTO M(<r) hjih 

F(a).
H M e e M  c j ie A y io u i .e e  n p e A J i o J x e n n e

IIpeAJioxxeHHe 2 3 . Kojibpa F (I) h  M{I)  î i b j i h i o t c h  ABycTopoiiHHMH HAeajiaMH xojibu,a 

M c( oo, R).

J l e r x o  3 a M e T H T b , h t o  M(cr) HBJiHeTCH jieB O C T o p o H H H M  H A ea jiO M  T o r A a  h  T O J ib x o  TO T A a,

xorAa a ™  Bcex i BbinojiHHiOTCH paBeHCTBa au =  er2¿ == er3¿ = ___M(<r) hbjihctch npaBO-

CTOpOHHHM  H A ea jiO M  T O T A a H  TO JIbX O  T O T A a, X O TA a A A B Bcex i  BbinO JIHH IO TC H  p a B e H C T B a  

au  — <7i2 =  &Í3 = ____M(<r) HBJIHeTCH A B yCT O pO H H H M  HA BâJIO M  TO T A a II TO JIbX O  TO T A a,

xorAa M(cr) =  M(I)  jijïh HexoToporo AßycTopoHHero HAeajia I  b R.

HanoMHHM 3Aecb ripuniHinHajibHoe OTJiiiHHe crpoeim a 6ecxoHeuHbix MaTpmj h  k o h c h -  

Hbix. ÜTpyxTypa HAeajiOB xojibu;a M (n, R) coBceM ripocrau. IIoAMHO>xecTBO S  xojibpa 

M (h, R) HBJiHercH ABycTopoHHHM HAeajiOM TOTAa h  TOJibxo TOTAa, xorAa pjm nexoTopro 

ABycTopoHHero HAeajia I  b R  HMeeM 5  =  {a  G M (n, R) : ay G / } .  3 t o  3HaHHT, h t o  

OToöpaxceHne I  M (n, I) 3aAæT H30MopcJjH3M peuieTXH HAeajiOB b R  c pemeTxofi HAe- 

ajiOB b  M (n, R). B nacH O C TH , M (h, R) npocToe xojibu,o t o t a u  h  TOJibxo TOTAa, xorAa R
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n p o c T o e  K O J ib u p . B  c j iy n a e  K O J ib p a  Mc(oo, R) C T p y K T y p a  nyeajioB H e T a K  o n e B H f lH a . f la n c e  

B cjiynae n p o c T o r o  K O J ib p a  h 3 n p e ^ n o n ce H H H  n o j iy n a c M  ppa, nerpuBuajibiibie n,a,eajibi.

OnpeflejTCHHfe 7. MaxcnMajibHan noArpynna rpynnbi GLc(oo, R) coflepncaipaaca b  e +  
M(<j) Ha3biBaercíi cereBoft noArpynnoË cooTBercTByiomeń ceTH a  h  o6o3HâHaeTCn G (er). 
Echu ct h b j i h c t c h  D - ceTbio, t o  G (ct) H a 3 b iB a e T c n  Taxxce D - c c t c b o H  no/HpynnoË.

ripHMepaMH ceTeBbix no;irpynn hbhhiotch: rpynna BepxHHX (hjih hhjkhhx) o6para- 

Mbix TpeyrojibHbix waxpnn, rpynna xjieTOHH.o-AnaroHajibHbix oôpaTHMbix MaTpnu, c 4>hk- 

cnpoBaHHbiMH pa3MepaMH kjictok  b nacraocra  rpynna n,naronajibHbix MaTpnu;. B nacrao- 

CTH, eflHHHHnan nOArpynna n noiinan jinneiłiiaii no^rpynna kohchho CTOJiôpoBbix Maxpnn 

— ceTeBbie. CooTBCTByiomne hm cera  — s t o  HyjieBaa ceTb (bcc n^eajibi nyjieBbie) n gąh- 

HHHHan ceTb (bcc nąeajibi coBna/iaiOT c R).

O n p e A e Jie irae  8 . IlycT b  a — npoH3BOJibHan ceTb n^eajiOB b  R. rio/crpynna GLc(oo, R), 
noponcAeHHaa BceMH sneMetiTapiibiMn TpaHCBexpHHMH, coAepncamja m h c h  b  G (a) Ha3brea- 

ercH sneMCHTapnoË c c t c b o ë  noArpyrinoñ, cooTBCTCByiou;eñ ceTH a,  n o6o3HanaeTCH nepes

E{a).

f l j i H  ce ra  a Hcpe3 N(cr) M b i o G o s n a n a c M  H o p M a J u i3 a T o p  n o ,n ,rp y n n b i G(cr) b  r p y n n e  

GLc(oo, R).
Maxpiipa a H3 G L c(oo, R) npima;j,jie>KHT ceTeBOË no,n,rpynne G (a) Tor;;a n tojibko  

Tor^a, Kor.ua BbinojiHHiOTcn ycjioBnn ûy G oy- n aG G oy ajih Bcex i n j .  Ycjiobhh, 

Kacaiomnecn oöparaoß MaTpnpbi nnor^a mohcho onycTHTb.
M axpnna a npnua/piencnT HopMann3aTopy rpynnbi G(cr) b  rpynne GLc(oo, R), ea in  

BbinojiHinoTCH ycjioBHH a¿rt7rsaF  C ery npn Bcex HH^excax i , j , r , s .

B c / iy n a e  craÔHjibHOË r p y n n b i  F =  GL(i?) o n p e A e n n e M  c e T C B y io  r io ; i , r p y n n y  r(cr) xax  

n e p e c e n e n n e  G(cr) n G L (/2 ), a c h m b o j i o m  Np{cr) o6o3HanaeM H o p M a j iH 3 a T o p  r(cr) b  r p y n n e  

GL(fl).

F tp eA n on cen n e 2 4 . IlycTb R  — nojiyjioKajibuoe kojilho, noua BbineroB KOToporo otjihh- 

H b i o t  F2, F3j F4i Fs h M(2,F2). Torya jiioôoë noyrpynnbi H  CTaônjibHOË jinneËHOË 

rpynnbi T =  G L (iî) coAepncameË Bce /iHaronajinbie MaTpnpbi cyipecTByer eAnncTBenuaH 

D —cera ipreajioB a  Taxa», h to  r(cr) < H < Nr(cr).

JXoKasameJibcmeo: IT p n  n p c A n o n o n c e n n j ix  n a  K O J ib p o  H a rn e ro  n p e y j io x c e H H H , b  c e p n n  p a -  

6 o t  [4], [6] A O K a3aH O , h t o  a j i h  j i io ô o ë  n o y r p y n n b i  Hn K o n e n n o M e p u o f t  n o j in o Ë  J in n e n n o ñ  

r p y n n b i  G L(n, R) c o f le p n c a ip e f i B c e  A H a r o H a jm u e  M a T p n u ,b i c y rp e c T B y e T  eA H H C T B eH H an  

K O n e H H a n  D - c e r a  H A e a n o B  a T a x  a n ,  h t o  G(cr) < H <  N(cr). I ly c T b  H  —  n o A r p y n -  

n a  G L (fl) c o A e p x c a ip a H  B c e  A n a r o H a j ib H b ie  M a T p n n b i D (fi)- T a x  x a x  G L (ñ ) H B j in e r c n  

n p H M b iM  ( n u A y x T H B H b iM )  n p cA C J iO M  r p y n n  G L{n,R) (m o xccm  c n n T a T b ,  h t o  M a T p n p b i
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H3 rpynnbi G L(n ,R ) b j i o j k c i i l i  b  JieBOM BepxircM yrjiy Ma/rpnii, h3 G L (i?)), i i o j i o j k h m  

H(n) -■ H  f i  G L(n, R). Í I c h o ,  h t o  H(n) cOAep>xHT D (n , R). A r i a  H(n) cymecrayeT c a h h -  

CTBCHnaH D-cc'1'b a(n) Taxan, hto G (o"(n)) < H(n)N (a(n)). TorAa ceTb a HBJifleTCH 
cyM M O Ë  c e T e ñ  c r ( n )  h  r(cr) <  H  <  N r C ^ ) ^

§  8 .  I I o A r p y n n b i  c o f l e p > K a i i j , H e  K J i e T O H H O - ^ n a r o H a j i b H b i e  M a T p m j b i

I l y c T b  R  K O M y T aT H B H o e  x o j i b i j o  c 1 , R* —  r p y n n a  o 6 p a rr n M b ix  s j i c m c h t o b  x o n b i j a  R. 
I l y c T b  V —  o T H o m e H H e  sx B H B a jie H T H O C T H  H a  M H O H íecT B e H a T y p a j ib H b ix  h h c g j i  N  T a x o e ,  

HTO BCe K JiaC C bl 3K B H B ajieH T H O C T H  I \  . KOHGHHbl. H a H M e H b U IH ÍÍ  H 3 nO pH A X O B

| / x | , . . . ,  . 3T H X  K j ia c c o B  S y A e M  o 6 o 3 H a n a T b  n e p e .3  hu. E c jih  i h j  S K B H B a jie n T irb i

O TH O C H TejIbH O  U, TO n n n ie M  i ~ j .
C  SK B H B ajiC H T H O C T bio  V  H a  N CBHJKeM  D - c e T b  [u], o n p e A e J iH B  ee y c jiO B n s iM ii:  [ u j y  — 

eA H H H H H b iñ  H f le a j i  R, e c j i i t  i ~  j ,  h  [ v ] i j  —  n y j iC B o ii  H A e a ji  b  n p o T H B H O M  c j i y n a e .  C o o t b c t -  

C T B y ro m y io  D - c c T e B y r o  n o A r p y n n y  G ( M)  o 6 o 3 H a n a e M  T a x > x e  n e p e 3  D (i'). E c jih  x a> X A b ift 

H 3 K JiaCCOB / i ,  . COCTOHT H 3  nO C Jie flO B aT C JIbH blX  H a T y p a j ib H b ix  H H C ejI, t o  D ( u )  —

s t o  r p y n n a  K J ie T O H H O - /p ia r o : ia j ib H b ix  o ö p a T H M b ix  6 e cK O H C H iib ix  M a T p n ii ,,  A H a r o n a j i b H b i e

K JieT K H  K O T O pbIX  H M eiO T  COOTBeTCTBeHHO n O p n jJ K H  | / x j ,  . .  . , | / n | ,  ^ J I H  n p O H 3 B O JIb H O ñ

3K B H B aneH T H O C T H  v  r p y n n a  D(^) c o n p a j K e i i n e M  n p n  n o M O iip i  m a r p h u ,b i-n o jjC 'r a H O B k h  m o -  

j k c t  6 b iT b  n p e o 6 p a 3 0 B a H a  b  o ö b iH i iy io  r p y n n y  x j ie T O H H O -A H a ro i ia j ib H b ix  M a T p n u ,.  T a x  h m  

o 6 p a 3 0 M  r p y n n y  D(u) 6yA C M  H a 3 b m a T b  r p y n n o ñ  K jie T O H H O -A H a ro H a j ib i ib ix  w a r p h u, 3 a A a n -  

H o r o  T i m a  v.

S j i e M e i i T a p n y i o  c e T e B y io  r i o ; i , r p y n n y  £ ' ( [ / ' ] ) ,  c o o T B e r c r B y i o i n y i o  D - c e r a  [u ] n a 3 b iB a e M  

s j ie M C H T a p n o i i  x j ie T O H H O -A n a ro n a j ib H O ii  r p y n n o ñ  r a n a  v  h  o 6 o 3 n a H a e M  T a x > x e  n e p e 3  E{u).  
3 t o  n o A r p y n n a  n o p o j K A e i m a n  b c c m h  s j iC M e i iT a p i ib iM n  T p a H C B e x u n s iM H  Uj{a), iy j e  i ~ j  
H a  €  R.

A jih  np0H3B0JibH0ñ D -ceTH o  onpeAejiHM na N  axBHBajieiiTHOCTb ua, CHiiTan hhacxch i 
h j  sxBHBajieHTHbiMii oTHOCHTejibHO va TOrAa h TOJibxo TorAa, xorAa a¡j =  Gjt =  R. Hcho, 

hto [i/ff] <  g,  Tax hto D {va) <  G(o)  h E{ua) <  E(a).  Ohcbhaho Taioxe, hto D{va) (co- 

OTBercTBeHHO E{ua)) — sto  nanfiojibinasi xjieTOHHO-AHaroHajibHafi rpynna, coAepjxamaH- 

CH b G  (a)  (nanGojibinaH ajieM eirrapnan xjieTOHHO-AnaroHajibHan rpynna, coAepjxamaaca 

b E{a)).  A a «  D -c e ra  a  nojiaraeM  h(a) =  h(va).

ü p e A J i o j K e H H e  25. IlycTb R  — n p o i i3 B O J ib H o e  x o j i b i j o  n a  — D-cerh hac8jiob b R,  
y A O B j ie T B o p H io m a n  y c j io B H io  h(a) >  2. M a T p i n j a  a n p r n i a A n o x i i T  H o p M a j iH 3 a T o p y  N(cr) 
T o r A a  h T O J ib x o  T o r A a ,  x o r A a  n p H  B c e x  i , j ,  r, s T a x n x ,  h t o  r  ^  s c n p a ß e A J iH B b i  erjiiohciihíi

d ivGr sGsj  C  G ij.
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JJoKaaamejibcmeo: /JocTaroHHO n p o B e p H T b ,  h t o  Bce BKjnoneHHSt aiTa rra!Tq c  aij cjie^yiOT 
H3 BKJiiOMenHîî H3 npeAAOJKeHHH. fljiH (JjHKCHpoBaHHoro r  G N naË^eTca p ^  r  TaKOfł, h t o  

arp = apr  =  R. Hmcgm

(3Aecb Bce cyMMbi KoneHHbi). HMeeM airarpa'pq C aiq u aqpapra'r] C aqj.  OTKyaa cjie/^yeT, 
HTO

A 0 K a 3 a T e jib C T B 0  o k o h h c h o . D

nycTb H  noArpynua rpynnbi G — GLrc(oo, R)  coAepJKaiąaH rpynny E{v)  s/ieMen- 
TapHbix KjieTOHiio-AaaroHajibHbix MaTpHU, THna u, r^e h(u) > 2. C noArpynnoń H  Mbi 

CBH>KeM 0AH03HaHH0 onpeAeneimyio D-ceTb HAeanoB a. Jl/in yriopHAonennoft napbi pa3- 

AHHHblX HHAeKCOB i H j  HCpC3 CTÿ o6o3HaHHM COBOKyilHOCTb TeX 3JieMCHTOB H3 Oc € R,  
A-'iî! KOTopbix tij(a) G H.  51 cno, h to  <7,j — saah th b h aa  rpynna. Ecjih i ~  j ,  t o  corjiacHO 

oiipeAeJienHio E(v)  Bce sjieMeirrapHbie TpaHCBerapiH ¿¡¿(a), a  G R,  coAepHcaTCH b E {v), 
a 3HaHHT, h b  H . CAeAOBaTejibHO, b stom  cjiynae o y  =  R. IlycTb Tenepb hhackcm i u j  
He 3KBHBajieHTHbi, h nycTb ß  G cTij, a  & R. BbiöepeM r c ycjiOBHeM r ~  j ,  r  ^  j .  9 t o  

B03M0JKH0 b CHJiy ycjiOBHH h{v) >  2. H3 4>opMyji

cjieAyeT, h t o  o y  npaBbift HAeaji b  R.  AHajiorHHHO npoBepacTca, h t o  oy  — JieBbift HAeaji. 

IIojiojkhm AonojiHHTejibHO au = R  a-bh scex  î G N .
Ecjih ß  G o y  h a  G ajr , t o  tx](ß) G / /  h tjr(a) G H.  TorAa tojkc tir(ßa)  coAepxŒTCH 

b H ,  t . e. ß a  G <7¡r. 3 th m  A0Ba3aH0 BKJiioneHHe p jm  nonapHO pasjiHHHbix hhackcob. Ho 

eonu cpeAH HHAeKCOB ecTb paBHbie, t o  s t o  BKjnoneHHe Bbinonneno ohcbhahmm o6pa30M. 

TaKHM o6pa30M a  HBJiaeTCH D-ceTbio HAeajiOB. Tax KaK [i>\ <  a ,  t o  h (y )  <  h (a).

O npeA eJieH ite 9 . nycTb h{v) >  2 h E{u) < H  < G. nocTpoeHHaH D-ceTb HAeajiOB a 
HasbiBaeTCH D-ceTbio, accopnposan h o ô  c noArpynnoft H.

Tenepb Mbi AOKaaceM cymecTBOBanne b  noArpynne H  coAepjKaipeń E{u) (npH ycjiOBHH 

h(v) >  2) oupcAeJieHHbix ajieweHTapubix TpaHCBeKiprô Ha ocHOBe najniHHH b  Hefi MaTpmj 

cnepnajibHoro BHAa.

[[Uj(ß), **•(“ )]> M 1)] =  tij(ßa)
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JleMMa 6. Ecjih p-n cTpoxa b MaTpmje a h3 H  coBna/r,acT c p-ii cxpoKoft cahhhhhoA: 

MaTpiipbi, t . e. apj — 5Pj npH Bcex j ,  t o  a¡q G a u¡ npH Bcex i  h Bcex q ~  p, q ^ p -

E c j i h  q-Vi  CTOJiôeu, b  Maxpnue a H3 H  coBna;i,aeT c  q - u  c t o j i 6 h ,o m  e/pniiioHoń Marpuiipi, 
t .  e. a iq —  Siq  npH Bcex i , t o  aPj  G crpj  npn Bcex j  h  Bcex p  ~  q ,  p  ^  q.

JHoKaaamejibcmeo: Ecjih q ~  p, q ^  p  h i  ~  q, t o  a ¡g G a ¡ q =  R .  IlycTb i  h  q He

OKBHBajieHTHbl. IlyC T b  r  ~  I , r  !  ( o t o  B0 3 M0 HÍH0  BBHAy yCJIOBHH h {v)  >  2). PaCCMOTpHM

MaTpHijbi

b =  atgpi l ) a ~ \  c  =  [6, i ri( - l ) ] .

Tax K a x  tpq( 1 )  G H  h  i r ,-(— 1 )  G H,  t o  c G H .  IlpocTbie b b i h h c j i c h h í i  n o K a 3 b iB a iO T , h t o

b ™ 6 “I- O'aqCjpj
a

h, flanee, h t o  c  =  t rp(aiq). CneflOBaxejibHO aiq G o y p  =  a iq n o  npeflnoJKerano 1.
J\jva ;iOKa3aTejibCTBa BTopofi n acra jieMMbi na/i,o paccMOTpeTb MaTpHpw

b = a _ 1i ,p( l )o ,  c =  [ijr (-l),&],

(rfle r  ~  j , r  ^  j ,  j  He oKBHBaneHrao p). □

JleMM a 7 . I l y c T b  /i(i/) >  3. E c j i h  q-ü c t o j i ö c i i  b MaTpm;e a h 3  H  coBnaflaeT c  q-u  

c t o j i 6 u ;o m  eflHHHHiioü MaTpnpbi, t .  e .  a iq =  Ôiq npH Bcex i,  t o  aip G crip npn Bcex i h  Bcex 

p  ~  q.

J^OKaaameAbcmeo: PaccMOTpHM MaTpnuy

u  =  t qT[aqr) ■ a,
r

rfle 11 p o ira Bepei i h  e fiepercii no BceM HiipexcaM r ~  q, r  ^  q. H c h o ,  h t o  u  coflepncHTCH 

b H h OTjiHHaeTCH o t  a  TO JibK O  b  crpoxe c  HOMepoM q, a  oßpaTiian k  neii MaTpmja u - 1  

OTJiHnaeTCH o t  a - 1  TOJibKO b  CTOjiôpax c  HOMepaMH r  ~  q, r  7 ^ q, npn o t o m  u'qr —  0 npH 

Bcex r ~  q, r  ^  q. cpHKcnpycM p  ~  q, p  ^  q, m pacCMOTpHM MaTpraiy

V e 4“ ^  ' V'ip'U'qjf'ij>
•J

TaK >K e c o A c p jK a n iy io c H  b  H .  Ecjih r  ~  q ,  r  q ,  t o  v lT =  ô ir  n p n  B c e x  i ( n o c K O J ib x y  

uqr — 0). T a x H M  o6pa30M, b  M a x  p a p e  v  B c e  ctojióii,« c  H O M ep a M H  r  (r ~  q ,  r  ^  q )  

c o B n a p a i o T  c  c o o T B C T C T B y io iflH M H  C T O Jiô p aM H  eA H H H H H O ń M a T p n p b i  h  n o  J ieM M e 1 H M eeM  

BKjnoneHHH v pq

s ig m a Pj  npn Bcex j  h  Bcex p  ~  r , p  ^  r.  B CHJiy ycnoBHH h (v )  >  3 a j i h  r  h m c i o t c h
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no xpaiinefi Mepe A sa pa3JiHHHbix 3HaneHHH. CjieAOBaTenbHO vPj  G aPj  n p n  Bcex p  ~  q 
h Bcex j .  /ía jie e , n p n  i ^  q HMeeM vip =  u ip — aiP. M ax p n u a

w  =  v ] J t pj( - v pj) 
j/ p

(3/j;ecb j  npoöeraex Bee HHAexcw, xpowe p, nx Konennoc hhcjio, Tax xax Bee MaTpnu,bi 
KonennocTOJiGpoBbie) bbh^y vPj 6 aPj C0Aep»cnTCH b H ,  h jijih nee

wpj  =  5pj  (j €  N)

w ir =  v ir ( r ~ p , r ^ p ) .  

n o  jieMMc 1 nojiynaeM  OTCioAa BxjuoHeime

Wir G crir ( i ^ p , r  ~ p , r  p).

B x a n e c T B e  r 3Aecb mojxho B 3 H T b  q, n M bi noJiynaeM

— At'p — Viq — W iq G C7iq — C7jp,

AOKa3aTejibCTBO oxormeno. □

TeopeMa 6. nycT b R  — KOMMyTaTHBHoe xojibpo c eAHiinneñ, G — G Lrc(oo, R) — 
n o a n a a  Jinneftuaa rp y n n a  öecxonenHbix Konenno cto jiöaobb ix  MaTpnii; naA R, v  — o t-  
HoineHne axBHBajieHTHOCTH n a  N, b kotopom Bce Kjiaccbi 3kbnbajíeh tito c n i  Konenubie 

h  ;;jih KOToporo h{v) >  3. nycT b  E{u) — sjieMCHTapnaa KJieTOHHO-AnaroHajibiiaii noA- 

rp y n n a  T nna u, H — noA rpynna b G, C0Aep>xam,aH rp y n n y  E(v). TorA a cym,ecTByeT 

h npHTOM eAHHCTBennaa D-ceTb a > [v\, Taxan, h to

E((j) < H <  N(<t).

CeTb a,  Ann xoTopon HMeeM nocneAinie BXjiionenHH HBjraeTCH D -cerb io  accoipipoBaim oft 

c noA rpynnoñ H.

J[[oKa3amejibcmeo: nycTb a — ripoHBBOJibnaa MaTpupa h3 H . Mbi AOJi>XHbi npoBepHTb Bee 
BXjnoMeHHH alr<Jrsa'SJ C ay, r  ^ s. nycTb a  -  npon3BOJibHbift sjieMCHT h3 oys. PaccMorpHM 
M a T p H p y

b =  a ir3( a ) a _1.

T ax  xax  6y =  ¿y  +  airaa'sj ,  AOCTaToniio noxa3aTb, h to  6y €  cry, 3nanHT b €  G(cr). 

3ac¡DnxcnpycM xpn  nonapHO paanHHHbix HHAexca p, q, h u  paccMOTpHM MaTpnny

C =  btf^p {(lqr ( d p r )b
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B CHjiy ycyiOBHH p  ~  q ~  h  MaTpapa c co,n,ep>KHTCH b  H .  IIpocTbie BMHHcneHHH noxa3bi- 
BaioT npn aioöom i (yMHTbiBaa KOMMyTaTHBHOCTb KOJibpa), h to

Cip fiip "i" bihQqr 1 dq biq C~ij S{j ( j 7  ̂P i j  7  ̂ i)*

B nacTHOCTH, Cih =  blh npH Bcex i.  H3 JleMMbi 2 CACAyeT, h to  d p G o\p n ciq G oiq. Tekhm  

o6pa30M bihüpr G Oih (p ~  h ,  p ^  h ) .  PaccMOTpuM eme opny MaTpapy

u =  b th p i -b '^ th q ib '^ b -1.

PÎMeeM npn Bcex i

"Uip ~  bip, Ujq =  b{ft (l (lprC!t(2ÿp dqrOiQ,sq) .

H3 JieMMbi 2 cjiejiyer, h to  uiq G a iq =  cr¡h, a  Tax xax btka]rr u 6,7, a9r coAepjxaTCH b (Ttk, t o  

bih G CTih npH Bcex i. Hhackc 3Aecb Taxxce np0H3B0JibHbifl, nosTOMy b G G(<r).
EAHHCTBCHHOCTb B b lT eK æ T  H3  TOTO, HTO BCHXaH S iieM eiiT a p n a îI TpaH CBexpH H , COflep- 

xcarpaHCB b N(<t), coacpjxhtch b E(ct) (,y>xe n p n  h ( a )  >  2). B cbmom A eA e, n y c T b  a =  

tij(a) G N (a ). C orA acH O  n p eA b iA y tp eM y  r ip eA -'io m eu m o  HMeeM BK AKVienne a^Ra'^ C <r¿j, 
a  T a x  x a x  b A a im o M  C A yn ae a ¿; =  a, a'jq =  1 , t o  q: G cry. □

§ 9. IIo A rp y n n b i rp y n n b i T peyrojibH L ix MSTpnp

B  3TO M  r i a p a r p a c j j e  mbi o n t n n e M  n O A r p y n n H  r p y n r i b i  G e c x o n e n n b i x  B e p x m i x  T p e y r o A b -  

H b ix  M a T p n u ,  T (oo, R) c o A e p > K a n ; i i e  ( h a h  H o p M a j in 3 y e M b ie )  C T aÖ H A b H o ß  r p y n n o Ë  A n a r o -  

H a j ib H b ix  M a T p n u ,  D(iî), r i p n  n e x o T o p b i x  o r p a H H H e m iH X  H a  a c c o ip ia T H B H o e  x o j ib u ,o  R. 
P e 3 y A b T a T H  n a c T O A iA c r o  n a p a r p a ( J > a  o n y Ô A H K O B a iib i b [100].

IIpoÔAeMa xAac.CHc]AixanH noArpynn xoneHHOMepHbix KAaccHHecxHX rpynn naA xoAb- 

paMH coAepjxaipHX AnaronaAbHbie MaxpHUbi npHBACxjia bhhmahhc m hothx MaTeMara- 

xob. Yaob aeTBopHTeabhbifi OTBeT noAyneH TOAbxo pjm  HexoTopbix xAaccoB noArpynn. 

B ceprni paôoT 3 .H. BopeBiina h H.A. BaBHAOBa onHcano noArpynnbi coAepxiaipHe Ana-

TO H aA bH bie M âTpHD,bI HaA nOAyAOXaAbHbIM  KOAbAOM C HCÜ 0Ab30BaHHeM  nOHHTHA cereñ

h c e r e B b ix  n o A r p y n n  (cm. [4], [5], [6] h o Ô 3 o p a  [9]). B  stom  naparpa4>e mm o 6 o 6 m ,a e M  

9TH p æ y A b T a T b i  o n n c b iB a a  n o A r p y r n ib i  r p y n n b i  ô e c x o n e H H b ix  B ep x H H x  T p e y ro A b H b ix  M aT- 

P h h ; ,  c o A e p x c a ip H x  ( h a h  H o p M aA H 3 y eM b ix ) A H aroH aA bH biM H  M a -rp u p aM H  113 r p y n n b i  D ( A ) ,  

n p n  n e x o T o p b ix  n  p eA ri OAOxeeHHJrx H a  x o A b u o . T en  caM biM , S to  A ^ e r  TO>xe o ö o ö m e n H e  

AAH T p e y ro A b H o r o  C A y n a n  o n u c a m i «  H o p M aA b H b ix  n o A r p y n n  O ecxoH eH H O M epH oñ hoahoë  

A H H eñH oñ  r p y n n b i  [153].
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r i y c T b  R  a c c o n H a T H B H o e  K O Jibup c  e ^ H H H u e ß  1, R* r p y n n a  oöp aT H M b ix  ajieMCHTOB 

K O Jib p a  R. r p y n n a  T ( o o ,  R) c o c t o h t  h 3  B c e x  ö ecK O H en H b ix  B ep x iiH X  'r p e y r o j ib H b ix  M aT- 

pH u , i i a A  K O JibpoM  R, y  K O T opb ix  B ce  A n a ro H a J ib j ib H b ie  s jieM eH T b i oO paT H M bi, D ( o o ,  R) 
n o A r p y n n a  B c e x  e e  A n a r o n a j ib H b ix  M a ip iiu , .  T o r ^ a  C T aÖ H jibH an  r p y n n a  D(-R) c o c t o h t  h 3  

B c e x  f ln a ro H a j ib H b ix  M a T p n u ;, y  K O T opb ix  t o j ib k o  K o n e n n o e  h h c j i o  s j i c m c h t o b  n a  A n a r o n a -  

jiH  H e paB H O  1. 5 I c h o ,  h t o  r p y n n a  D(R) nopoxK A aeT C H  MaTpnn;aM H d { (6 )  = e +  (9 — l ) e , ¡ ,  

9 G R*. Kan o ö l i h i i o  KOMMyTaTop J iB y x  s j ie M e ir ro B  r p y n n b i  o 6 o 3 H a n a e M  c h m b o jio m  [x, y\ = 
x y x ~ l y ~ l .

