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Abstract
A layered medium of finite height in which the n layers are assumed to have position dependent properties is considered.
In the paper the boundary conditions are considered to be either rigid (Dirichlet-type) or of a reflecting type (mixed-type).
The perturbation method based on II-order perturbation numbers is used to obtain the eigenvalues and the eigenfunctions
of the height equation in case of both the rigid and reflecting boundaries. The corrections to the eigenvalues and eigenfunctions are numerically computed from the perturbation formulae in both cases of interest.
Streszczenie
Analizowany jest n-warstwowy ośrodek o skończonej wysokości (grubości), w którym parametry warstw zależą od położenia.
Rozpatrywane są warunki brzegowe typu Dirichleta (brzeg sztywny) lub typu mieszanego (brzeg odbijający). Zastosowano
metodę perturbacji, która wykorzystuje pojęcie liczb perturbacyjnych II rzędu. Otrzymano perturbacyjne wielkości wartości własnych i wektorów własnych równania opisującego położenie w obu rozpatrywanych przypadkach. Poprawki perturbacyjne dla wartości własnych i wektorów własnych zostały wyliczone numerycznie z równań perturbacyjnych dla rozpatrywanych przypadków.
K e y w o r d s : Perturbation numbers; Multilayered medium; Wave propagation; Perturbed parameters.

1. INTRODUCTION
The study of acoustic wave propagation in the nonhomogeneous medium attracted considerable attention
in the past. It was motivated by the need to understand
signal detection in acoustics and seismology.
In the paper we use special numbers, called perturbations numbers of the II-order. Recall that they are
defined as ordered triples of real numbers (x,y,z)∈R3
with specially defined algebra. [1-2]
It is however well known that the sound speed can vary
due to variation in the temperature, humidity, salinity,
location etc. This variation of the sound speed, however small, significantly affects the propagation of
sound in the medium. [3-5]
The Helmholtz equation in terms of cylindrical coor-
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dinates is satisfied by the acoustic pressure p(j) in the
j-th layer assuming radial symmetry. In our studies the
bottom of the cylindrical domain is conveniently
assumed to be rigid (Dirichlet conditions – I case) so
that the height equation of the resulting problem has
a simple behaviour. In practical situations, however,
the boundary is not rigid but satisfies the absorbing or
impedance boundary conditions (mixed-type conditions – II case). Physically, it means that part of the
acoustic field is reflected while the other part of it is
absorbed.

2. MATHEMATICAL MODEL
We consider here the N-layers model of the medium,
similar to the discussed one in [3, 5]. Geometry of such
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model is shown in Fig. 1.

A .

W i n k l e r - S k a l n a

the height equation of the resulting problem can be
obtained in the analytical way.

2.1. Rigid upper side of cylindrical domain
The bottom of the cylinder is assumed to be free, so
we have
(4)

Continuity of acoustic pressure at the interface
z=zk:=∑ i=1di
k

(5)

and continuity of the gradient of acoustic pressure
gives

Figure 1.
Geometry of the problem and coordinate system

(6)

The analyzed medium of height h consists of N layers
of uniform height di , i=1,2,…,N. The lower layer has

rigid bottom at the upper side z=zN =h gives

height d1 so that the upper layer has height dN . The

(7)

boundary conditions are considered to be at z=z0 =0,

z=zk :=∑ i=1 di , k= 1,2,…,N-1 and z=zN =h. The
k

acoustic pressure p , density ρj , velocity cj and the
(j)

For convenience, let γi2 = ki2 - λ ,
eqs. (2) take the following form

i=1,2,…,N, then

wave number kj refer to these quantities in the j-th
layer.
The Helmholtz equation is analyzed in terms of cylindrical coordinates (see Fig.1) and is satisfied by the
acoustic pressure p(j) in the j-th layer:
(1)

(8)

The general solutions of eqs. (8) are given by
(9)

Using the boundary conditions (4)-(7), we obtain
(10)

By applying the separation variables method, i.e.
assuming that p(i)(r,z)=R(r)φ(i)(z), we get

(11)

(2)
(12)
(3)
(13)

We assume radial symmetry of solutions of eqs. (1).
In our studies the bottom of the cylindrical domain is
conveniently assumed to be free and the upper side
of the cylinder is rigid (Dirichlet conditions – I case)
or reflexive (mixed type conditions – II case) so that
80
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Eqs. (10)-(13) form a homogeneous system of algebraic equations with 2N unknowns Ak , Bk ,
k=1,2,…,N. It has a nontrivial solution if and only if
the determinant of the coefficient matrix equals zero.
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(15)

