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PLANAR STEWARD PLATFORM

Summary: The Subject o f the  p rese n t paper is the  G eneral Planar 
S tew ard Platform, a  parallel (non-serial) type of m an ipu la to r w ith three 
degrees of freedom. This m anipulator consists of a  mobile rigid body, the 
platform, which is connected by th ree legs with a fixed base  . Each of the 
legs is equipped w ith rotary jo in ts  on bo th  of its ends an d  th e  distance of 
the two parallel jo in t axes is controlled either by a  linear ac tua to r (a driven 
P -jo in t) or a rotary actuator (a driven R-joint). An algebraic inpu t -  ou tput 
equation of degree 6 is derived w hich allows to find the  six theoretically 
possible positions of the platform  corresponding to a  given se t of inpu t 
variab les . F urtherm ore an  ana ly sis  of d irec t ra te  k inem atics, force 
decom position and  d irect acceleration for th is  th ree - degrees - of - 
freedom linkage is presented.
Keywords: D irect Kinematics, Parallel M anipulator,G eneral Plane Steward 
Platform 3 (RPR) ,3(RRR)

Introduction
Robot- a rm s in  com monly used  m an ipu la to rs a re  anthropom orphic open- chain 
m echan ism s w ith  a c tu a to rs  connected  in  series along the  arm . These serial, 
cantilever-like m an ipu la to rs can  be consb ac ted  w ith far-reaching end-effectors 
together w ith a  sufficiently large workspace for easy maneouvering. B ut th is type of 
m anipulator also has  some serious disadvantages. The summing- up of the backlashes 
a t the end - effector and especially the  low stru c tu ra l rigidity inheren t to any serial 
m anipulator lim its their load capacity and  make them  unfit for ta sk s where accurate 
positioning capacity  of the end-effector is lndispensable.As a n  alternative to the 
serial type m anipulator the concept of the parallel m anipulator was proposed by K.H. 
H unt in  1967 [1], In h is  book on the  "Kinematic Geometry of M echanisms" H unt 
referred to the  "Steward Platform” w hich w as developed for a flight sim ulator by D. 
Steward [2] in  1965 and suggested to construc t parallelly activated m anipulators 
which would avoid the shortcom ings of the serial m anipulators. In doing so Hunt 
opened a ra th e r new  field of scientific and practical activities. Some effort h as  since 
been directed to the investigation of parallelly activated m anipulators. As their design 
is based  on the use of closed kinem atic chains, the ir forward (direct) kinem atics 
becom es m ore difficult in com parison w ith the  d irect k inem atics of the  seria! 
m an ipu la to r w ith its open chain  struc tu re . The inverse k inem atics of the G enera1 
Stew ard Platform is straightforw ard and was solved first by D.C.H. Yang and T.W
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Lee [3] in 1984. However no solution of the direct k inem atics seem s to have been 
presented so far. Recently. X. Shi and R.G: Fenton [4] developed a  method to establish 
the six non linear equations determ ining the position of the  platform  an d  H. Rong 
and  C.G. Liang [5] were able to derive the in p u t-o u tp u t equations for th e  6(RPR) 
Triangle Steward Platform. A different resu lt had been obtained by P. N anua and  K.J. 
W aldron in an  earlier paper [61. In th e  following we p resen t th e  so lu tion  of the 
forward kinem atics of th e  G eneral P lanar Stew ard Platforms 3 (RPR) an d  3(RRR).

These platform s can  b e  seen  as 
special "triple turn mechanism s" (61 
b u t it seem s th a t they have never 
been investigated on its own.