Mbi 6yąeM paccMaTpnBaTb cera HAeajioB, t. e. chctcmli g  =  (<7ÿ) ( i , j  G N) a bY- 
CTopoHHHx HßeajiOB (Tij KOJibî a R  yąoBneTBopmomHe ycjiOBHHM crir • <Jrj Q 0y PAU Bcex 
i , j , r  G M. B 3T0M naparpac|)e Mbi paccMaTpnBaeM TOJibKO e e p x n u e  c e m u  a  pjin KOTopbix 
Gij TpHBHajIbHO AJIH BCeX i > j .  EcjIH KpOMe TOTO Gu =  R  ĄJISI BCeX t Ê N Mbi Ha3bIBæM a  
e e p x n e ü  D — c e m w o .  BepxHHH ceTb a naabiBaeTca tf iu H u rr iH o ü ,  ecjin cymecreyeT no G N, 
TaKoe, HTO atj  =  (0) Ana Bcex j  > i > n 0 .

IlycTb M(cr) MHOxxecTBO Bcex rpey ro jib iib ix  M arpnu  a Taxnx, h to  a¡j G <7y. E cjih  a — 
BepxHHH ceTb, t o  e +  M(cr) =  {e +  a : a G M(<r)} 3aMKHyTO oraocHTenbHO yMHO>KeHHH 

MaTpnu,. IlycTb G(<r) o6o3HaHaeT ceTeByio noA rpynny, a  E(cr) ajieM em apnyio ceTeByio 

riOArpynny rpynnb i G (a ) ,  nopox<AeHHyio BceMH sjieMeirrapiibiMn TpaHCBeKiiHHMH tÿ(Ç ), 

r^e C € Gij, i , j  G N , i <  j .

PjiaBHWM pe3ynbTaTOM naparpacjm î i b j i h c t c h  cne^yioman TeopeMa (cMOTpn [100]):

TeopeMa 7. IlycTb R  — accounaTHBnoe k o j i b i j o  c 1 Taicoe, h t o  cymecTByeT sjieweiiT 
9 G R* pjin KOToporo 9 — 1 G R* h R  a/yi,HTHBHO nopoxcAaeTca s/ieMCHTaMii R*. IlycTb 
H  no^rpynna rpynnbi T(oo, R) coAepxcainaa D(R). Torpa cymecrayeT e/iiiHCTBennaH 
BepxHHH D —ceTb g = (Gij) ABycTopoHHHX HAeajiOB KOJibpa R  Tanan, h t o

Ecjih KpoMe t o to  noArpynna H  co^epncHTcn b craÖHJibiioft TpeyrojibHOÍi rpynne T(R), 
t o  H =  G(cr).

Ü3 TeopeMbi nojiynaeM

C n e A C T B H e  3 .  Ecjih g  b TeopeMe siBJixexcji 4 > h h h t h o í í  cerbio h noArpynna H  coAepxmT 
D(oo, R), t o  H  =  G(cr) = D(oo, R) ■ E(cr).

OôbiHHO, HMeeM HepaBeHCTBO D (oo, R ) - E ( g )  ^  G(<r) kbk, HanpHMep b cjiynae D —cera

Ham e A0Ka3aTejibCTB0 BepHO 6e3 ii3MeHHennii h b cjiynae KoiieHHOMepiibix MaTpnn 

h Aaer HOBoe A0Ka3aTejibCTB0 cjieAyiomero pe3yjibTaTa 3 .H. BopeBiina [5] (TeopeMa 7)

D (R) • E (g)  <  H  <  G (g).
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T eop eM a 8 . riycTb R  accopnaTHBHoe KOAbup c 1 TaKoe, h to  cyipecTByeT sjieM enr 0 G 

R* fl/in KOToporo 6 — 1 G R* u R  a/miiTHBiio riopoiKAacTCii 3JicMciiTaMH R*. IlycTb 

H  n o flrp y n n a  rpyn iib i BepxHnx n x  n — TpeyrOAbiibix MaTpnu, Tn(R) naA KOJibpoM R 
coAepjKam,Hx AnaroHajibiibic MaTpupM Dn(R).  T o r^ a  cymccTnycT eAHiicTneiniaH BepxHHH 

D —ceTb a =  {(Jij) (1 <  i , j  <  n) ABycTopoHHHX H^eajiOB KOJibipi R  Taxan, h to  H  =  G (a).

TeopeM a 8 noxasbißaeT, h to  Bce noArpynriM  BopeneBCxofi rio;i,rpyiinbï co/i,ep>Kaiii,He 

MaxcHMajibHbift pacmenuM bifi Topyc hbaîhotch cexeBbiMn iioArpyniiaMH.

ripH  ftCKOTOpuX AOUOJIHHTejIbHblX yCAOBHHX XOMMyTaTHBHOCTH Mbl MOIKOM A0Xa3aTb 

ÔOAbUie, HMeHHO

T eop eM a 9. E cah iipn npeAnOAOHceHHHX TeopeMbi ajieMeHT 6 npHHąąne>KHT penxpy  

R* h H  HBJineTCH noArpyrinoH rpynnbi T (oo, R)  HopMajiH3yeMoft noAtpynnoi't D (R ) ,  t o  

cymecTBye-r eah  h  ctb  e h  h  an BepxHHH D —cei'b a  =  (o y ) HAeajioB R  Taxan, h to  E(a) <  

H <  G{a).

Ohcbhaiio. h to  9 npmtaA-'iOKHT iie in p y  R* ccah HanpiiMep R* hah  R  KOMMyTATHBHbi. 

Cjie.p'fomee npeAAO>Kemie AaeT xapaxTepH3au,Hio rpynnbi G(<r)

IIpeA JioîK eH H e 2 6 . G(cj) =  T (oo , R) n  (e +  M(<r)).

/ f OK03amejibcmeo: Mbi noxaxceM, h to  ecAH a =  (o¿j) G G (cr), t o  a~ 1 =  (aR) G G (ct). T ax  

xax  a - 1  -a — e, mm HMeeM a jih  i  < j  paBencTBO a'üai¡t+1 4-ûj j+1a j+ i1»+i =  0. TaxHM o6pa30M 

a!i i+ 1 G Oi,j+i> TaK i<ax a i+ i,i+ i oôpaTHMO h  iio iniA.yxnHH cpaBeHCTBa a'lia lJ + . .  ,+ a R a jj  =  

0, nojiynaeM  aR  G o p .

JleMM a 8 . E cah  Ç G R*, t o  p j w  Bcex i , j  G N mbi HMeeM 

M C % j( a ) d i( 0  =  tij(ocÇ) h d j(C )iÿ (a )^ (C - 1 ) =  iÿ(C «)•

IIpeflAOJKeHHe 2 7 . üycTb R  accou,naTHBHoe k oa liio  c 1 Taxoe, h to  cymecTByer bacm cht 

9 G R*, aJiH xoToporo 9 — 1 G R". Ecah D(fi) <  H  < T (oo , R) h a  G H, t o  íy(oy) G H  
A-nfl Bcex i , j  G N.

JJ,OKa3 amejibcmeo: E cah a  G H ,  t o  b — [a ,d j (6 )] G H . JXnn i <  j  mm HMeeM =  
a y (6  — 1 )aR 9 ~ 1 h bjj =  a jj9aR 9~ ï . Bce oeraAbHbie xo34xjHiu,HeHTbi MaTpnpbi b Taxue 

xax y  eAHHHHHoft mbtphum e. yMHoncan Marpmiy b cAeBa n a  AnaroHajibHyio MaTpapy 

dj(e),  npn cooTTBeTCByiouieM e, mm nouynacM MaTpniiy c Taxyio, h to  Cy =  1. Tenepb 

[di(9),c] — ti j ((9  — 1 )cy ) £  H n no neMMe 8, noAynaeM iÿ (a y )  £  H.O

IJoK03amejibcmeo meopeMU : IlycT b  D{R)  <  H <  T (o o ,R ) .  üoaojxhm  (aah i <  j )  
Oij =  { a  G R  : t i j (a )  G H}  h a ü =  R  p /in  i G N. H s npeAAO>xeHHH 27 h JleMMbi 8 cry 

hbjihiotch ABycTopoHHHMH HAoaAaMH xoAbii,a R.  CncreM a a  =  (oy-) hbahctch D —ceTbio,
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xaK KaK [iir(a ) ,  trj(0)] =  fy (a /3 ). H cho, h to  D(-R) • E(cr) <  H  h  H3 npeAJio>KeHH5i 27 

nonynaeM H  < G (cr).D

CneACTBiie 3 a TeopeMa 8 cjie/iyer Jienco H3 Toro, h to  b cjiynae <J>nHHTHoft ceTH HMeeM 
paBeHCTBo D (oo, R) ■ E(cr) =  G(cr).

E cjih  6 iipuHa/yioKHT peiiTpy R*, t o  b AOKaBaTCJibCTBe npe;i,jio>KeHHH 27 nonynaeM  

bjj =  1 h  y>Ke He naAO yMHoncaTb MaTpimy b Ha AnaronajibHyio MaTpnuy, h  s to  3aKaHHH- 

BaeT A0Ka3aTCJiLCTB0 TeopeMbi 9.

CACJiac.M ceftnac n ec K O iib K O  3aMenaHHii.

A. H am a TeopeM a to b o p h t, h to  jno6aii noA rpynna rp ynnb i T (o o , R) coAepxcamaH 

D(7Z) naxoAHTCH b 0AH03HanH0 onpeAejiennoM HHTepBajie D (i?)E (cr) <  H  <  G (a ) . B cny- 

nae  KorAa R  =  K -  HBJiaerca riojieM TaKHe HinepBajibi HMeiOT onenb npocToe CTpoeHHe. 

H cho, h to  Ka>KAoe none e a a h th b h o  nopojKAaercn oSpaTHMbiMH aneMeHTaMH. Cym,ecTBO- 

Banne o6paTHMoro aeneM ewra 6 TaKoro, h to  9 — 1 TO»ce o6paTHM ohbbhaho  a h  a  nojieii 

xapaKTepncTHKH 0 h p > 2. B cjiynae p = 2 TaitoK sjieM eirr cymecTByer, ecjin K  HMeeT 

pa3MepH0CTb >  2 HaA F 2 (nan  jmneiiHoe npocTpaHCTBo). 3 t o  3HaHHT, h to  npeAnojio>Ke- 

h h h  TeopeMbi BbinojiHeHbi Ann sc ex  nojieft K  =/= F 2.

PaccMorpHM 3 cjiynaii.
(i) a-Jih scex  i €  N: cri>i+1 =  K ,
(ii) flfln Bcex m hojkcctbo {i : crii+l = (0)} 6ecKOHeHHO,

(iii) M HOJKeCTBO { i  : <T, , i + 1 =  (0 )} KOHeHHO.

(i) H3 BKJHOHeHHll <7jii+1, CTi+iii+2 C CTiii+2 nonynaeM (Ti,i+2 =  K . 3 tO  3HaHHT, HTO 
&ij =  K  ahh  Bcex j  >  i. Mbi HMeeM D(AT)E(cr) =  T(AT) — rpynna  Bcex cJjhhhthmx 
TpeyroabHbix MaTpni;, h G(ct) =  T (oo, K).

T ax  x ax  T (K)  HopManbHaa noA rpynna rp ynnb i T r (oo, K ) (rpynnb i KOHeHHOcrpoH- 

Hbix rpeyrojibH bix MaTpnn), pemeTKa noA rpynn H  TaKHX, h to  T (A )  < H < T r(o o , K )  
H30Mop4>Ha pemeTKe noA rpynn cJiaKToprpynnbi T r (oo, K ) / T(AT).

(ii) E cjih  criii+1 =  (0) t o  axj — (0) h crjt,i+i =  (0) Ana scex  k < i, j  > i. Rnn HeKOTopbix 

6ecKOHeHHbix nocjieAOBaiejibiiocTeft HaTypajibHbix nnceji ( n j , n 2, . . . )  rpynna D (A )E (a )  

H30MopcJ)Ha 6ecKOHeHHOMy npHMOMy npoH3BeACHHio KOHeHHOMepubix TpeyrojibHbix rpynn  

T (n i, K), T (n 2) K ) , ... KOTopoe nopMajibno b rpynne G(cr) — 6ecKOHeHiiOMy ACKapxoBOMy 

npoH3BeAeHHio rpynn T(n u K),  T (n2, K ) ,  ... . 9 t o  Aaer HecneTnoe hhcjio  HHTepBajiOB 

b pemeTKe noArpynn. 3Aecb T ( l ,  K)  ~  K*.

(iii) B 3tom  cjiynae Bee noAApynnbi cooTBeTCTByiomHe D —c e rn  a hm cio t b h a  

T ( n j ,  K)  x  . . .  x  T (n s , K ) x  Hx rAe T ( K )  < Hx < T (o o , K ) (a jih  cJniKCHpoBaHHOft H x m u 
nojiynaeM  CHeraoe h h cao  noA rpynn).
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HaiuH pe3yjibTaTbi nonasbiBaiOT, h to  Bce ncyirpyniibi T(oo, K )  co;i,cp>Kainnc D(K)  jie- 
>Kax b6jih3h no^rpynn cBíoaHHbix c D —ceTbHMH. 51 cno, h to  Gojiee Aerajibnoe nccjie;ioiïa- 
HHe B 3TOM cjiynae i p e ó y e r  Apyrnx m ctoaob h H/i,eñ. Hcnojib30Baitne ceTeBbix noarpyiin 
pąaypupyeT npo6jieMy HaxoxcAeiiHH TaKiix no^rpynri k  iiccncAOBainno pemeTKH no^rpyrm  
rpynnbi T(oo, K) co^epjKaipHX T(AT).

B. IlycTb ir noflCTanoBKa MHO>KecTBa naTypajibHbix nucen  (tt €  Sym (N )). 06o3iiaHHM 

nepe3 t t  TO>Ke 6ecKOneMHyio M arpim y cooTBexcBTByiomyio riOAcranoBKe t t .  Mbi roBopKM, 

HTO ABC CeTH T  H <7 COnpjDKCHbl, eCJIH T  =  TTGTT~l Ą JliT  IICKOTOpOÍt nOACTaHOEKH TT €

Sym(N).  IlycTb T ^ o o , R) =  7tT (o o , R)tt~x. Mbi nweeM D(7Ï) =  tt D (Ä )7r_1, E (r )  =  

7rE(cr)7T_1 h G (r) =  7rG((r)7r''1. 5ïcho Tenepb, h to  Hanra pc3y;ibrraTbi a t io t  tohcc onucaniie 

no/irpynn rpynnbi T ff(oo, R) coflep»cani,HX D (R) (hjih HopMajnrayeMbix rpynnoii D (R)) 
c ne ri o Ji b30 r an h e m cera  r  BMecro cera  a.

C .  f lo K a a a T e j ib C T B a  T e o p e M  n  9  B e p H b i r o n c e  b 6 o n ; ie e  q ö n je M  c j iy n a e  r p y n n b i  T ( f i ,  i î ) ,  

B c e x  B e p X H H X  KO HeHH O CTO JlÖ pO Bb lX  T p e y rO J Ib H b lX  M a T p H II  p a 3 M C p H 0 C T H  fi (lyie f i  n pO H 3 - 

B o j ib i io e  6 e cK O H eH H o e  J in n e f in o  y n o p íw o n e H H o e  M iio n c e c T B o ) .

§ 10. rioflrpynnbi rpynnbi MaKJieiiHa

B 3TOM naparpacfie Mbi nccjieiiyeM crpyKTypy HopManbHbix no flrp y n n  rp ynnb i M a- 

KjieñHa c Hcnojib30BaHneM ce re  ft HAeanop, u cereBbix noflrpynn . Mbi onpeAeniiM öojibiuyio 

no/ipemeTKy A pemeTKH Hop.Majibiibix noA rpyim  rpynnb i MaKJieftna npH HeKOTopbix o rp a- 

HHHeHHHx n a  accotpiaTHBHoe Kojibpo R. 9  Ta noA pem eraa coctoht h3 cereßbix  no /irpynn  

cooTBeTCByionpix iiopMajibiibiM ceraM . B cjiynae K or^a R-  none, |f i | >  2, npii Heöojibmux 

orpannHeiiH iix Ha mhojkcctbo hackcob, A H30M0pcJ)Ha pemeTKe MonoTOinibix <f>yHKii,Hñ 

h  He 3aBHCHT ox ocHOBiioro iioAii. Pcsy.TbTaTbi HacTOHipero iiaparpacjia  onvö/iiiKOBaiibi

b  [104],

I l y c T b  R —  a c c o n n a T H B H o e  k o j i b i i o  c c a h h h u c h  1  /  0 ,  h  n y C T b  I  — O e c K O n e n n o e  

A H H efiH O  y n o p n j iO H e H H o e  m h o > k c c t b o  HHAeKCOB. M a r p i i n c f t  p a 3 M e p a  I  x I  n a A  R  H aab iB ae .M  

4>yHKu,Hio a : I  x I  ->  R.

IlycTb T f ( I , R )  — rpynna Bcex ooparaMbix BepxHiix xpeyrojibiibix Marpun, t o j i l -  

KO B KOHeHHOM HHCJie KOScflcflHHHCHTOB OTHHHaïOIHHXCH OT eAHHHHHOÎÎ MaTpHU,bI. 0 6 o -  

3HaHHM nepe3 D f( I ,  R)  h U T / ( / , -R) cooTBeTCTBeHHO ee Anaroiiajibnyio h yiiHTpeyrojib- 

Hyio noArpynriy. rp yn n a  U T /(7 , R )  hbiiîictch HopMajibHoñ m w p y n n o fi rpynnbi T / ( I ,  R)  

TaK KaK HBjisieTCH HAPOM r0M0M0p4>H3Ma, KOTopwtt nocbiAacT xpeyro/ibiiyio Marpimy
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B AnaronajibHyio c Tanoñ »ce caMoft rjiaBHOft Aaaronajibio. Tpynna T / ( I ,  R ) riopojKAaeT- 
ca AnaroiiajibiibiMH h yHHTpeyroJibHbiMH Ma'rpHi/aMH u TaKHM o6pa30B HMeeM paBeHCTBO 
T f ( I , R )  =  D f ( I , R ) A V T f ( I , R) .

r pynna U T / ( / ,  R)  naaMnaerca (oßoömennofi) rpyrm oñ MaKJievnia. O na o6jiaAaeT hh- 

TepecHbiMH CBoñCTBaMH. Fp ynn a U T /(Q ,F P) hbjihctch öecKOHenHOft, jiOKajibno Konen- 

ho íí, perfect, p —rpynnoft, KOTopaa xapaKTepHcranecKH npocTa — b nporaBOCOCTOHHHH 

K KoneHHbiM p —rpynnaM  [136]. Ee aBTOMopc]>H3Mbi onncaHbi b [152]. Tpynna U T /(N ,F P) 
HBJiaeTca caMbiM npocTbiM npHMepoM óccKoneiiiofí p —rpynnbi Korpaa ne yAOBJieTBopa- 

eT HopMajiH3aTopnoMy ycjiOBino [24], Tpynnbi M ax/iefína c;iy»caT Kan npHMepbi b 06- 

in,eñ TeopiiH rp ynn noKa3biBaioin,He orpaiiHHeHHa p j i f i  m h o v h x  pe3yjib'raTOB: CMOTpii [145], 
[149],[150], [95] /p ía  KOHTpnpuMepoB k  npoöneMaM KacaioiipiM ca rpynn c ycjiOBHHMH na 

perin no/i,rpynn, [169], [170] /p ía  npuMcpoB 6ojibm nx ce.MeiicTB xapaKTcpHcranecKH npo- 

CTbix rpynn, [48]—[50] /p ía  hbhhx nocxpoeunfl nexoTopbix aiyiK jinnecKH x rpynn c 3a/i,aH- 

HbiMH CBoficBaMH h HeKOTopbix pacmnpeHHÍi rpynn, [78]—[80] ąjih pacno3HaBannH rpynn 

M a n jie te a  no rpynnaM  aBT0M0pc])H3M0B n npHMemieHHax k  nccJiez/OBainno rpynn XaHa.

B 3TO M  naparpacjoe m m  n c c j i e / i y e M  crpyicrypy H o p M a j ib H b ix  n o A r p y n n  r p y n n b i  Ma- 
K j i e n n a  c n c n o j ib 3 0 B a H n e M  cereñ i i / /e a j iO B  n  c e T e B b ix  n o / / r p y n r i .

Zfjia 3Toro Han Ha/i,o Mo//íic])nnnpoBaTb noHarae cera. CncTeMa a — (ay) ( i , j  e  I) 
ABycTopoHHHX H//eajiOB Oij KOJibpa R  Ha3biBaeTca cemwo  ecjin 

a ir ■ a Tj Ç d j  /pía Bcex i, j ,  r e í .
E c j ih  M H O xcecT B O  /  K o n e n n o  r io j iy n a e .M  K o n c n i i y i o  c e T b .

Heno, h to  ecjiH a, r  cera, to  cncTeMa a f i r  =  (oy (1 Ty) TO>Ke aBJiacTca ceTbio. 
OTHOiueinie ‘a  < r  ecjin <7y Ç r y ’ onpe//ejiaeT Hacranubift nopa/iOK Ha MnoxœcTBe Bcex 
ceTeií. B a tom naparpacjie paccMarpHBaeM TOJibKO eepxnue cemu a  /pía KOTopwx ay 
TpiiBiiajien /pía Bcex i >  j .  Tobophm, h to  ceTb a  HeTpnBnanbHa ecjin oy ^  0 /pin xoth 
6bi 0//H0Ü napbi hhackcob

IlycTb G(cr) MHOXíecTBo Bcex MaTpnp a e U T /(I ,R ) t b k i i x ,  h t o  ay E oy  /pía Bcex 
i  < j .  Tan Kan a  ceTb, G (a)  3aMKHyTo oraocHTejibHO yMHo>Kenna MaTpnn,.

Ha caMOM p p m  HMeeM c/ie/iyioinee

ripe/i,jio>KeH M e 2 8 .  E c j i h  a  ceTb, t o  G ( e r )  aB/iaeTca riOArpyrinoft rpynnbi U T ¡{R  R).

RoKaaamejibcmeo: Hpc'raTOHno AOKaaara, h t o  h 3  a E G(cr) c/ie/iyeT a-1 =  (ay) E G (a). 
Mbi onpeAejiaeM HociiTejib MaTpunbi a E UT¡ (I ,  R)  cjieAyioinnM o6pa30M

s u p ( a )  =  { i  €  /  : a y  0  h j i h  a y  ^  0  / p í a  n e n o T o p o r o  j  ^  i } .

npHMeHaa t o m o m o p 4 > h 3 m  UT/ ( / ,  R) —> U T ( m ,R ) ,  KOTopbift 3a6biBaeT Bce k o s c J ic J ih i ih -  

eHTbi BHe MHoacecTBa sup(a) x  sup(a) mu mojkcm orpamiHHTb Hanra paccyacAemia ao
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KOiieHHOMepHOñ yHHTpeyrojibHOË rpynnw h xonennoñ cera. TaK Kan a - 1  • a =  e, mh 

HMeeM a '12 +  a n  — 0, s t o  3!iaHHT, h to  a '12 G a n .  Tenepb bbhay paBeucxBa a 'l j+ 1  =  

—a'l2CL2j  — . . .  — a'1j _ 1a j - i j  — a y  no HimyxpHH nojiynaeM a \ j +l G ciy+i -  AHajiornHHO 

iiojiynaeM a'- G a¡j a-hh bccx i  < j ,  h to  xoh h h t AOKaaaTejibCTBO. □

OTo6pa>KeHne a ^  G(a) ô h cx th b h o  h  <t fl t  *—y G (cr D r )  =  G(<r) H G ( r ) .  TaKHM 

o6pa30M nojiynaeM cjieAyiompe

npe^JioîK eH H e 2 9 . PemeTKa cereii n^eajioB xoribpa R  HHAexcHpoBaHiiasi m h o jk c c tb o m  

I  H30M0p<|>Ha pem erae ceïeBbix no.ąrpynn rp y n n w  U T / ( / ,  R).

H e Bce noA rpynnbi rpyrm bi U T  ¡{I, R) h b j ih k j tc h  ceTeBbiMH xax  noxa3 WBaer caeAyio- 

iiprft npuMep.

O iiK c n p y e .M  i  < k < I c  MHO>KecTBa I .  T ly c r a  a  c e T b  c  eAHHCTBeHHWMH H eT pH B H anbH bi- 

MH K0 3 (J)(j>Hn,HeHTaMH a ¡k =  au  =  a ki =  R .  0 6 o 3 naH H M  H c p c a  G  n o A r p y n n y  r p y r m b i  G ( c t )  

co cT O H ip y ro  H3  B c e x  M a T p im  pjiz. K O T opb ix  a ik =  a u- H e n o ,  h to  G  H e h b jihc tch  cctcbo îi 

r iO A rp y n n o i i .

HiiTepecen Bonpoc ajm  xaxnx cerefl a  ccTCBaîi noArpynna G (ct) a ß e n e B a . Mbi oxapax- 

xepH3yeM h h jk c  M aKCHM ajibiibie aß en eB W  ceTeBbie noArpynnbi.

n y c T b  ¿o G I, o n p eA eriH M  ceT H : a  T a x a n ,  h t o  aki =  R e c jm  k <  i0 h  l >  io h  a ki =  0 

B o c T a jib H b ix  c j i y n a n x ,  h  r  c e r a  r a x a n ,  h t o  r¡y  =  R  e c n i r  k  <  i 0 h  l  >  i0 h  t* ;  =  0  

B o c T a jib H b ix  c j i y n a n x .  J l e r x o  n p o B e p H r a ,  h t o  G ( c t )  h  G ( r )  h b j ih k x tc h  m a  k  c  h  m a j  i b  h  w  m h  

aßeriC B biM H  n o A rp y rn ia M H  [1 3 6 ], [78]. C  A p y r o f t  C T o p o n b i, b  c j i y n a e  I =  Q ,  m bi h m c c m  c e T b  

a  T a x y ro ,  h t o  a k i =  R  ec jiH  k <  \ ¡ 2  h  l >  \ / 2  ( h  0  b  o c r a j ib H b ix  c j i y n a n x ) .  R j i h  s t o ë  c e r a  

r p y n n a  G(<x) to > k c  M a x c H M a jiw n a  a ß e n e B a .

3 t h  npHMepbi noKa3biBaiOT, h t o  Ae'rajibuoe HccjieAOBaiine c e x e B w x  noA rpynn rpynnb i 

M axjiefnia 3aBHCHT o t  npeAnoJioxxemrii HanoxxeHHwx Ha yiiopHAoneiinoc m iio/K C C tbo.

Tenepb aM hm  oimcaHHe HopMajibHbix noArpynn rpynnw  Maxjiefea.

C e ra  a  Ha3 WBaeTCH H o p M c u i b H o ü  c e m m o  ecnn  j\m i B c e x  i  <  r  <  j ,  i , j , r  G I ,  mbi 

HMeeM a i r  Ç  a ¡ j  h  a rj  Ç  cry.

rjiaB H biM  pe3yjibTaT0M naparpacjra h b jirieren

T e o p e M a  1 0 .  n y c T b  R  a c c o n ,H a ra B H o e  k o / ib u o  c e A m m u e ñ  1 , x o r o p o e  b a a h t h b h o  n o -  

pOJKAaeTCH oßpaT H b IM H  SJieMCHTaMH H T a x o e ,  HTO 1 HBJIHeTCH CyMMOË AByX O Ô paTHM blX 

BAeMeHTOB. n y c T b  H  n o A r p y n n a  r p y n n b i  U T y ( / ,  R ) .  F p y n r i a  H  h b a h c t c h  n o p M a j ib n o ñ  

n o A r p y n n o ñ  r p y n n w  T } { I , R )  T o rA a  h  T O Jib x o  T o rA a , x o r A a  H  =  G(cr) p m ¡  n e x o x o p o ñ  

H o p M a jib H o ft c e r a  a .
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/ĘoKa3amejibaneo: E c j i h  a  nopMajibiiaH ceTb, t o  npocTbie BbiHHCJieHHH noKa3biBaioT, h t o  

Ajih jiioôoro g G G(cr) h v G T/(/, R) mm HMeeM v ■ g ■ v~l G G(o-).
rtycTb Tenepb H  <3 T/ (I ,  R) h H  C U T /( / ,  R).  Mbi itojkbkhm o y  =  { a  G R  : £ y (a ) G 

/ / }  ajisi i  < j  h o y  =  0 B ocTanbHbix onynanx. B eiy iy  cJiopMyji conpinxeimocTii fljia TpaHC- 

BexpHft di (d~ 1 ) - t ij ( a ) - d i ( d )  =  fy (a 0 ) ,  d i ( 9 ) - t i j { a ) -d i (9~1) =  i y ( a 0 ) ,  h npeflnojioHceHHñ
Ha KOJIbH.0 f i  MHOJKeCTBa CTy HBJISHOTCH AByCTOpOHHHMH HAeaJiaMH KOJIbIJ,a fi. C paBeHCTB 
[£ir( a ) , £rj ( l ) ]  =  ti j ( a ) , [£ir( l ) ,  i rj(a)] =  £y(a) BepHbix ;ym  nonapHO pa3JiHHHMX i , j , r ,
cjiąąyeT, h to  ceTb a  HopMajibna. 5Icno, h to  G(cr) Ç H.  /^OKaxceM Tenepb, h to  ecjrn a £ H,  
to  G H pjisi Bcex i <  j .  Mbi HMeeM b =  [a-1 , c/¿(0)] G H  h  ¿»y =  a'ü{9 — l ) a y .  Ec-
jiH nojioxiHM c =  [6_i, d j(0 -1 )], to  mm HMeeM [<i¡(0),c] =  tij((9 — 1 )dj)  G H.  T ax  xax 

C y  =  b'abij;{9 — 1), H3 cJlOp.MVjI COnpflJXeHHOCTH CJie^yeT, HTO iy (tty )  G H.  3 tO  3HaHHT, HTO 
H Ç  G(<t) h  TeopeMa AOxaaana.D

B nacTHOM cjiynae I — N Ham pæyjibTaT m o j k h o  b m b c c t h  h 3  pe3yjibTai-a  paßoTbi 

[5] AJiH KOHeHHOMepHbix yHHTpeyrojibiibix rp y n n  h  paccyjK^eHHft n a p a r p a ^ a  §6 Tax xax  

rp y n n a  U T /(N , R)  h b jh ic tch  npnMbiM upcAeJiOM xoneHHOMepiibix rp y n n  n p n  ecTecTBeH-

HblX BJIOJXeHHHX.