(21)

2.2. Reflecting upper side of cylindrical domain
We now consider another problem of the medium
consisting of N homogeneous layers bounded by a
pressure release surface at the bottom and a reflecting type upper side. The differential equations for
the pressure are the same (2). The boundary conditions at z=0 and z=zk, k=1,2,…,N-1 are the same as
in the previous case (see eqs. (4)-(6)). The boundary
condition at the reflecting surface z=h takes the form
(16)

where s(i)(z):= ε s1(i)(z)+ε 2s2 (i)(z) determines the
height dependent inhomogeneity of the i-th layer. If
s(i)(z)=0 the problem reduces to that of the homogeneous layered medium discussed above. Following
[13-14] we assume the eigenvalue problem will be
considered in the generalized sense in Rε2 . Assume
further that λ=λ0+ελ1+ε2λ2, φ(i)= φ0(i)+εφ1(i)+ε 2φ2(i),
where λ0,λ1,λ2,φ0(i),φ1(i),φ2(i)∈R. Comparing coefficients of like powers on both sides of eq. (21) one can
obtain the unperturbed equations
(22)

Notice that if α =0, then the reflecting condition
becomes the rigid one, cf. eq. (7). Using the boundary conditions (4)-(6) and (16) one can obtain

(23)

(17)
(24)

(18)

(19)

Similarly to the unperturbed case we start solving system (22)-(24) with eq. (22) written in the transformed form
(25)

(20)

Eqs. (17)-(20) form a homogeneous system of algebraic equations with 2N unknowns Ak, Bk,
k=1,2,…,N. It has a nontrivial solution if and only if
the determinant of the coefficient matrix equals zero.
Similarly, as in the previous case we get the whole
family of eigenvalues λm, m=1,2,3,….. Following the
appropriate notation the corresponding eigenfunctions are obtained from the equations analogous to
eqs. (14)-(15).

3. INHOMOGENEOUS
BOUNDARY PROBLEM

where γi2 =ki2-λ0, i=1,2,…,N.
Since the eigenvalue problem (25) is of the SturmLiouvile operator type, it has infinite set of eigenvalues, say { γi1, γi2, γi3,...., γin,....}, i=1,2,…,N. So further
we denote γip2=ki2- λ0p, i=1,2,…,N, p=1,2,3,…. Let
{ φ01(i), φ02(i), φ03(i), ...., φ0n(i), ...} be the corresponding
eigenfunctions. After some calculations
(26)

PERTURBED

(27)

In this section we consider the fact that the inhomogeneous layered medium in all layers has height
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(14)

dependent properties. This results in the refractive
index and hence the velocity depends on height. We
use the perturbation technique [6-9] based on
Skrzypczyk’s approach [1-2, 10-12] to find the eigenvalues and the eigenfunctions.
Due to the inhomogeneity of layers, the eq. (2) is
now assumed to be the II-order perturbed equation
of the form

C I V I L

We get the whole family of eigenvalues λm,
m=1,2,3,….. Following that fact, the appropriate
notation will be used further γim2 = ki2-λm, i=1,2,…,N,
m=1,2,3,…. The corresponding eigenfunctions are
given by

e
c
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The corresponding eigenvectors are as follows
(28)

where
(29)

Figure 3.
First perturbations

m=0,1,2; p=1,2,3,….
The coefficients χpi and ηpi are calculated from
Fourier decomposition of known functions.

λ1 of eigenvalues

4. NUMERICAL EXAMPLE
Consider two layers medium with rigid upper side of
cylindrical domain. Let’s assume further that
h=1300 [m],
di=750 [m],
c1=1500 [m/s],
c2=1495 [m/s], ω=376.991 [rad/s], ρ1=1.0*103 [kg/m3],
ρ2=1.0*103 [kg/m3], cf. [5, 13-14].
Let’s assume that in the considered example one has
a linear perturbation on the index of refraction
obtained from

If we solve numerically eqs. (10)-(13) we get the
whole family of eigenvalues m, m=1,2,3,.. see Fig. 3.
The corresponding eigenfunctions are obtained from
eqs. (14)-(15), (compare Fig. 2).

Figure 2.
1-st, 80-th, 90-th eigenfunctions φ(1)(x)
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