Two types of p lanar parallel 
m anipulators
There are two types of the p lanar 
parallel m an ipu la to r, the  3(RPR) 
m anipulator show n in figure 1 and 
th e  3(RRR) m an ipu la to r of figure
2. G enerally speak ing , the  first 
m a n ip u la to r  h a s  g re a te r  load 
capacity , th e  second  a g rea ter 
workspace. As only the d istances 
between the axes of the rotary joints 
a t  th e  leg en d s  fea tu re  in  the 
e q u a t io n s ,  b o th  ty p e s  of 
m e c h a n ism s  c a n  b e  tre a te d  
m athem atically in the sam e way. 
The p la n a r  parallel m an ipu la to r 
essentially consists of two bodies, 
one fixed (B) an d  one mobile (b). 
Interconnected by th ree legs. There 
a re  two b a s ic  loops in  the  
m echanism s and accordingly their 
o rder is : Q =1 .The s tru c tu re -  
fo rm u la  o f Grubler-Kutzbach. 
confirm s th a t the  m echanism  has 
three global degrees of freedom :

F * l U i - 3(t t+1)«9-3  2 « 3 .
Fig. 1 Planar Parallel 3 (RPR) M anipulator

The motion ( translation  and rotation ) of body b ( the  platform ) is determ ined by the 
time - dependent lengths L * (t) ; et« Jr3  of the platform legs in the case of the 3(RFR) 
m echanism  and the time - dependent link angles ; <*“ 1*3 in the  case of the
3(RRR) m echanism.

We take as  given the coordinates X<*,Y<* ; oc* t f 3  of the three ro tary  joint axes 
1,2.3 in body B. in relation to the coordinate system  ( O i X , Y )  fixed in B. and the 
coordinates X a.,y«; <*. -1  f3  of the rotary  jo in t axes 1'2'3' in the mobile b o dyb , in 
relation to the coordinate system  ( P ;x ,  y ) fixed in  b. If the  stra igh t lines through 
the points 1 and T , 2 and 2 ’. and 3 and 3' ( see Fig. 2 ) intersect in one point, then 
the m echanism  becom es shaky, because  it is infiniteslm ally m oveable w ithout 
changem ent of the leg - lengths L« . In th is  singular position any force a n d /o r  
moment applied to platform b would cause infinite forces (or moments) in  the actuators. 
In practice, therefore th is critical positions has  to be carefully avoided.



405 -

The lnput-output equation 
The position of the mobile body 
b relative to body B can be 
given by the coordinates X p,Yp 
of the point P and the rotation 
angle p  a s  shown in Figs.l 
and 2 . The values Xp, Y> and 
p  can  therefore serve as 
ou tpu t variables which are to 
be determ ined for a  given se t 
of inpu t variables L *  .To any 
s e t  o f in p u t  v a r ia b le s  
correspond a  m axim um  of six 
se ts of o u tp u t variables. This 
can  easily  be show n in  the 
following way. If the connection 
of one of th e  legs w ith the 
mobile body b is released; e.g. 
point 3 ' in  Fig. 3, the path  of 
point 3 ’ is a  coupler curve, and 
a circle with the rad ius r»  Lj 
and  with the centerpoint in 3 
intersects th is coupler curve in 
either two or four or six points. 
Since the  coupler curve is a 
tric ircu lar algebraic curve of 
order six, there cannot be more 
th an  six In tersecting  po in ts 
w ith th e  circle. In general a 
six order algebraic curve is 
in tersected  by a circle in 12 
poin ts. B u t as  th e  coupler

Fig.2 Planar Parallel 3(RRR) M anipulator ™  " m r ^ t i m e s ^ o n l y ^
m a x im u m  o f s ix  re a l  

in tersecting points w ith a  given circle are  possible. In principle the  inpu t - ou tpu t 
equation m ust, therefore provide six o u tp u t so lu tions for any given se t of inpu t 
variables .The inpu t variables and  the o u tpu t variables a re  interconnected by the 
following conditions:

CfX«.- xp)- (jc* costp-y*.strip)]2 + [fY*-YW- Cx^sinp*y*casg»J2- * £<¿=0 ft J

With the abbreviations -(xu.Xoc+ y^Y«.) = Oct , j -  b<c

+ + A V 2  « C* <2>

we obtain f  Xot COS<p -  y *  Sid Op -  X «) Xp + f  y *  COS $> + -  Y* ) Yp

+ (X «.+  Y i> /2  r  accCOSp-t-b*.Sia.(ftC«L» 0 (3)

From th is se t of equations two equations th a t are linear in the o u tp u t variables
Xpa Y& and independent from each other can be derived by substractlng  the second 
(at* 2 ) &nd the th ird  {«**3 ) equation from the fu s t (*.» t ) .
With