Tax xax coKctbo cereñ HfleajioB ‘6biTb nopMajibiioft’ HHBapnaHTHO oraocHTejibHO pe- 
meTOHHbix onepapHft Mbi nojiynaeM

IIpeflJioxKeHHe 3 0 . ü p n  npe^nonojxeHHHx TeopeMbi 10 MHOJxecTBO ceTeBbix no^rpynn  

G(cr) cooTBeTCTByioiiiHx HopMajibHbiM ceTHM HBjisieTCH iioApemeTxoñ A peineTXH Hop- 
MajibHbix no,a,rpyrin rpynnbi Maxjieftna.

OrMeTHM, hto ecjiH R  HMeeT Gecxonennyio pemeTxy abvctopoiihhx hakuiob, to A 

iiecHCTHaH. IÎHTepecHO n a îtra  Bce HopMajibiibie noArpynnbi rpynnw  U T / ( / ,  f i) , xoTopbie 

He HBJI5HOTCÎI HOpMajIbHblMH b T / ( / ,  fi).

Tenepb m m  onmneM öojibiuoe ceMeücTBO ceTeBbix no/U'pyrin G(cr), xoTopbie He h b j i h -  

i o t c h  HopMajibHbiMH b  rpynne Maxjieitna.

IlycTb "~"oTHOiiiCHHe 3 X b h b ají e h t  h o ci' h Ha MHO>xecTBe I.  Mm oupeACJiHM ceTb d  no- 

jiojxHB CTy =  R  ecjiH i  ~  j  h <7y =  0 b ocTajibHbix cjiynasix. CeTeBaH rpynna G (5) 

Ha3biBaeTCH axBH-rpynnoft (cMOTpn [24]). Mbi roBopHM, h to  xjiaccbi axBHBajienTHOcra 

C , D  onpe;j,ejiHiOT MHHHMaxcHyio napy ecxra C  D, C  HMeeT MHHHMajibHbift aneMeirr, 
D  HMeeT MaxcHMajibHbiil ajieMeHT h m i n C  <  m ax D.  Hanpuwep, earn /  =  N, t o  ~  He 

HMeeT MHHHMaxcHoñ napbi Tor^a h Tojibxo Tor^a, xor^a ~  He HMeeT xoHeHHbix xjiaccoB 

SXBHBajieHTHOCTH HJIH HMeeT TOJIbXO O/THH XOHeHHblñ xjiacc BH^a { 1 , 2 , . . . ,  n } . Ecjih d  

He HMeeT MHHHMaxcHbix nap xjiaccoB, t o  G (d)  coBna^aeT co cbohm HopMajiH3aTopoM
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B U T / ( / ,  R )  (TeopeMa 3 M3 [24]). 9 t o  3naHHT, h t o  rpynna MaKjretoa He yAOBJieTBopaeT 

HopMajiH3aTopnoMy ycjiOBHK) pfla. noflrpynn. Otmcthm , h to  ecjin a  HMeeT MHHHMaKCHbie 

napw KJiac.coB SKBHBajieHTHOCTH, t o  AJiH Bcex HCTpHBHajibHbix ccTeñ T C a  cere b aa nOA- 
rpynna G (r) He coBnapaeT co cbohm peHTpanraaTopoM b U T ¡ { I ,  R ) (h tcm  caMbiM He 

coBnapacT h co cbohm HopMajiH3aTopoM) (s to  jierno cjiepycT h3 TeopeMbi 2 H3 [24]).

Tenepb o i i h l h c m  HopMajibHbie noArpynnbi c Hcnojib30BanHeM m o h o t o h h b i x  cJryiiKpuH.

I ly c T b  R  —  K  n o j ie  ( h j ih  npoCToe K O J ib p o )  Taxoe, h t o  \ K \  >  2. K a x  o G l ih i i o ,  p j in  

A B y x  j iH H e ü H O  y r io p a A O H C H H b ix  m h o k c c t b  A ,  B  m m  p a c n iH p a e M  n o p H A O K  H a  a h s - b io u k t -  

H y io  c y M M y  A  U B  n p e p n o j ia r a H ,  h t o  a  <  b a j i h  B c e x  a  G  A  h  b  G B .  Mbi A o n o j iH H T C J ib i io  

n p e A n o jiO H C H M , h t o  a b h  jT h h c h h o  y n o p H A o n e im o r o  M iio x -ce cT B a  I U { o o }  B b in o jm e H O  c j ie -  

A y io ip e e  y c j io B n e

(**) flJiH Bcex i  G  I  jiioöoe hoamhojkcctbo HHTepBajia [ i, oo] HMeeT MHHHMajibHbiñ

s j ie M e H T .

K e k  n p H M e p  MHO>KecTBa I  v a o b j i c t b o p h r o m e r o  9TOMy y c j io B H io  MoryT c j iy x c H T b  m h o j k c -  

CTBa N , Z ,  N  U  N , Z  U  N  c ecxecTBeniib iM  nopnAKOM .

0 6 o 3 H a H H M  H e p e 3  M F {I)  m h w k c c t b o  B c e x  <J>yHKii,Hñ / : / —> /  U { o o }  K O T o p w e  

M O H O TO H H bie, t .  e .  a j í «  K O T o p b ix  ira X <  y  c j i e p y e T ,  h t o  } { x )  <  f ( y ) .  {Ina G (ct) ((T— H O p - 

M a j ib H a n  c e T b )  M b i o n p e A e j iH M  f a  c j i e p y r o i p u M  o 6 p a 3 0 M :  f a ( i)  —  M H H H M a jib H o e  j  T a x o e ,  

h t o  U i j  / O h  o o  b  o c T a j ib H b ix  c y iy H a a x .  c p y i i K i u m  f a  x o p o r a o  o r ip c A C / i e n a  T a x  x a x  n o p -  

M a jib H b ie  c e T H  H M eio T  c b o ü c t b o :  e c j i n  o y  =  K ,  t o  a j i h  s c e x  r  >  i , s  >  j  H M eeM  paB eH C T B O  

&rs == F .

CjieAyiom,aii jieMMa oneBHAHa 

JleM M a 9 . Ecjih a  HopManbHaa ceTb, t o  f a G M F { I ) .

M h o j k c c t b o  M F ( I )  HBjiaeTCH peniëTKOâ OTHOcuxejibHO onepapnñ  

(/cr A f T){i )  =  max { f a { i ) ,

( f a  V  f r ) ( i )  =  m in { f o ( i ) J T(i )}-

®yHKU,HH fmax(i) =  ï + 1  h fmin(i) =  oo RJiïi Bcex i  cooTBeTCTByiOT rpynnaM U T f ( I ,  R)  

h {e } . 5 ï c h o ,  h t o  f min <  f a <  f max Ani i Bcex f a H3 M F ( I ) .  Mbi HMeeM t o > k c  G(ct)C\G(t)  i-> 

fa  A f T H G ( a  • r )  fa  V f T.

TaKHM o6pa30M, Mbi nojiyHHJiH oöoöipem ie H3BecTHoro pe3yjibTaTa Ynp, ¡coTopbiñ 

yTBepxcAaeT, h t o  HopMajibHbie noArpynnbi c h j x o b c k o ä  noArpynnbi rpynnbi G L n ( K )  h b j i h -  

i o t c í i  noArpynnaMH cooTBeTCTByionpiMH HexoropbiM m o h o t o h h m m  d^ytiKpuHM oKaMJiHio- 

m,HM HenyjiCBbie a&aeMeHTbi MaTpnp h 3  s t h x  noArpynn ([168] TeopeMa 4, [28]).
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TeopeMa 11. Ecjih K  nojie, |/<T| >  2, h /  yAOBjieTBopaeT yonoBHio (**), to  cootb ct-  

CBHe G(cr) >-> / CT onpeAejiaeT peineTOHHbift H30MopcJ}H3M MexcAy pemexKoft A =  {G(<r) G 

U T f ( I , K )  : a — HopMajibiiaa ceTb } h peineTKOft M F { I ) .

O T M e T H M , h t o  p e 3 y j ib T a T b i  h  M e x o ^ b i  a x o i 'o  n a p a r p a c j i a  m o j k h o  n c n o j i b 3 0 B a x b  p p  o n n -  

caH H H  n o A r p y n n  r p y n n b i  T /(A  R) c o A e p x c a n g H X  D f ( I ,R ) .  I I o a  D —c e T b io  a =  ( c r y )  p p y -  

C T o p o H H H x  im e a j iO B  K o j i b p a  R  M bi n o H H M a e \ i  c e T b  <t T a x y i o ,  h t o  crfcfc =  R  h  c ry  =  0 pnn 
B c e x  i , j , k  (i > j ) .  0 6 o 3 H a n n M  c h m b o j i o m  G(a ) M no> K ecxB O  B c e x  M a T p n n ;  a G T / ( / ,  R) 
x a K n x ,  h t o  a y  G c ry  a j i x  B c e x  i <  j .  A f i a j i o r H H i i b i e  p a c c y x c A C H i ia  i<ai< b  p p  K a 3  a x e  j  i  b  c t b  e 

n p e A J io jK e H H H  2 8  n o K a a b iB a iO T , h t o  G ( c r ) ( c r )  h b j i h c t c h  n o A r p y i m o f t  r p y n r i b i  T / ( / ,  R )• M a -  

j i b i e  H 3M eH eH H H  b  A O K a 3 a x e jib C T B e  T e o p e M b i  10 A a i o x  c j i e A y i o i n y i o

TeopeMa 12. IlycTb R  accon,iiaTHBiioe KOJibijo c 1, KOTopoe aAAHTHBHO nopo>KA&eTCH 

o6paTHMbIMH SJieMeHTaMH H xaxoe, HTO 1 HBJIHeTCH CyMMOft Afiyx o6paTHMbIX 3JICMeH- 

t o b . IlycTb H  noArpynna rpynnbi T / ( A  R)  coAepxcamaa D j ( I , R ) .  TorAa cyin,ecTByeT 

eAHHCTBeHHaa B c p x n i m  D —ceTb a = ( c r y )  AByCToponHnx HAeajiOB K O J ib p a  R  Taxaa, h t o

H  =  G(a).

§ 11. T pynna BepuiHKa-KepoBa

B HacToam,eM naparpac£>e Mbi noKa3biBaeM, h t o  Bee napaOojinnecKne noArpynnbi rpyn
nbi BepuiHKa-KepoBa G L v k (A ) ( t .  e. noArpynnbi coAepxcain,He T (oo, R) —  rpynny 6ecKO- 
HeHHbix BepxiieTpeyrojibHbix Maxpnn) h b j i h i o t c h  ceTeBbiMH noArpynnawn pnn  mnpOKoro 

Kjiacca nojiyjioxajibHbix KOJieu, R. Pe3yjibTaTbi paSoTbi ony6nKOBaHbi b  pa6oTe aBTopa 

[101].

KjiaccHnecKHft pe3yjibxaT p jm  KOHennoMepHOii nojiHoft jniHcfnioft rpynnbi naA no- 
jieM rOBopnT, h t o  Bee iiapaGojiiiHecKiie noArpynnbi, t .  e. noArpynnbi coAep>Kani,He noA- 
rpynny Bcex BepxHerpeyrojibHbix MaTpnn,, h b j i h i o t c h  CTynenHaTbiHM rpyrinaMH ‘staircase 

groups’ ( c m o t p h  [40] exp.53. h j i h  [54] pun Gojiee o6in,nx pe3yjibTaxoB b  KOHTeKCTe rpynn  

c B N —napoft).

B paGoxe [5] 3 . H. BopeBiiH b b c j i  noHHTHa cera  HAeajiOB a  n cexeBOft noArpynnbi G(cr) 

n nojiyniiji cjieAyiomee o6o6in,eHne 3Toro pe3yjibTaTa (TeopeMa 1 H3 [5]).

TeopeMa 13. IlycTb R  nojiyjiOKajibiroe KOJibU,o, b  k o t o p o m  1 h b j i h c t c h  cyMMOft AByx  

o6paTHMbix ajieMeiiTOB. E c jih  H  napafkwiHHecKaa noArpynna rpynnbi G L(n, R),  t o  cy- 

iuecTByeT eAHHCTBeHHaa T — ceTb a  =  (cry) ABycTopoHHHx HAeajiOB KOJibpa R,  Taxaa, h t o  

H  =  G{a).
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B 3T0M riaparpacjie m m  o6o6m,aeM sxox pe3yAbxaT na OA»y 6ecK0HeHH0Mepnyio rpyn- 

ny. Fpynna GLVk(P) oiipcACAsiercH KaK noflrpynna rp yn nu  GLc(oo, R) cocTOHinan m  
Bcex MâTpmi, HMetom,HX KOHeHHoe m h c a o  HeHyjieBMx 3 ; i c m c h t o b  i h o k c  Anaroinuin ( h c -  

h o ,  MTo T(oo,R) <  G L v k ( ä )  <  GLc(oo ,R )). Ona paccMaxpHBaAacb BepniHKOM h  Ke- 
poBMM b  cjiy’ïae Koiiennoro i io j ib  K  b  paöoxe [1 0 ] .  O H a  h m c c t  ripuMcnennii b  xeopnn  

npeACTaBAeHHñ. G L v k ( / F )  h b j i h c t c h  óeCKOHenHOMepiioñ, AOKajibno KOMnakxHoñ, Bnojme 

HecBH3Hoñ, aMCHaOe.rnioń b  TonojiorHHecKOM CMbicjie h  yiniMOAyníipHoñ rpynnoñ. Cxa- 
ÖHJibHasi riojinaa jmneftiiaH rpynna G L(iF) h b j i h c t c h  ee i i j i o t i i o h  noArpyiinoñ. ([microp- 

rpynna G L v k ( Ä T )  no u,eHxpy í i b a í i c t c a  xonoAorHHecKH npocxofi rpynnoñ.

IlycTb G(m, oo) o6o3nanaex noA rpynny rp ynnb i G L (oo, R) cocxojnnyro M3 Bcex Max- 

pnn, a xaxnx , nxo a¿_,- =  0 Ana i > max{j,m}.  5Icho, hxo GLvk(R) hbahcxch npnMbiM 

npe^ejiOM rp y n n  G(m, oo) n p n  ecxecxBemibix baoaíchhhx .

Mbi Aa^HM ceñnac mu o t o  ajireOpannecKoe onncanne napaßonnnecKHx noArpynn rpyn- 
nbi G L v k (^Í)- rjiaBHMM pe3yjibxaxoM í i b í ih c t c h

TeopeMa 14. ü y c x b  R  n o A y j io K a j ib n o e  K O J ib p o , b  K O xo p O M  1 H B j in e x c n  c y M M O ñ  A B y x  

o ö p a x H M b ix  3 ji6M e H X O B . E c a h  H  n a p a G o j iH M e c K a H  n o f l r p y n n a  r p y n n b i  GLVk(P), t o  c y -  

m e c x B y e x  e A H H C X B e H u a a  T —c e x b  a =  A s y c T o p o H H H X  h a g a a o b  b  R, x a K a n ,  h x o

H  =  G(ct).

HcnoAb3yn axy xeopeMy m b i  m o j k b m  AOKasaxb cxaHAapxnbie CBOñcxBa (cMOxpn [54] 

§ 2 )  napaóoAHnecKHX noA rpynn b  GLvk(-R)

TeopeMa 15. E c a h  R  n o j iy j io K a j ib n o e  k o a i a i o , b  k o t o p o m  1 H B A n e x c a  c y M M O ñ  A B y x  

oöpaxHMbix 3AeMenxoB, xo:
(i) E c a h  Py, P2 ABe napaOoAHMCCKHC n o A r p y n n b i  b  GLvk(P) k çPi9~1 C P2

Aah HeKoxoporo g G GLVk(P), to  í? € P2 h  Pi C P2.
(ii) JItoöbie Äße pa3Hbie napaöoAHMCCKHC noArpyniibi rpynnbi GLVk(P) ne corip5i>Ke-

H b l.

(iii) Jlioöaa napaßoAHHecKan noArpynria caM0H0pMaAH3yeMa.

üycxb Symfin(N) o6o3Hanaex peryanpnoe MaxpuHHoe npeACxaBAenne rpynnbi nepe- 
cxaHOBOK HaxypaAbHbix h h c c a  c  KoneMiibiM nocHxeAeM. M m  HMeeM

TeopeMa 16. (PaaAoxieinie Bpioa) ^ a h  Aioóoro noAH K
G Lvk(^) =  T(oo, K) ■ Symfin(N) • T(oo, K).

E c a h  K  = C (K O M ru ie K C H b ie  a n e x a ) , x o  x e o p e M a  16 C A e A y e x  h 3  [10]. B [10] 6 b iA a  

B B e A e n a  a x r e ö p a  T e K K e  a b o ä h h x  C M e JK H b ix  K A a c c o B  r p y n n b i  G L V k ( C )  H a A  ö o p e x e B -  

C K o ft n o A r p y n n o ñ  B  =  T(oo, C), h  x a x  K a x  a x a  a A r e ö p a  H 30 M 0 p 4 > n a  r p y n n o B o ñ  a A r e ö p e  

C ( S y m fin ( N ) ) ,  n o A y n a e M  p a3 A 0 > K en n e  B p io a  b  s x o m  c x y n a e .
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H aiioM iiiiM , h to  iÿ(C ) =  e +  Ceij> C €  i?, i,  j  G N, d¿(0) =  e +  ($ — l)e ¿¡, 9—oöpaTHM, 

h [x, y] =  x y x ~ l y ~ 1 . CnereM a ct =  (o y) (¿, j  G N) flBycTopoHHHX H^eajiOB <jy xojibpa R 
na3MBacTC5i cemwo ecjiH air ■ arj Ç  cty  /y ia  Bcex j ,  r G N. Mbi Ha3HBaeM ct T —cemwo 
eCJIH CTy =  /? ÆJIH i  <  j .  EcJIH MIIOXíeCTBO HACKCOB I — {1, 2, . . . , n} Mbl HM6CM KOHeHHyiO 

ceTb H^eajioB b GL(n, R).

riyCTb MHOXíeCTBO M(ct) COCTOHT H3 BCeX KOHCHHO CTOJl6lI,OBbIX MaTpHU, Cl TaKHX, HTO

ûy  G cry. E cjih  ct HBjiacTCH ceTbio, t o  e +  M(ct) =  {e +  o : a G M (ct)} 3aMKnyT0 o t-

HOCHTejibHO yMHO>KGHM5i MaTpHii, h nepc3 G (ct) o6o3HauHM ee MaKCHMajibHyrc» noA rpynriy 

(ceTeByio n o ^ rp y n n y ).

IJoK03ameAbcmeo meop&MU 1Ą: dXmi no^rpynrib i H, co;;ep>Kaiij;eñ T (oo , R), Mbi onpeAC- 

jiaeM T —ce™  ct h  a ( m )  cnepym m ^M  o6pa30M:

CTy =  {£  6  R  : í y ( c )  s  H }  pf lü i  > j  hjih R  A-an i  < j ,

a(m)ij =  0 ecjiH i >  m ax{m , j }  hjih CTy b ripoTUBiiOM cjiynae.

IIojiohíhm  H(m) =  H  n  G(m, oo). H eno, u to  H  h b jihc tch  npuMbiM upe;;eJioM rp y n n  

H(m), a  G (ct) sibjihctch npHMbiM npeflejiOM rpy rin  G (c t(to )). IIoxa>xeM Tenepb, u to  H(m)

=  G(cr(m )). Ecjih g G H(m),  t o  g = r^e G GLm(iî) ,  g2 G T(oo,R).  Tax

xax H(m)  >  T (oo , R), y M H o n c a n  g G H{m)  H a  M a T p n p b i
6m 0 N

) H (

-93
0 92 1 , K 0 e

M bl B H /IH M , HTO g  = G H.  06o3HaHHM n ep æ  H (ni) no^rpynny rpynnbi

GLm(i?) nopoxc^eHHyio b c c m h  TaxHMH gi.  H3 TeopeMbi 1 cjiąayer, h t o  cyipecTByer e^HH- 

CTBeHHaa KOHCHiiaîi T - ceTb a ( m )  ABycropoHHHX HAeajioB xojibpa R  Taxa», h t o  H(m) =  
G (d ( m ) ) .  H3 nocTpoeHHH cereił a ( m )  h  a ( m )  Jierao cjie,oyeT paBencTBo H ( m )  =  G(<r(m)) 
H3 xoToporo nojiynaeM H  =  G(ct).D

¿JoKasamejibcmeo meopeMU 15: ,Zlpxa>xeM CHanajia (i). T o r^ a (ii) h ( iii)  nojiynaioTCH h3 

(i) CTaHAapTHbiM o6pa30M. E c jih  g • G(ct) • g~l C  G(ct'), xor^a a jih  nexoToporo m  Mbi 

HMeeM g G G (m , 00). TorAa

C  G (ct')

h j i h  axBHBajieHTHO <71 • G(<r(m)) ■ g((l C  G(¡7'(m)) b  rpynne GLm(iî) .  Mbi noxaoxeM, h to  

gi G G(CT'(m)) OTxyAa cjieAyer, h to  g G G(a'(m)).  H3 pa3Jio>xeHHH g\ =  u vd w  vpß u ,w  

BepxHne yiiHTpeyrojibiibie, d  - AHaroHajibHaa h  v  h h j k h h h  yuHTpeyrojibHaa ([5], Thm . 1)

9 x l 0

0 e
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c j i ą a y e T ,  h t o  A O C T a T o n iio  n o x a 3 a T b ,  h t o  v  €  G ( < 7 '( m ) ) .  M b i  H M eeM  v  =  v 2 ■ ■ v m , r p je

Vi =  n } = l  n pH M C H H C M  n p H III l,H n  H H Jiy K ip iH . IIpe/I,nO JIO >K H M , HTO ĄJ1SI HCKOTOpOI'O

r, 2  <  r  <  m ,  M bi A o x a 3 a j m ,  h t o  Vk  G G ( C T '( m ) ) ,  2  <  k  <  r. 3 t o  3 H a H iiT , h t o  b ■ 

G ( < r ( m ) )  ■b~l C G ( c r ' ( m ) ) ,  r f l e  b =  v r ■. . .  -um. M b i  H M eeM  c  =  [ds (0 )_1,6] G G ( c r ' )  h  T o r ^ a  

C ts  —  v r s ( 8  — 1 )  G a'r s . M 3  3 T o r o  B b r r e x a e T ,  h t o  v r s  G cr'rs  h  v r  G G ( c t ' ) . D

/ I o K a 3 a m e A b c m o o  m e o p e M U  1 6 :  H 3  [4 0 ] C T p .4 5 ,  p f l n  j n o ó o r o  n o j i a  K  M b i H M eeM  G L(m , K )  

=  T ( m ,  ( K )  ■ S m - T ( m ,  K ) ,  S m  p e r y j i a p n o e  M a T p H H H o e  n p e A C T a B jie u H e  C H M M e T p n H iio íí  

r p y n n b i  H a  m  B J ie M e i r r a x .  3 t o  3naH H T , h t o  G (m , o o )  =  T ( o o ,  K )  ■ S m  ■ T ( o o ,  K )  h  T a x  x a x  

Sym fin(N) H B J ia e T c a  npaMbiM n p e A e J io M  r p y n n  S m  n p n e c T e c T B e H H b ix  B j I o j k c i i h j i x  T e o p c M a  

AOxaaana.D

CAeJiacM cefinac iiecxojibKO 3aMenaHHii.

a )  B  n o j iy j io x a j ib H O M  x o j i b p e  R  c a h h h h h b i K  a j i c M c n x  1 h b j i h c t c h  cyMMoft p p y x  o 6 p a -  

T H M b ix  3 jieM eH T O B  T o r A a  h  T O jibK O  T o r j i a ,  x o r ; j a  x a x c A b iñ ;  c J> ax T o p  b  p a 3 J iO J x e in iH  c b a x T o p -  

x o j i b p a  x o j i b p a  R  n o  p ą a , H x a j i y  / ] ,> K e x o 6 c o H a  o t j i h h c h  o t  n o n a  h 3  A ß y x  a j i e M e i r r o B  ([5 ]  

T e o p e M a  3).

b) K ax o T M e n e H o  b  [8] T e o p e M y  13 m o j x h o  o 6 o 6 u j , h t b  H a  x o j i b p a  R  T a x u e ,  h t o  R  a A -  

AHTHBHO HOpO>KAaeTCH O Ö paT H M bIM H  S JIC M eH T aM H  H 1 H B JiaeT C H  CyMMOft A B yX  O Ô paT H M blX  

a a e M e i iT O B . 3 t o  3 iia H H T , h t o  h  n a u i H  p e 3 y j i b rr a T b i  B e p r ib i  b  s t o m  c j i y n a e .

c) n P H T e x  a t e  n p e A n o a o J x e H H H H x  H a  x o j i b p o  x a x  b  3 a M e iia i iH H  b ) ß  p a b o T e  [100] ( c m o t -  

p H  n a p a r p a c b  9 ,  T e o p e M a  )  o n n c a H O  n o A r p y n n b i  r p y n n b i  T ( o o ,  R )  C 0 A ep > x a iii,H e  D f m ( o o ,  R )  

—  n o A r p y n n y  B c e x  c b n i iH T a p u b ix  A n a r o H a j i b H b i x  M a T p H U . 3 t o t  p c 3 y j i b 'r a T  B M e c T e  c  T e o p e -  

M o ñ  14 A a e T  o n u c a i iH C  A ß y x  B a a c i ib ix  H H T e p B a jiO B  b  p e u i e T x e  n o A r p y n r i  r p y n r i b i  GLvx(-ñ)-

§ 1 2 . F p y im b i cocT oain ,ee h 3 ctph h to b

B HacToaipcM naparpacjje Mbi onpeAejiHM Aßa  r a n a  rpynn becxonennbix M arpni; co- 

CToaipee t o j i b x o  h 3  CTpnnrOB.

IlycTb X G GL(n, R). 06o3HaHHM nepæ D (x) 6ecxoneHHyx) bjiOHHO-AHaronajibHyio 
MaTpHuy diag (x, x , x , . . .).

Mbi noao>KHM

GL*(i?) =  {D (x ) : x  G GL (n ,Ä ) ,n  G N }.

î î c h o ,  h t o  GL*(i?) HBaaeTca rpynnoü Tax xax (D (z ) ) -1 =  D (x _1) h  pjm V €  G L(m , R) 
mm  HMeeM D (x ) • D (y) =  D (^), rAe z  G GL(Zcm(n, m), R).
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Tpyrina GL*(i?) HMeeT APyroe npeACTasAeHHe KaK npuMbiií npe;;eji KonequoMepiiux 
rpynn. IlycTb m, n HaTypajibHbie HHCJia Taxe, hto m  /leuwr n  (m|n). IlycTb ecTecTBen- 
iioe bjiojkchhg rpynnbi GL(m, R) b rpynny GL(n, R) aa^ainioc paBeHCTBOM

4>mix ) =  diag ( x , x , . , x).

S to  T a x  Ha3 biB aeM bie C T poro  A n aroH aA b H b ie  BAOncerora. íícho, hto ; y m  j iio ß b ix  H aT y- 

p a jib H b ix  k, m,  n  TaK H x, hto m\n  h n|fc Mbi HMeeM </>£, =  <f>* o 0JJ,. CyMMa r p y n n  GL(n, R), 
n €  N, OTHOCHTCJibiio 3 T n x  b a o k c h h ü  c o B n a A a e T  c npHMbiM n p e ^ e jio M  l i m ( G L ( n ,  R), 
h paBiia GL*(iî). Otmcthm, hto Gh*(R) OTAHHaeTCH o t CTaÖHjibHOft J in n e ftn o ii r p y n n b i  

GL(ñ), K O Topan hbjihctch npHMbiM np ąn ejiO M  n p n  BAOJKeHHHX W?n(x) = d ia g  (x, 1 , . . . ,  1).
Mbi oimmeM nopMajibHbie noArpymibi h no^rpynnbi coflep>Kain,He AiiaronajibUbie MaT- 

pHU,bi b rpynne GL*(/Ü).
06o3HaHHM n e p e 3  E*(R) n o /r r p y n n y  r p y n n b i  GL*(iî) n opo>K /i,eH nyio  bccmh D(x), r ^ e  

x  a j ie M e iiT a p iia łi T p a iic B e x p iis i .

Ecah x  e E(2, R) mm MOJKeM CMOTpeTb na D(x) xax na D{y), me y — x ® x  G E(4, R). 
TaKHM o6pa30M, ajih KOMMyTaraBiioro R  mm HMeeM paßeHCTBa

[GL*(Ä),GL*(fi)] =  [E*(Ä),E*(Ä)] =  E*(Ä).

n p e ^ j i o H c e H H e  31. Ecjih R  KOMMyTaraBHO, to  E*(R) hbjihctch HopMajibiioü rioArpyn- 
noñ rpynnbi GL*(.ñ).

^ jih ABycTopoiinero H^eajia A Kojibu,a R, nepe3 E’(R, A) o6o3iiaHHM nopMaxbHoe 

3aMbiKaiiHe rpynnbi E’(d.) b rpynne E’ (Ä)-
3  ra rpynna Ha3biBaeTCH OTiiocHTeJibHOft ajieMeirrapiiOH rpynnoft. Hflpo ecTecTBeHHO- 

ro roMOMop4)H3Ma GL*(1?) —» Gh*{R/A) o6o3naHHM GL*(i2, A) h Ha3bmaeM rjiaBiioñ 
Konrpy3Hu,noArpynnoñ.

CjieAyioiipiñ p e 3yjibT aT  o iiH C b iiia er  H o p M a jib iio e  CTpoeHHe r p y n n b i  GL'(R):

E cjiu R accoyuam uetwe Kojityo c l ,  H  — nodzpynna HopMcuivœyeMCui zpynnoü 
E‘{R), mo cyvu,ecmeyem deycmopoHuuü udea/i A KOJibya R maKoü, nmo

E*(R,A) < H  <GL*(R ,A ) .

9 m o m  udeaA odH03Hav,HO onpedejinemcA U3 paeencme:

E*{R,A) =  {H,E'{R)] =  [H,GL*{R)}.

Æah onHcaiiHH noArpynn coAepxcamnx Anaronajibiibie MaTpnuu HaAO ncnojib30BaTb 
H3biK ceTeñ.
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B cjiynae rpynnbi F =  GL*(R) onpcAejiaeM cerceyio no^rpynny r(cr) KaK nepecenenHe 

G(cr) fi GL’ (TÎ), a c h m b o jio m  Np(cr) o6o3HanaeM HopMajuraaTop F(cr) b rpynne GL*(i?).

Oöoöm aa paccy>KfleHHHM  pnn  e r a ó n j ib n o f t  r p y n n w  b  n p e /y io /K e n m i 24 m o jk h o  ;j,0 Ka- 

3 aT b C J ie;jy ion ;n ñ  p e 3 y;ib'raT.

I J y c m b  R  —  no A yA O K C U ibH oe  K O A b yo , t io a a  e w n e m o e  n o m o p o z o  o r r iA u m iu  o m  

F2, Fs, F4, Fs u  M (2 ,F 2). T o zd a  ô a a  a i o 6 o ü  n o d z p y n n u  H  z p y n n u  F =  

GL*(R) co de p o tcm iĄ eu  e c e  d u a z o n c u m u e  M a m p u y u  c y w ,e c m e y e m  e d u n c m e e n -  

HOA D — c e m b  u d e a j io e  a  m a n a n ,  n m o  r(cr) <  H  <  Nr (o').

C y n e p H a T y p a jib iib iM  h h c jio m  n a 3 biBaeM  (JtopM ajibH oe n p o n 3 B eA eiiH c BH^a

u =  p ï ' - p k2> - . . . ,

rpß k i  e  N U  {0 ,o o } ,  h  p i  j  P 2 j - - • HBJiaeTca ynopa;;oHCHHoM no BejiHHMiie nocjieAOBa- 
TCJibnocTbio Bcex npocTbix m h c c j i .  IlycTb S N  m h o j k c c t b o  Bcex cynepnaTypajibHbix nucen. 
M h o j k c c t b o  HaTypajibHbix nucen N  m o > k cm  CHHTÉTb no,n,MHO>KecTBOM S N . HaTypajibHbix 

HHCJiaM cooTBGTCTByiOT Tor,n,a Bce cynepnaTypajibHbie nucna, b  KOTopbix noHTH Bce axcno- 

H6HTM k t paBiibi nyjibio. B MnoxcecTBe S N  m o x k h o  b b c c t h  OTHomemie a c j i h m o c t h .  IlycTb 

u =  r i p f ’. v  =  f i p í l  Asa cynepnaTypajibHbie nncna, roBopHM, h t o  u  Aenirr v  (o6o3iiana- 
eM u |n ), ecjin k{ <  p m i  Bcex h h a c k c o b  i. MnoxcecTBO S N  HBjiaeTCH i i o j i h o ü  pemeTKoñ 

C AeÜCTBHHMH

N W D { u , v )  =

N W W { u , v )  =

H anL oJib iiiH M  sjieMeHTOM b  p e í n e m e  HBjiaeTCfl h h c j io  I  =  200-300- . . nai iMei ibi i iHM n n c n o  

0 =  2o • 3o • —  S N  C0Aep>KHT x a x  n o ^ p e r a e T x y , MHOxcecTBO K ( a ) ,  B c e x  AenHTeneñ H H cna  

a — 2 1 • 3 1 • K ( a )  H a caMOM pene  a B J ia e r c a  6 y n e n o ñ  a j ir e ö p o ü . O t m c t h m , h t o  p°° 

HBJiaeTCa MHHHMajlbHblM SJie.MeHTOM B MIIO>KeCTBe S N  — N.

I ly c T b  E  M H O x íe cT B O  6 e cK O H C H H b ix  r io c J ie A O B a T e jib H O C T e ñ  ( n i ,  n 2 , n 3 , . . . )  H a T y p a j ib -  

H b ix  H H ce j i,  T a K H x , h t o  n¡ >  2 h  n ¿ |n i+ i  s c e x  i  €  N. Ecjih £ =  ( n i , n 2, . . . ) ,  t o  

Ç - r o M o r e m io f t  n o j in o ü  j iH H eö H O Ö  r p y n n o ñ  H a 3 b iB a e M  n p s iM b if t  irp e ,ą e n  h n / j y k t h b h o h  c h -  

C T eM b i ( G L ( n ,  / ? ) , $ ) , )  r^ e  n ,  m  n p o ö e r a io x  t o j im c o  3 íia n e H H H  h 3  r io cn e A O B a T e n b H O C T H  

£ . 9 t o t  n p í iM b i í i  n p c A C J i 6ya ,eM  o 6 o 3 H a n a T b  G L ( £ , R )  h j ih  G L ( £ ) .  C  K a a c^ o ñ  n o c j ie .n o -  

B aT e jibH O C T b K ) £  M 02K6M  C B H 3aT b  c y n e p H a T y p a j ib H o e  h h c j io  s ( £ )  c j ie / iy io in n M  o 6 p a 3 0 M :  

s(^) — 2S> ■ 3S2 • . . rpe s¡ p aB H O  H a n ö o a b n ie ö  C T en eH H  a n e x a  p¿ pfijiímipft B ce  rij h j ih  

S í —  o o  e c j in  x a x o e  h h c j io  H e  c y m e c T B y e T . O K a s b iB a e r c a ,  h t o  n p a M b ie  n p e f le j ib i  o a h o -  

3 i ia tiH 0  o r ip e A C J ie iib i H H C JiaM H  s{Ç). P a 3 H b iM  c y n e p H a T y p a j iH b iM  H H C J iaM  O T B en a íO T  n e H 3 0 - 

M o p c jn ib ie  n p e A e J ib i.  3 t o  J ie r x o  c j ie a y e T  h 3  p a c c y jK A e H H ñ  p a ö o T b i [121].
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IIpe^jiO K eH H e 3 2 . Bce Ç-Monorenubie rpyrinw b GL* (fi)  cocxaBJiiuox pemeTKy h30- 
Mopcjinyio pemeTKe cynepHaxypajibHbix MHceji.

K ax cjie^CTBHe nojiynaeM 

CjieflCTBHe 4 . PeineTKa ¿¡-Monorennbix rpynn nojman, AHCxpuóyxuBHaíi, nMeex Han-
MeiIbüIHfi H HaHÓOJIbLQHÍÍ 3JieMCHT.

06o3HaHHM nepe3 E(£, f i)  noArpynny rpynnbi GL(£, R ) nopo>KAeiniyio BceMH peryjrap- 
HbiMH o6o6iu;eHHbiMH TpaHCBeKpHHMH h Ha30BeM sjieMeHTapnoñ rpynnoíí: rpynnbi 

GL(£, R). Jljin AByCToponnero H/j,eajia A  KOJibpa R, ncpe3 E(£, R, A) o 6o3HanHM Hop- 

MajibHoe 3aMbiKaHHe rpynnbi E(£, A) b rpynne E(£, fi). 3 x a  rpynna HasbiBaexcn oxhoch- 

xejibuott ajie.MCHTapnoñ rpynnoft rpynnbi GL(£, f i) .  5I;ipo ecTecTBeHHoro roMOMop4>H3Ma 

GL(£, f i)  -»  GL(£, R/A )  o6o3HaHHM GL(£, fi, A) h HasbiBaeM rjiaBuott KoiirpysniprioA- 
rpynnoft.

CjieAyiouyiń pe3yjibxax onncbiBaex HopMajibHoe cxpoenne rpynnbi GL(£, fi):

Ecau R  accov,uamu6Hoe koauv,o c l ,  H  — nodzpynna nopMcuiuayeMCui zpynnoü 
E(£, R), mo cywficmeyem deyemopommü udecui A KOAuya R  maKoü, urno

E(£, R, A) < H  < GL(Ç, R,A).

9mom udecui 0ÔH03naHH0 onpedeJinemcA U3 paeeneme:

E(Ç, fi, A) =  [H, E(Ç, fi)] =  [H, GL(Ç, fi)].

flj ia  onucaHHîi noArpynn coAepxcanpix AnaroHajibHbie Maxpiiiipi Ha^o Hcnojib30BaTb 
H3biK cexeft.

B c j iy n a e  r p y n r ib i  F — GL(£, fi) o n p e A e J in e M  c e T e B y io  n o A r p y n n y  F(<r) x a x  n e p e c e -  

H e H u e  G  ( a )  G  GL(£, f i ) ,  a  c h m b o j io m  N x '{ a )  o 6 o 3 H a n a e M  H o p M a j i r o a x o p  F  (er) b r p y n n e  

GL(f, fi).
AnajiorHMiio paccyxtAenHHM a a »  cxaÖHjibnoß rpynnbi A0Ka3biBaexcn

IAycrnb R  —  n o A y A O K c u ib H o e  k o a u ią o ,  nojui euuemoe Komopozo o t t u i u h h u  om 
F2, F3, F4, Fs u  M(2 ,F 2). Tozda Ô a a  a i o ô o ü  nodzpynnu H zpynnu F =
GL(G fi) codepofcavu,eü ece duazoncumue Aiampuyu cyiąecmeyem edunemeen- 
Hcm D —cemu udecuioe a maKCM, umo F (er) < H  < N r^ )-

Pe3yjibxaxbi 3xoro naparpa4>a Moryx 6bixb ncnojib30Baiibi p/in onpeAenennn ceMeił- 

cxBa rpynn bbjihioiahxcb aHajioraMH rpynnbi C xetaôep ra  n h ob h x  cjpynKXopoB K \  (cmox- 
pn xaxjxe [156], [157], [158], [160], [18].
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rJIABA III

C ß o S o ^ H b ie  n o A r p y n n b i  y i iH T p e y r o j ib U b ix  r p y n n

3 x a  rjiaßa iiocBHipena cboöoahhm noflrpynriaM öecKoneHHbix yiiHTpeyrojibUbix rpynn. 

H3BecTH0, hto KOHeHHOMepHbie yHHTpeyrojibHbie rpynnbi nnjibiioTenTHbi, a craónjibiian 

yuHTpeyrojibHaa rpynna noKanbHO HHJibnoTeiiTiia, TeM caxibiM ohh He co/iep>KaT cno6o;p 

Hoft noflrpynnbi. 0ica3biBaeTCii, hto y>Ke rpynna ynnTpeyrojibiibix ögckohchiilix MaTpm; 

coAepjKHT CBOÖOAHbie no/irpyrmbi h hx mhoto, b tohho onpeAeneHHOM cMbicne.
B § 13 npHBeACHO n p e A C T a B J ie n n e  cboöoahoü r p y n n b i  p a H r a  2 ó c c K O n e n u b iM ii y iiH T - 

p e y ro jib H b iM H  M a T p u p a M H  H aA  koabaom p e n b i x  n u c e n  h KO JibpoM  b h hctob  n o  MOAy- 

n io  p (p > 2). 3 x 0  n p e A C T a ß n e H H e  HMeeT TexHHHecKoe npenMyipecTBO n o  O T H O inenH io 

K npeA C T aßneH H H M  cboöoahoü r p y n n b i  n o B o p o iA M H  T p e x M e p H o ro  n p o c rp a H C T B a  ( X a y -  

CAopcJi [167]), 4> opM ajibH biM H  p a A a M ii ( M a r n y c  [132]) hah  K B aA paTH biM H  M a x p iip a M H  c r e -  

neH H  2 ( C a n o B  [30], [20]). H c n o A b 3 y a  bto  n p e A C x a B A e n n e  b § 14 a^io tch  coB ceM  n p o -  

CTbie A 0 K a 3 a T e n b C T B a  annpoK C iiM iipyeM O C X xi cboöoahmx r p y n n  H H A bnoTeH TH biM H  r p y n -  

naM H  (T e o p e M a  M a r a y c a )  h KoneHHbiMH p - r p y im a M i i  (T e o p e M a  H ß a c a B b i)  [132], B § 15 
A 0K a3biB aeTC H , h to  iioh th  B ce  /c-nopo>K A eH H bie n o A r p y n n b i  r p y n n b i  ö e c K O H e n n b ix  yH H T- 

p e y r o A b H b ix  MaTpmi, H aA  kohcahmm n o n e M  hbahiotch  cboöoahhmh r p y n n a M H  p a H r a  k. 
B § 16 A0Ka3biBaiOTCH a n a n o r i iH i ib ie  p e 3 y n b T a T b i Ana cnynan n o n y r p y n n b i  6ecK 0 i ie n H b ix  

T p e y ro A b H b ix  M a T p n u ,.

§ 13. üpHMepbi cBo6oAHbix noArpynn

Mbi nocTpoHM Tenepb caMbie npocTbie npnMepbi c b o 6o a h w x  noArpynn paHra 2 b  rpyn- 

ne öeCKOHenHbix yHHTpeyronbHbix MaxpHi;. 0Ka3biBaeTCH, h t o  A0Ka3aTeAbCTBa aneMeH- 

TapHbi. HcnoAb3y5i KanoiniHecKyio npoexiiHio no MOAynbio p (p - npocToe) Mbi nonyHHM 

CBOÖOAHbie noArpynnbi b  rpynne aBTOMaTOB c k o i i c h i i b i m  h h c a o m  c o c t o h h h ö  HaA ancJiaBH- 
TOM pa3Mepa p ,  oöoöman pe3yAbxaxbi AneniHHa [2], BpyiiHepa-CiiAKii [55] h  OnHÖHHKa- 
CymaticKoro [25], [27], [143] b  s t o m  HanpaBneHHH. PesynbxaTbi axoro naparpacjia ony6- 
AHKOBaHbi b  paóoxe aBTopa [105]. Kan npaMenenne, b  cnenyiomeM naparpacjie aM hm  

npocTbie A0Ka3aTenbCTBa Tpex KnaccHHecKHX pe3ynbxaxoB b  TeopnH CBo6oAHbix rpynn.
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Bo MHorax paöoTäx paccMaTpnBaeTcn C H T y a p n a ,  Koryta gp(a, 6) ,  no^rpynna rpynnbi G  

iiopo>K^eiinaH ajieMeHTaMH a, 6, h b j ih c t c h  c b o ö o a h o ö  rpynnoft paHra 2. O ö m h h o ,  G  h b j ih -  

ercH rpynnoft xonenHOMepHbix MaTpnn, [30], [81], iiOAcxatioBOK cneTHoro MHO>KecTBa [76] 

h j ih  npeoöpaaoBannft a B K J iH A O B a  npocTpancTBa [167]. B nexoTopbix rpynnax, nonra Bce 

(b  CMbicjie KaTeropHH Bapa) Koue'nio nopojxAcmibie noArpynnbi h b j i íh o t c h  c b o ö o a h m m h . 

H3BecTHWMH npHMepaMH HB/I5IIOTC5I xoneHHOMepHbie, CBH3Hbie, nepa3peuiHMbie rpynnbi 
Jln [81] n Konenno nopo>KACinibie xp arao  TpaH3HTHBHbie rtOArpyriribi rpynnbi Sym (N )
[76]]. /I,0Ka3aTejibCTBa 3 t h x  peayjibxaxoB iicri0Jib3yi0T b o  MHornx cjiynaHX rpy/pibie cjiax- 

Tbi H3 Teopnn Fajiya. B AeftcxBiiTejibHOCTH nacTO öbißaex n e m e  A0xa3aTb, u t o  rpynnbi 
HexoToporo KJiacca h b j ih k i t c h  c b o ö o a h m m h , nem AOKa3axb, h t o  xoiixpeTiian rpynna h b -  

jiiieTCH c b o 6o ;;h o K .

IIpocToii npHMep (c npocTbiM ppKaaaxeJibcxbom) Aayx aiieMeuxapiibix TpaHCBenunfl 

712(2), T2i(2 ) nopo>KAaioni,HX CBOÓOAnyio noArpynny 6wji npnBeAen CaHOBbiM [30]. Ecjih 

A m  B  nopo>KAaiOT CBOÖOAHyio noArpynny b rpynne G L(n, Z ), t o  Hcnojib3yíi AwaroHajib- 
Hoe i3Jio>KeHHe BHAa diag (A, Ą , Ą , . . . )  hjih diag (A, A, A ,. . . )  mm nojiyniiM n30Mopc]nibie 

K o m m  cboöoahmx rpynn b rpynne öecxoHCHHOMepiibix Maxpnn, (/„ o6o3HanaeTnxn  eAH- 
HHHHyio Maxpuny). Harnn npnMepbi cboöoahmx rpynn paHra 2 hbjihioxch noArpynnaMH 

rpynnbi U T (oo, Z ), rpynnbi Bcex BepXHux GecxoHeHHbix yHHTpeyrojibHbix Maxpiin naA Z 

n He MoryT öm tb nojiyneHH c Hcnojib30BaHHeM AaaronajibUbix BJiojxennft. Bce rpynnbi 

U T (k, Z) (k  €  N) hbjihioxch HHJibnoTeHTiiMMH n He coAepxcaT cboöoahoä HepHKJiHHecxoii 
noArpynnbi. TaxHM oöpa30M, Hainn npnMepbi hbjihiotch caMbiMH npocTeËuiHMH pnn yHHT- 

peyrojibHOft rpynnbi. Otmcthm , h to  rpynna U T (oo, Z) hbjihcxch npoHnjibnoTeHTHoii xax  

oöpaTHbiü npcAea rpynn U T (fc,Z ).

Ha caM O M  j i f i j ie ,  m m  n o xa > x e M  G o j ib iu e .  B e c K O n e n n a s i B e p xH H H  y i i i i T p e y r o j ib n a H  M a T - 

p n i j a  A  =  (oy ) H a 3 M B a e rc H  m — KoasuduazonaAbnoil e c A n  a¡¿ =  0 ajih j  >  i  +  m  

h dktk+m 7̂  0  pnn  H e x o T o p o r o  k. M a T p n n ,a  A  Ha3 b iB ae T C H  KeaauduazoHajibHoü ecjra o H a  

m —K B a 3H A n a r o H a j ib H o ü  pnn  H e x o T o p o r o  m .  C h m b o j io m  U T ( , ( o o ,  Z) o ö o 3H aH H M  n o A r p y n 

n y  r p y n n b i  U T (oo, Z) c o c T o n m y io  H3  B c e x  M a T p n n , A  T a x n x ,  h t o  A  h  A _ 1 h b j ih io t c h  

K B a 3 H A H a ro H a j ib H b iM H . C h m b o j io m  A [ ä] o ö o 3 H a H H M  n o A M a T p n u y  MaTpm iM A. K O T o p y ro  

r io j iy n a e M  B b iö p a c b iB a H iie M  n e p ß b ix  s  c T p o x  n  n e p ß b ix  s  c to j iö u ,o b  M a T p n u ,b i A.  F to j io -  

jk h m  r e s ( A )  =  ( A ,  A [ i j ,  A p j , . .  ■}. M h o j k c c t b o  U T res(oo, Z) —  { A  €  U T (oo, Z) : | r e s (A ) |  <  

oo a n d  | r e s ( A - 1 )| <  oo} h b j ih b t c h  n o A r p y  n n o f i . H p H B  C A e i i h  b i e B b i in e  n p n M e p b i c b o -  

ö o a h m x  n o A r p y n n  h b j ih k j t c h  n o A r p y n n a M H  r p y n n b i  UT¡,(oo, Z ) (1 U T res(oo, Z). I l p n  e c r e -  

C T B e iiH o ił  n p o e K A H H  n o  M O A y jib io  p  (p  - n p o c T o e  h h c j io )  o ö p a 3 b i H a rn n x  n p n M e p o B  h b j i h i o t 

c h  c b o ö o a h m m h  n p o H 3 B eA eH H H M H  A a y x  n ,H K J iH H e cK H x  r p y n n  n o p n A x a  p. T a x n M  o ö p a 3 0 M  

p n n  j n o ö o r o  n p o c T o r o  p  >  2  m O A y J i h  p h  a n  r p y n n a  UTj,(oo, p )n U T res(oo, p) T o xce  c o A e p n c n T  

CBO Ö O AH y io  n o A r p y n n y  p a H r a  2  ( n  n o s T O M y  o n a  H e a M e H a ß e j ib i ia ) .
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Otmcthm , h t o  CBOÖOAHbie rio/irpyriiibi rpynnbi UT(oo, q) 6burn riocrpoeiibi Ha H3biKe 

KOHGHHbix aBTOMaTOB B paßoTe AneinnHa [2] fljiH q =  2 (,a,0Ka3aTejTbCTB0 TaM nenojiHoe, 
nojmoc ;;oKa3a'rejHïCTBO npHBCAeno TOJibKO b  paßoTe rpnropnyKa h  >KyKa), b  pa6oTe 

BpyHHepa h  Chakh [55] p j i n  q =  2n ( n  >  2) h  b  paöoTe OjiiiöHbiKa [25] p n n  q =  2 , 3 .  

Pa6oxa OanñHbiKa h  CymaiiCKoro [27] coAepxcHT nepBbiñ iipii.Mep ;psyx GecKOiiennbix 

MaTpnp, KOTopbie nopo>KAaiOT CBoGoAnyio noArpynny b  UT;,(oo, 2) (1 UTres(oo, 2).

IlycTb a 2 = h a =  diag (a2, a2 , a 2, . . . ) ,  b =  d ia g ( l ,a 2 , a 2, . .  .)•

T eop eM a 17 . F p y n n a  gp (a,b)  hbjiíictch cbo6oahoíí rp y n n o ñ  p a H ra  2 b rpynne 

U T 6(oo, Z) n UTres(oo, Z).

CjieACTBHe 5 . Jiioöoro HaTypajibnoro n  rpynna nopojKAennasi MaTpnpaMH 

diag (en, a2, a2, . . . )  h diag (en+i, a2> a2, . . . )  hbjihgtch cßoöoAHOft rpynnoñ.

CjieflCTBHe 6 . Tpyim a nopoJKAennan MaTpnn,aMH {a hba~h : k  £  Z} hbjihctch cbo6o;;hoü 

rpynnoñ cneTHoro p a H r a .

/boKoaamcAbcmeo TeopeMU 17: Cnanana 3aMeTHM, h to  pnsi npoii3BOJibnoro HaTyparib- 

Horo n  HMeeM a 2 =  T n {n),  oTKyAa an =  d iag (a]], a2 , ■ ■ ■) n bm =  diag (Ą , a™, a™, . . . ) .  

rioKa>KCM, h to  npoH3BeA6Hne 6m°a ni6m‘ . . .  an,brn’an'+>, rpe  n \ , m x , . . .  , n s, m s HeHyneBbie 

Hejibie Hucjia n mo, n s+i npoH3B0JibHbie n,ejibie nncna, hbjihctch neeAniniHiioñ MaTpnpeñ. 

JlerKne Bbinncaennn noxasbiBaiOT, h to

( l n  n m  \
1 m  

1

anbm =

n n m  

1 m  

1 n n m  

1 m

V /
rpe B ee aaeMeiiTLi MaTpmjbi Bbime CTynencK HyaeBbie h MaTpnpa HBjmercH 2—KBa3HAna- 

roHaabHOñ. IdHAyKnneñ no s m o j k h o  noKa3aTb, h t o  anibmi . .  . a n,bm’ uweer cTynennaTbifi 

BHA (c aeaeMeirraMH Bbime "jieceiiKH"paBHbiMH nyjno)

/  1 . . .  e c ^

1
1 c

d

c

d
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r;j,e yrjiOBbie ajicMeiixbi paBHbi c =  n ^ i  • . . .  • n sm s , h to  noKa3biBaeT, h to  MaTpmja 

an'bmi . . .  an’bm’ Hee/yiHH'inasi. B /i,eftcTBHTejibnocTn ona 2 s—KBa3n;;naromuibna. Ymho- 

JKaa 3Ty MaTpmjy cneBa Ha bm° (mo 7  ̂ 0) h cnpaBa na an,+l (ns+i 7  ̂ 0), Mbi TO»ce nojiyniiM 

cxyneunaxy 10 Maxpupy c K03(|>4>Hii,HeHTaMH b yrny Bipxa mo • c • n s+1 , h to  AOKasbiBaer 

TeopeMy 17. □

OTMeTHM, h to  MäTpupbi { a kba~k : k  6  Z } 3 —KBa3H/piaronajibHbie h pjin  inodoro k 

M bi HMG6M |res(afc6a _fc)| =  2 . JlerKHe Bbihhcjichhh noKa3biBaK)T, h to  ohh HMeiOT npocryio  

dnoniiyio C T pyK T ypy BHAa
Í  h  c w  \

h  c w
akba~k =

h  c w  

\   /

, rAe c-w

Ä p y r o f t  n p H M ep c b o ô o a h o ë  iiO A rp y m ib i b  r p y n n e  U T (oo, Z) AaiOT A ß e MaTpHU,bi T j =  

n ^ 2  ^ 2  =  n i l  1,0 BblHHCJICHHil B 3TOM CJiyHae CJIHHIKOM rp0M 03A K H e.

IlycTb D  öyAeT n  x  n  yiniTpeyroribiiofi MaTpmi,eö. Mbi onpeAenaeM decKOiienuyio 

MaTpHiiy

D<i> =  diag (£>, D , . , D <s> =  diag (IS- U D , D , .
H CTaBHM Bonpoc

ü p oôjieM a JJm  kclkux Mampuv, D , óecKOiieunue M am puyu D <i> , . . . ,  D <n> nopoatcda- 
tom ceoöodnyio nodzpynny pam a n  ?

B c j iy n a e  n  =  2 H arna T e o p e w a  17 A a e r  nonoiK M T eiibH biń  o t b c t  ą j i h  D =  T u ( k )  f l j w  in o d o 

r o  p e n o r o  HHCJia k ,  TaK K an n o A r p y n n a  c b o ö o a h o ö  r p y n n b i  C B odoA iia. / I p y r o Ä  nacT H H iib ift 

OTBeT b 3TOM H anpaB neH H H  A aeT

IIpeAJio>KeHHe 33. IlycTb D dyner n  x n  BepxHeft ymiTpeyrojibHoft MaTpHpeü, y KOTopoft 
Bce HeHyjieBbie K03(Jx}>HAHeHTbi nonoiKHTenbHbie ac ñ ct b htch tu  h  e HHCJia. TorAa Marpnubi 
D <i>, . . D <n> nopo>KAaiOT CBodoAiiyio noAnonyrpynny paHra n.

To >Ke caMoe Bepno h a m  MaTpmjbi D  =  Ti2( l)T i3( l ) . . .  7 in( l ) ,  ho s t o  TpedyeT ao- 
nojiHHTejibHbix paccyiKACiniñ.

ripHBeAGM Tenepb npHMep cboöoahoh noArpynnbi b MOAyAapHOM cjiynae. IlycTb <pp : 
U T (o o ,Z ) —» U T (oo ,p ) KaHOHHnecKHö roMOMopd)H3M no MOAyjno p  yiiHTpeyrojibnoft 
rpynnbi (p - npocToe hhcjio). H3 TeopeMbi 17 cae;iyeT

TeopeM a 18. Ecjhi gp(a, b) rpynna h3 TeopeMbi 17, t o  gp(v?p(a), v?p(i>)) HBiraeTCH c bo-  

öoAHbiM npon3BeAGHHeM Cp * Cp Aayx AHKJiHHecKHX rpynn nopAAKa p.
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Cjie^CTBHe 7. ^ j ih  j i i o ö o r o  n p o c T o r o  p > 2, r p y n n a  UT(,(oo,p)nUTres(oo,p) c o a c p >k h t  

c ß o ö o f lH y io  n o f l r p y n n y  p a H r a  2.

5 Ic .n o , h t o  ipp(a), tpp(b) HMeiOT n o p iiA O K  p a ß e n  p h  T e  >Ke caMbie p a c c y jK A e iiH H  K a n  

B ^ 0 Ka3 a 're jib C T B e  T e o p e M b i 17 n o K a 3 biBaiOT, h t o  g p (ipp(a), ipp(b)) =  gp(< £P ( a ) )  * g p (< £ p ( 6) )  

HBJIHeTCH CBOÖOAHbIM npO H 3B e/;eH H eM . H 3B eC T H 0, HTO eCJIH n  >  2, TO C n  *  C'n COAepJKHT 

C B oG oA uyio  n o ; j , r p y n n y  p a H r a  2 [132], c T p . 195. I Í 3  CneA CTBH H  5 n o n y n a e M  GecKOHennoe 
ceM eñCTBO  p a 3 H b ix  c b o ö o a h h x  noArpynn p a H r a  2 b r p y n n e  U T ( , ( o o ,p )  f l  U T res( o o , p ) .  Ha 
caMOM flßjie, 3TOT p e 3 y jib T a T  B e p eH  aah jn o G o r o  n o j i n  x a p a K T e p n c T H K H  p > 2.

/ I p y r a e  n p H M e p b i c b o ö o a h h x  noArpynn r p y n n b i  UT(cc, q), H a  H 3biK e aBTOMaTOB 

c KOHeHHbiM h h c a o m  c o c t o h h h ü ,  n o c T p o e H b i b  [2], [55], [25]. B [2] nOCTpOeHO AB a aB - 

T O M aT a nopo> K A aiorn ,H e CBOÖOAnyio n o A r p y n n y ,  h o  nojiHoe A O K asaT ejibC TB O  noxa He o n y ö -  

JiHKOBaHO. B jioJK SH H e r p y n n b i  GL(n, Z) ( a  TeM  caM biM  n  c b o ö o a h o ü  r p y n n b i )  b  r p y n n y  

UT(oo,2n) Rjisi n > 2 n o c T p o e H O  b  [55]. B [25] a B T o p  a & a  n p i iM e p  n o A r p y n n b i  iraoM opc])- 

H o n  C2 * C2 * ■ ■ ■ * C2 CBOÖOAHOMy n p o H 3 BeAGHHio n  K o n iin  r p y n n  C2 , K O T opoe coAcp>KHT 

CBOÓOAHyio n o A r p y n n y  n p n  n > 2. P a ö o T a  [27] c o A e p x o iT  H BH biß r ip n M e p  c b o ö o a h o ö  no A - 

r p y n n w  b  U T ; ,( o o ,  2) f l  UTres(oo, 2).