, yot-y,** y*/}, x*/», Yk-Y/s»
a* - a/i = a*/i > beji> c* - cp* c*/i
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Fig. 3 Circle intersecting a  coupler courve 

and write with deb \

and the functions

:c«cDsq>-yu«a9-Xue 
y t2 c o s y  - f x i j s ia y -  Y0  = Ku 

a 12 cosy +l>uS«ay«-Cas^B 
«23 cosy  -  y j j t f a y  -  X23-  *21 

yzs  c o sy  + *2}iin y  -  Y23* «22 

axjcosy + bijsiny<-CJ3**<25 (5)

we find  for th e  tra n s la tio n  
param eters Xp and  Yp

K11 Xp Hu  Yp * -  Kt3 
Ka Xp ♦ Ki2Yp=-«23 f«)

Il Ï Ï ,  S I •  N i’ >>

<** t S  ¡ X  I  ■ '** !  £  -  S  1‘ Zl<s,)
for the solution of (6): Xp(y)= ZifyVNty) , Yrm*Zi«9)/n<9)-

The functions N(y),Zi(y)and l z ( y )  can  be written as 

N(y) * Ni cosy + N 24>'n9  + N3

Z t(y )=  Z u o d e y  + Z12 cos f  sirup + Zj3 cosy+Ziif. s ia y  ♦ Z15

lz(cf) «  Z 21 o i s y  +  Z 2 2 C o s y s i a y + 2 L a ! 3 C o s y + Z 2 t t s i a y + Z 2 S  i s )

N 1 « “ l i î  x u t Y12 *23 + *23 y u  - Xuy23
N Z = X23* 12 - Xt2 *23 + Y23yu - Yu yz3
N i  = “ X23YC + *12 Y23 - *23 y u  + x/zyzj
2 rt - -  t>23*12 + b U *23 + Q23 y u  - o u  yzj
Z12 * 023*12 - ÛJ2 *23 + b23 y u  - b n y n
Zi3 - Y aa t2 - Y« 023 + C23 yu - CUIU3
Zi* * Y23bu - Yu bz3 + C23*a - CI2*23
ZtS ■ Y2i  Ct2 - Yu C23 + 2*23*12 - *>12 *23
Z21 • " Z u  , Z22' * Z11

Z23* - X« û »2 ♦ Xu Û23 - C23 * U  + •'•12 *23
Z2¥m " X ju b u ♦ Xu b23 + czî y u  - c u y z i
Z2S - ■ * 2 3 c t2 ♦ X12 C2J t i>2j y o  - b ll ZJ21
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S ubstitu tion  of Xp«Zi/N and  Y’r'ZilN  into th e  first equation of (3) leads to the final 
equation w hich allows to determ ine the ro tation  angle <p . This equation h as  the 
structure:

3 2 2
( fico scp  ♦ fza x < p +  f j c o s y + f s i + s f n y i f s c o s y *  f 6 cos<p* f»j)

The coefficients f  i  are  functions of the coordinates x*,y*,X .c,Y.t. The products 
(x,casg>- y,sin(f-Xi)Z,(& N<(p)and(y,cos9*xtSin4p-Y,)Z2(i>)N(v) let expect tha t in 
the final equation term s with(iMsy)4 and  (cos y )4s /r iy  would also occur.B ut they 
disappear because their coefficients are:

X t C Z u - Z u )+ y,(Z iz* Z z : )  and x-iCZtl*Ln)*- y ,(Z n * Z i2 )

and these coefllcients are, according to (10). equal to zero .

The substitu tions of ^ | ) / ( ,  + ̂ | ) >sin<p. 2 4 a a i / ( u i a h ± )

transform  equation (11) into an  algebraic equation of order six in  tany /2  . Equation
(11). therefore allows to determ ine num erically a  m axim um  of six values for the 
rotation angle <p . With the equations (8) then the corresponding translation variables 
Xp and Yp can  be found .