H 3 HauiHX pc3yjibTaTOB cjieAyeT, h t o  rpynna UT(oo, F ),  pjisi KoneHHoro nojin F ,  co- 
AepÄHT CBOöoAiiyio noArpynny cneTiioro paHra. Ho c Apyroft CTopoHbi, H3BecTH0, h t o  

rpynna Bcex noACTaHOBOK HaTypaJibHbix h h c c ji c o a g p >k h t  cBo6oAnyio noArpynny panra  

2H° [77] h  HBjiHeTC« noArpynnoñ GLc(co, IC). Bepiio j i h , h t o  UT(oo, F)  Toxce c o a g p jk h t  

CBOÖOAHyio noArpynny paHra 2N°?

T e n e p b  Mbi c c J io p M y jm p y e M  H H T ep ecH o e  c b o Kc t b o  y m i T p e y r o j ib i i o f i  r p y n n b i .  n y c T b  

G i , . . . ,  Gn n o A r p y n n b i  r p y n n b i  UT(oo,Z) o n p e A e J ie H H b ie  ycjiOBHHMH

Gs =  {a £ UT(oo, Z) : atj =  0 ecjin aah i < j  (i ^  s mod n hah j  ^  s mod n)}

T p y n n b i Gs H30Mopt}>Hbi r p y n n e  UT(oo, Z) n n o A r p y n n a  n o p o J K A ein ia n  BceMH Gs h b j i h c t -  

CH HX npHMbIM npOH3BeAGHHeM Gl X . . .  X G„. nOBTOpHH 9TO nOCTpOeHHe B MOAyJIHpHOM 

c j iy n a e  n o jiy n a e M

IIpeAAOJKeHHe 34. CymecTByeT GecKOHenno riopojKAeunaH, pe3HAyajibHo HHjibnoTeHT- 
nan, cneTHan, HecBoßoAHan rpynna H, HMeioman cjieAyiomne CBoftCTBa:
1) H coA ep jK H T  CBOÖOAHyio n o A r p y n n y  H e co A ep n -ca in y io cH  b  KOM M yTaHTe,

2) jiioöan rpynna 7 n(H) HBJineTCH h c c b o ö o a h o ö  rpynnofi co A ep > K a in e ft H x H x . . .  x 77
.................  Vn

h  n p H M o e  npo ii3B eA G H H e c b o ö o a h h x  r p y n n  F  x F  x . . .  x F
V
TL
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§ 14. r ip H M e H e H H H  K annpO K C H M aH .H O H H B.IM  CBOftCTBaM

Tenepb mm HcnoAb3ycM Haiu npHMep cboGoahoë rpynnM ymrrpeyrojibin>ix Maxpnu, 
AAA noJiyneHHH BneMCHTapiibix A0Ka3axeAbCTB cjie^yioipHX KJiaccmiecKHX peayjibxaTOB 
B TeopHH rpynn. Pe3yjibTaTbi naparpacjia onyÓAHKOBaiibi b paöoTe aBTopa [105].

nycTb F  o6o3Hanaer CBOÖOAHyio rpynny cnexfioro hah Koiiennoro paHra (ecAH xpeöy- 

GTCH yKaaaTb hbho paHr iihiucm Foo hjih Fm). üycTb [F, F] =  72(F ) KOMMyTaHT rpynnbi 
F  ln { F )  =  [7 „_ i ( F) ,  F] — n —Tbiii hach HHJKnero neHTpajibiioro paAa F.

TeopeM a 19 . (JleBH [125]) KoMMyTaiiT [F2, F2] aBAaerca cm ex ho nopoaviemiofl cboöoa- 
Hoñ rpynnoft.

TeopeM a 20 . ( M a r n y c  [131]) H hjkhhë p e n T p a j ib i ib i i i  p a a  cboöoahoö r p y n n b i  n e p e c e n a -  

eTCH T p H B n a jib H O , t .  e . n ~ i 7n(F) =  { /}  (A p y rH M H  CAOBaMH F  HBJiaeTCH p e 3 H A y a jib iio  

H H Jib n o T eH ïH O Ë  r p y n n o ñ  hah  F  a n n p o K C H M n p y e x c s t H H A bnoTeH TH biM H  r p y n n a M n ) .

TeopeM a 21 . (lÎBacaBa [132]) CBoßoAnaa rpynna annpoKCH.MnpyexcH KOnenHbiMH p —rpy- 
nnaMH.

H an o M H H M , HTO r p y n n a  G  annpoKCHMHpyexca r p y n n a M H  c o  cboëctbom P ,  ecA H  a-nh 
K ajK A O ro sjieM G H T a g G G, g 1 , cy m ,ecT B y eT  i to p .M a n b u a ji  r i o A r p y n n a  N g r p y n n b i  G,  ne 
c o A e p J K a in a a  g  h xai-can , h to  c J i a K x o p r p y n n a  G / N g o ô J ia A a e x  cboëctbom F . H i i a n e  r o B o p a ,  

G  a n n p o K C H M iip y e T c a  r p y n n a M H  c o  cboëctbom P ,  ecA H  B ce  H o p M aA b H b ie  n o A r p y n n b i ,  a b i i  

c j ja K x o p r p y n i ib i  o ô n a A a ïo x  cboëctbom F  n e p e c e n a iO T C a  n o  e ;p iH H u;e .

E cah H  noArpynna b G,  t o  7n(H )  C 7„(G). TeopeMa 20 Aerno CAeAyeT h3 TeopeMbi 
17 h CAeAyioin,ero

ripeAHOJKeHHe 3 5 . f)^Li 7n(U T (oo, Z)) = {/}.

Ecah pjin  cjjHKCHpoBanHoro k, i —Tbie ctpokh Maxpup a, b hmciot bha

(o)t ¡ , 1 , 0, . . . ,  0, ßj.t+fc+ij • • *]
¡ - 1 k

H

i- 1
TO

(aba l b 1 • • ) Oj <a ,t+ B + 2i • • •]

i- 1 fc+1
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3 t o  3HaHHT, h to  bo Bcex M&Tpmjâx H3 7 „(U T (oo, Z)) nepBbie n —1 Aiiaronajui Bbime rjiaB- 
h o ë  íiBJiMiOTCH nyjicBbiMH. Orcio^a cjie^yeT, h to  nepeceneinie Bcex rpynn 7 „(U T (oo, Z)) 
TpHBHajIbHO.

fla^HM naßpocoK flOKaaaxejibCTBa TeopeMbi 19. IlycTb G  =  gp(o, b) h3 TeopeMbi 
17. KoMMyTanT rpynnbi G  nopojK^aercii MaTpnpaMH C(m,n) =  [a"\ bn] rpc m  ■ n  ^  0.
B ;;eilCTBHTeJIbUOCTH, MaTpHIl,bI C(,n,n) HBJIHIOTCH CBOÓOAHblMH nOpOłKflaiOIU,HMH. HMeeM

0 n m —n 2m 2 2 rrrrr
1 0 —n m n m 2

1 0 n m —n 2m 2 2 n zm z

1 0 —n m n m 2

1 0 n m 2 2 2 —n m  n m

1 0 —n m  n m 2

\    /

AnajiornHHbie paccy>KÆeHHa xax b AOKa3aTejibCTBe TeopeMbi 17 rioxasbiBaioT, h to  jno6oe 

HeTpHBiiajibHoe cjiobo b nopo>K^aioiiJ,nx C(m>n) HBjineTCii neTpHBHajibHoñ MaTpmjeft.

AO K a3 arr e .a b CT b a TeopeMbi 21 otmcthm , h to  ecTecTBemioe OTo6pa>i<cenne p : Fi  —> 

U T (n ,p )  npn KOTopoM o6pa3aMH nopo>K^aioiu,HX x , y  cbo6oahoë rpynnbi 6ynyT Marpunbi

c =  diag (i12(l), i 12(l)j ^ 2(1 )) • • •)> d = d ia g ( l,i12(l), ¿12(1 ), ii2( l) , . . . )

KOTopbie nojiynaiOTCH Bbipe3aHHeM jieBoro BepxHero yrjia pa3Mepa n x n  113 cooTBeTCByio- 
ipHX nopojKAaioipHX c b o 6o a h o ë  rpynnbi b  U T (oo ,p ), h b a í i c t c í i  r0M0M0p(J)H3M0M rpynn. 
3 t o  BbiTCKaeT H3 Toro, h t o  b  Tpeyrojibiibix rpynnax npn yMiio>KeHHH MaTpnu; k o s ^ c J i h -  

pneiITbl k -TOrO CTOJlÔpa IipOM3BeAeHHH 3aBIICHT TOJIBKO OT CTO .t6hO B  COMHOJKHTejieË c 

HOMepaMH He ôojibiue k. Tax xax, MaTpnn,bi c, d KBaaiiAnaroHajibiibie n HMeioT Konenbie 

pc3HAya, pjiïi iipoii3BOJibiioro ajieMCHTa c b o ô o a h o ë  rpynnbi ero o6pa3 b  U T (n, p ) ( c j i o b o  

Ha MaTpupax c, d) 6yp,er  iiCTpiiBHajibnoË MaTpupeË npn AocraTonno öojibinoM n.

Otmcthm, h to  caMoe npocToe n xpaciiBoe A0Ka3aTenbCTB0 TeopeMbi Bmiorpa/ioBa 

o ynopîiAOHHBaeMOCTH CBo6o;jHoro np0H3Be,ąeHHH ynopnAOHHBaeMbix rpynn [22] Aamioe 

A. Ctpoähobckhm  Tojxe Hcnojib3yeT ôecKOiieHHbie TpeyrojibHbie MaTpnpbi [162].

§ 15. IloHTH Bce n oA rpynrib i CBoßoflHbi

B 3TOM naparpa4>e mm noxaxceM, hto rpynna öecKOiieHHbix BepxHHX yranpeyrojib- 

Hbix Marpiip naA kohchhbim riojieM coAepxoiT cneTuyio noArpynny, KOTopaa HMeeT mhoto
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CBo6o£Hbix noflrpynn (nojinyio). H3 3Toro cnąąyeT, h to  b nerao onpeACJicmiOM CMbicjie, 

n onra Bce fc—nopojKAeHHbie ee noArpynnbi hbjihiotch cboöoahmmh rpynnaMH paîtra k. 

3 r a  pe3yjibTaTbi onyöJiHKOBaHHbie b paöoTe [102],

IlycTb G  =  U T (o o ,p s) rpynna Bcex öecKonenHbix (HHAeKcupoBarnibix mhcokcctbom 

N) BepxHiix yHHTpeyrojibHbix Max pH u, iiaA KoneniibiM iiojicm nopHAKa p s (p - npocToe 

hhcjio) . MHo>KecTBO Nm Bcex MaipHU, a  h3 G  TaKHx, h to  nepBwe m  ctojiöaob a xaKHe, 

Kax y CAHHHHiioñ MaTpupbi e, cocTaBjuiex nopMajibiiyio noArpynny rpynnbi G. Hcho, 
h to  IG  : iVm| <  00 h  G  HBJiiiexcH iipoKoneHitoft rpynnoß xax oöparabiß npe^eji rpynn  

G / N m ~  U T (ra ,p s) [171], [146]. ripoKOHenHan Tonojioran HH/^yipipyeT MexpHKy d ( x ,y ) ,  

OTHOCHTejibHO KOTopoß rpynna G  hbjihctch nojiHbiM MexpnHecKHM npocTpaHCTBOM. To >xe 

caMoe Bepno n pjin rpynnbi G h =  G  x  . .  . x G  ecjin paccMaTpiiBaTb npoH3BeAeiiHe MeTpnK 

d ( x ,y ) .  Ecjih x  €  G k, t o  chmbojiom ( x ) o6o3HaHHM noflrpynny rpynnbi G  nopoxcAGHHyio 

BceMH KoopAHHaTaMH ajieMCHTa x. üojiojkhm

F  =  { x  G G k I (x)  HBjiHCTCH CBoßoAHoß rpynnoß panra k} .

IloAMHO>KecTBO MeTpHHecKoro npocTpaHCTBa Ha3biBaercH imrAe He nnorabiM, ecjin ero 

Aonojineniie c o a c p >k h t  OTKpbiToe, ruiOTHoe noAMHOJKecrao. CyMMa cneraoro ceMeßcxBa 

HiirAe He njioTHbix MHoncecTB Ha3biBaeTCH m h o j k c c t b o m  nepBoß KaTeropnn ( b  CMbicjie Ba- 

pa). TeopeMa Bapa yTBepjKAaex, h t o  b  nojraoM MeTpnnecKOM npocTpaiiCTBe Aonojmenne 

MHOHíecTBa nepBOñ KaTeropnn h b j i h c t c h  i u i o t h m m  m h o j k c c t b o m  [118].

B paßoTe [81] SnereßH  noKa3aJi, h t o  nonra Bce A;—nopo>KAeinibie noArpynnbi CBH3H0ß, 
Hepa3peuiHMoñ, KoneHHOMcpnofi rpynnbi Jln h b j i h i o t c h  c b o ö o a h b i m h  rpynnaMH panra k, 

3pßCb BbipanieHne n onra Bce HHTcpiiperapyercH ncnojib3yn HaTypajibHyio Mepy X aapa  

na rpynne. B paöoxe [76] Æ h k c o h  noxasaji, h t o  nonra Bce k —nopo>KAeHHbie noArpynnbi 

b  rpynne noACTaHOBOK cneraoro MHOxcecraa h b j i h i o t c h  c b o ö o a h m m h  rpynnaMH paHra k 

b  naTypajibHoß TonojioriiH oiipeACJiennoft na rpynne noACTaHOBOK. Baxanapncn riojiynnaa 

anajiornHHbie pe3yjibTaTbi b  [5 3 ]  p f l s i  oöpaTnbix npeAenoB cnjieTennß HeTpnBnajibHbix 

rpynn. Mbi AOKaxceM cjieAyioiAyio

T eop eM a 2 2 . I I o h t h  Bce k —nopoxcAeHHbie noArpynnbi b  rpynne G  =  U T (o o ,p s) h b j i h - 

io t c h  c b o ö o a h m m h  rpynnaMH paHra k, b  t o m  CMbicjie, h t o  m h o j k c c t b o  G k \  F  h b j i h ercn 

MHoncecTBOM nepBoß KaTeropHH b  G k.

3Ta TeopeMa noKa3bißaeT iipHHinmHajibHoe orannne CTpoeroin öecKOHenHOMepnofl 

yHHTpeyrojibHoß rpynnbi G  =  U T (o o ,p s). O t m c t h m ,  h t o  KOHenHOMepHan yrarrpeyrojib- 

nan rpynna U T (m ,p s) KOHenHa, a craÖHJibHaH yiiHTpeyrojibHan rpynna U T w(ps), Kax 

npHMbiß npeAeji KOHenHbix rpynn U T (m ,p s) npn naTypajibHbix b j i o j k c h h h x ,  jioxajibHO 

KonennaH, TeM caMbiM o h h  He coAepncaT iiHKaKHx c b o ö o a h m x  HeipiKjiHnecKHx noArpynn.
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Fapcait/j; h Hañx npc;;j70>KHJiH b [86] hobliü  no/pcpA, c Hcnojib30BaiiHeM nojibCKHX to - 

nojiorHMGCKHx rpynn, Koxopbiií AaeT mhofo SKBHBajieHTHbix ycviOBHÍí ahh CBoñcraa Aoxa- 

3aHHoro b TeopeMe 1. Cnaniib iii pe3yjibTax cxaTbii [86] no3BOJi5iex ycHJiHTb narn pc3yjibxax 

cjie/iyioinHM  o6pa30M

C jie ^ C T B H e  8 . (i) IIo h th  Bce cnexno nopoxcAeHHbie noArpynnbi rpynnbi G =  U T(oo, ps) 
HBjiHioTCH CBOÖOAHbiMH noArpynnaMH CHCTiioro panra.

(ii) G  =  U T(oo, p s) C0Aep>KHT HeAHCKpeTHyio CBOÓOAHyio noArpynny paHra Asa.

Harae A0Ka3 axejibcxB0 TeopeMbi 22, b otjihhhg o t A0Ka3aTeJibCTB b paöoxax [53], [76]-

[86], Hcnojib3yex KOiiKpexHbie npHMepbi cboöoahmx noArpynn. Oho BbiTexaeT h3 cym e- 

CTBOBaHHH B G  KOIIKpCXHOH CHeTHOft IIOArpyriIIbl, B KOTOpoñ MHOrO (oÖHJUie) CBOÖOAHblX 

noArpynn. HMeeM

T eop eM a 2 3 . C pynria G =  U T(oo, ps) coAep>KHT CHexuyio noArpynny H  xaxyio, hto 

nepeccMCHne H k c juoömm oxxpbiTbiM uiapoM b G h coAepxcHT CBo6oAnyio noArpynny 

paHra k, 3aAaHHyio KOHKpeTHbiMH nopo>KAaiom,HMii.

H ain  noAXOA Aaex B03M0>KH0CTb AOKaaaTb aiiajiorHHitbift pe3yjibxaT a a h  nojiyrpyrm . 

HanpwMep, hohxh  Bce noAnojiyrpynnbi My;ibxnrmiiKaxHBHoñ rio jiyrpynnbi öecKOHeHHbix 

BcpxiiexpeyrojibHbix Maxpun, HaA kohchhbim  nojieM hbjihioxcm  cboöoahmmh [106].

B  3aKJiiOHeHHe Mbi oöcyAHM HecKOJibKO OTKpbiTbix BonpocoB. Bce paccMaTpHBaeMbie 

3Aecb CBo6oAHbie noArpynnbi Ancxpexiibie. Huxepecuo iiaftxii siBHbie nopoxcAaiomne He- 

AncKpexHoß cßoöoAHofi noArpynnbi paHra 2, cymecTBOBaiiHe Koxopoß BbiTexaex h3 CjieA- 
ctbhh 8 ( ii). H3BecTno, hto rpynna noACTaHOBOK öecKoneHiioro Miio>KecxBa coAepjKHT 

CBo6oAHyio noArpynny panra 2K°. BepHO jih  to  >kc caMoe p/in rpynnbi U T (o o ,p s)?

npoKOHcnnaii TonojioniH Ha G  HHAyuApyeT CJieAyioiuyio MCTpuxy

O npeA eJieH H e 1 0 . }\n n  x , y  £  G  paccxoaiine d(x, y ) onpeAeJieiio paBeHCTBOM d(x, y) =  0 

ec jih X =  y, a xorAa x ^  y  paßeiiCTBOM d(x, y)  =  2~m TAe m  £  N hbjihctch HaHMeHbuiHM 

HOMepOM TaKHM, HTO Hl—Tbie CTpOKH MaTpHH, X h y  pa3Hbie, t . e. xy~ l £  N m.

TpynnoBbie agüctbhh (x ,y )  xy  h x  x~ l Ha rpynne G  HenpepbiBiibi b 3toü 

MeTpHKe h (G, d) HBjraeTCH ikwihhm MeTpHHecKHM npocTpaHCTBOM. OnpeACJHieM MerpsiKy 

dk Ha G k oöbiHHbiM o6pa30M: dk(x, y) — m ax{d (x¡, yi)\i =  1 , . . . ,  k}, r&e x  =  ( x \ , . . . , x*) 
h y  =  ( ? / ! , . . . ,  yk). Chmbojiom B (x ,n )  o6o3HanaeM OTKpbrrbiii niap b Gk c paAnycOM 

2_n. B (x, n)  OTKpbiTbiß h 3a.MKHyTbiß (paßeH 3aMKHyT0My iuapy c paAHycoM 2_n_1). TeM 

caM biM  (Gk, dk) nojiHoe h Biiojm e HecBH3Hoe npocrpaHCTBO.

/l,OKa3 aTejibCTBO T eopeM bi 23: nycTb B (x ,n )  4>HKCHpoBaHHbiß OTKpbiTbiß map b 

G k. TorAa x =  ( x i , . . . ,Xfc) £  G k u n  £  N . noKa»ceM CHanajia, hto  B (x ,n )  C0Aep>KHT
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CBoßoAHyio noprpynny. IlycT b  x [ , . . . ,  x'k o6o3HanaeT o6pa3bi Marpnu, X \ , . . . ,  Xk ripn ro - 

MOMOp4>H3Me /  : UT(oO, pS) —» U T (n , ps ), KOTOpblÖ BblHepKHBaCT CTpOKH H CT0Jl6u,bI c 

HOMepaMH n  +  1, n  +  2 , . . .  . Ecjih y i , - - - , y k nopojKpaiOT CBOÔopHyio noprpynny b G, t o  
6ecKoneTiiib ie  ynHTpeyrojibHbie MaTpnubi z \  =  d ia g (x j,t/i), zk =  d iag fx].,yk) Toxce 

nopo/KpaiOT CBoßopHyio noprpynny. Kpowe Toro z  — ( z i , . . . ,  z k) G B (x ,  n).

Tenepb npHBepeM npHMepbi CBo6opHbix rpynn b G,  KOTopbie mojkho 3aAaxb hbhmmh 

riopox-cpaïoinHmh . FjiaBHbift pe3yjibTax [27] noKa3biBaeT, hto  U T (oo, 2) copepjKHT CBOÔop- 

Hoe npon3BeA6Hne Tpex ahkahhcckhx rpynn nopjipxa pBa, n noaTOMy copepjKHT Tonce 

Hen,HKJiHHecKyK> CBOÔopHyio noArpynny [132]. H a cbmom pejie b paôoTe [27] npnBeAeH hb-  

Hbift npHMep AByx MaTpnu,, KOTopbie nopo>KAaiOT CBOöopiiyio noArpynny. B [105] noxasa- 

Ho, hto  öecKOHeMHbie MaTpniibi c =  d ia g (íi2( l ) 1í i 2( l )1 • - ■) h d =  d ia g (l, ¿12( 1 ), ¿12( 1 ), • • •),

b rpynne U T (oo, Z) (nennKjiHHCCKyio). p  >  2, ohh nopoxipaiOT b U T (oo, p) cbo- 

ôoAHoe npoH3BeAeHne AByx pHKjiHHecKHX rpynn nopnpKa p, KoxopbiO Taxnce copepjKHT 

Hen,HKnnMecKyK) CBoGopnyio noArpynny [132]. Hanpnxiep, ajieMCHTbi x  =  c(cd)c~l , y  =  

dc(cd)c~ 1d ~ 1 noponepaiOT CBOöopiiyio noArpynny paHra pBa. CTaHpaprabie paccyxcaghhh  

noKa3biBaioT, h to  ecjiH x , y  nopoxcpaiOT CBOÔopHyio noArpynny paura ab a, t o  y x y - 1 , . . . ,  

y kx y ~ k nopo>i<AaioT cBoôoAnyio noArpynny paHra k. H3 SToro cjieAyeT, h to  mh nojiynnnn  

CBOÖOAHbie noArpynnbi Taxxce b rpynne U T (o o ,p s) jijm  jiioôoro s, xax nan Konennoe none 

nopHAKa p s coAepjKHT npocToe nopnojie nopapxa p.

CBodoAHbie noprpynnbi b [105] n [27] jie>naT k mrrepecHOii noArpynne U T a(o o ,p s) 
rpynnbi U T (o o ,p s) CBiraamioft c npeo6pa30BaHHHMH KOHeHHbix aBTOMaTOB. 06o3naHHM 

nepe3 j4[nj noAMaTpnny Ma-rpuubi A,  KOTopan noHBjraeTCH nocjie BbinepKHBaHHH nepBbix 

n  c to ji6aob n nepBbix n  CTpoK MaTpnu,bi A. Mbi roBopnM, h to  nocjiepoBaTejibHOCTb { /![„]} 

noHTH nepHOAHHecKan, ecJiH OHa nepHopHnecKan, t o  ecTb A\n+ą =  /l(n], nan h h asi c nexo- 

Toporo 4)HKcnpoBaHHoro n0. U T 0(o o ,p s) onpepeneHa Kax noArpynna Bcex MaTpnu A,  

pjni KOTopwx 06e MaTpnu,bi A  n A ~ l k b a3 n a h  aro n ají b h bi e n 06e nocJieAOBaTejibnocTH 

{7l[„|} h noHTH nepnoAHHecKne. Hcho, h to  rpynna U T a(oo ,p 3) cn em an  n MaTpn-
n,bi Z\ =  diag(x'1; t/i), . . . ,  z k — diag(x'fc, y k) npHnapjieJKaT rpynne U T (n ,p s) x  U T a(o o ,p s). 

Fpynna H  =  [U^Lj U T (n ,p 3)] x  U T a(o o ,p s) Tonte en em a  n T eopena 23 AOKasana.D

/doKasaTCJibCTBO TeopeM bi 22: Ecjih w  peAynnpoBaHHoe cjiobo b cboöoahoö rpynne 

panra k, t o  iiojiojkhm F {w )  =  { x  G G k\w(x)  e } . Heno, h to  F  =  f ]  F (vj) ,  rpe ne- 
peceneHHe b3îito  no BceM HeTpnBnajibHbiM peAynnpoBaiiHbiM cjioBax w.  Otm cthm , h to  

s t o  nepeceneHHe cneraoro ceMeücTBa. Tax xax  G k \ F  =  G k \  f ] F ( w )  =  \  E («;)),
AOCTaTOHHO A0Ka3aTb, h to  F (w )  OTKpbiToe h njioTHoe MHoncecTBO. 9 t o  noxasbiBaeT, h to  

G k \  F (w )  Harpe He njioraoe mhojkcctbo h G k \ F  mhojkcctbo nepBOñ KaTeropnn.D

JleMM a 1 0 . F (w )  oTKpbiTo b G k.

rpe ¿12( 1 ) BJieMeHTapnan TpancBeKpHH nopo>KAaiOT CBo6oAnyio noprpynny
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floKa3amcjibcmeo: H3 HenpepbiBHOCTH rpynnoBbix AeficTBHń cjiązjyeT HenpepbiBHOCTb 
OToSpameHHH (j) : G k -> G  onpeAejiennoro paBeHCTBOM <p(x) =  w(x).  Mhojxcctbo {e}  

3aMKHyTO B G, OTCio^a G \  {e }  oxKpbixo h  F(w) =  <¡>~1{G  \  {e} )  otkpm to b G fc.D

JleMMa 11. F( w)  iuioTHoe b G h.

/JoK03ameAbcmeo: rioxajKeM, hto F  njioTHoe b G k 11 BBimy HepaBeHCTBa F  Ç F(w)  
nojiynuM 3aKjiioxeHne jicmmm. üycTb x  — ( x i f . . . , X k )  G G k 11 n  e  N. M3 TeopeMbi 23
CJICAyCT, HTO Jllo6oñ OTKpbITbiił map D(x,  n)  CÔ ep>KHT TOHKy MHOJXeCTBa F,  3HBHHT F  
ruiOTHoe.n

3aM enaH ne. Ppyima U T(oo.ps) co;j,epH<nï MHoro iiiixepecubix HecBOÖo îibix no^rpyrm, 
HanpHMep HoTHHreftMCxyio rpynny. H3BecTHO, h t o  jnoöan c h c t h o  nopo>K,ąeHHaH npo-p- 
rpynna BJiosxHMa b M  [64], u Tew càMbiM b U T(oo,ps). B nacTHOCTH, Jiioôan Koiienno 
nopoxíAeHHaH pe3HAyajibHO xoiiennaH p-rpynna BJiojxiiMa b U T(oo,ps).

§ 16. IIoHTH Bee rioflnojiyrpynribi CBoGoflHbi

B 3TOM naparpacjie mm noKa>KeM, hto, b tohho onpe/íeJieimoM CMbicjie, n om u  Bee 

A:—nopo>Kp;eHHbie no/j,nojryrpynnbi MyjibTniuiHKaTHBHofi nojryrpynribi ôecKoneHHbix Bepx- 

ncTpeyrojibiibix MaTpnu, Hąą KOnennbiM nojieM hbjihiotch cboöoahmmh iiojiyrpyrma.MH 

paura k. 9 t o t  pe3yjibTaT p;oxa3aH b paöoTe aBTopa [106].

M iiorne Bonpocbi o cymecTBOBaimn c b o ö o a h h x  no;;riojiyrpynn b  pa3Hbix crpyxTy- 

pax noxa He peuxeHbi ( b c c  paccMa'rpnBaeMbie HaMH cBo6oAHbie nojiyrpyriribi HexoMMy- 
TaTHBHbie). Maxap-JlHMaHOB cnpocnji b  [134] Kor^a MyjibTHnjinxaTHBHan rpynna Tena 

coAepJKHT CBo6o/Hiyio no^nojiyrpynny. Kjiefin noCTaBHJi Taxoii Bonpoc a j i h  06/1acTH pe- 

jiocTHOCTH [119] (cMOTpH Tax>xe [65] a j i h  HacTHHHoro OTBeTa h  c c m j io k ) .  E c j ih  AaHHan 

nojiyrpynna S  HMecT CBo6oflHyio noAnojiyrpyriiiy, t o  S  He yAOBJieTBopner HHxaxoMy no- 

jiyrpyririOBOMy TO>K;j,ecTBy. Bonpoc, BepHO j i h  oöpaTHO, noxa OTxpbiT. B paöoxe [142] 
O k h h h c k h  h  CajibBa rioJiyHHJin nojioJKHTejiBHbiii o t b c t  b  cjiynae jinueñiioñ nojiyrpynnbi 

Hafl KOHeHHO nopojKAeHHbiM rioneM.

BßHAy 9THX pe3y;ibTaTOB, HHTepecuo iiccjiejjoBaTb cBoftCTBa Miio>xecTBa cboöoahmx 
noAnojiyrpynn /puinoii riojiyrpynribi. O jm teb ix  noxasaji b [26], hto noHTH Bee kohch- 
ho nopo>KAeHHbie noAnojiyrpynribi nojiyrpynnbi aBTOMaTHbix npeo6pa30BaHHfi HBJIHIOT

CH CBOÖOAHbIMH. Mbl HOKa>KeM CCflHaC, HTO B TOHHO OnpeAeJieHHOM CMblCJie, noHTH Bee 

k —nopojKAeiiHbie noflnojiyrpymibi MyjibTHiuiHxaTHBHoft nojiyrpynnbi öecxoneHHbix Bepx- 
HeTpeyrojibHbix Maxpnii, na^ KOHeHHbiM nojieM F  hbjihiotch cboöoahmmh nojiyrpynna- 

MH paHra k.  3 tot pe3yjibTaT HHTepeceH, Tax xax xoHCHHOMepiibie nojiyrpynnbi BepxHHx
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T p e y r o j i b i i b i x  Maxpmi, n a A  K O n e n i ib iM  n o jie M  K o n e n u b i ,  a  h x  n p H M b iñ  n p e ^ e j i  n p H  e c x e -  

C T B e H H b lX  B JIO JK C H H ÍIX  J IO K a jIb H O  K O H e 'ie H .  3 x 0  3 H a M H T , H X O  O H H  H e  C O f le p H ia T  C B O Ö O A H b lX  

n o A H O j iy r p y n n .

I ly c T b  S  =  T ( c o ,  p r ) o 6 o 3 H a n a e x  n o j i y r p y n n y  (oxHOCHxeA bHO yM iioJK eitH fl) B c e x  B e p x -  

HHx T p e y r o j ib i i b ix  M a x p n p  h n  Ae kc h p  o  b a  h h bi x  mhojkccxbom i i a T y p a j ib i ib ix  H H ceji N  i i a f l  

KOHeHHbiM n o jie M  n o p sm ,K a  p r  ( p - n p o c x o e ,  r  €  N ) .  O ripeA C JiH M  n a  S  M e x p iiK y  d, hojio jkhb 

AJih B c e x  x , y  £  S  d (x ,y )  =  0  e c j in  x  —  y  b o c x a j ib H b ix  c j i y n a i i x  d (x ,y )  =  2~m, rpfi m  

HBJiaeTCH H anM eH bH iH M  H a x y p a jib H b iM  hhcjiom tbkhm , hxo m -T b if t  CTO Jiöpbi y  M a x p n i ;  x  

H y  pa3H H H H bI.

H c iio , hxo (S, d) HeapxHMeAOBO MexpanecKoe npocxpaHCXBO (yjibxpaMexpnnecKoe). 

M b i onpe;i,eji5ie.M npoißBeAe in ie MexpuK dk un S k =  S  x  . . .  x  S  (A>pa3) ecxecxBeHHbiM 

o6pa30M: dk(x ,y )  =  max.{d(x i,y i)\ i  =  1 r^e x  =  (x u . . . , x k) h y  =  {yu . . . , y k)-

M b i noKa>Ke.M, hxo npocxpaHCXBO (S, d), axaKH M  o6pa30M h (S k ,d k), nojiHbie.

E c jih  x  G S fc, x o  (x) o 6 o 3 H a n a e x  n o A n o n y r p y n n y  n o j i y r p y n n b i  S  n o p o > K A eiiH y io  k o m -  

n o n e H x a M H  x. M b i nonO iK H M

F  =  { x  G S k : (x) H B j ia e x c H  c b o 6 o a h o í í  n o j i y r p y n n o ï ï  p a u r a / c } .

FjiaBHbiM pe3yjibxaxoM n a p a r p a c j i a  h b i i h c x c î i

TeopeMa 24. ü o h x h  B ce  k —nopox<A eH H bie n o A n o jiy r p y n r ib i n o j iy r p y n n b i  S  =  T ( o o , p r ) 

h b j i j h o x c h  CBo6oAHbiMH n o jiy r p y im a M H  p a H r a  k, im a n e  r o B o p ji m h o j k c c x b o  S k\ F  h b j i î i c x c h  

MHO>KecxBOM n e p B o ii  K a x e r o p H H  b  S k .

B  AOKa3axejibcxBe xeopeMbi 2 4  Mbi ncrioiib3yeM cjieAyiom yio

l i p ę  a h  O B K e H i ie  3 6 .  l l o . n y r p y n i i a  S  =  T ( o o , p r ) C0A e p > K H X  C ß o ö o A H y io  n o j i y r p y n n y  p a H r a  

k.

/ d o K a 3 a m e j ib c m e o  n p e d n o o t c e n u s i 3 6 :  H a  c a M O M  A & n e  M b i n c n o n b 3 y e M  6 o j ie e  c i - u ib u b if t  

4> aKX , H M e m io  T ( o o , p r ) C 0 A e p > K iix  2 - n o p o > K A e H H y io  C ß o ö o A H y io  r p y n n y .  E c j i h  n o A r p y n n a  

i i o p o j K A C  h  h  an sjieMeiixaM ii x  h  y  CBo6oAna, x o  n o A n o j i y r p y n n a  n o p o j K A e im a n  x  h y  x o -  

j x e  C B O Ö o A H a  ( o ö p a x H o e  H e B e p n o ,  c m . [ 4 2 ] ) .  K p o M e  x o r o ,  n o A n o j i y r p y n n a  n o p o n íA e n n a n  

3 J ie M e H x a .M n  xy , x y 2, . . . ,  x y k hb jiîicxc îi c b o ô o a h o ü  n o A n o j i y r p y r i r i o i i  p a H r a  k, K a x  n o K a 3 b i -  

B a ïo x  n p o c x b ie  B b iK J ia A K H .  n o j i y r p y n r i a  T ( o o , p T) c o A e p x o i x  U T ( o o , p r ) ,  r p y n n y  B e p x m i x  

y H i i x p e y r o j i b H b i x  M a x p in p  / I p c x a x o H H O  n o B x o p n x b  p a c c y n c A e H i in  113 A 0 K a 3 a x e j ib c x B a  T e o -  

p e M b i 2 3  h  n a in e  n p e A A O x c e H H e  A O K a a a H O .

O xM exH M , h x o  H a caMOM A e jie  Mbi HaxoAHM  H Biibiñ n p H M ep  C BoóoA H oñ n o A n o j iy r p y n n b i  

p a H r a  k, B ce  rn a r n  A 0K a3axejibC X B a KOHCxpyKXHBHbi, h o  BbiHHCJieHHH c j i h h i k o m  rp oM 03A -  

KHe H Mbi HX OnyCXHM.
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DiaBnaa iiAen AOKaoaTejibCTBa TeopeMbi 24 Taxa» >Ke KaK b paöoTax [76], [26]. Æoica- 

3aTejibCTBO nojiynaeTCH cep H eft m m .

JleM M a 12 . (S k, dk) n o j in o e  n p o cT p an cT B O .

/ l o K a a a m e j i b c r n e o :  M b i  n o K an ce M , h t o  (S, d) r io jm o e  n p o c T p a n c T B O , a  T o r ^ a  JleM M a CJieA y- 

eT  H3 H 3B eC T H 0r0 CBOftCTBa ripOH3BeACMH5I MeTpHHCCKHX npO C TpaH C TB . r iy C T b  { U i  : i  G N }  

c ^ y H ^ a M e iiT a j ib u a a  n o c jie / i ,o B a T e jib i io c T i, b  (S ,d ). Æ jih  J i io ö o r o  i  c y m e c T B y e T  n¡ T aK o e , 

h t o  d(un¡,u m) <  2~* R n n  m  >  r i i .  3 t o  3 h  a n  h t ,  h t o  a jt h  m  >  n¡ n e p B b ie  i  — 1 c t o j i 6 h l i  

M aTpH ii,bi um p aB H b i cooT B eT C T B yio inH M  CTOJi6u,aM M aT pH U bi uni. T aK H M  o 6 p a 3 0 M  n o c j ie -  

A O B aT ejibH ocT b  { u n .}  iiM eeT  n p e /j ,e j i  u , K O T opbift h b j i h c t c h  T a K x œ  n p e A e n o M  ; y i í i  { u ¡ } .  

n o s T O M y  npo cT p aH C T B O  ( 5 ,  d )  n o jm o e .  □

r iy c T b  X  =  ( X i , . . . ,  X k)  o 6 o 3 H a H a e r ' y r io p s m o n e u H b if t  H a 6 o p  H3 n  nopo>K A aiom ,H X  

CBo6oflHOft n o j i y r p y n n b i  F S ( X )  p a H r a  k. E c jih  w  =  w ( X )  ajie .M eiiT  F S ( X )  u u  G S k, 

t o  o6o3H aH H M  H e p e 3  w  (u)  o 6 p a 3  tu b n o j i y r p y n n e  S k, i i p u  noA C TanO B K e X  =  u. Ecah 
W i,w 2 G F S ( X ), t o  n o j io n o iM  F ( w i , w 2) =  {x  €  S k : Wi(x) ^  w2(x )} . Hcho, h to  

F  =  r L 17Hu2 w i)-  3 t o  n e p e c e n e n n e  c n e T H o ro  HHCJia mho>kcctb. T a x  K aK  S k \  F  — 

S k \  F { w i , w 2) =  \Jwl¥:W3( S k \  F ( w u w 2)), AOCTaTOHHO A 0 K a 3 a T b , h to  F ( w u w 2)

OTKpbITO H njIOTHO fiflSl W\ ^  W2 - 3 tO IIOKa>KeT, HTO S k \  F (w i,W 2 ) HHr^e He IUIOTHO 

H S k \ F  HBjiHercH MHOJKecTBOM nepBoft KaTeropnH.

JleMM a 1 3 . fljm  Bcex w i,w 2 G F S (X ) , w \ ^  w 2, mhojkcctbo F ( w i , w 2) o tkp m to b S k.

JHoKasamcAbcmeo: I ly c T b  u ,v  Ç. S. E c j ih  æjih H eK O T opb ix  U\, vy G S, n e p B b ie  m  c t o j i 6-

u ,a  M a T p m i, u n  u \  (cooTBeTBCTBeHHO d  h  D j) c o B n a ; ;a io T , t o  h 3  CBOftCTBa M aT p H H H o ro  

yMHOJKenHH c o B n a ^ a io T  TO>xe n e p B b ie  m  c t o j i ö a b i  M a T p n n , uv n  u\V\. 3 t o  3 H a n n T , h t o  

nojiyrpynnoBaa o n e p a p n n  ( x , y )  >—> x y  n a  S  H e n p e p b iB H a  b M e T p n K e d. O T oG pai+ cein iH  

<t>i : S k -> S  o n p e A e J ie m ib ie  paBeHCTBOM  <pi(x) =  W { ( x ) ,  r ^ e  i =  1,2,  TO>Ke n e n p e p b iB H b i. 

S t o  3HaHHT, HTO MHOJKeCTBO S k \  F(W \,W 2) =  { x  G S k : W i ( x )  =  W 2( x ) }  3 aM KHyTO, HTO 

A 0 K a3 b iB acT  jieM M y .D

JleMM a 1 4 . JJjih Bcex W i,w 2 G F S (X ) , W\ ^  w2, mhojkcctbo F(w \ )w2) iu iotho b S k.

/ĘoKa3 ameAbcmeo: Mbi noKa>KeM Gojiee CHJibiibift prayjibTaT, hmchho h to  F  nnoTHo
b S k n Tax KaK F  Ç F ( u>i , w2) jieMMa 6yAeT AOKa3aHa. riycTb x =  ( i j , . . . , Xf c )  G S k 

h n  G N. Mbi noKa»ceM, h to  B ( x ,n ) ,  OTKpbiTbift inap b S k c pa^nycoM 2“n h nempoM  

b x,  coAep>KHT TOHKy H3 Miio>KecTBa F.  IlycTb x [ , . . .  ,x'k o6o3iiaHaeT o6pa3bi x i t . . .  , x k 

npn roMOMop4>H3Me /  : T (c o ,p r) —> T ( n , p r) KOTopbift BbiöpacbiBaer ctp okh  h ctoji6- 

n,bi c HOMepaMH n  +  1, n  +  2 , . . .  . H3 TeopeMbi 36 cjie,ayeT, h to  cymecTByioT y i , . . . ,  yk, 

KOTopwe nopojKAaiOT CBOÖOAiiyio riOAnojiyrpynny b S.  Hcho, h to  6ecKoneHHbie yiniTpe- 

yrojibHbie MaTpiipbi z \  =  cliag(x'1, y  i ) , . . .  , z k =  diag(x'fc, yk) TOJKe nopo>KAa¡OT CBOÓOAiiyio 

nojiyrpynny. K pone to to  z =  ( z i , . . .  ,Zk) G B ( x , n ) h to  3aKOHHiiT aoKaaaiejibCTBO. □
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rjIA BA  IV

IIpHMeHGHH5I

3 x a  r j ia ß a  r io c B i i in e n a  n p H M eiiH eH H H  a H a j io r o B  r io i i ír r u f i  b b c a c i i h b i x  b  n p e;3 ,b i;_ iy m n x  

pa3ACJiax k  h c c j i c a o b e h h io  A p y r n x  "cHexHOMepHbix"ajire6paHHecKHx c r r p y K x y p , a  HMeH- 
h o  r p y n n b i  aB T O M op cjn oM O B  c b o 6 o ; ; h o K r p y n n b i  c n c T H o r o  p a H r a ,  r p y n n b i  a B T 0 M 0 p c]n i3 M 0 B  

K o p n e B o r o  A e p e s a  c h c t h o ö  BajieHXHOCXH, accopHaTHBHofi a j i r e ô p b i  h  a i i r e G p u  J I h  G e c x o -  

H eM H bix M a x p i ip .

B § 17 paccMaxpiiBaioxcH no,n,rpynribi aBTOMOp4>H3MOB cboôoahoë rpynnbi cnexno- 
ro  paHra. B § 18 nccjic/iyiOTcn aBTOMop4>H3Mbi xopHeBoro Aepeiia cneTiion BaneHXHO- 
cxn. Beoahxch Asa KJiacca noArpynn CBH3aiiHbix c pocTaMn n onncbiBatoxcH ocHOBHbie 
CBOËCTBa 3THX noArpynn. B § 19, 3aKJiionaion;cM 3Ty iviaiiy, onncbiisaiOTcn neKOTopbie 
accoipiaTHBHbie anreGpbi n  ajireöpbi Jin  öecKone'inbix Maxpnu, CBiraaHHbie c pocrraMH 
h npiiBeAeHbi pe3yjibxaxbi o nopoJKAemni cxpnuraMH.

§ 17. A b t o m o p 4 > h 3 m m  c b o ö o a h o ä  rp yn n b i cn ex n o ro  paHra

B 3TOM naparpacfie m b i  uccjie.aycM TpyAnyio npoGjieMy KjraccncJxiKanHH aBTOMopcjnra- 
MOB c b o Go a h o ë  rpynnbi cnexHoro paHra. Mbi onncbreaeM pannonajibnyio cncTeMy nopoxi- 
Aaioiu,nx. Mbi CTpoiiM HOBbie Tnna noArpynn h  AaeM CTpyKTypiibie pe3yjibTaxbi a x  a  h h x . 

FjiaBHbiñ pe3y;ibxax naparpacjia roBopHT, h t o  rpynna Bcex aBX0M0p<J>H3M0B nopoxcAaexcx 
(no MOAyJIblO 7A-aBTOMOpcJffl3MOB) CTpHHraMH H HHXÍHHMH XpeyrOJIbHblMH aBTOMOp4)H3- 
MaMH. Pe3yjibxaTbi naparpac|)a onyöjiiiKOBanbi b  paöoxe aBTopa [91].

rpyrnia aiiTOMopcjnoMOB c b o ö o a h o ü  rpynnbi Konennoro paHra 6buia nccjieAOBana b o  

MHorax paGoxax. H. Hiuibcen b  [141] nojiym ui ee npeACxaBJieHne ncnojib3yn sjieMenxap- 

Hbie aBxoMopc|)H3Mbi Ha3biBaeMbie xenepb aBX0M0p4>H3MaMH HnjibceHa. IIo cpaBHeHnn 

c KOHGHHbiM cjiynaeM rpynna aBXOMopc}>H3MOB Aut F ,* , c b o ö o a h o ü  rpynnbi cnexHoro paHra 

nccjieAOBana cjiaöo. FIpoöjieMa KiiaccucJinKaniin ee noArpynn oneiib xpyAHan. H3BecxHbi 

xojibKO Hexoxopbie ee ecxecxBeHHbie noArpynribi n H30jmpoBaHHbie pe3yjibxaxbi. rp yn n a  

Aut Feo orpoMHan, xax k b k  OHa coAepxcnx nan noArpynny rpynny Sym(N) Bcex nepe- 

cxaHOBOK HaxypajibHbix nuceji. C Apyroft cxopoHbi ii3BecxHO [77], h x o  Sym(N) coAepxmx
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CBO ÖOAHyjo n o ; j , r p y n n y  p a H r a  2N°, mm n o j i y n a e M  e m e  O A n y  o r p o M H y io  n o A r p y n n y  r p y n n b i  

AutFoo.

PemeTKa nOArpynn rpynnbi A ut Fx  t o j k c  HCCjie;j,OBana cjiaöo. H3BecTHbi ecTecTBeH- 

Hbie noflrpynnbi coAep>Kam,ne Biiy-rpemm e, 4>HHHTaPHMe> orpamiHemibie, T p iia n ry jiiip - 

Hbie, noACTanoBOHHbie h flnaroiiajibH bie aBTOMop4>H3Mbi. 

B  3TOM naparpa4>e mh ctpohm HOBbie noArpynnu A u t Fx  h onucbiBacM HeKOTopwe 

hx cBoßcTBa. Cxaim apTHoe noH iirae orpanwueunocTH asTOMopc^ioMa a  G A u t Fœ  co c to  
HT b cymecTBOBaHHH Bepxiieft rpanH n  na AHHHy Bcex peAyAnpoBaimbix cjiob BHAa a ( x ¡ )  

h a ~ l (xi) .  Mbi paccMaTpuBaeM orpainiHem iocTb c  coBceM APyroft tohkh 3peHHH. Mbi Tpe- 

6yeM TOJibKO, HTOÖbi KaíK^biñ x j  iiohbjihioiahíích b a(x¿) naxo/uiJica b6jih3H x,-, b CMbicne, 

h to  \i — j \  He ouenb Bejmicoe. Otmcthm, h to  cyMMa OKcrioiieirr nopo>KAaiom,eíí Xj b a (x ¡) 

MOJKeT 6bITb np0H3B0JIbH0ii. 3x 0  OUeHb pa3JIHHaeTCH OT II0H5ITMH OrpaiiHUeilHOCTH BBe- 

ACHHoro b [69]. M bi bboahm noHHTHe CTpHHra, KOTopoe peajin3yex Harne nonarae orpaHH- 

HeHHOCTH. CTpHHTH HBJIH10TCH aHaJIOraMH 6eCK0HCHHbIX 6jIOHHO-AHarOIiajIbHbIX MaTpHU, 

c KOHeuHbiMH ÖJiOKaMH na rjiaBHofi AHaroHajiH. Cneunajib iib ifi bha ctphhtob b rpynne 

BepxHeTpeyrojibiibix aBTOMop4>H3MOB HccjieAOBajicH b [69]. Miiojkcctbo Bcex KoneuHbix 

npoH3BeACHHÍí CTpHHroB H  HBjisiercH rpynnoft, Ha3biBaeMoñ rpynnoft cxpiniroB. Ona hjt- 
paex Ba>KHyio pojib b AaJibiteftineM. Mbi A0Ka3biBaeM, hto  H  coAepxarr rp ynny nopoKAeu- 

iiy io  noACTaHOBOHHbiMH h BepxnexpeyrojibHbiMii aBTOMop4>H3MaMH h H3ynaeM neKoxopbie 

napaöoJiiiHecKiie noArpynnbi H.  M bi onucbiBaeM Tozxe öoiibuiyio pemeTKy noArpynn M. 
CBH3aHHbix c pocTaMH. M bi HaAeeMCii, h to  noim xne CTpHHra moxkct 6bixb n0Jie3HbiM ahh 
nojiyueniiH  nacTHHuoro pemeHHH rHnoTe3bi Co jurrap a o nopo>KAaeMOCTH rpynnbi orpa- 

HHHeHHblX aBT0M0pc[)H3M0B (cMOTpH TaiOKC [127], [61]).

D ia s  hbi ft pe3yjibTaT naparpacjia roBopHT, h t o  A ut Fx  iiopo^KAaercH (no MOAynio IA- 
aBTOMOp4>H3MOß) CTpiIHraMH H HHJKHeTpeyrOJIbHblMH MaTpHAaMH. B  IIOCJieAHeft 'laCTH 

naparpacfia nojiynaioTcn aHanora axiix pe3y„wraxoB a h h  neKOTopbix Apyriix Miiorooöpa- 

3Hft.

ripHBeAGM CHanajia ocHOBiibie onpcACJieiuiH. IlycT b  Fœ -  CBOÖOAHan rpynna cnexHoro 

paHra co c b o ö o a h b im h  nopo>KAaioiAHMH X  =  {x,-, i  G N } u nycTb A ut Fx  -  ee rpynna 

aBTOMOp4>H3MOB. FiyCXb a  G A ut Fœ . Mbi rOBOpHM, HTO aBT0M0pcf)H3.M a  HBJIHeTCH 

eepxHUM mpeyzoAbHUM ecJiH a (x ¿ ) G (xi+k ■ k  G N  U {0 }) ah  h Bcex i G N ;

HUotcmiM m peyeoA w ituM  e c j iH  a ( x i )  =  x * 1 h  a(x¿) G ( x i , . . . , x ¿ )  p jin  Bcex  

i > 1;
duazoHcuibHUM  ecjiH  a ( x ¡)  =  x¿’ a h h  ei S  {1, — 1} h  Bcex i G N ;

nodcmaHoeoHHbiM aem oM op$u3M O M  ecjiu a (x¿) =  x^(¿) a h í i  iieKOTopoń noA-

CTaHOBKH 7T HaTypajibHbix HHceji;
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KOHev.no cmoAÓąoetiM aemoMopcfmsMOM ecjiH /yin Bcex i €  N noHBJiaeTCH 
TOJIbKO B KOHeMHOM HHCJIC peflyU,HpOBaHHbIX CJIOB Ct(Xj), j  G N.

Ciie;iyioinHft pesyjibTaT P . K ośna xapaicrepH3yeT Bepxmie h  HH>KHne T p e y r o j ib iib ie  aBTO- 
MOp4>H3MbI.

JleM M a 15 . ([69], TeopeMa 2.4) Ecjth aBTOMop4>H3M a  BepxHerpeyrcwibHbift, t o  yyjiíi jiio- 

6oro i  — 1 , 2 . . .  4>yHKu,HH a |(IjiX(+1,...) hbjihctch aBTOMopcj>H3MOM rpynnbi ( x í ,x í+i , . . . )  

and a (x ¡) =  A & ^Bu  rAe e¡ €  ( 1 , - 1 }  h A u B¿ g (x i + u x i+2, . . .).

J le M M a  16. ([69], aieA C T B H e 2.3) E c j ih  aBT0M0p<$>H3M a  H H >K neT peyrojibH biñ , t o  p f l a  

jnoöoro ¿ =  1,2. . .  a(xi) =  AíX^Bí, rAe e¿ G {1, -1} , Ai =  B\ — 1 h abb ¿ > 1 mh HMeeM 
A i , B i  G ( x i , . . . , x i_ 1).

Mbi roBopHM, hto  aBTOMopc[ni3M a  G Aut F«, bbjihgtch n —ozpaHuueHHUM ecjiH cjio - 

Ba a(xi)  h a - 1(xt) ą:isi Bcex i hmck)t fi/inny He öojibuie n n a  HBJijieTCH ozpauuveu- 
HUM ecmi a  n —orpamiHCH abh nexoToporo n. IlycT b  Bn o6o3Hauae'r mhojkcctbo Bcex 

TI—OrpaHHHeHHblX aBT0M0p([)H3M0B H nyCTb B  =  HcHO, HTO Bn Ç Bn+\ AJIH Bcex

n.

IlycT b  T +, T _, V , S  o6o3HauaeT MHoacecTBO Bcex BepxHux Tpeyro/ibiibix, hhjkhhx 

TpeyrojibHbix, A H aro najib iiux h noACTanoBOHHbix aBTOMop4>H3MOB cooTBeTCBen ho h nycTb 

K  -  MHOJKeCTBO Bcex aBT0M0p(J)H3M0B OL TaKHX, HTO Ci H O- 1  HBJIBIOTCH KOHeHHO CTOJlÖpO- 

BbiMH. Hcho, hto V , S  Ç  B\, T + CiT~ =  T) u nepecenenufi T + C\S h T~C\S  TpHBHajibHbie. 
M bi He 6yAeM TipaTejibHO pa3JinnaTb noACTanoBounbifl aBT0M0p4>H3M h noACTaHOBKy Ha- 

TypajibHbix HHceji.

C n e A y io iu H ñ  p e3 y jib x a T  o n u c b iB a e T  ecT ecT B eH H bie n o A r p y n n b i r p y n n b i  Aut Fœ .

ripeA JioaceH H e 3 7 . Mno>KecTBa T + , T ~ ,  V , S , K. u B  bbjibiotcb noxcrpynnaMH rpynnbi 

Aut Fœ .

fl,oK03ameAbcmeo: Jipa. V  u S  3 t o  oueBHAuo. Tax xax K. u B  3aMKHyTbi OTHOCHTenbHo 
c j io jk c h u b , OHH HBjiHioTCH n o A rp y n n a M H  A u t F o o .  Pe3yjT bTaT a b b  T +  h  T ~  c n e p y e r  h 3  

JieMMbI 1 h  2. □

Or.MeTHM, h t o  B  H&3 biBaeTCH r p y n n o f t  orp an H H eH H bix  aBT0M 0p4>H3M 0B. P ío  aH ajiorH H  

c  öecKOiicHHbiMH M aT pm jaM H  K. H a3biBaeM  r p y n n o ñ  k o h c h h o  c T o n ó p o B b ix  aBTOMop4>H3-

MOB.

T p y n n a  S  c o A e p x a iT  CBOÖOAHyio n o A r p y n n y  p a H r a  2 N° [7 7 ]. C A p y r o ñ  C TopoH bi, aab 
T + m m  MOJKeM AOKaaaTb cjieA y io iA H ñ  p e3yjib T aT

llp e A J io > K e H H e  3 8 .  P p y r m a  T +  coA epjK H T CBOóoA.nyio n o A A p y n n y  CHCTiioro p a H ra .
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Jj(oKa3 amejibcmeo: IlycTb a\,  a2 flisa aBTOMop4>H3Ma rpynnu F x  oiipeflcjicmibie cnefly- 
HDiflHM o 6 p a 3 0 M : f l j i a  B c e x  k  G  N

“  3'2k—l3'2kt Oi\(x2k) =  %2k

ot 2(ai2fc-i) =  Z2k-i ,  ^ 2(^2*) =  z 2fc£2fc+i-

riycTb A rxi 6yflCT CBoSoflHoii a6eacB0ñ rpynnoö cherhoro paHra h nycTb x  '■ A ut -»  

Aut r0M0M0p<J)H3M HHflyflHpOBaHHblË eCTeCTBeHUbIM OTo6pa>KeHHeM X '■ -Poo ~t Aoo- 
Tan KaK Aut A ^  n30Mopcj)na rpynne GL(oo, Z) -  rpynne oöpaTUMbix kohchho ctpoko- 

BblX MaTpilO, Hafl Z  ~  MbI MOXCCM OTOXCfleCTBHTb x { f )  c COOTBeTCIS}'IOIflCÍÍ MaTpHfleË H3
GL(oo, Z). B  [103] flOKa3aHo, u to  MaTpuflbi y (cti), x ( a 2) nopoxcflaiOT cBoGoflnyio nofl- 
rpynny paHra flBa b G L (oo,Z ). 3 t o  3HaunT, u to  ( a i , a 2 ) Toxce CBO Ö O flH an rpynna paHra 

flBa coflepacamaiicb b T + fl B. Ee KOMMyxanT h hbjihctch hckomoë CBoßoflnoft rpynrioñ 

cueTHoro paHra. □

Tenepb f la f lH M  onpeflejieime o c h o b h o t o  06'b e K T a  n a u r a x  H C C Jie flO B aiin Ë  

O n p e f l e j i e H H e  1 1 .  I l y c T b  a  aB T O M op4> H 3M  F « ,  cjieflyioiflero T H n a :

(1) cyiflecTByeT paaßueHHe { X j \ j  G N } MHOXcecTBa nonpoHCflaroiflHX 

{ x i , X2) . . . }  TaKOe, UTO X \  =  { X i , . . . , £ n, }  H flHH Bcex j  >  1 MbI HMeeM 

X j  =  { x n . + 1 , . . . ,  x nj+i} ifle tl\ <  tí2 <  . . .  hbjihctch cTpoi’o p aery men nocjie- 
flOBaTejibHocTbio naTypajibHbix hhccji;

( 2 )  flJ iH  juo6oro k  T a x o r o ,  h t o  r i j  +  1 <  k  <  n . j+1 m m  HM eeM 

a (x fc) G (x rij-f 1 » • • • } ) •

A b t o m o p ^ ) H 3m  y ^ O B J ie T B o p n io ii i .H ñ  yc jiO B H H M  ( 1 )  h  ( 2 )  H a3b iB a eM  C T p m ir o M .

O t m c t h m ,  h t o  e c J iH  a  H B JiaeT C H  c r p u H r o M ,  m m  H M eeM  p a 3J io > K e n n e  F œ  =  

r f l e  * o 6 o 3 H a u a e T  c B o ô o f lu o e  n p o H 3 B e f le n H e ,  h  o n p e f l e a a e M  aBTOM op<J>H3M  a 3 k & k  f l e f t -  

C T B y io iflH f t x a x  a  H a  (Xj )  (3 n a H H T  a ,  =  o í\{ x ¡ )  » a  (Xj))  h  f le f tc T B y io i f lH f i  r p u B u a j i b i i o  

b  o c T a j ib H b ix  c j i y u a a x .  T e n e p b  a  H B JiaeT C H  n p o H 3B efle H H eM  a  =  a j> T a K  K aK  B c e  

OLj K O M M y T lip y iO T  H TOJIbKO KOHCHHOe HHCJIO H 3 HHX f le Ë C T B y e T  H e T p H B H a jIb H O  H a  OflHOM 

K O H K peTH O M  CJIOBe H 3 F œ .