Numerical Examples
For the system  param eter set (corresponding to (Fig. 1)

X ,«  8-3 d m ,  Y, -  5.6 d m  , X i - 24.3d m  ,* 2« 10.8dm  , X3 -  35 d m  , Y3 * 3 1 d m

Xj»-31 dm. ,  y , - - 4.3 dm  , x 1m -20.9dm , y z*-2-9 dm  , x j»  - 2 3 .8 d m , y }* 6 d m

and the input variables Li» i t . 204-d m  , L*» 14.235d m  , L3 * 2 6 .4 4 5  d m

we obtain the ou tpu t equation (11) in the form

J. 1524 c o s y  -  2 . 9 8 3 2  c o s y +  2 .3 4 5 ? c o s y -  0-52421

+ S in y ( - T .2 4 9 f  cos<p+ 1-4391 c o s y - 0 5 2 4 4 2 ) =  #<p)= 0-

This equation h as  six real solutions:

<p * { 6 5 . 4 2 6 ° ,  1 8 ,6 1 8 °  .6 2 ? ° ,-  9 0  2 9 8 “ -SO -031° , - 74 .429°f

The corresponding translation variables then  are

Xp -  { 2 4 . 6 2 4 d m  , 33.752 d m .  30 3 4 6 d m  , 13-445 d m ,  4 2 .5 4 0 d m  , 4?. 5 8 0  d m  } 

Yp« ( 4 4 .0 4 3  d m  , 3 0 . 3 2 3 d m , 4 . 9 T 0 5 d m , - l 4 . 2 6 S d m , - 1 4 357 d m  , - S * S 2 0 d m  j .

Fig. 4 shows the six position of the "platform" body b which belong to the given set of 
input variables. They correspond to different "closure modes" of the m echanism . But 
because the  leg lengths can be adapted, a change from one "mode" to an  other Is 
possible w ithout dism antling the mechanism.
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the m atrix  A:

Fig. 4 Six positions of the platform body corresponding 11
to a given set o fleg lengh ts. A -  jj —

and the column m atrix  L » ( L i , L i , L3 )T we can write eqs. (12) as  a  m atrix  equaUon 
A p t  BL and obtain:

p  * ( Xp,Y(*,cp)T * (A-1& ) L  = J . ( L 1t L i ,L jF  (13)

V elociti e s . forces 
m om ents 
and  accelerations 
If the position of the 
m obile body b is 
know n an d  the leg 
lengths are given as 
tim e functions then 
the velocity of point 
P an d  th e  angular 
v e lo c ity  c a n  be 
found by solving a 
se t of th ree  linear 
equations. 
D iffe ren tia tion  of 
th e  eq u a tio n s  (1) 
with respect to time 
yields with

P- <*P>Yp,cp)T •

£ H i p - - 2 U i ‘

« C .X  1r3 (12)
In tro d u c tin g  th e  
diagonal m atrix B:

ZLi 0 0

B « 0 2LZ 0

0 0 lL h

For any position of the m echanism  the Jakob ian  m atrix J«A '1B can  be calculated . 
With equation (13) we llnd the velocities X? and and the angular velocity <p for any 
given se t of relative velocities of the linear activators Lit to t*!r3> .This re su lt can 
im m ediately be used for the  determ ination  of the ac tu a to r forces of th e  3(RPR) 
m anipulator and the actuator m om ents of the 3(RRR) m anipulator.
The actuator forces In the active P-joints of the 3(RPR) m anipulator collected in  the 
m atrix K;

K « ( K lt r£3 )T

arid the forces and the Moment, acting on the body b  (and reduced to point P) in  the 
matrix F;

F * ( F*, F, , Me )T
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are connected by

K - -0T F (1*)

This follows Immediately from the principle of virtual displacem ents 

¿IV * 0 - ¿ p r F + jL r K

together with <Tp » 3 <f L .

The m om ents in the  ro tary  ac tu a to rs  of the  3(RRR) m an ipu la to r collected in  the 
matrix

M  - ( Mi » M*, M »  )T

Eire related to the  elem ents of the m atrix F =  (  F » , f y  , f i  p ) T  in  the following way. 

From Lit. » a i t  ♦ b&. -  2 dot bocCOS <£><*.

we get 5 Lot.3 ( Q-ccbnSin tpgL / L o t )  Scpoc

and with the m atrices D = diCLQ || CLa.b*.&in.<PacJLac H

we find S p  - J  SL  = 3 D < fcp .