E cjih  a  CTpnur u q  =  [ [ Uj, t o  a -1 Toxce cxpm ir (Tax KaK a'  -1 = n < ) .  C flpyroft 
CTopoHbi, CHOJKeHne flflyx crpnnroB Booöipe He o6i>H3aHO 6biTb CTpiinroM, KaK noKa3biBaeT 
cjieflyioiflHft npHMep.

IlycTb a i  h a 2 aBTOMopc})H3Mbi H3 flOKasaTejibCTBa TeopeMbi 1. Torfla a \ ,  a 2 ctp hh th , 

ho a 2 o a x He hbjihctch ctphhtom , TaK KaK a 2 o a i ( x 2¡t_i) =  x 2k-\%2k h a 2 o a i ( x 2*) — 

X2k%2k+lX2k+2 fl-TSI BCeX k.
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r i y C T b  ß ( x \ )  =  X i ,  ß { X k )  =  X \  • X k  W M  R c e x  k  >  1 . 5 ÎC H 0 , '-¡TO ß  a B X O M O p (} )H 3 M  H 3  T  n  B  

H ß  g  H.

Otmcthm , hxo b paßoxe [69] P. K osh Ha3biBaex cxpnurH ro T + cnjiexaioin,HMH aBxoMop- 
4>H3MaMH.

Ilycxb Ti MHOJKecxBO Bcex kohchiihx npoH3BeAeHnñ cxpHHroB (xax npaBHJio a^h, 

b o6xu,eM, pa3Hbix paaßneuHfi MHOxcecxBa nopoxcAaioiHHx). CjieAyiomHft 4>axx oneBu^eii, 
Mbi ero oxMcxHM Kax npe^-noxceHHe

ripe^JioHceuHe 39. Mhojkccxbo Tí HBJiHeTCá hoArpynnoft rpynnbi Aut F^.

rp yn n a  'H, Koxopyio ßya,eM naabiBaxb rpymioft cxpHHroB, HMeex BaxcHoe 3Haxeime 

b nocxeAyioiu,HX paccy»yi,eHHHX.

Ilycxb ß(xi) = X\, ß(xk) =  X\ ■ Xk äjih Bcex k > 1. Heno, Tro ß  aBX0M0p4>H3M M3 T “ (~l B 
H ß H.

Tenepb M bi HCCJieAyeM cxpyxxypy noArpynn rpynribi cxpHHroB T í .

npeflJioxceH H e 40 . Vpynna cxpiniroB Ti coAepjKHT noArpyrmy nopo>K;i,eHiiyio BceMH 
BepXHHMH XpeyrOXbHbIMH H IIO;j,CXaHOBOMHbIMH aBXOMOp<J>H3MaMH, X. e. Tí 2  (T + ,<S). 

JßoKaaamejibcmeo: BxjuoneHHe T +CTi cnepyer h3 xeopeMbi 3.3 h3 [69]. Hfe jicmmw 2.3 
[166] (cMoxpn xox<e [155]) cjie^yex, hxo S  ÇTL, hxo xpeöoBajiocb AOKaaaxb. □

Kaxíexcn, hxo Ha cemom ^eae mbi HMeeM paBeHcxBo Tí =  ( T + , S ) ,  ho hh ;j,0Ka3axejib- 
cxBa hh KOHxpnpHMepa Mbi 3HaeM.

3 x o x  pe3yxbxax o cxpyxxype Ti moxcho Hcnojib30Baxb ppn  onncaHHH nexoxopbix noA- 
rpynn. Mbi roBopHM, xxo noArpynna G rpynnbi Tí napaóoAuuecKOJi ecjin ona coAepxtHx 

7~+ . Heno. hxo onncaHHe napaßojiHnecKHx noArpynn rpynnbi Tí xecHO CBH3aH0 c noArpyn- 
noBOft cxpyKxypoñ cuMMexpunecKoft rpynnbi Sym (N ). ßojiee xoro, p jm  jiioßoft noArpynnbi 
S\ rpynnbi S  noArpynna (T +,S i)  napaßoAHHecKaa. Ecjih S2 coßcxBeHHaa noArpynna b 

S i ,  xo (S2 , T + ) xoxee coßcxBeimaH noArpynna b ( S i , T +). K axœxca, hxo mojkho naftxH 

MHiiHMajibHbie napaßojiHHecKHe noArpynribi hcxoah h3 xaKHx cooßpaxieHHÖ.

HanoMHHM, hxo noArpynnbi A, B Ha3biBaioxcH cpaBHHMbiMH, ecjin A C  B hjih B C A 
h HecpaBHHMbiMH b npoxHBHOM cjiynae. 1Í3 H3BecxHbix CBoñcxB noArpynn rpynnbi 5 (N )  

nojiynae.M cjie,nyioinyio

IIpeAJiojKeHHe 41 . CymecxByex HecnexHoe ceMeñcxBO nonapHO HecpaBHHMbix napaßo- 
jiHHecKnx noArpynn b Tí. )ppyri¡MH cjiOBaMH, pemexxa napaßojiHHecKHx noArpynn rpyn- 
nbi Tí coAepxíHx Hecnexiibie nenn.
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J ß O K 0 3 a m e jib c m e o : HanoMiiuM cnaaana xnaccHuecxaft pe3ynbraT B. Cepnancxoro c 1928 

L'o/ia [159]. IIoAMHO>KecTBO r  öecKOHCHHoro MHOjj<ecTBa A  na3biBaeTca a m oiety ecnii 
|r | =  |A  \  r | .  IlycTb A  =  Q. f ln n  jnoöoro BemecTBeHHOroaacna r  Mbi 6epeM KaKyio 

HHÖyAb öecxoHeanyio nocae^oBaTejibHocTb Fr pa3Hbix pau,HonajibHbix nacen, xoTopaa 

CTpaMHTCB K r. Tonrna ceM eftcTBO ( r r : r  G M} HecneTHO h pjin  jiio6i>ix ;;Byx mmokcctb 

r ,  r  H3 3Toro ceMeftcTBa nepeceaenae F n  F' xoneaao.
Tenepb, nycTb cj> : Q —> N npoH3Bo;ibnaH ôaexuaa h nycTb Fr := 4>(Tr). 06o3HaaaM 

Tiepe3 5 ( f r) noToneHHbiił c'ra6njin3aTop Miio>KecTBa N \  f r b 5(N ). JlerKo Bii^exb, hto 

ceweiłCTBO { ( 5 ( f r) ,T +) : r 6  K} co/tep>KHT nonapHO HecpaBHHMbie napaßonanecxae 
nonrpynnbi. □

Ænn onHcaHHB APyroBO ceMciiCTBa noArpynn Ti ncriojib3yeM nonarae pocTa H3 napa- 

rpac])a 4.

T e n e p b  o r ip e n e n a M  n o A r p y n r ib i Ti CBB3aHHbie c  p o c r a M a . I ly c T b  a  C T p n n r  cooT BeTC By-

lo m a ft  nocjieAOBaTejibHOCTH n i  <  n 2 <  M b i ro B o p n M , u t o  a  o r p a n m ie n  4>yHXU,aeft /

H3 u  eonu / (  1) >  nj h AJia Bcex naxypajibHbix k Mbi iiMeeM f ( n k+ l )  >  n k+1 . Mbi roBopnM, 
HTO aBTOMopcjm3M ß  H3 A ut F«, orpananeH (JjyHKuaeft f  G uj (ana  ß  -  [/J-orpaim aen) ecjin 

AJiB Bcex HaTypajibHbix n  cymecTByeT k — k(n)  3aBHCHiu,ee o t  n  Tonbxo Taxoe, u to  ß { x n) 

h ß ~ l (x n) pcAynnpoBaHHbie cnoBab nopoíKAaiomHX x n - k { n )> • • • > £ n - i>  x n , x n + i , ■ • ■, x n+k(n) 

h f { p )  >  n  +  k(n).
JlerKO BHAeTb, u to  e c n a  a  [ / j - o r p a in in e n  n  ß  [ g j -o r p a n a n e i i ,  to  a o ß  bbabctcb [ f  o g ] -  

orpaHHHeHHbiM . n o3T O M y cneA yK )m ,ee on peA C JieH ne uM eeT  cmwca.

O n p e A e j i e H H e  12. Chmboam TI{uj) o 6 o 3 H a n a M  m h o j k c c t e o  B c e x  aBTOMopc])H3MOB a  h3 

T i  TaKHX, HTO OHH [/j-orpaHaneHbi A^m neKOTopbix f  G oj.

H a  caMOM a c jic  Tí(lü) BBnaeTCH n o A r p y im o ft  r p y n n b i  Ti. M b i HMeeM

IIpeAAO>KeHHe 42. Ccmcmctbo {Ti(ui) \ uj G fi* } cocxaBABeT noApeiueTxy pemeTKH 

noArpynn rpynnbi Ti. Bonee Toro, OHa H30M0p4>aa peineTxe fi*.

B nacTHOCTH, p em eT K a  {Ti(u>) | uj G fi*} HNieer Bce CBoñcraa, KOTopbie Mbi A 0K a3ajin  

b Teopene 1.

Ceftnac mm a^ahm onncam ie rpynnbi A ut n nexoTopbix ee HopMajibHbix noArpynn. 

IlycTb Ara — Foa/Fß. CBOÖOAHan aßeneßa rpynna cu cth oto  paHra a nycTb \  '■ A ut Fx  -3  

A ut Aça roMOMopc})H3M aiiAynapoBan ecTecTBeHHbiM oToöpaaceHaeM x  '■ -̂ oo —► Aoo- Hapo  

A  OTo6pa>KCHiiB x  cocTOHT H3 /A-aBTOMopc})H3MOB rpynnbi A ut F a-  K ax noxa3aHO b [68] 
n [127], x  3naMopcj>H3M. Mbi HcnoAb3yeM H3BecTHbiñ H30M0pcjni3M rpynnbi Aut A«, a 

GLr(oo, Z). Mbi He 6yAeM pa3AaaaTb x ( f )  H cooTBCTCByiouiyio eft Maxpauy' a3 GL(oo, Z).

Tenepb mojkcm onacaTb coBceM xopomee mhojkcctbo nopo>xAaioii;Hx p j m  A ut
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TeopeM a 2 5 . J l 1060ft aBTOMopc})H3M h3 A ut F ^  aBJiaerca cjio?xeHHeM HeKOToporo IA-  
aBTOMOp4>H3Ma H aBT0M0pc|>H3Ma H3 nO/U’p y illlb l nOpOJKAeHHOft HHHCHHMH TpeyrOJIbHBIMH 

H KOHeHHO CTOJlÖpOBblMH aBTOMOp4)H3MaMH, t. e. A ut F * , =  (T ~ ,/C )  • A.

XJoK03ameAbcmeo: Mbi CHanana AOxa>xeM, h to  A ut =  {x (7 ”“ ) ,x ( £ ) ) -  nycTb A  G 

GLr(oO,Z). 3 tO  3HaHHT, HTO B KaJKAOÖ CTpOKe MaTpHU,bI A  HaXOAHTCJl TOJIbKO KOHeHHOe 

hhcjio nenyjieBbix sjieMeHTOB. TaK KaK Z HBJisieTCH xojibpoM raaBHbix HAeajiOB, h3 o6pa- 

thm octh  A  cjieAyeT, u to  HAeaji nopoxiAemibtft ajicMeiiTaMH Jiio6oft cxpoxH A  paßeH Z. 3 t o  

3nauHT, u to  cymecTByeT ajieMeHTapnan 4>HHHTHaH Marpupa B \  raxan, h to  npoH3BeA6HHe 

A ■ B \  HMeeT tojibko oahh iienyjieBoft sjieMeirr b nepBoft crpoKe. AnajiorHHiio, cymecTBy- 

eT SjiCMeirrapnaH 4)HHHTHaH Marrpnu,a B2 Taxan, h to  npon3BeAcnHe A  ■ B\ ■ B2 HMeeT 

TOJibKO oahh nenyjieBoft sjicm cht bo B T o p o ñ  expone, KOTopbift pacnojio>KeH noA HyjieM 

b nepiioft CTpoKe. ripoAOJUKaH 3Ty npoupAypy Mbi nojiyHHM 6ecKOiieHHoe npoH3BeAeHHe 

A Bi)- 3 t o  npoH3BeA6HHe xoporno onpeAejieHO [72] Tax xax ahh Jiioöoro HaTypajib-
Horo k  h Jiio6oro HaTypajibHoro n > k  b khjxaom kohchhom npoH3BeAenHH A  ■ B \- • • B n 

nepBbie k  ctojiôam  OAHHaKOBbie h ohh He H3MemnoTC5i b npoH3BeA6HHH A  ■ B \  ■ ■ ■ B n.

3 t o  3iiaHHT, h to  Marpupa A ■ ( n ^ i  B{)  h mojkgt 6biTb npeo6pa30BaHHaH yMHOJKenneM 

na noAXOAHiuyiocH nepecTaHOBKy b hhjkhc TpeyrojibHyio MaTpupy T ,  6ojiee tohho: A  ■

( n ~ i  Bi) • P  =  T .  Tax xax ( U Z ,  B 0 " 1 =  U Z i  B r 1, ™  A  =  T - P t - (E I^ i Ą ' 1)- Kpowe
TOTO, H 3 KOHCTpyXHHH CJieAyeT, HTO n S l  B f 1 e  X W  H P ł G x(p)>  TeM CaMbIM A u t A  CO =  

( x ( T - ), x ( ^ ) ) -  Ho Tax xax A  hbjihctch haPOm  o i’o6pa>xeHHJi x , OTcioAa, BBHAy cboöctb 

npoo6pa3a aBTOMop4>H3Ma x> riojiynaeM Harny TeopeMy. □

H a  caMOM fl,ene, H3 A0xa3aTeJibCTBa cjieAyeT cjieAyiom asi H H T epecnaH

IIpeA JioH ceH H e 4 3. rp y n n a  G L r (oo, Z) nopo>xAaeTCii mhojkcctbom  Bcex HHJxne Tpe- 

y ro jib iib ix  MaTpHA h  CTpnnroB.

HHTepecHbiM HBjiaeTCH Bonpoc o o6o6ii;chhh pe3yjibxaT0B h m ctoaob paöor [100] -  

[103] Ha cjiynaft rpynnbi A ut F » .

Otm cthm , hto TeopeMy 43 mojkho AoxaaaTb h cjieAyx>iii,HM oöpa30M: CyoH Aoxa3aji 

(cMOTpn [68]), hto rp ynna A ut A x  nopojxAaeTCH TpeyrojibHbiMH aBTOMop4>H3MaMH, 60- 

jiee tohho tohho, TpeyrojibHbiMH no OTHoinemno x 6a3HcaM coctohujhm h3 oahoix» cjuix- 

cupoBaHHoro MHo>xecTBa, ho bo3mojkho no paanoMy ynopHAoneHHbiM. T ax  xax jno6oe 

ynop«AOHeuHe cooTBeTCByeT noACTanoBOHHOMy aBTOMop4>H3My, KOTopbift HBJinercH npo- 

H3BeACHiieM CTpHHroB [155], nojiynaeM  Hainy TeopeMy.

C hmbojiom  JnnFco o6o3iiaHHM noArpynny Bcex BHyrpeHHHX aBT0M0pc])H3M0B rpynnbi

Foo.

IlpeAJio>KeHHe 4 4 . a) Vpynna fC coAep>xHT 77;

b) rp y n n a  C0Aep>XHT InnF,'x .
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ß,OK03ameJi^cmeo: a) HHAyKH,neft no HHCJiy CTpnnrou mo>k6m AOKasaTb, h to  b jiioöom 

KonennoM npon3Bc;;cHHH CTpHHroB a  Jiioöaa nopo>KĄaioin,aH x t mojkct iiohbmtch tojibko  

b KOHenHOM 'iHCJie cjioB a(a;¿). KpoMe Toro, ;no6oft CTpimr npnna^iOKUT AC, n nooxoMy
H C  IC.

b) I ly c T b  a  e  In n F tx ,.  T o r^ a  a a h  H e n o T o p o ro  g 6  A u t  F rJ0 mm hmcgm a ( x )  =  g~l xg. 

I ly c T b  n  MHHHMajibHoe HHCjio TaKoe, h to  g £  ( x i , . . . ,  x n ). M b i onp ąąejm eM  A B a  aBTOMop- 

<bn3Ma:

c*i(zi) =  9 ~xx \g ,  . . a i ( x n) =  g ~ lx ng , an(xk) =  x k a m  ßcex k >  n, 

a 2(x i)  = x u  . . a 2 {xn) =  x n, a 2 (x k) =  g~ xx kg  ajih scex  k  >  n.
JIcho, HTO » i  £ H ,  a 2 € T~  u a  = a i o a 2, O T K y A a  c j i e A y e T  name n p e A .;io > K e n n e .  Otm cthm , 
h to  a  a 2 o a j . D

IlycTb Q ^Xi) =  Xi, a 3(x2) =  x 2 n a-íih bccx i >  2 nycTb 0:3(23) =  [ x i ,x 2]xi. Mo>Kiia 

npoBepHTb, h to  oxo6pa>KeHHe a 3 hbjihctch IA-aBTOMop<J)H3MOM, KOTopbirt He ripnnaAJie- 

>KHT AC.

Hnnce Mbi noKa3biBaeM AHarpaMMy bkhhdhchhK A-na noArpyim A u t  F œ  paccMaxpHBa- 

eMbix b 3TOM naparpacjje.
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IÎ3 cBoñcTB anHMopcJ)H3Ma X  h pæyjibxaxoB [60] h [83] BbiTeKaeT onncanne HeKOTopbix 
HopMajibHbix noflrpynn rpynnbi Aut Fœ .

n p e , i ; j i o > K e n n e  45. F p y n n a  Aut c o f le p n c H T  /p sa  c u e r n b ic  c e M e f t c x B a  i io / p ’p y n n :  o / p iy  

c o c T O H iu y io  H3 M a K C H M a j ib H b ix  H o p M a j ib H b ix  n p ą r p y n n  h  B x o p y x ) ,  c o A e p jx a in y x )  u o p M a n b -  

H b ie  i ic c p a B H H M b ie  n o ^ r p y n n b i.

floKa3 ameAbcmeo: T a x  x a x  o x o 6pa> K e n n e  x  u b j ih c x c h  3nH M opc])H 3M OM , n p o o ô p a a b i M a x -  

C H M a j ib H b ix  h  H o p M a j ib H b ix  n o / j r p y n n  r p y n n b i  Aut n p n  o x o ö p a n c e n n n  x  hbjihioxch 
M a x c H M a j ib H b iM H  h  H o p M a jib H b iM H  n o ,ą r p y n n a M H  r p y n n b i  Aut F x -  T e n e p b ,  n e p B a a  u a c x b  

T e o p e M b i B b iT e x a e T  h 3  c jie A C T B i-m  0 .7  p a 6o T b i [60], a  B x o p a n  H3  [83] (c .M o x p n  T e o p e M y  7 .3  

h  p a c c y > K A e n M 5i  n o c j ie  e e  A 0 x a 3 a x e j ib C X B a ) . □

Tenepb m u  paccMOxpnM HexoTopbie oxHocnxejibHO c b o ô o a h b i c  rpynnw. Flycxb 07 m h o - 

roo6pa3ne rpynn h  nycTb V cooxBexcByx)in,aH eti BepôajibHaa noflrpynna, a F „ / V  oxno- 

CHTejibHO CBo6o;;naH rpynna MHoroo6pa3HH 07 eu ex h  oro paHra co c b o ô o a h h m h  nopo>x- 

AaïoipHMH j/i, ?/2) • • • [140]. EcxecxBeHHbiñ roMOMopc[)H3M Fço —> F00/V  HH/iyipipyeT roMO- 
MOp4>H3M

Xo : AutFoo - 4  A ut(F00/V),

xoToporo HApo Mbi o6o3na>itiM chmbojiom Ay- IlycTb 21, 2l„ n 91c o6o3naHaiox Miiorooôpa- 
3H5i: aöejießbix rpynn, aôeneBbix rpynn axcrioneiixbi n n HHJibnoxeHXHbix rpynn xjiacca c, 
cooxBexcBeHHO. CjieAyioiuaa xeopena pe3K)Mnpyex pæyjibxaxbi o ciop'bcxxHBHOCxn oxo6- 
pa>xeHHH x<a nonyueiinhie mhofhmh aBxopaMn:

IIpeAJiojKeHHe 4 6 . Tomomop<J)H3m X v '■ A ut Fœ  —> A utiF oo/V ) ciopx>exxnBeH b  k e o k a o m  

H3 cjieAyioii/Hx cjiyuaeB:

(1) Fxj/V HiijibnoxeHXHO (cMOxpn [59]);

(2) 07 =  OlfcOÍ;, RJiíi Hexoxopbix naxypajibubix uncen k  n I (see [57]);

(3) 2121 Ç 07 Ç  91c2l pjisi Hexoxoporo HaxypanbHoro c (cMOxpn [58], xeopema 
2).

rioACxaBJiHH b  onpenejiennHx noArpynn T +, T _, fC n H, nopo>xAaioni,He BMecxo 
nopojxAax>mnx x, nonyuaeM nx ananorn b  07, xoxopbie o6o3nauaeM 7¡¿", 7[¿~, /C<¡j n H<x,
COOXBeXCBeHHO.

Fb ciopbexxHBHocxn oxo6pa>xeHj«i x<n cneflyex, uxo pe3yjibxaxbi npeAbiAymnx cexujiñ 
BepHbi xcuxe fljin MHoroo6pa3nfł oxMeuenirbix b  npe/yionceHHH 46.
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rtpe/yicoK eH H e 4 7 . Ecjih 93 jiioöoe MHoroo6pa3ne h3 upcyiAOJKeiniH 46, to

a) « ^ 2 ( 7 ? , 5);

b) AutíFoo/V) — (Tÿ,ICço) ■ A<s\

c) Fpynna /C<g co;;ep>KHT H y;

d) Tpynna {T^,H gj} coAep>KHT Inn(F 00/ V) .

§ 18. A b t o m o p4>H3m w  KopHeBoro flepeB a cuexH oñ BaAeiixnocxH

Kjiacc rpynn aBT0M0pcj)H3M0B jiOKajiHO KOHeHHbix KopueBbix AepeBbeii b noc;ie;piee 

BpeMH ripHBJieKJI BHHMaHHe MHOrHX MaTe.MaTHKOB. 3tOT KJiaCC COACp>KHT Ba>KHbie KOHTp- 

npHMepbi K neorpaHHHeHHOfi npoÖJieMe BepHcafiAa [1] h KoiiTpiipiiMepbi k npoöJiCMe M ha- 

Hopa [16] 0 noArpynnax upoMOKyxouHoro pocxa. C APyroft cxoponbi, nx ecTecTBennoe 

o6o6ihciihc, rpyrma aBTOMopcJuoMOB KopneBoro ^epeBa cmctiioíí BajienTHOCTH, hccacao- 

BaHa cjiaGo [163], [138]. B ashhom  naparpacjie Mbi iiccjie^yeM no;;rpynnbi axoii rpynnbi. 
OnncbiBaeM ab a ceMefiCTBa noArpynn BbiAeJieiiHbie poCTaMH (Kjiacca.MH HaTypaAbH03naH- 

Hbix cJjyHKAHíí iia;i N ) .  öphboahm  ocHOBHbie CBOficxBa s th x  no;;rpynri. Pe3yAbxaxbi s to to  

naparpacj)a oiiyÖJiHKOBaubi b paöoxe aBTopa [14].

I ly c T b  T (n) p e r y j ia p n o e  AcpeBO  c u e x H o ft BajieHTHOCTH c  K opucM . M h o j k c c t b o  BepuiH H  

rp a cj)a  m o>kho npeACTaBHTb x a x  MHO>KecTBO k o h c h h b ix  nocjiC A O B axejib iiocT eH  

(K o p x o K e ft )  n a T y p a jib H b ix  n u c e j i  N . I ly c T a ii  n  o c a  e a o  b a x e a  h h o  CTb o iip e A e A A e x  x o p e n b  

o 6 o 3 H a n a eM b iñ  c h m b o a o m  x q . B e p im u ty  o6o3H auae.M  x,-, h a h  n p n  n o M o m n  K opxe>K a 

( ¿ i , . . .  ,¿fc).  / Í B e  B epniH H bi rpacj^a coeA H H eH bi ecA H  h x  a a h h b i  k a k  nocAeAO BaxeAbH O CTeñ  

OTAHHaioxcH n a  1 b T (N) h  6 o A e e  k o p o t k h í í  n o A y M a ex ca  h 3  a a h h h o t o  B biH cpK H B ann- 

e w  n o cA eA H er o  3A eM enT a. T a x n M  o 6 p a 3 0 M  x<¡, iiM eex  c u e T n o e  k o a h m c c tb o  c o c c a o b  b h -  

A a  X i,x2,X3, . . B ee A P y r n e  B epuiH H bi coeA H H eH bi c  o a h o K  B e p m im o ft  6 o A e e  K o p o x x o ft  

H CHCTHbIM MHOJKeCTBOM ÓOAee AAHHHbIX BepiHHH.

MHOHCeCXBO ABAACTCH AH3’bIOHKXHbLM OÖXCAHHeHHeM CBOHX HOAMHO/KGCTB ypOB- 

Heft L(k),  KOTopbie cocTaBAeHbi h3 Bcex KopToxeii aahhbi k, k  >  0, xai<nM o6pa30M

00

T (n) =  [ j L ( f c ) .
k=0

Ha MHOJKecTBe BepiHHH mohoio onpeAeAHTb KOMÖHHaTopnoe paccxoHnne, paBnoe uHCAy 

pe6ep b KpaTHañmeM nyTH, coeAHHHiomeM Ape BepuiHHbi. TorAa ypoBenb L (k)  ab aactca  

ccjiepoñ c paAHycoM k  h peuxpoM b x $.

ToBopuM, h to  BepniHHa y  a o k h t  HHX<e BepiroiHbi x, ecAH nyTb cocahhhioiiihîî y  c 
KopHeM npoxoAHT uepc3 x. JXna a 1060ft BepuiHHbi x  € T-N\  chmboaom 7 ÍW> o6o3HauHM
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n o ; m e p e i3 0  A e p c B a  p a c r a n y  t o c  H a  B c e x  B e p u iH H a x  HaHHHaiomroccH c  x .  O h o  c o c t o h t  

H 3 B c e x  BepniH H  j ie m a m ,H x  h h jk c  x . H w e e M  KaHOHnnecKHÄ h 3 om op 4> h 3m

St  : r (N) - ł  7 ^n),

KOTopbift nepeBO flH T B e p u iH n y  y  b B e p m n n y  x y  n o j iy n e im y io  K o n K a T en a p n eft n o c j ią ą o B a -  

T C J ib u o creñ  x  h  y .

Abtomop4)H3mom K o p n e B o r o  A e p e B a  n a a b iB a e iC H  n e p e c T a n o B K a  M H O xœ cT B a  B e p u iH H , 

o c T a B j iH io ip a a  n a  M e c ie  K o p e n b  h c o x p a im io ip a i i  O T u o u ie H H e  h hp h ach th octh  B e p n iH H . 3 t o  

3H aH H T , HTO jn o ö o f t  aBTOMop<J)H3M  T A e p e B a  r (N) o c T a B J in e T  H a  M e c ie  K o p e n b  Ig h o n p e ^ e -  

J in e T  n e p e c T a H O B K y  n o A ą e p e B b e B  7^N\  7^N\  . . . .  H a  ca M O M  ;;e j ie ,  ajih ; n o 6o r o  x  G

L{k), k >  1, aBTO M opcJ)H 3M  t  o n p e A e jr a e T  io > K e  n e p e c ia H O B K y  r x , B c e x  n o ^ a e p e B b e B  7^N\  
r f l f i  i  G  N . Ecjih B e p u iH H e  x  o T B e n a e T  K o p ie x c  (¿ 1 , . . . ,  i k ) , t o  eë  o 6p a 3y  t ( x )  n o #  achctbh- 

eM  aB TO M op4> H 3M a r  O T B e n a e T  K o p ie > K  r ( ( t i , . . . , i* ) )  =  (10 (^1 ), ^ ( ¿ 2) , . . . ,  Ti l _,.ik _ 1( ik ) ) -  

Æjih c j io jK e H H H  A c y x  a B io M o p c | ) i i3M OB n o j iy n a e M  ( J jo p M y j iy

(cr o t ) ( ( í u  . . . ,  î fc)) =  cr (r((¿ i,. . . ,  i k )).

C h m b o jio m  G =  A u t { T ^ )  o 6o 3H a n H M  r p y n n y  B c e x  a B T O M o p 4 >H3M OB ^ e p e B a  T ( N ) .  

C i a 6H JiH 3a T o p o M  B e p u iH H b i x  H a 3b iB aeT C H  n o A r p y n n a  S t c { x )  =  { g  G  G : g ( x )  =  x } .  

C ia 6 H J iH 3 a T o p o M  k - T o r o  y p o B i ia  S t ß ( k ) ,  H a3W B aeTC H  n e p e c e n e n H e  B c e x  c r a ß m u r a a T o p o B  

B e p n iH H  3 T o r o  y p o B H H . O j ie M e H T a p i ib ie  C B O ft c iB a  C T a Ö H j ir o a T o p o B  o n w c b iB a e i  c j ie j iy io in H Í i,

oneBH Â H biË p e 3 y j ib T a i [17].

npeAJioHceHwe 48. C ia 6 H j iH 3 a io p  ypoBiia S tc (k ) -  HopMajibuan no^rpynua b G. ne- 
peceneime H^Lo ^ ( n ) “  TpuBHajibHaa rpynna.

Tenepb m m  onpe,n,ejiHM ąbsl ceMeñciBa aBTOMop4)H3MOB KopHeBoro ^epeBa c h c t h o ë  

BajieHTHOCTH cBH3antibie c pocTaMH HaiypajibH03HaHHbix <])yHKu,HË onHcaHHbiMH b napa- 

rpacjie 4.

A .  A e m o M o p 4 > u 3 M U  ko h ch h o zo  m u n a .

M bI rOBOpHM, HTO (JjyHKpHH /  JIBJliteTCH f i n — OrpaHHHeHHeM AJI a  aBTOMOp4>H3Ma t  G

A u t T (N) , ecjiH T0( n )  =  r0_ 1( n )  =  n  pjin  Bcex n  >  / (  1 ) ,  h   ik(n)  =  ik(n) = n

A jih  Bcex n  >  f ( k  + 1 ) . E c j ih  h o c h t c j ib  noAcraHOBKH r ¡ ,  ik öecK O H eneH , to b o p h m , h t o

n o A C T a H O B K a  7"^ ...^  o rp a H H n e H a  n e p e 3  f ( k  +  1) =  00 .

E c j i h  aB T 0M 0p (J)H 3M b I ( TUT  HBJIHIOTCH f  ÎTi—O T p aH H H e H H b lM H  cJjyHK IJH H M H  f , g  T a K H - 

M H , HTO f ( n )  +  n ,  g ( n )  4 - n  G  u ,  t o  c n o x c e H n e  a  o  r  h b j ih c t c h  aB TO M opc j)H 3M O M  T o xce  

f i n — o rp a H H H e H H M M  n e p e 3 n e K O io p y io  ( [ jy n K ip n o  h  l a x y i o ,  h t o  h ( n )  +  n  G  w . T a x H M

118



o6pa30M, ;viH  Jiioöoro pocra w Mbi mo>kcm onpe/icjnrrb noArpynny b rpynne A u t c jie - 

Ayiom,HM oöpaaoM. OöosiiaunM uepæ G /¿„(w ), mhojkcctbo Bcex r  £  A ut x a ia ix , uto 

Bce no/iCTaHOBKH t x f i n —orpaHHueHbi hckotopmmh cjjyHKAHHMH / ,  f (n )  +  n £  w. Jlerxo 

BH/̂ eTb, uto 3TO b //eñcTBHTCjibHOCTH noArpynna rpynnbi bccx aBTOMopcjuoMOB AepeBa. 

OueBn/^HO, uto A u t T (N) =  Gfin(ujoo). KpoMe to to , HauMeHbiuau noArpynna onpe/i,e- 

jië iiH a ji pocTOM G /t,i(wo) co/i,ep>KWT noArpynnbi H30M0pcJ>Hbie rpyuriaM  aBTOMOp4>H3MOB 

A u t T {d) KopHeBbix d-apubix //epcBbCB (noKajibiio Koueuiibix) pjia  Bcex d >  2. H a caMOM 

Aejie, HMeercH paBencTBo

U ^ 2 A u t r (d) =  G / i n (cu0)

H3 paccy>K/;eHHft paöoxbi [13] BbrrexaeT cjieAyiomnö pesyjibxaT.

I lp e f lJ io J K e H H e  4 9 . PeuieTKa n o A r p y n n  { G / t n ( w ) } w 6 n* H30Mop4>na pcmeTKe pocTO B Q *.

H c h o , u t o  jnoöaa n o A r p y n n a  G  o c x a B j iH e x  c c j j e p u  ( y p o B i m )  A e p e ß a  U H B a p n a i r n ib iM H  

n  BCH r p y n n a  G  c c f ie p n u e c K H  T p a n s u T i i B u a ,  t . e. A e n c T B y e x  T p a i m m i B H o  n a  c < £> epax . Ha 

caM O M  A e j ie  B e p e n  ö o n e e  o ö u / h ü  p e 3 y j ib T a T .

IlpeAJiojKeHHe 5 0 . J f n n  jiioöoro pocTa ui rpynna G fin(uj) cc^epnuecKH TpaH3HTHBHa.

JfoKaaameJibcmeo. H a caMOM /;ene, /ipcra-ronno //OKaaaTb npeAJioJKenne /ym  rpynnbi 

G finido)- ßBH/iy paBeHCTBa G /in(w0) =  U¿ ° 2 A ut , a a «  jhoömx Aßyx BepinnH x , y  £  
L(k) ,  rpß X =  (¿i , . . . ,  i k ) , y  =  { j i ,  ■ ■ ■ , j k )> aBTOMopc[)H3M a  Taxofi, uto a(x) =  y  mojkho 

nañTH y>Ke b noArpynne A u t T^d\  vpß d h b jih jictch  MaKCHMaAbHbiM H3 uncen i'i, . . . ,  ik, 

j u  • • •, j k  • □

M b l rOBOpHM, UTO aBT0M0p<t>H3M T  HBJIHeTCH 3UeM eHTapHOß H H BO /nonneH , eCJIH ĄJTfl 

B c e x  X  £  noA C TanoB K a r x  h b j ih c t c h  ajiCM CHTapnoft in iB O J iio n n eñ , t .  e . b p a a /io n c e H n n  

H a ne3aBHCHM bie a h k j i h ,  B ce  u nK jib i h m c io t  b h a  ( i ,  i  +  1 ) .

I I p e A J io jK e H H e  5 1 . F p y n n a  G / ln (<^o) n op oJK A aeT cn  BjieM CiiTapiibiM H h h b o j iio u h h m h .

f f o K 0 3 a m e A b c m e o .  E c j ih  r  r ip u n a A n o K U T  G /¿ n (w o ), t o  c y rp e c T B y e T  n a T y p a j i b n o e  u n c j i o  d 
T aK o e , u t o  j n o ö a n  noACTaHOBKa T il t ...iik yA O B JiCTBopH ex ycjiO B H io: Ti u _„iik ( n )  =  n  f l / in  B c e x  

n  >  d. T a x H M  o ö p a 3 0 M , m o jk h o  e ë  p a c c M a rr p n B a T b  K a n  noA CTaH O B K y M H O xcecTBa H3 d 
sjieM eiiT O B , m i n  s j ie w e i iT  C H M M eT p n u ecK o ö  r p y n n b i  S(d).  H 3 B e c T iio , u t o  S(d)  iiM eeT  m h o -  

» e c T B O  n o p o jK A a io iA H x , K O T opoe c o c r a B J u n o T  T p a H c n o 3 H u n n  ( 1 , 2 ) ,  ( 2 , 3 ) , . . . ,  ( d  — 1 , d), 
OHH HBJIHIOTCH 3JieM eH T apiIbIM H  HHBOJIIOU,HÍIMH. JIlO Ö oK  SJieM eH T H3 S(d)  HBJIHeTCH n p O - 

H3BeACHneM  H e ö o j ie e  u eM  g(d) T a x n x  T p a H c n o 3 n u ;H ö , rA e  g{d) 3 a B n c n T  t o j i b k o  o t  u n c j i a  

d. Ho T o rA a  jn o ö o f t  aB T O M op4ui3M  r  H3 G /¿ n (cuo) h b j i h c t c h  n p o H 3 B e A eH n eM  H e ö o n e e  u eM  

g{d) ajieM C H T ap H b ix  h h b o j i i o a h ë .  □

B .  AemoM op<ßu3M u SecK onennozo m u n a .
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Mbi roBopHM, hto noACTaHOBKa n  £  N  orpanunena c^yHKnneft /  £  fit») ecjiH ajih Bcex 

HHceji n mbi HMeeM 7r(n),7r_1(n) <  / (n ) .  3 to oiipeAejienne orpaHHHemiocTH noACTaHOBKH 

cymecTBeimo OTjranaeTCH ot / m —orpaiiHHCHHOCTH. OrpâHHHeHHan noACTaHOBKa mo>kct 

HMeTb ÖeCKOHCHHblil HOCHTejIb.

Mbl rOBOpHM, HTO cjjyHKUHSi /  £  fi* OrpaHHHHBæT aBTOMOpcJ)H3M T €  A ut ecjiH 

T ÿ( n ) , T ÿ l (n)  <  f ( n )  a a h  bccx iiaTypajibHbix nucen n  h

T*1.-.ijb(n )»Ti7,!..,**(n ) ^  / ( n )

AJïh B c e x  n a T y p a j ib H b ix  u n c e n  n.
Hcho, h to  noA CTaH O B K a n  o r p a m iH C n a  c j)y n K n ,n e ñ  f  G ojq T o rA a  h TOJibKO TOTAa, 

K o rA a  c y m e c T B y c T  d T a x o e ,  h to  a a h  bccx n  M bi HM eeM  |7 r (n )  — n |  <  d. K p o M e  to to ,  
ec jiH  aB TO M opc|)H 3M bi a  u  r  o rp a iiH H C H b i cfiy n K ip u iM H  / ,  g £  ui co oT B eT C T B eH iio , t o  er o r  

o rp a H H H e H a  n eK O T o p o ft cfiynK U H efi h  £  ui. 3 t o  n o 3 B o n n e T  HaM  o n p e A e n H T b  a a «  n i o ö o r o  

p o c T a  u> n o A r p y n n y  r p y n n b i  A ut c jie ^ jy io m u M  o ö p a a o M

G (to) = { t  £  A ut 7”(N* : r  orpairanena neKOTopoH /  £  w}

OneBHAHO, h to  A ut T (N) =  G(woo)- 

r ip e A -H o > K e H H e  5 2 . P e m e T K a  n o A r p y n n  {G (w )}UJ6n* rooMopcJnia p e m e T K e  pocTOB f i* .

Hac H H T e p e c y e T  rpynna G(u>0). 

npeAHO>KCHHe 5 3 . rp yn n a  G(wo) nopoxíAaeTCH BceMH sjicMeiiTaMH r  tukhmh, h to  t x

HBJIHCTCH SJieMeHTapiIOH HHBOJHOU,Heń A-ra Bcex X  £  L (  1).

/ĘoKaaamejibcmeo. I-fe T eopeM b i 7 p a ö o T b i [13] cn eA y eT , h t o  j i io ó a a  noACTaHOBKa a  £  

Sym(N) HBjineTCH c tp h h to m  s  h a h  npoHBeACHHeM  ppyx  c t p h h t o b  Si • s 2 . K p o M e t o t o ,  

e o n u  a  £  S (u j) ,  t o  s , s i , s 2 €  S(u i) .  H a n o M in iM , h t o  noACTaHOBKa Ha3biBaeTCH c tp h h to m , 

eCJIH B eCTeCTBeHHOM MaTpHHHOM npeACTaBJICHHH OHa HBJIHCTCH ÖjIOHHO-AHarOHajIbHOÖ 

M aTpH ąeft c  KOHeHHbiMH ÖJiOKaMH H a A n a ro n a jiH . IIpeAnojioncHM , h t o  o  £  S (u i0). T o r A a  

p a 3 M ep b i Bcex öaokob C TpnH ra s (h jih  crp H H roB  S i , s 2) orp aH H H eu b i hhcjiom  d. T e n e p b  

p a c c y a c A a H  aH an orn u H O , KaK b A 0K a3a'rejibC T B e npeA noxeeH H H  51 n o n y u a e M  T p eóyeM b ift  

periyjibT aT. □

EIpeAJiołKeHHe 5 4 . ^ jih  n i o ö o r o  p o c T a  w rpynna G(uj) HMeeT TpHBHanbHbiił n e i n ’p  h  

JHOÖOfl e ë  aBTOMOpcJlH3M HBJIHeTCH BHyTpeHHHM.

¿JoKOjamejibcmeo. üycTb g  HerpHBHajibHbiñ sneMeitT h3 G(u>). TorAa cymecTByeT x  £  T N 
TaKoft, hto  g(x)  ^  x. Ho TorAa mokcm hböth h  ira St(x)  TaKOft, hto h(g(x)) ±  9ÍX)- TorAa 

h  o g(x)  jé g(x) =  g o h(x), sto  noKa3bmaeT, hto pewrp TpiiBHajieH.
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I ly c T b  ó  £ Aut(G(oj)). T o r ^ a  cy m ,ec i'B y eT  k TaKOe, ’n o  <fi C T a6n jiH 3n pyeT  ypoBH H  

L(l), L (2),. . . ,  L(k) h n e  CTa6HJiH3HpyeT ypoBH H  L(k +  1). 3 to  3HaHHT, hto ajih B c e x  

x  £  L(k) HMeeM <p(x) = x, u cymecTByeT y  £  L(k + 1) TaKOft, hto 4>(y) ^  y .  nycTb 
xo n p e;j,m ecT B yeT  B e p m H n e y, a  { 2/ 1 , 1/2, ■ ■ •}  s c e  C A C A yiom ne BepniH H bi 3 a  B epu iH H oń  x0 b 

A c p e B e  (H a k +  1-tom y p o B H e ). T ai< KaK r p y n n a  S t(xo) xpaH3HTHBHO ^ ,e ftcx B y ex  H a mho- 
>KecTBe BepuiH H  i / i ,  2/2 , • • •, OTOÓpajKeHHe <p nepeBO AH T c x a 6 H j in 3 a x o p  St(yi) b n eK O T op w ii 

cx a 6 H J iH 3 a x o p  St(yj). 06o3H aH H M  n e p e 3  (j) oTo6pa>K eH H e MHOJKecTBa BepuiH H  {yl: 2/2 , • • •} 
b c e 6 a  3 a A a in io e  ycAOBHeM 4>(yi) =  xjj ccjih (j>(St(yi)) =  St(yj). O r o ó p a a o e n i ie  <j> hbahctch 
aBTOMOpcj)H3MOM, TaK KaK OHO HBAHeTCH nOACTaHOBKO# COOTBCTCByiOIHHX ITO/J/iCpOBbeB. 

M3 ccJ)epHHecKoii TpaH3HTHBH0CTH G(ui) cnepyer, hto A-'!« jho6oi'o a  £ G(ij) H X £ TN, 
Mbi HMeeM aS t(x)a~ l =  St(a(x)). 3 t o  3naHHT, h t o  aah y £  { 2/ 1 , 2/2, • • •} MbI hmccm 

cj>(St(a(y)) = St(<j>(a(y)). C APyroft CTopoHbi ^ ( a S t ^ a -1  =  <f>(a)</>(St(y))<f>(a~l ) =  
St(<f>(a)4>(y)). OTcioAa cjie/i '̂ex, h t o  <fr(a) =  □

§ 19. IIpHMeHeHHsi k anreópaM

P e 3 y j ib T a T b i n a c T O J iiu c ro  n a p a r p a c jm  o n y Ó A H K O H b i b  [12], [14]. B H a cT O H ip e M  n a p a r p a -  

4>e M b i 6yn ,eM  p a c c M a T p u B a T b  TO AbKO  K O M M yT a T H B H b ie  K O A b p a  R.
BccKonennaH N  x  N MaTpupa a Ha3biBaeTCH CTporo BepxHexpcyrojibHoft, ecjni a y  =  

0 A-113 Bcex i  >  j .  Mno>KecTBO Bcex CTporo BepxHexpeyroAbHbix MaxpnU U T ( 00, R)  

HBAHercH accopHaTHBHOtt R —aAre6poił c o6biHHbiM cjioHoeniieM h yMitoKenHeM. riycTb 

UTr(oo, R )  o6o3HanaeT ee noAajireópy KOHeHHO-cxpoHHbix MaTpnp. AHajiorHHno cjiynaio 

rpynnbi bboahm rioiijm ie CTpHHra.

F o B o p i iM ,  h t o  a £  U T (00, R) H B J iaeT C H  c m p u m - M a m p u y e i l , h j ih  n p o c T O  c m p u m o M e c -  

a h  c y m ,e cT B y e T  S e c K o n e n n a H  H O CAeAO BaTCAbH O CTb  { n i}  n a T y p a j ib H b ix  h h c c a  T a K a a ,  h t o  

a  £  Y \ ^ i k i T ( n i , R ) .  3 H aH H T , a h b a h c t c h  o 6 b iH i io i i  6 j io H H O - A H a ro i ia j ib n o f i  B e p x H e T p e -  

y r o A b n o f i  M a T p m /e f t  c  n y A H M H  H a  n n a B H o ft A w a r o n a j in .

IIpeflAOHceHHe 55. AAreGpa U%(oo, R) nopox<A aeTC H  CTpHHraMH.

JLJoKd3ameAbcmeo. E c a h  a £ UTr(oo, R), t o  e + a £  U T r (o o , R). I l o  npeA A O > K eH H io  Mbi 

MO>KeM npeAcxaBHTb e+a KaK npoH3BCAenne AByx c t p h h t o b  e+a — (e+b)(e+c). OxcioAa 

a =  b + c + bc, T A e  6, c  -  c t p h h t h ,  h  U T ( c o , R) nopo> K AaeT C H  K a K  a A r e 6 p a  c r p H H r a M H .D

E cah  a KBaBHAHaronaAbna, t o  a =  b +  c +  bc, rpp b,c -  Tonce KBa3HAHaroHajibHbie 

CTpHHTH. JIio6oft KBa3HAHaroHaAbHbiil CTpHHr HHAbnoTeHTeH, OTCiOAa noAynaeM TaKoe 

yTBepjK AeHH e.

121



IIpe,n,jic»KeHne 56 . AjireGpa UTb{oo, R)  nopoxcAaexcíi inuibnoTeiiTiibiMH ajieMeHTâMH.

Heno, hto B ajircópc U T { c o ,  R),  TOx<e mo>kho onpąąeAHTb noAajireöpbi UT{u>) cbh- 
3anHbie c pocTâMH. ÄJisi HHX BepHbi aiiajiorHBUbie pe3yjibTaTbi KaK h b cnynae rpynn. 
Ao K a3 axe JT b CT b a xpeöyiox jinnib Heöojibiunx H3MencnnH.

Hainn pesyjibxaxbi MoryT 6bixb o6o6meHbi h Ha cjiynaft ajireóp JTh ßecKOHennbix Tpe- 
yrojibHbix MaxpHU, c HyjiHMH Ha rjiaBHOft ;;naroHajiH. B nacTHOCTH, mo>kho onpe^cjiHTb 

ccMcñCTBO noAaAreôp CBSoaimbix c pocraMH anaiiornHHO accou,naTHBHOMy CJiynaio.

Kan Mbi OTMenajiH bo bbcäciihh, KajKAyio cncxHOMepiiyio ajireöpy HaA nojieM F  mo>k- 
ho Bjio>KHTb b / l rc(oo, F )  [88]. H a caMOM Aejie, mojkho BbicKa3aTb Aaxce 6ojiee TOHHoe 

yTBepjKAeHHe. n o  TeopeMe 4 naparpacjja 4 xaxyio ajireópy mojkho bjiohœ tb b A{l)i ,oj2) 
¡yin neKOTopbix HHTepecHO 6buio 6bi HaíSnra onncanne Tex ajireóp, KOTopbie no-
rpyxtaiOTCH b U % { oo, K ) .

C4)opMyjiHpycM Tenepb Ha h 3 bine pocTa b nojioce ocuoBHbie pe3yjibxaxbi [144], [97].

R jm  Ka>KAOíí kohchho nopox<AeHHOft acconHaxHBHoñ ajireôpbi A  HaA nojieM 
F  cyipecxByex m h h h m ajibuoe BcmecTBenHoe a  G [0,1] xaxoe, hto A  mojkho 

BJioxíHTb b A([n  +  nQ]). H a51 KaxcAoro a  G [0 ,1] cymecxByex kohchho nopoxc- 
Aennaíi ajireöpa A  xanaa, hto  A  mojkho B;io>i<irrb b A{[ti + n a}) h Hejib3H 

BJio>KHïb b  A{\n  +  n^]) Ana 0 <  ß  <  a.

K a >kAy 10 CHCTHOMepiiyio accou,naTHBHyio ajireöpy HaA nojieM mojkho bjiojkhtl 
b A{[n +  n]).

Tax xax  AOKasaTejibcxBO pjin ajireöp ne/ib3M, BOo6m,e roBopa, npjjMO npuMeHHTb 

K rpynnaM , cncAyioiAnñ pe3yjibxax npeACxaBjineTCH HHTepecHbiM.

C jie A C TB H e 9. Tpynny eAHHHu, CHeTHOMcpnoñ accopnaTHBHoii ajireöpbi HaA nojieM monc
ho Bjio>KHTb b G( [ n  +  n]). rpynnbi cahhhh, U{A)  KajKAOíí kohchho nopojKAenHoft 

accopHaTHBHoił ajireöpbi A  HaA nojieM F  cyipecTBycT nanMCiibuiee a  G [0,1] xaxoe, h to  

U (A)  MOJKHO BJIOJKHTb B G{[îl +  Tl“]) H HejIb3H BJIOJKHTb B G{[n +  Tl®]) fljiü ß  <  Cl.

X I p H M e p b i .  Ceilnac, m m  o n H in e M  M H o ra e  n p H M e p b i, K O T opb ie  j ic t k o  B K iiaA bm aioT C ii 

b  n p e A J io x íC H iiy io  naM H  c x e M y  n p H M en e iiH H  p o c T a  b  n o j io c e  a-tch K jiaccH cjjH K aijH ii yH H - 

B e p c a j ib i ib ix  a j i r e ö p .  H a pHcynoxe 4  3 b c3 a o h k h  o 6 o 3 n a H a io T  o ô j i a c x b ,  b  K o x o p o ii  p a c -  

n o jiO JK e iib i B ee  H e iiy jie B b ie  a j ie M e u x b i  M a x p u u , h3 co o T B eT C T B y io m eîi n o A a j i r e ö p b i  X c H3 
n a p a rp a < 4 > a  5. B cjiynae r p y n n  — B e e  H eH y jieB b ie  sacm chtm  BHe r j ia B H o ń  A n a ro H a jiH .
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X  (cĵ o , iOoo ) X  (co'o, ^oo )
PncynoK 4

a )  X ( tD o ,W o )  =  X ( ćjo) .  B c j i y n a e  K O Jie p  ( a a r e S p ,  a j i r e b p  J I h )  m m  n o j i y n a c M  K O Jib p o  

M ( o ) o )  (co o T B eT C T B e H H O , a j i r e G p y  A (u 3 o ) ,  a j i r e G p y  J Ih  L{Qq)) Bcex 6 e c K O i ie 'iH b ix  M a T p n p ,  y 
K O TO pbIX  TO JIbK O  K O H eH H O e K O JIH PeCTBO  H eH yjIC B bIX  BJieM CHTOB. K a JfC p O e  n p O M O K y T O H H O e

KOJibno M, M(w0) <  M  < Mc(oo,R), na3biBaeTCH KOJibpoM 6ecKoneHHbix MaTpnp (no 
noBopy SoraToń Teopnn TaKnx KOJiep c m . [41], [38], [63] h  copep/Kaipnecn TaM c c m j i k h ) .  B 
cjiynae rpynn  G(uio) H3BecTHa xax CTaÓHjibnan riojmaa jinnennaH rpynna GL(i?), BaJKHbift 
oó^eKT ajire6paH'iecKoii K -TeopnH ( c m . [133], [93]).

A;ire6pa J Ih  L (uj0) copep>KHT a(J)c|iHHHyio anreópy J Ih  6eccjiepoBbix MaTpnp 6ecKO- 
HeHHbix MaTpnp (ajire6pa Kapa—Mypn OTBenaioipan 6ecKoneHHofi acJjcjjHHHoft MaTpnpe

[114]).

b) AT(w0,Wo) =  X ( ujq). Kojibpo M ( u>q) HBjiiiercH HeperyjinpHbiM (b CMbicjie 4>oh Heił- 

Mana) kojibuom, Ka>KAbift opnocTopoHnuft ppean KOToporo nopojKpen npeMnoTeHTaMH

[166]. B cpynae anre6p JIh L(w0) hbjihctch ajireGpoii JIh Bcex MaTpnp, HMeioipHx nninb 

KoiieHHoe hhcjio iieHyjieBbix pnaronajieił, h CBH3aHa c penTpajibiibiMH pacmHpeHHHMH ac]> 

4>hhhhx ajireóp JIh Kapa— Mypn (b cjiynae rpynn — rpynn Kapa—Mypn) [114]. Fpynria 

G(uo) HBJineTCH naHMeiibineft nenpHBopHMott noprpynnofl b GLc(oo, R). Typupn [120] 

nocTaBHP Bonpoc, Bcerpa jth ajireGpy KonenHoń paoMepnocTH DejibcJjappa—KnpHJiPOBa 

MOJKHO BJIOJKHTb B A{oJq). YTBeppHTeJIbHblfi OTBCT Ha 3TOT BOnpOC CTaJI 6bl Hpe3BbI- 

naftno nojie3HbiM hHCTpy.MenTOM pjin pasannennn a/ireGp c GecKoneMnofi pa3MepHOCTbio 

repb4>aHpa—KHpHpnoBa.
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c) X (wo, Woo). Tpynna G(£D0, Woo) ii3BecTHa Kan rpynna BepuiHKa—KepoBa. Ona pac- 

CMOTpena B npnjio>KeHHH BepmHKa h KepoBa k pyccKOMy nepenoAy [113] (cm. TaioKe [180] 
no noBOAy paciim pennoñ Bepcnn axoro ripnjio>Ke!iiia). Apöapejuio, ¿(e K ohhhhh h Kan, 

[43] iraynann CBOñCTBa HeKOTopbix ee pcnxpajibHbix paciinipeiniM. PaöoTa [10] iiocBnipe- 
Ha n3yHeHHio ee CTpyKxypbi, xapaicrepoB n yHHTapHbix iipeACTaBjiciim'i, [102] coAep>KHT 

onncaHne napaßonnnecKux nonrpynn h paanoJKeHnn Bpioa b G ( w 0 , w^,). B  [43], xpoMe 

Toro, iipuBCACHbi HCKOTopbie pe3yjibTaTbi, oTiiociiupiecii k ajireöpe A (w o,woo)-

d) A(wo,Woo). Kojlbno A/(w0, Woo) CO^ep>KHT KOJIbpO 3im0M0pc])H3M0B KOJIbpa MHOrO- 

njienoB JIopaHa L. Ka>KAHii 3haomop4>H3M L  cooTBexcxByex Maxpiipe c nocxoHHHbiMH 

sjieMenTaMH na Ka>KAOíi AnaroHann (ahíi icancfloro c[)HKcnpoBaiinoro k a^h Bcex i , j  bm- 
noJiHHeTCH paBencTBO al i+  ̂ =  a.j¿+k.

Bo3MOJKHbie oöoöm eH H H . IIoHHTHe pocTa b nojioce Ann KonenHocxponnbix u kohch- 

hoctojiöuobmx öecKOnennbix Maxpnp na;; Z  ncnojib3yeT Te >i<e HAen, hto b cjiynae N, 

ho nyTb cjioxoiee. C kojkammh 4 pocTaMH mojkho CBJoaTb 16 noAanreöp. Ha pncynxe 5
M bl BHAHM no ABC B03M0JKH0CTH A^H KaAíflOÍl H3 ABy3 BepXHHX H AByX HH>KHHX rpa- 

HHU, f i ,  ¡2 ,91,92  c Toft >xe A^arpaMMoñ X acce, h to  jxmi öyjieBOfi anreöpbi noAMHOJKecTB 

4-3AeMeHTiioro MnoxcecTBa (no TexunnecKHM iipiinnuaM mm 6epeM nim etabie 4>yHKn,nn 

hi(n) = —n + di b nepBOM n TpeTbeM KBaApaHTax).

PncyHOK 5
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OtMCTHM, HTO A-™ ajITCÔp J1h GeCKOHCHHblX KOMnJieKCHbIX METpHU, THna Z 3ACCb CJie- 
AyeT pa3JiHHaTb ;j,Ba BaxcHMX cnynaH. Ecjih oji =  w2 =  w3 =  w.¡ =  ¿Do, t o  mm nojiynHM 

anreöpy JIh (iii iackc h p o b an ii y io Z) kohchhmx MaTpnp, coAcp>xaipyio acjxjnninyio ajirc6py 

Kapa—Mypn xax nopajireópy öeccneAOBbix Ma'rpnp sl(oo ). Ecjih ua =  w2 =  0/3 =  w4 = wo, 
t o  mm nony hum ajireöpy Jln gl j  o6o6ipeHHbix MaTpnn, 5Iko6h (c xohchhmm hhcjiom Heny- 
jießbix AHaronaneß). Ee peirrpajibHbie pacnrapennn gl}(oo) nrpaioT Baxaiyio ponb b Teo- 

pnn npeACTaBJiennß. MHorne KjiaccHHecKite xoHCTpyxpnn Teopnn KOHeHHOMepnbix an- 
reöp JIh npHMeHHMbi k s to ö  anreöpe. HcKOTopbie Baxoibie öecxoiieHHOMepiibie anreöpbi 

JTn BKJiaAbiBaioTCH b gt}(oo), Tax h to  npeACTaujieiniH anre6pbi g l}(oo) CTanoBHTCH npep- 

CTaBjieHHHMH 3THx anreöp (nanpHMep, 3 to  Tax Ann Bcex acpcpHinibix ajireöp Kapa—MyflH 
h anreöpbi Bnpacopo [114], [52]). Bonce AeTanbiibie nccjiepoBanHn pocTa b nonoce pn«  

MaTpwp HHAexcupoBauHbix Z öypyT oriyÖjmxoBaubi b öypyipeM.
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AJirEBPAHHECKHE CBOÜCTBA  
r p y n n  b e c k o h e m h b i x  m a t p h d ;

c o a e p x c a h h e

B MOHorpacJjHH nccjie^yiOTca rpymibi 6ecKoneuHbix waTpup naa npoiisBOJibHbiM ac- 
COU,HaTIIBHbIM KOJIbpOM. Pa3pa60TaHbI TeXHHKH pa60TbI C 6eCK0HeHHbIMH MaTpHpaMH HC- 
nojib3yioiu,ec aHanorn i i o h í i t h í í  h  m c t o a  npnMenneMbix b  Teopnn nnHeÖHbix rpynn, b k j i io -  

nan o6o6menH5i cereft n^eanoB n ceTeBbix noArpynn. BBeAeno i i o h s i t h c  pocra n ycoBep- 
mencTBOBano pan nee ncno;ib30BaiiHbie noHn-mn b  nccjieAOBannio crpyKTypiioił Teopnn. 
HaiÍAenbi ceMeücTBa c b o ô o a h h x  noArpynn b  rpynne BepxHHX öecKonennbix ynHTpeyrojib- 
Hbix MaTpnu;. ncuiyneimbie pe3yjibTaTbi npnMeHeHO t o j k c  k  onncaHnio aBTOMop4)H3MOB 
CBo6oAHbix rpynn cnemoro paHra n noArpynn rpynn aBT0M0p<|>H3M0B rpac^oB cnemoii 
Ban eHTHOCTH.
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