From the principle of virtual displacements J  W = 0 = cfpT F  + <JcpT M 
we obtain

M  * -  DT 3 T F 0 5 )

In our numerical example [Fig. 1] we find with:

Xf>- 2U-.62U- d m  , YP - 4 V--0 V-3 dm  , g>= 6 5 4 2 6 °

Li * 1 1 . 20f t - d m . ,  L2 <* T 4- - 23 4 d m  ,  L j*  2 6 .4 4  5 d m

ior.
f * p  I - 2 . 4 2 4 8

.
¡ 1 . 2 0 4 0  j j -3.1591

j f J - 1  0 5 4 1 L \  ♦ j 0 .3 4 5 6 5  I L'2  + 1 0 . 5 4 1 0 5

I 9  j o .  r t o f f e | -0 .0 8 3 4 0  i 
( .1

0 .  [ 2 9 7 3  j

Differentiation of equation A p  = & L' with espect to time gives 

I  (OA /D p i) p,- p  4 A p  « B L‘ + 0  L" 

an  equation wlch can be solved for p  . With the matrix operator

06)
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• • t) O  • T  /*l
P’S p / f t S i i ' f t S f t ’ P ' %  

weobum p •  A - 'f» i. - |» r ^ p ) * A - ’B r .  Off

The first term  on the righ t side of th is  equation is fully determ ined by the  position 
m atrix p and  Its time derivative p  .
In our example we g e t using the resu lt o f (16), with

C » (- 1.2 dm/see ,-0.9 dm/see ,14 etm/sec)r

from eq. (171 for the accelerations X ? , YV and the angular acceleration g? :

*p -0 .0 1 9 *8 * - 2 4  2*8 1 . 2 0 4 0 -3.1591

V  ' ■>> s - 2 . 1 * 3 9 + 1.0 3 4 1 £ »  + 0.3*563 l2 + 0 -5 4 1 0 5

y -0.055*22 0 , 1 4 0 5 6 -0 .0 8 3 *0 0.12918
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KINEMATISCHE ANALYSE DER STEWARD-PLATFORM MECHANISMUS

Es wird der ebene Stew ard-Plattform  M echanism us m it drei F reiheitsgraden der 
Bewegung analysiert. Dieser zweischleiflge M echanism us ste llt einen Sonderfal! des 
sogenannten "Triple arm  mechanism" [6] dar und  besteht au s einem starren  (Plattform-) 
Körper dessen ebene Bewegung relativ zum Basiskörper durch drei Beine veränderlicher 
Längen kontrolliert wird. Um die Lage der Plattform-Körpers aus den drei Längen zu 
bestim m en is t eine algebraische Gleichung sechster O rdnung num erisch  zu lösen. 
Einem Längensatz entsprechen dem nach maximal sechs reelle Lagen des Plattform- 
Körpers. Lineare Gleichungen erlauben die Bestim m ung des Geschwindlgkelts- und 
des B eschleunigungszustandes au s  den Längenänderungs-Geschwind!gkeiten bzw.- 
Beschleunigungen . sowie die Klärung der Kraftverhältnisse.

ROZWIĄZANIA KINEMATYKI DLA OGÓLNEJ PŁASKIEJ PLATFORMY 
STEWARDA

Streszczenie

Przedmiotem niniejszej pracy jest ogólna plaska platforma Stewarda, równoległy 
manipulator o trzech stopniach swobody Manipulator ten składa się z części jezdnej, 
platformy.składającej się z trzech nóg połączonych z ustaloną podstawą. Każda noga jest 
wyposażona w połączenia obrotowe na obydwu końcach, a odległość dwóch osi równoległych 
połączeń jest sterowana przy pomocy serwomechanizmu liniowego lub obrotowego.. 
Algebraiczne równanie szóstego stopnia pozwala na znalezienie sześciu teoretycznie 
możliwych położeń platformy odpowiadających danemu zbiorowi zmiennych wejściowych. 
Ponadto przedstawiono analizę rozkładu sił i przyspieszeń dla tego mechanizmu o trzech 
stopniach swobody.

Wpłynęło do redakcji w styczniu 1992 r. Recenzent: Jerzy Wróbel


